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Sampled-data Observer Error Linearization*

S.-T. CHUNGt+ and J. W. GRIZZLEft%

An analysis of the effects of time-sampling on the observer error lineariza-
tion design methodology shows that requiring the method to be applicable
" for an open set of sampling times trivializes the class of allowable systems.
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Abstract—The effects of time-sampling on the solvability
conditions for the observer linearization design methodology
are investigated. It is shown that the class of systems for
which this design method can be applied for an open set of
sampling times is quite small. In particular, when the
dimension of the state space is two, it consists only of those
systems that are state-equivalent to a linear system. The
practical implication is that digital impilementations of this
methodology will have to be approximate.

1. INTRODUCTION

REecCENTLY, there has been considerable interest
in the design of nonlinear observers. One
approach has focused on identifying a class of
nonlinear systems that can be transformed into
linear systems through the application of output
injection and state coordinate transformations.
In this case, the error dynamics of the observer
is (exactly) linearizable and the observer design
theory for the class of linear systems can be
applied.

This design methodology, called observer
linearization, was proposed independently by
Krener and Isidori (1983) and Bestle and Zeitz
(1983) for the class of scalar output systems. The
extension to systems with multiple outputs, and
to systems with inputs, has been done by Krener
and Respondek (1985). Xia and Gao (1988,
1989) correct an error in Krener and Respondek
(1985) and also give a new necessary and
sufficient condition for the solvability of the
observer linearization problem for time-varying
systems.
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Here, we wish to investigate the effect of
time-sampling on the observer design methodol-
ogy of Krener and Isidori. In particular, we want
to understand when the methodology is robust
with respect to the introduction of sampling, that
is, when the procedure can be successfully
applied to sampled-data representations of a
plant for an open set of sampling times. This
property is crucial from an engineering design
point of view because otherwise, the probability
of choosing a “good” sampling time would be
nil.

Our results can be viewed as being dual to
those of Arapostathis ef al. (1989) on the
feedback linearization problem, which were
motivated by an example in Grizzle (1986).

In Section 2, we summarize the main results of
Krener and Isidori (1983). In Section 3, we show
that their results carry over to the class of
discrete-time systems with only minor modifica-
tions; one hindrance, however, is that there is no
equivalent of the Jacobi identity. Section 4
contains the main results. It is first shown that
there exists an open set of sampling times for
which sampled-data representations of a system
are locally state-equivalent to a linear system if,
and only if, the underlying continuous time
system is locally state-equivalent to a linear
system. Next we establish that a certain set of
parameterized linear equations with a singularity
admits an analytic solution. This technical result
is crucial for proving that whenever there exists
an open set of sampling times for which the
observer linearization problem is solvable for
sampled-data representations of a given plant,
the problem must also be solvable for a
continuous-time representation of the plant. This
gives a necessary condition for the ‘“‘robust”
solvability of the observer linearization problem
with respect to time-sampling. We then show
that this condition is far from sufficient because
we prove that, when the dimension of the state
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space equals two, the only systems for which the
problem is robustly solvable are those that are
state-equivalent to a linear system. As an
example, it follows that there does not exist any
T* >0 such that, for every T € (0, T*) one can
successfully apply the observer linearization
design methodology to a sampled-data repre-
sentation X,(T) of the system (a simple
pendulum)

X =x,
2: X, = —sin (x)) (L.1)
y=x,

even though the methodology can be applied to
(1.1), yielding an observer in differential
equation form that can in turn be approximately
discretized and then implemented digitally. The
implications are that, if one wishes to apply this
methodology, it is important to start with a
continuous-time mode! of the system, or one
must seek an approximate solution with respect
to the sampling time, possibly along the lines of
Lee et al. (1988).

The complexity of obtaining a precise
characterization for the robust solvability of the
observer linearization problem for higher dim-
ensional systems is prohibitive. However, our
development will make it clear that robust
solvability with respect to time-sampling is a very
stringent requirement, and hence the implica-
tions discussed in the preceding paragraph are
valid.

Our results will be stated for exact sampled-
data representations of a system. Of course, for
a nonlinear system, this is usually not calculable.
There are two good reasons, however, for
working with such representations. Firstly, there
are many degrees of approximation and we
avoid having to choose amongst them. More
importantly, any reasonable approximation
technique should converge to the exact sampled-
data representation as more and more terms are
taken in the approximation. Our results imply
that increasing the accuracy of the approxima-
tion does not get one closer to meeting the
solvability conditions of the (perfect) observer
linearization problem because they fail for the
exact sampled-data representation. Instead, a
solution to the approximate observer lineariza-
tion problem should be sought.

In the remainder of the introduction we recall
the few concepts from advanced -calculus
(Boothby, 1975) that will be used repeatedly
throughout the paper. If A:R"—R is a
C”-function, then dh will denote its differential;
that is da(x) = (3h(x)/x,, ..., Sh(x)/3x,), or,
dh(x) = Zl (Sh(x)/ox) dx,. If

i

equivalently,

f:R"—>R" is a C"-vector field, that is, the
right-hand-side of a differential equation defined
on R", then the directional derivative of 4 along

fis Lh(x)= _‘;l(ah(x)/ax,.)ﬁ(x), where f(x) =

(fix), ..., fui(x))". Note that L:h:R"— R and,
hence, higher order directional derivatives can
be defined recursively as Lf*'h = L;(Lfh). At
times, in order to avoid putting f as a sub-
script, the notation (dh, f) is used; that is,
(dh, f) (x) = Lsh(x). This notation also symbol-
izes the “duality pairing” that exists between
differentials and vector fields. If g:R"—>R" is
another C™-vector field, the Lie bracker of f with
g is the new vector field

Ig(x)

1/ 810 = £ ) - L)

x)
3 g(x).

In order that higher order Lie brackets of f with
g can be defined conveniently, one also uses the
“operator notation” adg(x)=[f, gl(x) and
defines, recursively, adf*'g(x)=[f, adfg](x).
Finally, it is straightforward to show that the Lie
bracket and the directional derivative are related
by Lish(x) = LeL,h(x) — L,Lsh(x).

2. BACKGROUND: SCALAR OUTPUT
CONTINUOUS-TIME SYSTEMS

Consider an uncontrolied dynamics

X=Ax, xeR" (2.1a)
with observations
y=Cx, yeR (2.1b)

As is well-known, if (A, C) is an observable
pair, then one can choose a vector G and set up
a differential equation for an approximation £(t)
of x(z),

#=A%~G(y - Ch), (2.2)

such that, upon defining e=x—%, é=(4+
GC)e is asymptotically stable. Consequently,
£(t)—x(t) as t—>»= and (2.2) constitutes an
observer for (2.1).

Now, suppose we are trying to observe the
state of a nonlinear system;

i =f(x), (2.3a)
y =h(x). (2.3b)

In general, this is a difficult task. However, it is
conceivable [Krener and Isidori (1983); for a
physical example Kantor (1988)] that the system
(2.3) is the result of applying nonlinear output
injection and a change of coordinates to a linear
system (2.1). When this is the case, then after a
nonlinear change of coordinates, the system
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would have the form

z=Az+ @(y)

)=z 2.4)

Then, given ¢@(y) and z=®(x), we can
construct an observer for (2.3) almost as easily
as for (2.1). Indeed, let the approximation 2
satisfy

2=A4:-G(y — C:)+ @(y). (2.5)
Then, the error e = z ~  satisfies
é=(A+ GCQC)e, (2.6)

as before, and it follows that £(¢) := ®~'(2(¢)) —>
x(t) as t— .

We now summarize the results of Krener and
Isidori (1983) characterizing those systems
obtainable from a linear system by output
injection and a change of coordinates. Let X
denote the system

. x=f(x)
Sy =h(x),

where x(t)eR", y(t)eR, and f and h are
analytic functions of x. Suppose that x° is an
equilibrium point of 2. Then, X is said to satisfy
the observability condition if the one forms
dh,...,dL; 'k are linearly independent at x°.
Z is said to be locally state-equivalent to a linear
system if there exists an open neighborhood U of
x" and a change of coordinates z = ®(x), with
®(x°) =0, defined on U such that, in the new
coordinates, X has the form

(2.7)

z=Az
z" 2.8
y=cCz, (2.8)
where the pair (A, C) is assumed observable.
Finally, X is locally state-equivalent to a linear
system with (nonlinear) output injection if the
above holds with Z' replaced by

Zu, 2‘; =AZ + (p(}')

=z (2.9)

where @ is an analytic function of y such that
®(0) = 0.

The two main results of Krener and Isidori
(1983) are:

Theorem 1. The nonlinear system X is locally
state-equivalent to a linear system under a
change of state coordinates z = ®(x) where
®(x")=0 if, and only if, T satisfies the
observability condition, f(x°) =0, A(x") =0 and
dLfh is an R-linear combination of dLfh for
k=0,1,...,n—1.

Theorem 2. The nonlinear system X is locally

state-equivalent to a linear system with (non-
linear) output injection under a change of state
coordinates z = ®(x) where ®(x°)=0 if, and
only if, = satisfies the observability condition,
h(x% =0, f(x")=0 and the unique vector field
g(x) defined by

0, O0sk=n-2

L k=n—1 (2.10)

LoLth =
satisfies [adjg, adjg]=0 for all 0=i, j=n—1,
or equivalently, [g, adig]=0 for all O0=i=<
2n —-3.

Remark 1. (a) In Krener and Isidori (1983), it is
shown that the vector field g defined by (2.10)
satisfies [adg, adjg]=0 for all 0=<i, j=n, if,
and only if, Z is locally state-equivalent to a
linear system under a change of state coordin-
ates. It is also shown that this condition is
equivalent to the condition, [g, adfg] =0 for all
O<k=2n-1.

(b) If (A, C) is only detectable, then condi-
tions guaranteeing the existence of the coordin-
ate transformation z = ®(x) are not known; such
an extension would be nontrivial.

3. OBSERVER LINEARIZATION FOR DISCRETE-
TIME SYSTEMS

Before we can consider the effects of time
sampling on the observer linearization problem,
we must obtain criteria for its solvability in the
case of discrete-time nonlinear systems. The
development largely parallels that of Krener and
Isidori (1983); the proofs will be accordingly
abridged.

In the following, we use the convention that, if
h and F are two functions, & being real valued,
F:R"—R", then dhoF:=d(hoF); that is,
composition takes precedence over the
differential. Also, F* equals F composed with
itself k times and F~* = (F~')* whenever F is
invertible.

Let Z, denote the system

x(k +1) = F(x(k))
y(k) = h(x(k)),

where x(k) e R", y(k) € R, F and h are analytic
functions of x, and F is a local diffeomorphism.
Suppose that x° is an equilibrium point of (3.1);
that is, F(x°) =x". Then I, is said to satisfy the
observability condition if the one forms dh(x),
dhoF(x),...,dhoF""}(x) are linearly inde-
pendent at x°. X, is said to be locally
state-equivalent to a linear system if there exists
an open neighborhood U of x” and a change of
coordinates z = ®(x) with ®(x”) =0 defined on
U such that in the new coordinates £, has the

DI G.1
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form

, z(k +1)=Az(k)
“ ylk)=Cz(k),

where the pair (A, C) is observable. Finally, X,
is locally state-equivalent to a linear system with
(nonlinear) output injection if the above holds
with Z; replaced by

z(k +1) = Az(k) + @(y(k))
y(k) = Cz(k),

where @ is an analytic function of y such that
®(0)=0. We note that if (3.1) satisfies the
observability condition, then it is always possible
to apply (in any given coordinate system) a
linear output injection which makes F a local
diffeomorphism in a neighborhood of an
equilibrium point. Hence, our assumption on F
was without loss of generality. Of course, as in
the case of a continuous-time system, the
interest of (3.3) is that one may locally construct
an exact observer by

2k +1)=A2(k) = G(y(k) = C2(K)) (3 4
+@(y(k)

and if G is selected appropriately, then
£ :=® Y (2,)—> x(k), as k tends toward infinity.

(3.2)

A (3.3)

Theorem 3. The nonlinear system X, is locally
state-equivalent to a linear system of the form X
under a change of state coordinates z = ®(x)
where ®(x") =0 if, and only if, =, satisfies the
observability condition, F(x%)=x° h(x%=0
and dhoF"(x) is an R-linear combination of
dhoF*(x) for k=0,1,...,n—1.

Proof. The proof is the same as in continuous-
time case; see Krener and Isidori (1983) O

In the sequel, we define, following Jakubczyk
and Sontag (1990), for a given vector field g'(x),
Adpg'(x) 1= (Fig’ )(F'(x)), and AdE™'g'(x):=
(F Adtg')(F~'(x)). It follows easily that

8'(X)—(Fig’)(F “(x)) = Adpg’(x). This is
also valid for k <0.

Theorem 4. The nonlinear system X, is locally
state-equivalent to a linear system with output
injection under a change of state coordinates
z=®(x) where ®(x*)=0 if, and only if, =
satisfies the observability condition, F(x?)=x°,
h(x”) =0 and there exists an open neighborhood
U of x" such that the unique vector field g'(x)
defined on U by

0, 0=<k=n-2

L,hoFk={
: 1, k=n-1

3.5)

satisfies
[g', Adkg'l=0 for —(n—-1)=i=n-1 (3.6)

In order to prove the above Theorem, we
need the following lemmas.

Lemma 1. The condition (3.5) is equivalent to

0; Osk=n-2
L., ={ ’ .
wds =11 k=no 37
Proof
(LyhoF)(x)=
oh aF ,
= %% | re 0 1.8 (x)
oh -
=5 | R (FTFG)
= (LAng'h)(F (x)),

and therefore, L44.,h =0. In the same way,
it follows that (L, s o F*)(x) = (Lastgh)(F (%)),
proving the Lemma.

Lemma2 [Adg’, Adg]—0f0r0<z]<n—-
, if, and only if, [g’', Adkg']=0for —(n - 1) =
k<n—1

Proof. (Necessity) We only need to prove the
result for k<O. Since F* is a local
diffeomorphism,
0=(Filg', Adig’ )(F~“(2))
=[(Fx g’)(F°"(Z)) (FiAdzg )(F™*(2))]
=[AdFg’, g'1(2).
(Sufficiency) The same argument works. [J

Lemma 3. The condition

0; Osk=n-
1, k=n-1
coupled with the observability condition, 1mphes

that the set of vectors {g’ (x°)
Ad+'g’(x%)} spans R".

Laggh = { (3.8)

Proof. We note the following identity holds for
O=ij=n-1

(dhoF', Ad}g')(x°) = (dh, AdiFg ) (x%). (3.9)
See Appendix A for the proof. Then (3.9) yields

0, O=i+j=n-2

dh e F', Adlg’ °={
( EOED =L ivjmno,
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Therefore,
dh
: g, ..., AdF 'g'|(x
dthm-l
[ (e (dh, Ad7™'g’)(x°)
_(dhOFn—l’ gr>(x0) - (dhan—l' Ad',!-"g’)(x")
[0 --- 0 1
N 1+
1o 1 :
1 1 * *

This final matrix has rank »n, and thus
{g'(x%, ..., Ad¥ 'g"(x")} is a linearly inde-
pendent set. [

We return to the proof of Theorem 4
(Sufficiency). By Lemmas 1 and 3,
{g'(x%, ..., Ad? 'g'(x")} spans R", and by
Lemma 2, [Adtg’, Ad}g']=0, O0<i,j<n—-1.
Hence, the Frobenius Theorem (Boothby, 1975;
Isidori, 1985) guarantees the existence of local
coordinates z = ®(x) such that ®(x°) =0 and for
k=0,1,...,n-1, (8/8z,_,) = Ad%g’'. In these
coordinates, for 0<k<n-2

5
F{s e en = Fiadt e
= Ad}*g'(z) =3 :

2
Zn—k—1

and, forO<sk=n-1

=192k

2]
F~Y(z) 9z; ’

Thus, for0<k=n-2,
3F, {1; i=n—-k-1

az,._k— 0; otherwise.

Also, from Lemma 1

dh(z) 0; O0sk<n-1
Sz, Ladtsh(z) = {1; k=n-1.
Thus '
2y
y=Cz=(1,0,...,0)]| : |=2z,
and Zn
o1 0 --- 0
F(z)= 0 0 1.0 .
1
0 0
Z @1(z1)
% Z; ‘Pzgzx)
Zn (pn(zl)
=Az + ¢(y)

(Necessity) It is straightforward and left to the
reader. O

We remark that the constant 1 used in
Theorem 4, Equation (3.5), can be replaced by
any nonzero constant € and the same results
hold; this is because the vector field g’ is just
scaled by 1/e.

4, THE EFFECTS OF SAMPLING ON OBSERVER
LINEARIZATION

We are now in a position to investigate the
effects of time-sampling on the solvability of the
observer linearization problem of Sections 2 and

3. Let
+1= Fr(xe)
Vi = h(x;)

be the result of time-sampling the system (2.7);
that is, x, := x(kT), where x(¢) is the solution of
(2.7), and y,:=y(kT). Of course, (4.1) may
only be defined for T sufficiently small unless the
vector field f(x) in (2.7) is complete (Boothby,
1975). To begin with, note that if x° is an
equilibrium point of (2.7), then it is also an
equilibrium point of (4.1). Next, (2.7) satisfies
the observability condition at x° if, and only if,
(4.1) satisfies the observability condition at x° for
all T sufficiently small, but not equal to zero.
This is because dLfh(x°)=CA*, where A=
3f /3x(x®) and C = 3h/3x(x°), and dho F4(x°) =
Cexp (kAT), as a simple computation shows;
hence, since observability is preserved for linear
systems for sufficiently small sampling times
(Sontag, 1984), the result follows. Finally, we
recall the following formula (Isidori, 1985;
Varadarajan, 1984) which makes explicit the
relation between the sampled system (4.1) and
the underlying continuous-time system (2.7):

sAT): @.1)

for sufficiently small 7, h° Fr(x)
o k
=2 L}‘h(x)L. (4.2)
k=0 k!

In this section, we always work in a
neighborhood of a given equilibrium point x°.
Our first result addresses the property of being
state-equivalent to a linear system with outputs.
See Theorem 3.1 in Arapostathis et al. (1989) for
the corresponding result for systems with inputs,
but no outputs.

Theorem 5. The following two statements are
equivalent.

(a) The continuous-time system X is locally
state-equivalent to a linear system.

(b) There exists T7*>0 such that for each
T €(0, T*), the sampled data system Z,(T) is
locally state-equivalent to a linear system.
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Proof.

(a)=>(b) is straightforward and left to the
reader.

(b)=>(a) When n, the dimension of the state
space, equals 1, the proof is easy and also left to
the reader. Now, in order to simplify the
notation, we assume that n equals 2; the same
proof works for n = 3. Since Z,(T) satisfying the
observability condition for an open set of
sampling times implies that 3 satisfies the
observability condition, it follows that d4 and
dLh locally span T*R?, the cotangent bundle of
R®. Therefore, there locally exist analytic
functions « and B such that

dho Fr(x) = a(x, T) dh(x) + B(x, T) dLsh(x).
(4.3)
Expanding « and f in a Maclaurin series with
respect to 7,

2

a(x, T)=:a9(x) +a (x)T + %az(x)

+...+%ak(x)+. -,
) 4.4)
B(x, T)=:by(x) + b (x)T + e b,(x)

k

T
+~--+Fbk(x)+~-.

From (4.2), one obtains, for each £ =0,
dk
I7* dh o Fr(x) | 720 = dLfA(x). (4.5)
This, combined with (4.4), yields
dLth(x) = a;(x) dh(x) + b(x) dLs(x),  (4.6)

from which one deduces that ay(x)=1,
a;(x)=0, by(x)=0, and b,(x)=1. The goal is
simply to show that a,(x) and b,(x) are actually
constants (recall Theorem 1). Combining now
hypothesis (b) with Theorem 3, one deduces that

dhoFi(x)= coTydh(x) + ¢ (T) dh e Fr(x)
4.7)
where c¢;, ¢, are analytic functions of T.
Substituting (4.3) into (4.7) gives
dh o F7(x) = {co(T) + c(T)a(x, T)} dh(x)
+c(T)B(x, T)dLsh(x). (4.8)
Since dheF3(x)=dhoFr(x), (4.3) and (4.7)
yield
c(T)B(x, T)= B(x, 2T), (4.9

cT)=—-c(T)a(x, T) + a(x, 2T).
(4.10)

Therefore, for all £ =0,
A

d
—2 [c(T)B(x, T)] 'T:() = Zkbk(x)

dr*
(4.11)
dk
a?lz [C()(T) + Cl(T)a'(X, T)] |T=() = Zkak(x).
(4.12)

Recalling that ay(x) =1, a,(x) =0, by(x) =0 and
by(x)=1, a straightforward calculation then
gives that a, and b, are independent of x. This
completes the proof. O

Motivated by Theorem 5, we introduce the
following definition.

Definition 1. £ is said to be sampled-data
observer linearizable if there exists a T* > 0 such
that for all T € (0, T*), the sampled-data system
24T) is locally state-equivalent to a linear
system with output injection (and hence the
observer error dynamics can be linearized).

Then, from the results for discrete-time
systems of Section 3, the following lemma is
immediate.

Lemma 4. Z is sampled-data observer lineariz-
able if, and only if, Z satisfies the observability
condition, and there exist a T* >0, such that the
unique auxiliary vector field g’(x, T) defined by
LghoF%

0; O0<k=n-2 .
={T"“; o forall Te(, T,

(4.13)
satisfies
lg', AdLg']=0 for —(n—-1)sisn-1
and forall Te (0, T*). (4.14)

Proof. The proof is parallel to that of Theorem
4, and hence is omitted. [

The vector field g’ in (4.13) is obtained by
solving the set of linear equations

dh(x) 0
dhoF, :
70 e )= N B CRE)
dho F3'(x) T

Since the matrix on the left hand side has rank n
for 0< T <T* and is an analytic function of x
for x near x°, and of T for 0< T < T*, it follows
that g'(x, T) is an analytic function of x for x
near x°, and of T for 0<T <T* In the
following, we actually need g’ to be analyticin T
for T in an open neighborhood of the origin and
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we now show that (4.15) admits such a solution.
When T"~' is replaced by 1, for example as in
equation (3.5), then this is impossible.

To begin with, choose T* sufficiently small so
that F%(x) exists for all —T*< T < T*, for all x
in an open neighborhood of x° and for all
1=k =n. Recall from (4.2) that

x t

A

dhoFr =3 —dLfh. (4.16)
i=0 L:

Because Z satisfies the observability condition,

dLfh (k=n) can be represented as a linear

combination of dh, . .., dL}~'h. Thus, let

dLfh:=dsdh+---+ds_dL}7'h (4.17)
where dg(x),...,df_,(x) are appropriate
analytic functions of x. Then,

n—1
dhoFr =Y y,(x, T)dLh, (4.18)
i=0

where
ne T)=gp+ S dr) o
and it follows that
dhoF§=dh°F ;= E:; vi(x, kT)dLh.  (4.19)
Substituting (4.18) and (4.19) into equation

(4.15), we have the following expression in local
coordinates,

0
RHg'(x, T) = (; ,
Tn—l
where
1 0
r=| 1o&T) Yl(x:) T)
Yolx, (n —=1)T) yi(x, (n —1T)
0

Yno1(x, T)

Yaor(x, (= 1)T)

and
"ok ok on 7
ox, x5 ox,
dL,h 3Lk 3Lk
H=| 9x, ox; ox,
sL;~'h aLy'h  OLiTh
L ax| axZ ax" J

The matrix H has rank n near x° due to the
observability condition, but R only has rank n
for 0<|T|<T* for T* sufficiently small.
Define

gx, T):=Hg'(x, T) (4.20)
so that
0
- 0
R(x, T)g(x, T) = (4.21)
Tn—l

The goal now is to show that (4.21) admits an
analytic solution g(x, T) for T in an open
neighborhood of 0. By Cramer’s rule (Hoffman
and Kunze, 1971),

0

40, T):=(detr)s| T (D" detR(n|2)

T""(—l)"*"- detR(n | n)

where det R(n | i) is the (n, i) cofactor of R; i.e.
the determinant of R when the nth row and ith
column are deleted. This represents each
component of § as a meromorphic function (the
ratio of two analytic functions). However, from
direct calculations, the lowest order in T of
detRis (n — 1)n/2, and the lowest possible order
in Tof detR(n|i) (i=2)is (n—Dn/2-(i—1)
[see Appendix B]. Thus, each term
T '(—=1)"*"det R(n | i) has the lowest order in

" T not less than that of detR, and therefore

g&(x, T) is anmalytic in T, for T sufficiently
small. O

Using the above results, we can now prove the
following theorem which gives an ‘‘upper
bound” on the class of continuous-time systems
for which the observer linearization property is
robust with respect to time-sampling. We will
show later that the class of system is actually
much smaller than proved here. See Theorem
4.1 in Arapostathis er al. (1989) for the
corresponding result on the feedback lineariza-
tion problem.

Theorem 6. If the system X is sampled data
observer linearizable, then X is locally state-
equivalent to a linear system with output
injection.

Proof. If Z is sampled data observer linearizable
with output injection, then from the above
results, X satisfies the observability condition
and we have a T* >0 and an analytic auxiliary



1004 S.-T. Cuunc and J. W. GRrIizzZLE

vector field g'(x, T) which satisfies

dh(x) 0
dh"é’[’(x) g’(X, T)= O (4'22)
dh o F3=1(x) 7!

and the Lie bracket condition [g', Adf.g'] =
for -(n—1)<k=n-1and forall -T*<T<
T*. Since g'(x, T) is analytic in T, for T near 0,
we can expand g’ as

g'(x, T):= é}g,-(x)T", (4.23)

where the g,(x)’s are analytic functions of x.
Substitute (4.23) and (4.16) into (4.22). Then,
we have

(dheo F4(x), g'(x, T))
=>—; {%(’-c_)/ su-nL}h(x)}T“ (4.24)

which yields the set of equations

dh 1 1 0
dhoF,
JT e Ty =] L L)+
dhoF3! 1 1 (n=1)
1 0 . 0 T
1 1 1/(n - 1)!
L. h 2!
x| TE ]T +--4]1 2
{LR”L,h (n—1)
1 (n—1) ()
{n (n—1)!
B L, A 7] B 7]
L, Lk 0 (4.25)
X | Ly L | T ' +-0o=]
: 0
LLsn L; h lh_ LT’!A l_

This is true for all 7 in an open interval about
zero. Thus, it follows by comparing both sides of
(4.25), that Lyh =Ly Leh=---=Lg L; *h =0,
and L, L7~ 'h =1 (see Appendix C). That is, we
have

gu

0; O<k=n-2

it |
gn f 1; k=n—1. (4 26)

Now, we want to show, in view of Theorem 2,
that {go, adfg,] =0 for k=0,1,...,2n—3. We
recall first the Baker—Campbell-Hausdorff for-

mula (Isidori, 1985; Varadarajan, 1984):

Adrg(x) 1= (Fr) g (F7'(6) = 5, adig() =
Thus
Adﬁkr)g
= (—kT)
=S adg = (6o

i=0

-D=k=sn-1) 4.27)

and, by substituting g’
have

oo i k
Adg,.8' =2, {Z adfgo—;)( [T X }T' (4.28)

i=0 Yj=0

= % gT' into (4.27), we
i=0

Now if we substitute g’ = i gT', and (4.28) into
i=0

[g', Adg,,,g'], we have

ot A"l(—k)("’)
s Adeyg'] = 80,801+ 2 {3 o

X ( i_o (gm: ad}'"g;_m])}T'l (4.29)
Finally, we substitute (4.29) into
[g', Ad;r(n—l)g:]

(8", Ad5"g']

0= [g" Ad;‘:rlg‘]
lg', Adrg'] ’
(g, Ad¥E~Pg']
[g', Ad¥ Vg’

to obtain the following matrix equation:

0= bo + Z (Ml ® In xn)biTi’ (4 30)
i=1

where ® is the Kronecker product of matrices,
the M/s are (2n —2) x { matrices and the b/s are
ni X 1 vectors such that:

by:= [80, go] =0
M .=
[ (n-1)it (n—=1)"Y (= 1)! (n—1)]
(n—2)/i! (n=2)"Y(@—- 1) (n—2)
1){! 1/G = 1)! e 1
(=1)//i! (-1D)"YGE-1t - -1
(=(n=1)/it (=(n - DY YGE-1D - —(n—1)




Sampled-data observer error linearization 1005

i (80, adig]
j=1

bii=| 2 [gm adi7*'g,_,._\] | < jth place.

m=0

i—=1

Z [gm’ adfgi—l—m]
[ m=o i
It is a simple matter to show that for
1=i<2n-2, the rank of M, equals i; see
Appendix D. Hence, rank M, ® I,,,, = ni which
proves that b, =0 and therefore, [go, adig,] =0
for 1 =i =2n —2. This completes the proof. O

Theorem 6 shows that the class of systems
that are sampled-data observer linearizable is no
larger than {Z,(7): T >0 and Z is a continuous-
time system that is linearizable with output
injection.}. When the dimension of the state
space is one, this consists of all system such that
h(0) =0 and 8h/3x(0) #0. When the dimension
of the state space is two, we can show that a
system is sampled-data observer linearizable if,
and only if, it is locally state equivalent to a
linear system. The point is that, in proving
Theorem 6, we only used part of the conditions
coming from (4.25) and (4.30) and the additional
conditions pose highly nongeneric constraints on
the class of sampled-data observer linearizable
systems. See Theorem 5.3 in Arapostathis ez al.
(1989) for the corresponding result on the
feedback linearization problem.

Theorem 7. When the dimension of the state
space equals two, a system is sampled-data
observer linearizable if, and only if, it is locally
state-equivalent to a linear system.

Proof. Sufficiency being obvious (see Theorem
5), we only prove the necessity. The proof of
Theorem 6 already used the conditions:

Loh=0, LgLh=1, [go,adsgo]=0. (4.31)
From (4.25), we obtain in addition:

Lyh=L,h=0 (4.32)

Ly Lih+1/2L, LR =0 (4.33)

Ly, Loh +1/2L, L2h +1/6L, LR =0. (4.34)

From (4.30), we
conditions,

obtain the additional

(80, ad?ge] =0
(80, adsg\] + [g.1, adgo] =0
(80, adsg;] + [g1, adsg ] + (g2, adsgo]
+ 380, adjgo] =0 (4.37)

(4.35)
(4.36)

where in the last equation, the term
1/2([go, ad?g\) + (81, adfgo]) was  eliminated
because it is zero by the Jacobi identity. The
goal is to use (4.32)-(4.37) to prove that
[go, adigo] =0 (recall Remark 1). Equation
(4.32) implies that g;(x)=m7(x)go(x), and
g2(x) = n,(x)go(x) for some analytic functions
n:(x), and 7,(x). Equation (4.36) then yields
that L, n, =0 and L,g,,1m =0. Therefore, 7, is
constant and equation (4.33) in turn shows that
L, L*h = —2n, = constant. From (go, ad;g,] =0,
one obtains the useful fact that

0= (dL?h, [go, adsgo)) = —L},Lth. (4.38)
Similarly, (4.35) establishes
0= dL#h, (8o, ad;jgal)
= L2 Lth —2Lg LL, L}h. (4.39)

Using all of these facts, (4.37) then yields
(80, ad}gol = (2Lg,LyLg,L7)g0-
Therefore,

(4.40)

(dh, [go, ad3ge]) =0 (4.41a)

(dLysh, [go, ad?go]) =2Lg LsLe,Lih. (4.41b)
However, a direct calculation yields

(dLsh, (8o, adigel) = Ly LLg L3k (4.42)

Equations (4.41) and (4.42) together imply that
(g0, ad3go] = 0, which completes the proof. O

Remark 2. In this section, several results
(Theorem 5, Lemma 4, Theorem 6, and
Theorem 7) have been shown for an open set of
times of the form (0, T*). We will now extend
the results to more general open sets.
Let T be the largest T such that
¢
Cexp AT
rank ex:p
CexpA(n—-1)T

for all T € (0, T); that is, the largest T such that
the linearization is observable. Recall that
dhoF&(x°) = C exp AKT. Let T be any fixed T
such that 0< T < T. Then, there exists a unique
vector field g'(x, T) and a simply connected
open set O’ of x° =0 such that

dh(x) 0
dhoFr(x
O g 1= 0
dh e F3~'(x) i
forallxeO', -T<T<T.

This in turn implies that there exists a possibly
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smaller open set O = O’ such that,
([AdE g AdY

.8'l(x) for 0=i,j=n-1, (4.41)

is analytic for x e O, —T < T < T. Therefore, if
there exists an open set of sampling times
(T*—€/2, T*+€/2)c(~T,T) on which the
functions (4.41) all vanish, then they must vanish
on all of (=7, T) due to analyticity. This reduces
the problem to the one studied at the beginning
of the section. Note that our assumption on T
means that we are not undersampling the
system.

5. CONCLUSIONS

We have investigated the effects of time-
sampling on the solvability conditions for the
observer error linearization problem. Requiring
that the problem be solvable for an open set of
sampling times places very stringent require-
ments on the system. Indeed, when the
dimension of the state space is two, one is
reduced to those systems that are state-
equivalent to a linear system. For higher
dimensional systems, the complexity of the
calculations required in order to prove such a
precise characterization is prohibitive, but the
general implications are quite clear: either one
starts with a continuous-time plant model,
carries out the methodology (if applicable) and
then implements an approximate digital observer
by using “rapid” sampling, or an approximate
solution must be sought to the discrete-time
version of the problem. The latter problem is of
interest in and of itself; the results presented
here highlight its importance for applications.

Our results were obtained in the context of
systems having a single output and no input.
This was done for simplicity of exposition and
because the results with inputs still have to hold
when input is set equal to zero. In any case, it
can be shown that the same arguments
straightforwardly extend to systems with a single
input; see Xia and Gao (1989).

The literature on approximate solutions to the
continuous-time and discrete-time feedback
linearization problems is growing (Krener, 1984;
Goldthwait and Hunt, 1987; Lee and Marcus,
1986). The design philosophy that has emerged
from these references is that feedback lineariz-
able systems should be viewed as a richer class of
approximations to a general nonlinear control
system than is the class of linear constant
coefficient systems. Still in the context of
feedback linearization, methods for increasing
the accuracy of a digital implementation of the
continuous-time feedback law have been prop-
osed (Lee er al., 1988; Monaco et al., 1986) and
a multi-rate method has been studied (Grizzle

and Kokotovic, 1988). Similar progress on
observer linearization has been reported (Kre-
ner, 1986, 1989; Krener et al., 1987; Phelps and
Krener, 1988; Grizzle and Moraal, 1989).
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APPENDIX A

Proof of identity (3.9). The following identity holds for
0=ij=n-1

(dhoF', Adkg')(x"y = (dh, AdgY(xY). (A1)

Proof. Recall that F(x") =x” and observe that for i=1,
l=sj=n-1

, ShoF .
(dhoF, Adg’)(x%) = % OAdfrg (x%)
oh 3F .
= —a}« . a—x nAd}g (x(l)
Sh| OF :
= il Ad/ ' F—-l O
S e s AR TG
Sh ; -
=3 0F,.(Aaf',,-tg"(F Yx")
Sh
=a Adi:lg'(x“)

x0

= (dh, Ad}'g")(x").

Now, suppose that the identity (A.1) has been established for
i=k-1,1=j=n-1 Then,

: Sho F* ;
(dhoF*, Adig' )} (x% =T OAleg'(xo)
Sho F¥-! oF i
3% Fty OX |0 8’ (x")

= (dhe P!, Adfg')(x")
= (dh, Ad%*ig' ) (x%). O

APPENDIX B

Steps for proving the analyticity of g'(x, T) near T =0
The lowest order term of T in det R is given by

1 0 0 0
2 n—1
det l T T T
1 (n-DT (n-1)°T? (n-nir!
1 0 1 0 ¢
= det o 0.1 0
: : 00
1 (n=1) (n—p"! 0 Tt
1 0 0
= det 1 1 L Tin=1nr2
i (n;l) (n—1)""!

and this final determinant is nonzero by a Vandermonde
argument (Hoffman and Kunze, 1971).
_ The lowest possible order term of T in det R(n | i) is given
by
1 0 . 0

... i—2
det T T

i (n - I)T (" _ l)i~2Ti—2

0 - 0
Tl e Tn—-l
(H*l)iTi (n_l)n—lTn—l
= (constant) T~ 2D,
APPENDIX C
Proof of (4.26)
We show that L, L7 'h = 1. Let N, be the matrix
1 1/20 -+ 1/k!
2221 - 2%kt
ve|? #
kK2 - kTR

The Cramer’s rule and a little algebra yields that

det N,
n-tg _ n—2
LKULI h= detN,_,’

After noting that N, can be written as the product of a
Vandermonde matrix and a diagonal matrix, a simple
computation gives the resuit.

APPENDIX D

Evaluating the rank of M;
To see that Matrix M, has rank i, for 0si=2n -2, take a
submatrix M; defined by

(n = 1)/i! (n - D¥2! (n-1)]
2"}:’: e 2°/2 2
= /it . 13/2! 1
' (=1)/it (-2 -1
(=2)//it (=2)%/2! -2
| (-i+ =1yl - (mitn-1%20 —i+n-1]f
Then,
[ (n—1) ]
. o
M = 1
' -1
0 .
(-i+n- l)_
T8 ) L
y . | o
(-1 o1
(midn—1"1 ... 1]
/it 1
N /G - 1)
1]

The second matrix has rank i/ because it is an ixi
Vandermonde matrix. Thus the submatrix M, has rank i, and
the proof is complete. O



