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The differential and the total cross sections for the neutrino-counting process (" e — viy)
and its major source of background, radiative Bhabha scattering (e "¢~ — e*e™y), are calculated
for some experimentally relevant kinematical regions, on and above the Z% resonance.

1. Introduction

There are two different ways currently being considered to find the number of
neutrino generations. Either one can measure the width of the Z° or the cross
section of e"e~ — »py. Both of these measurements have their own problems and it
will be very hard to determine accurately the number of neutrino families.

So far, experimental results from UA1 [1] seem to indicate that there are no more
than ten types of neutrinos and from UAZ2 [2] the upper bound is seven.

Recently there has been much discussion [3-8] on neutrino counting using the
process e*e”— y¥y near the Z° resonance. Among the theoretical computations
there seems to be some confusion about the numerical results from its background
process e e~ — e*e"y. Here, both of these processes will be discussed. The method
of calculation is very similar to ref. [6] and values of the experimental parameters
used are most likely to be relevant for the SLC experiment [9].

This paper is organized as follows. In sect. 2 the expressions for the cross sections
are derived and results will be presented for various values of the experimental
parameters. Sect. 3 contains a discussion of the results and comparison with other
calculations.

2. Computations of the cross-sections

In subsects. 2.1 and 2.2 the differential and the total cross sections will be
computed and in subsect. 2.3 the numerical results will be presented. The kinemati-
cal region considered in detail will be that appropriate for the SLC experiment.

0550-3213 /89 ,/$03.50 © Elsevier Science Publishers B.V.
(North-Holland Physics Publishing Division)
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Fig. 1. Experimental setup at SLC (the mark II).

SLC is going to measure the process e*e” — ppy where only the photon is
detected. Then it follows that e*e ™ — e*e vy is a background process when the final
electrons and positrons disappear down the beampipe. The Mark II at SLC can
detect all electrons outside a cone whose axis is along the beam direction and whose
half opening angle is 15 mrad. In order to reduce the background compared with
the signal it is required that the photon-acceptance angle be large. For an illustra-
tion of the experimental setup at SLC see fig. 1.

The kinematics for the two processes are shown in fig. 2; p,, p,, k4, ¢1, 4, are,
respectively, the momenta of the incoming electron, the incoming positron, the
outgoing photon, the outgoing electron or neutrino and the outgoing positron or
anti-neutrino.

0,,0,, 9, 9,5, 8, are defined in fig. 2. With this notation the four-momentum
vectors are chosen as follows (the electron masses are neglected)

0 0 E, sind,
_|0 _| 0 0
P El ) —E|’ k E cosb, |’
iE iE iE,
E, sinf, cos ¢, E, sin 8, cos ¢,
E, sin4, sin g, E,sind, sing,
@ Ecos, |° E,cos 8,
iE, iE,

The following numerical values of the standard-model parameters have been taken
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(b)

Fig. 2. Definition of the kinematics for e* e~ — »vy and e" e~ — e e~ y. The outgoing photon, electron
and positron all lie in one plane.

for the calculations
Fermi-coupling constant: G = 1.16632 X 10> GeV ™!,
Mass of the Z°: M,=93.2 GeV,
Width of the Z°: I, =2.8 GeV  for N, =3,
F,=298GeV for N, =4,
Electroweak mixing angle 8,,: sin*d, = 0.22

Electromagnetic coupling constant: a =1,/137 for ete"—etey,

a=1/1285 for e*e - rry.



4 H. Veltman / e*e™ — vvy
2.1. THE PROCESS e"e™ — vpy

The diagrams considered are shown in fig. 3. The matrix elements are

1 1 4. !
(Sy) = wﬁ/—g(z"’) T(pr+pa— k) + M~ iM T (4“’”) o
1
X——"""3
(Pl"k)

X {"—‘(_pZ)YF(a+b75)[_i(P1 _'Ifé)]ek“(lh)} ,

{ﬁ(‘h)Y”(l + YS)”(_‘Iz)}

11 1
(Sz>=ﬁ\/ﬁ/k—0(2 [(p1+p2—k) + M3 - zMOF](4Co)( )
1
k)

x{a(=p)e[+i(p,— B)]v*(a+bv*)u(p))},

——— {a(g)r (1 +¥*)u(- )}

(S = 5 o (2 i (%)?;a
AN 7R (PR Y 5 APYC
1

X 2

(Pl_k)

X [a(=py)v*(1+7v%)u(—q,)],

{l_‘(ql)yﬂ(l + 75)[—i(1’1 - lf)]"k“(l’l)}

1 1 1
0= O )
1
a7

x{u(=p)el+i(p,— DIy (1 +v*)u(—a,)},

——— {a(q)v*(1+¥°)u(p,)}

where
g’ GeMg g> GgM]
(4¢,)? 22 8 V2
a=2g, =4sin’f, -1, b=2g,= -1,
<S> = <S1> + <Sz> —(8) — <S4>-
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Fig. 3. The diagrams considered fore™e ™ — »vy.

The total unpolarized cross-section is by definition

amt=(2—:)3fd3 2n) f 3q1(2 ¥ f 392 WT) S(prtpy—k—q—q,)

x(%)m (1)

|{S)|?* was evaluated using SCHOONSCHIP [10]. It follows that the differential
cross section is given by [4]

do  Gla Mé‘(Nu(g3+g,i)+2(gv+gA)[1—S(1~x)/Moz])+2
dcosfdx  6x2 [s(l—x)—Moz]z—i—MOZI“O2

Xm[(l~x)(1_%x)2+ixz(1_x)00520]; (2)

here a=1/128.5 and x=E, /E, where E is the beam energy of the incoming
electrons and positrons.
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The total cross section can easily be calculated analytically. The final expressions
are somewhat lengthy and will not be explicitly written down.

2.2. THE PROCESS e*e " —ete y

Here there are sixteen diagrams in the lowest order (see fig. 4). In the kinematical
region of interest only the z-channel diagrams with virtual photon exchange are
important. In fact all the other twelve diagrams give a negligible contribution as has
been explicitly checked (< 1%).

In the following all eight photon-propagator (s- and r-channel) diagrams will be
taken into consideration. (In this case the expression for the differential cross
section is nice and compact.) The matrix elements are (for the first eight diagrams in
fig. 4)

1 1 (@m)he’(_ [- (-0 , N
(8 = V2 m W{u(_Pz)‘ﬁ_—z(’E‘)_“Y ”(Pl)}[“(‘h)Y u(—q2)],

11 (2n)%e (_ L+ (p = 8)] N
($2)=77 ks W{u(—pzh T(pl‘,;)—%u(pl)}[u(ql)v u(=g,)],

11 (o) _ . _ A= (4 +8)]
(Sy) = WWW[IJ(—&)Y u(Pl)]{u(ql)Y Wf’zu(_‘h)}a

(2n)'ie? NN
(S4) = V2 m m[“(_Pz)Y u(P1)]{”(‘Z1)“2—‘WY ”(_‘b)}’

11 (2m)e’
2Vk, —2(p1q1)

(Syy = {a(—pz)a%wu(—qz)}[a<q1)wu(p1>],

11 ente An-01
<Ss>=?m _z(pzqz)[u(“Pz)Y “(—42)]{ ()Y —2(p.k) 3”(1’1)}»

[_(42+k)]

(2m)'ie {a<—pz>wwm(—qz>}[u(%)wu(pl)l,

2Vk, - 2( qul)

($7)= V2

1 1 @)’ _ , [(4, + #)]
(0= 55 T oy (Bp (-] Fa)en oo ).

<S> = <S1> + <Sz> + <S3> + <S4> - <Ss> - <S6> - <S7> - <Sx> >
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Fig. 4. The diagrams relevant fore*e > e* e y.

using the polarization method [11] one ends up with [12]

1 1 2m)®
|<S>|2= 5 ( )
2V> kopiodiod 16

—e$(v,—v,))’
X h( ’qtt’ ? ) [ss’(s2 +s )+ (4 17) + un’ (u? + u’z)] . (3)
ss

where
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and the total cross section is given by eq. (1). This expression has been checked by
using the standard method with SCHOONSCHIP.

Since the angle between the photon and the outgoing electron and positron is
always large, one may, in the first approximation, neglect the masses of the electron
and positron in the numerator in eq. (3). But still one has to be very careful with ¢
and ¢’ in the denominator, since they can get extremely small and the masses cannot
be neglected in this case. For clarity these have been written as 7, and #; in order to
distinguish them from the ¢ and ¢’ in the numerator in eq. (3).

Thus, the kinematic invariants are defined as

s=2(p.p2), s'=2(q195) s
t:_z(Pz‘h), t,:—z(Pﬂh)a
u= _2(P2‘11)a xu' = _2(1’142)»

to=2{ p,gamcos b, + EE,} —2m?,

ty=—2{p,gincos b, — EE } —2m?,

where

Pm=VE>—m?,

q1m=vE12—m2, 9om = Ezz_mz-
Also

(pk)=%s+t+u), (pk)=3(s+t+u),
(gk)==2(s"+u+t)=3(s+u +1),
(gk)=—L(s"+u' +t)=3(s+u+r),

(since s + s’ + ¢+t + u+ u’ = 0). Besides low-momentum transfer there logically is
also a low scattering angle. Therefore the cosine in ¢, and ¢} can be expanded in a
Taylor series

cosx=1-— %xz[l — $Hx*(1- ;—Oxz)]

The cross section can be written as

o’ EZE
- 7 _ 2
Oyt = @) deydcos 6,dcos 8, do, o (v,—v,)
1

— [ss’(s2 +s2)+ (2 + ) + ' (u? + u’z)] , 4)
ols
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where

7

3 -5 . -5 N +t +1¢
L (@k)(g2k)  (pik)(pok) (pzk)(qzk)+ (pik)(g,k)

(0,~v,)"
T ) @k) T (k) (ak) |

. 2E? - 2FE,
' (2E-E,+ E (sin4, sin8, cos , + cos 6, cos 8,))

There are four integration variables left. The integrations were numerically evalu-
ated using the program RIWIAD [13].

2.3. NUMERICAL RESULTS

The results of this analysis are presented in tables 1 and 2 and figs. 5 and 6.

Table 1 gives the total cross sections for e*e — vy and e*e”—>e'e vy for the
number of neutrino generations N, = 3,4. The range of values for 6, and 6, has
been taken as

0 < 8, (electron) < 15 mrad
20° < 6, (photon) < 160°.

Table 2 is the same as table 1 but in this case
30° < 07 < 150°.

These parameters are relevant for the SLC (see fig. 1). Initially, SLC will start
running at the Z°resonance (93 GeV) and measure photons down to an angle of
30° with respect to the beam axis, but later runs at higher energies are planned and
photons will be measured down to 20°.

The cross sections are given in picobarn (pb) in an energy range between 93 and
98 GeV.

Figs. 5 and 6 give the corresponding spectra of do/dE, versus E . These show
how the total signal will look when there are three neutrino generations compared
with when there are four.

3. Discussion

Here, to begin with, some of the tests of the integration program that have been
carried out will be briefly described and then the results obtained in this paper will
be compared with other calculations.
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TaBLE 1
Total cross sections for: ete™ — vyy, N, =3 (row 1); e e~ > »vy, N, = 4 (row 2);
ande*e” - e*e”y (row 3) 0 <8, <15 mrad and 20° < 0, < 60°,
E and E, in GeV, cross sections in picobarns (pb)

E,/E 93 94 95 96 97 98
80.3 1192 80.0 41.7 23.9 15.4

0.5-1.0 98.6 140.4 97.6 52.5 30.4 19.6
80.0 78.9 77.0 76.5 75.1 73.9

471 93.5 1100 66.9 35.5 20.9

1.0-2.0 60.0 112.8 1304 82.2 448 26.6
39.2 39.4 39.3 39.7 39.7 39.8

13.1 26.1 52.2 63.6 39.4 20.9

2.0-3.0 17.3 333 63.1 75.3 48.4 26.6
0.43 0.5 0.5 0.5 0.5 0.6

50 8.9 17.6 35.4 445 28.2

3.0-40 6.8 117 2.5 42.9 52.7 345
24 3.7 6.5 12.9 262 34.0

40-5.0 32 5.0 8.7 16.5 31.8 403
12 18 2.9 51 9.9 202

5.0-6.0 1.7 25 3.9 6.7 12.7 24.7
0.7 1.0 15 23 40 7.8

6.0-7.0 1.0 1.4 2.0 31 53 10.1
- 0.6 0.8 12 1.9 33

7.0-8.0 - 0.8 11 17 26 43
- - - 0.7 1.0 16

8.0-9.0 - - - 1.0 1.4 21

As a first test, only the s-channel diagrams ((a)—(d), (1)—(l) in fig. 4) were put in
and as expected, the weak contribution completely dominates over the QED
contribution at the Zresonance. Next, it was explicitly checked that the term in the
spin-averaged matrix-element squared that is proportional to the ¢,,,, tensor does
not contribute to the total cross section. This is because of time-reversal invariance.

After completion of the work, ref. [8] was received. Their results have been
checked and they were found to be in complete agreement. In an earlier paper, ref.

[6], the value of a was chosen to be 1/128.5 for both the processes, rather than
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TABLE 2
Same as table 1 except the minimum photon angle is taken to be 30° < 4, < 150°

E,/E 93 9% 95 9 97 98
61.0 90.5 60.7 317 101 11.7
0.5-1.0 74.8 106.6 740 39.9 231 148
29.7 293 293 29.1 283 27.9
358 710 83.5 50.7 26.9 159
1.0-2.0 455 85.6 98.9 62.4 34.0 202
47 5.2 5.2 5.3 55 5.8
9.9 19.8 39.6 482 29.9 15.8
2.0-3.0 13.1 25.3 47.9 5712 38.7 200
3.8 6.7 13.4 26.9 33.8 214
3.0-4.0 5.15 8.9 17.1 326 39.96 262
1.8 2.8 5.0 9.8 19.9 25.8

4.0-5.0 2.43 3.82 6.56 12.53 241 30.54
1.0 14 22 3.8 75 5.4
5.0-6.0 13 1.9 3.0 5.1 9.6 187
- 0.8 11 1.8 31 5.9
6.0-7.0 - 1.0 15 24 40 7.6
- - 0.6 0.9 14 25
7.0-8.0 - - 0.9 13 1.9 32
- - - - 1.0 16
8.0-9.0 - - - - 11 1.6

1/137 fore*e —e*e vy and 1/128.5 for e" e~ — v¥y, as is done in this work. This
results in an overestimation of the cross sections for the background process by
about 20%. This may have been part of the disagreement with ref. [7].

Finally, we conclude with a remark concerning the effect of the higher order
radiative corrections to the processes considered. Part of these, some of the
logarithmic ones, have been incorporated in the process e*e™ — vvy by using the
value of the running QED coupling at the Z° mass. i.e. « =1/128.5. In the same
approximation, since small-momentum transfers are only relevant fore* e —e*ey,
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Fig. 5. do/dE, versus E, where 0 < 6, <15 mrad, 20° < 6, < 160°, for 5 different cases in each plot:
line 1 — background; line 2 — e*e”—»p, N, =3; line 3 - ete - vp, N, =4; line 4 - resulting signal
for N, =3 (line 1 added to line 2); and line 5 — resulting signal for N, = 4 (line 1 added to line 3).

the value of a taken here is 1/137. At this point it is worth emphasizing that it is
quite clear that two of the «’s in e*e™ — »ry should be taken to the 1,/128.5,
however, it is not apparent that the third «, which results from non-collinear
bremsstrahlung, should be also taken at this value. In fact, this a is no different
from the corresponding a in ete”— e*e”y which arises from the non-collinear
bremsstrahlung and perhaps for consistency should be also put to 1/137. This
would change the numerical results presented for e*e”— v¥y by a few percent.
Moreover, by using the value of the running QED coupling at Z° mass for the cross
section e e~ — vy we do not claim to completely incorporate the leading logs in
this cross section but merely some of the higher order logarithmic corrections.
Further, as is well-known [14], sometimes the constant terms, coming from a
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Fig. 6. The same as fig. 5 but here 30° < 6, <150°.

complete analysis of the radiative corrections, are of the same order of magnitude as
the logarithmic ones. In view of these remarks, the numerical results presented
should be considered reliable within about 20% only. To do better, the complete
radiative corrections to the processes considered here will have to be systematically
evaluated.
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