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MasslessQED is studied by introducingdifferent regularizationschemesfor the resulting
masssingularities. It is demonstrated,for the one-loopcorrectionsto electronscatteringoff an
external potential, that cancellation of regulator-dependentfinite parts within a Lee and
Nauenberg(LN) set rendersthe observableprocessunique,thus establishingexistenceof its
smoothmasslesslimit.

1. Introduction

It is well known that gauge theories containing masslessparticles develop
infinities at the S-matrixlevel, associatedwith masssingularities.Thesedisappear
from physical quantitiesif oneincludesall processesbelonging to the sameset of
degenerate(physically indistinguishable)initial and final states [1,2]. It becomes
necessary,nevertheless,to introducea setof regulatorsgivingmathematicalmeaning
to the singular individual processeswithin the set and to take the limit of these
regulatorsto zeroat the endof the calculation.However, the different regulariza-
tion schemesapplicableto the masssingularitiesof gaugetheorieshavesomewhat

different physicalcontent.Specifically, if one choosesto regulatethe masssingu-
laritiesof a gaugetheoryby usingmassiveregulators(i.e. by assigningmassesto all

masslessparticlesexistingin the theoryandtaking the limit of thesemassesto zero
at the end of the calculation),one has to considerthe extra degreesof freedom
introduced by the inclusion of these masses(for masslessvector bosonsfor
example)or the non-vanishinghelicity-flip amplitudes(for masslessfermions) in
certaincollinearprocesses.Similarly, if onechoosesdimensionalregularizationof
the masssingularities[3—6],one hasto considerthe extradegreesof freedom(for

masslessvectorbosons)coming from the extra n — 2 transversedirectionsexisting
in an n-dimensionalspace-time(the continuation is n > 4).

While thesecontributionswill not affect the leadingsingularities,theyappearin

thelower-ordersingularitiesand,of course,in the finite parts.Hencethe question
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of whether the observablequantitiesare uniquely determined,independentlyof
the regularizationschemeone usesfor treatingthe masssingularitiesof a theory
is, to thebestof our knowledgean openone,which hasdrawnlittle attention[7,8].
Furthermore,in processesthat are highly selectiveas far as which singularities
remainaftertaking the regulatorlimit, such as helicity-flip processes,uniqueness
of a gaugetheory is profoundly troublesomesince such processesactually appear
to give finite cross sections[1,9], if one uses massiveregularization,but trivially
give zero if oneusesdimensionalregularization.Suchprocessesmaybehandledby
includingdegenerateprocessescorrespondingto disconnectedFeynmangraphs[1],
but whether inclusion of the latter is physically relevant for studying the high-
energy limit of massivegaugetheoriesand/or restoresuniquenessis an open

question.
The aboveconsiderationslead naturally to the suspicionthat, if uniquenessof

masslessgaugetheoriesis a fact, then the importantideaof cancellationof mass
singularitieswithin a set of degenerateprocesses,as was stated by Lee and
Nauenberg(LN) andindependentlyby Kinoshita,may be extendedto cancellation
of finite regulator-dependentquantitieswithin that set,thus restoringnot only the
finiteness,but also the uniquenessof the masslesstheory.

In this paperwe considera specific but fundamentalprocessin QED, namely
the one-loopcorrectionsto electronscatteringoff an externalpotential. In sect. 2
we treat what we call one-masssingularities, i.e. the singularitiesarising from
consideringonly onemasslessparticleandspecifically theonesappearingfrom the
masslessnessof the photon. We show uniquenessof the processcomparingthe

massive (subsect. 2.1)* and the dimensional (subsect. 2.2) regularization of
the infraredsingularity. In subsect.2.3we summarizeour results.This part of the
paperservesfor establishingnotation as well as methodology. In addition, the
formulasfor the finite partsobtained,will be usedin the remainderof the paper.
In sect. 3 we considerthe sameprocessin masslessQED (two-masssingularities).
As is evident,thereis a choice of regulatorcombinationsto be made,hinting at

the nontriviality of establishingthe uniquenessof the process.We choose to
comparewhatwe consideraninterestingcombinationof mixed regulators(subsect.
3.1) with a completelydimensionalone(subsect.3.2). Uniquenessis again recov-

ered. As a by-product we discover, at the analytical level, that the generally
acceptedcorrespondencebetween the infinite parts ln m ~ 1/c, 1n2 m ~ 2/c2
where c = n — 4 andn is the dimensionalityof space-time,canbe extendedto the
finite parts as the same analytic continuation of hypergeometricfunctions of
different arguments.This is shown in detail in subsect.3.2.2 and appendixB.
Finally, we demonstratethe LN cancellationof finite regulator-dependentpieces,
and thus are confident that the processworks in general, even in the more
problematiccasesof helicity-flip processes.The resultsof the sectionaresumma-

*The resultsin subsect.2.1 are well known and canbe found in many placesin the literature[101.
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Fig. 1. Radiativecorrectionsto electronscatteringoff an externalpotential. Thecrossesandthe dots

denotevertexorwave functionand masscounterterms.

rized in subsect.3.3. In the end (sect. 4) we summarizeour conclusions and

formulatesomespeculationsof a moregeneralnature.

2. One-masssingularities

We shall consideras a typical QED processtheone-loopradiativecorrectionsto
scatteringfrom an externalpotential. We will be working in the Feynmangauge.
The correspondingdiagramsareshownin fig. 1.

Our quantitieswill in generalhavetwo sourcesof infinities. Correspondingly,we
shouldreservetwo regulatorindicesfor thosequantitieswhich containat leastone
kind of infinity. The first regulatorindex correspondsto the UV singularitiesbut
since we shall be using dimensional regularization, minimal subtraction and
intermediaterenormalizationthroughoutthis paper, this index will never appear
explicitly. The correspondingregulatorwill alwaysbe c~= 4 — n. As stated in
sect.1, uniquenessof QED in the perturbativesensewould amount to equalitiesof
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theform

urn ~ s~I~my)I2_urn ~ IS1~)I2=O. (2.1)
1~i~°D(Eh)D(E~) D(Eh)D(E~)

In the above ~ is the mass regulator scheme, c = n — 4, S~’~is the
regularizedS-matrixelementfor thetransitionbetweenstatesa andb (of energies

Ea, Eb respectively)andthe sum extendsover degenerateLN setsD(Eb), D(Ea)
for usualQED (massiveelectron,masslessphoton) processes*.Similarly,

lim ~ IS~~mc)I2_urn ~ IS~’~~I2=O (2.2)
~ D(E,,)D(E~) tLI~OD(Eh)D(E,,)

for the massivephotonandmasslesselectron.
It is well known,as notedabove,that to regulateUV singularitiesdimensionally,

one hasto considerinitially a numberof space-timedimensionsn = 4 — ~uv <4,
while to regulatethemasssingularitiesin the samescheme,n = 4 + c > 4. Thiswill
be describedby the correspondencee~~

1—~ — c,whosemeaningis that the theory
is not simultaneously UV-regular and mass-singularity-freein any number of

dimensions.Thus, the generally acceptedprescription is to first renormalizethe
theory dimensionallyand,once the countertermsare included, to continue n =

4 + c. We shall show that eq.(2.1) holds for the particularprocessshown in fig.1.

2.1. ~ = m~REGULARIZATION SCHEME

The radiativecorrectionswill arise from virtual andreal processes.The former

will come from the vertex and self-energy graphs, while the latter from
bremsstrahlunggraphs.

2.1.1. Virtual corrections. Fromfig. la we obtain for the vertexcorrection

d
4~uvk

fl~~)(p,p’)= _ie2f

4fYV~ —~ +me)~(~ —~ +m~)y~

X (k
2-m~)(k2-2(p’k))(k2-2(pk))

a 1 1 4
=_—y~fdxfydy —+2(ln4~—y—2lnm~—2)—2lnL2

4~ o o

— 4(4 — 4y — 2y2 + r2(2 — 2y + 2y2x(1 _x))] +R(~
1), (2.3)

*Throughout thepaperwe shall follow the notation of refs.[1,5,61 as closely aspossible.
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where y is Euler’sconstantand R(~.t1)denotesterms regularat the limit ‘-~= 0.

Theseterms will not be shown explicitly since they cancel (by definition) from
equalitieslike (2.2). In eq.(2.3) we havedefined

L
2~y2[1+r2x(1_x)~+A2(1_y), ~ r2~4.

Performingthe y-integrationwe have

a 1 2
A~2=—yjdx —+(ln4~—y—2lnme—2)—2Io

4~ o ~

— 1 ~2 (41k— ~‘2 — 213 + r2(211 — 212 + 2x(1 _x)1
3))]~ (2.4)

where = ~2 = 1 —p
2(1+r2x(1 —x)),

E being the initial energyand

1 1 1 A2p2
1

0=fdyylnL2, 1n=f0dYY°y2_y13~/3~I~

We caneasily calculatethe following limits:

1_~2 1_~2
urn J~ ~ln 2 — ~ lirn I~= — ln A + ~ln 2
A-’O p A-.O p

lim ‘2 = 1, lim I~=

After inclusionof the UV countertermsas shownin fig. le, we can write

lim A~=~7~f1dx{ln4~ — y — 21n me—2—ln C
2

2+r2 2(3+r2) 2(2+r2)

— C2 lnC2+ + lnA (2.5)

with

1_~2
2 =1+r2x(1—x).

p
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Fromfig. lb we obtain for the self-energycorrection

m 2~ d4~~vk~
~i.Et ~)(p) = —e i . (2.6)

‘ (2n)~°” (k2 — m~)((p — k)2 — m~)

Performinga Taylor expansion

~~(mv)(p) =A(’~Y+ B(my)( p~— me)+ .Z~m~1(p)( ,~ — me)2, (2.7)

we observe that ~
4(m~)just renormalizesthe electronicmass.The wave function

renormalizationconstantB(my), nevertheless,contributes~B(my)perdiagramas an
observableradiativecorrection.From eqs.(2.6) and(2.7) we deduce

m 2(1 ~ d
4~uvk (c~~—2)(1—x)B~ ~ = —e j dxj

o (2~)4~uv [k2 — (m~x2+ m~(l_x))]2

2 ci d4~~k 2 (cuv — 2)(1 —x) + 4 —+e j dxj - 4x(l—x)m
o (2~)~ ~uv e [2_ (m2x2 + m~(1—x))J3

ia ia
= ____ — — y—ln4~r+1 +2lnme+2f dx(1 —x)lnD2

o

ia x(l—x2)
dx 2 (2.8)

ITO D

where D2 =x2 + A2(1 —x). One can easily showthat

lim f’dx(l —x)lnD2= —~, lim f’dx~ —x2) = —lnA —

A 00 A 00 D

Diagramld is of the R(~
1)type, i.e. non-singular,hencewe do not considerit.

Oncethe UV countertermsare included,the totalvirtual correction~ will be
definedas

lim 26~y~ 2lim [n~+ ~ X 21.
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Hencewe find for the virtual contribution

a i 2+r2lim 26~= — ( dx — 2 ln A
A-.0 ‘iT Jo l+r2x(1—x)

+~f1dx[_6_ln(1 +r2x(1 —x))

2+r2 2(3+r2)
— 2 ln(l+r2x(1—x))+ 2 . (2.9)l+rx(l—x) 1+rx(l—x)

2.1.2. Real corrections. As is well known, the physically observablecrosssec-
tions must include bremsstrahlungcontributions. In this case(one-masssingulari-
ties) only soft bremsstrahlungcontributes.Its contributionis

2
d3k 1 ~ (�(Op~) (c~’~p)

— e2 1 ______ — ____________ — (2 10)
BS — ‘ (2ir)3 2w ~ (p’k) — ~ (pk) — ~

In the above, the momenta (p,p’,k) label the initial, final electron and final
photonrespectively.Calculating the momentumintegralwe find

~= ~-~[(i + ~r2)j’dx1x(A) _I(A)J~ (2.11)

where

I (A) f~E/medkk2fl dy 1 1x o —1 (k2+A2)’~’2 [(k2+A2)1/2_~pA2_k~yJ2

1 1 1
I(A)~f cdkk2f dy

0 -i (k2+A2)’/2 [(k2+A2)1/2_~pA2_k~
0yJ

where ~ has been defined earlier, zlE is the energy resolution of the detector and
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= (1 — p
2)i/2. These integralshavebeencalculatedin appendixA. The result is

a 2+r2
lim6S~=——fdx —2lnA

IT 0 1+r2x(1—x)

a ,.i 2+r2 1 1—~
+—I dx —ln

2irJo l+r2x(1—x) ~ 1+~

2+r2 2i.1E 2 1—~
+ 1+r2x(1—x) —2 ln(~)_~ln(

1 ~). (2.12)

2.2. js~= � REGULARIZATIONSCHEME

In this scheme extra care is needed in order not to confuse the renormalization
process with the one describingthe structureof the masssingularity,sincebothof
them are regulateddimensionally.

2.2.1. Virtual corrections. For the vertexconditionwe have*
2 2

fl(euv) = (4IT)
2~°~2j1dxf y ~ ~ 2) F(~cuv)y~(C2)_/2m~~

—y~F(1+ ~cuv)y2u(C2)±~2)m2+w)

x [m~(4 — 4y+ (c~~— 2)y2)

+(—q2)(2—2y+(2—c~v)y2x(1_x))}}. (2.13)

At this stagewe areableto recognizethe UV singularityas the pole part of the

F-function. This will be: (a/4ITEuv)y~.Including,then,the UV counterterms,we
can useeq. (2.13)by discardingthe abovepiece andby substituting:~ —~ —c in
the rest.The result is

a 1 2+r2
lim A~= — —y f dx

2’irc ‘~~ 1+r2x(1—x)

+ ii[ _2lnme)(1+ 1 +r2x(1_x))

2(3+ r2)
—2— ln(l + r2x(1 —x))+

1+r2x(1—x)

2 + r2

— l+r2x(l —x) ln +rx(1x)) . (2.14)

* The integrandof this expression is different from the one given in ref. [5]. However, the two

expressionsareidentical, oncethe integrationsareperformed.
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Similarly for self-energycontributionwe get

ia EUV/
2 I )Ff’dx(c~v— 2)x~(1 —x)

B~Uv)= ____(4ITme2) F(~c~~

i 1
+e~j~fdxx~”~(1 —x)((EUV—2)(l —x)+4—c~~)l.(2.15)

0

Proceedingas above,we obtain

ia i3a
lim B~= —~ + —(ln4ir—y—2lnme+ ~) (2.16)

ITE 4IT

Therefore

a I ~ 2+r2 a If 2+r2
—21+-—(dxII —21lim 2~= — dx 1 +r2x(1 —x) / 2IT20 [~ 1 +r2x(1 —x) )

ITE 0

x(ln4IT — y — 2ln m~)— 6—ln(1 + r2x(l —x))

2(3+r2) 2+r2 1
ln(l +r2x(l —x)) I. (2.17)+ 1+r2x(1—x) — 1+r2x(l—x) j

2.2.2.Real corrections. The soft bremsstrahlungcontributionwill be

a 1~E2\~~”2 1e(e) = — I ~2[(~ + ~r2)fldxIx(E) — 1(c)1, (2.18)
°BS I

IT 4IT j cF(1 + ~ L 0 1

where
2

i (1—y)
I
1(c)~fdy

-1 (1—~y)
2

2
i (1—y)

I(c)~af dy
-1 (l—~

0y)
2

Hence,expandingaroundc = 0, we have

aI~ 2+r2
lim 6~E~= I I dx

ITE ~ 1 +r2x(1 —x) _2)

a If 2+r2 2+r2 1 /1—~\
dxli —2I1n4+

2IT 0 L~1+r2x(1_x) ) 1+r2x(l—x) ~( 2+r2 2
+ 1+r2x(1 _2I(2ln~iE+y_ln4IT)__lnI II.

-x) / ~ ~1+~Jj

(2.19)
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2.3. RESULTS

Our processwill be

lim ~ = lim [2ö~1) + ~i)]

D(E,~)D(E~,) J.L
1~O

From eqs. (2.9), (2.12), (2.17) and (2.19) we see that
(i) Every sum in eq. (2.1) is finite, as expected by the simple Bloch—Nordsieck
mechanism.

(ii) urn [26~ + ~(~A)]= lim [2~ + 6~]

a 2LIE
—6—J0+2(2+r

2)ln ~— +3+r2 J
12IT me

2~1E 2 1—~
+(2+r2)(J

3—J2) —41n — —ln
me ~0 ~

where

Jo~f
1dxln(1+r2x(1_x)), J1~fdXl+r2~lx)

J
2~f

1dx
1 2(1 —x) ln(1 +r

2x(1 —x)),

1 1 1—~
J
3~fdx —ln

o 1+r
2x(1—x) ~ 1+~

Hence equality (2.1) is provedand uniquenessis recovered.The aboveintegrals
havebeencalculatedand aregiven, for completeness,below.

J
0= —lnij

2—2—2(z—1)ln(z—1) +2zlnz,

2ij2 z2
ln—

2z—1 ~2

J
2= 2z—l [mn2(ç) — ~ln

2~2+ln(2z— 1)ln(
2~ 1) _2Li2(2~ 1) +~(2)].
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In the above we have defined ~2 r2 = —m~/q2,z ~(1+ (1 + 4~2)i/2)

Li
2(x) f~— (dy/y)ln(1 —y) is the dilogarithm and ~(2)= ir

2/6.
Finally,

p2 1 ~+~‘ ~+~‘

= T(1 - ~2)1/2 {2ln(~+)ln[~( ± ) (~c,)] + ~ln~(~+ ~‘)

- ~ln2(~_ ~) + ~ ~ - ~ln2(~+_ ~‘) - ln(~ - ~~2)ln( ~
2~ ) _ln(~+_~1)ln(~ ) +2Li

2( 2~

—2Li2 +2L12 —2Li2
~ ~

where

~

,2=~0~1 2...... 22

~ —~o+~l, ~ E
2 pr.

3. Two-masssingularities

This is the caseof masslessQED. In generalwe shall have threesourcesof
infinities, oneUV andtwo masssingularities.Correspondinglyour massregulators

will be denotedby (/L
1, ~2) and will regulate the (mr,m~)singularities,respec-

tively. To check uniqueness,we can form threelinearly independentequalitiesof
the form (2.1) and (2.2) (we do not consider momentum cutoffs among the
regulators).

We consider, by far the most interesting of theseequalities,the ones corre-
spondingto the smoothelectronicmasslimit of masslessQED. Thesewill exhibit
mixed massregulators,namelycombinationsof massiveregulatorfor the electron

and dimensionalfor the photon, as opposedto totally massiveor totally dimen-
sional. Hence, two independentequalitiescan be formed. Both involve, at some
point, treatmentof the regulator-induceddegreesof freedom and the resulting
finite contributions.We choose, in the remainderof this paper, to study the
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equality:

lim lim ~ IS~m~I2_urn ~ IS~’~2=0. (3.1)
m~—.0�-.0 (DEXDE) �-.0 (DE~XDE

5)

The other choice, necessarily involving a totally massivecombination, can be
treatedsimilarly and in fact part of it hasalreadybeencalculatedin subsect.2.1.

3.1. (pu,i.s2) = (e, m~)REGULARIZATION SCHEME (MIXED MASS REGULATORS)

As in the one-masssingularity case,we shall haveto considervirtual andreal
processes.The bremsstrahlungcontributionswill come,though,from bothsoft and
hardcollinear radiation.

3.1.1. Virtual corrections. After renormalization,the virtual correctionshave
alreadybeen calculatedin formula (2.17). To be exact,we should also consider
possiblecontributionsfrom vacuumpolarizationfig. id. This diagramwas of the
R(~1)type andhencewe did notconsiderit so far.

For an off-mass-shellphotonof momentumq, the vacuumpolarization graph
gives

d
4~u\’k i(g+m) i(IL—j+m)

fl~(q) = — ( —ie)2f (
2IT)4_�uvTr[Y~ k

2 — m~~ (k — q)2 — (3.2)

The correspondingcontribution,after renormalization,will be
2~m,), where

2a 1
lirn mea~,m~= —(y —ln4IT+2lnme)

IT 6

+f
1dxx(1 —x)ln(1 +r2x(1 _x))]. (3.3)

Therefore, in the limit

1 3(em~ — [~(~— ln4’ir + 21n me)— 1 — ~(2ln me — ln( _q2))j

(3.4)

Hence that contribution is of the R(/h
1,~~2)type and therefore will not be

considered. We already saw that the 1/c terms disappear from the sum 2~,me~+

6~me) (eqs. (2.17) and (2.19)). Hence we can use the aboveequations,discarding
the infrared poles,for our presentpurposes.

In evaluating the limit of the massive regulator, we shall need the limits of
certain integrals. Derivation of some of these limits is not entirely trivial. For
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convenience, we present a table of all the limits necessaryfor the computationof
the radiative corrections that follow, in appendixB. Hence, putting everything
together, we obtain from eq. (2.17)

tim 2”c)= ~—{ln
2 ~2 + 21n me[—1 + 2(y _ln4i,.+ln(_q2))]) +

x{2(y_ln4~)_4+2~(2)_ln(_q2)[_3+2(y_ln4~+ln(_q2))]}.

(3.5)

3.1.2. Real corrections:soft bremsstrahlung. Similarly, from eq. (2.19) we obtain

~ ~—{_ln2~2_2lnme

x{4ln(~i) +2+2(y_1n417+ln(_q2))}}

a( LiE
+—~—2~(2)—2(y—ln4IT)—4ln

2ir~ E

+ln(_q2)[4ln(~) + 2(y — ln4IT + ln(_q2))] +f(T2)}, (3.6)

where,in appendixB, we defined

f(r2) ln(T2)~ (~)k~B(k,k)(T2)k

- k=i (~)k~[~(k+1) - ~(k+ fl -2~(k) +2~(2k)]B(k,k)(T2)k.

(3.7)

All of the symbols appearing in eqs. (3.5)—(3.7) aredefinedin appendixB.
3.1.3. Real corrections:hard collinear bremsstrahlung. Finally, as is well known,

we shall haveto considerthe extra degeneracyof initial and final statesdue to
collinear hard radiation as shownin fig. 2.

This contribution will be the regulator-dependent part of the incoherent sum of
the above pairs of diagrams (final and initial statedegeneracyrespectively).The
contributions of the two pairs are equal, so we shall just double the final-state
degeneracy contribution. This will contain terms depending on 1/(p

1k)
2,1/(p

1k)
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pm’. k

~ ~ -

Fig. 2. Hardcollinearbremsstrahlung.(a, b): Final statedegeneracy(c, d): Initial statedegeneracy.

andindependentof 1/(p1k) where p1 ~p’ — k. After summingover the photon
polarizations,and discardingtermsindependentof 1/(p1k) sincetheseareof the
R(,~1,IL2) type, the hard collinear bremsstrahlung contribution will be

limm -.0 lime ~26~m~) limm 0 25~BOiIme)where

dcr0 1 1
lim 8~’~—=B d12 3 1/2

me—0 16IT(2IT) E(1 — (me/E)
2)

2 1/2

xf~~dE
1 E1(E_El)(1 — (~)) fdOOIS~I2. (3.8)

In the aboveexpressiondo-0/dQ is the non-radiativeprocess,U the collinear
direction angle, 2 the regulator-dependentpart of the Bethe—Heitlerpro-
cess,and 6 the photonjet openingangle. Onecanfind

IS~I2=64IT3a[(p1k)2(_m~)+ (p1k) (E
2_EE

1 1 (3.9)

Notice that it is wrong to set themassm~= 0 in the numeratorof the 1/(p1k)
2

term from the beginning,sincethis termbecomesa finite observablecontribution
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once integrated over the collinear direction [1,9]:

1
lim m~fdUO 2

me-0 0 (p1k)

m~
= lim

m~-0 (E1(E—E1))
2

1~dO
2 1

J 2 2 1/2 2 1/2 2

0 [i - (1- (me/Ei)) + (i - (me/Ei)) 02/2J

= . (3.10)
(E-E

1)
2

This term is the notorious helicity-flip finite contribution which exists in polar-
ized andnon-polarizedprocesses,but is singledout in the former, sincethe restof
the radiativecorrections,having beenmultiplied by positivepowersof the regula-
tor mass,go to zero. In the presentcase,nevertheless,this term is essentialfor the

restorationof uniquenesssince it combineswith the soft-bremsstrahlungm~-
dependent term that gave the finite (1/~

0)ln[(1 — ~~)/(1 + ~0)]-term in eq. (2.19).
This is fortunate since both of theseterms will be identically zero in the purely
dimensional regularization scheme. Wefind

a LiE a LiE
lim 26~= ~—1nme 8ln +6 + —ln8 81n — +6

m~-.0
2IT E 21T E

I4E
—8lnEln(LiE/E)—8~(2)+9—6lnE+4ln~--——. (3.11)

3.2. (Mfl, /~2)= (~,E) REGULARIZATION SCHEME

We must be especiallycareful here since, in the virtual corrections,we en-
counterthe phenomenonof an UV pole turning into an infraredone[6] while, in
the real corrections,the extra polarizationsof the photonsmustbe consistently

considered.
3.2.1. Virtual corrections. Using previous expressionsfound in the one-mass

singularitycase,we have

a 8 4 a
lim26~’~=— —--~+—(ln4IT+~—y—ln(—q2))+—

2IT E � 21T

/4IT\ (43T
X ~

\—q /

(3.12)
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In the above we observe that the wave function renormalization constant
contributionwill be as follows:

ia 4IT E~jv/2

B~= —~(~)(euv~2)B(2~cuv,1—~cuv)F(~cuv),

(3.13)

from where the UV singularity will be: ia/2ITe~v. Oncethe UV countertermis
found,we continueto n > 4, i.e. c~, —‘ —c. But then

2
Ia ia —p

B(�Uv’~\1)— —p — (—c — 2)
2ITfuv 4IT 4IT

XB(2+~c,1+~c)F(—+c)+~~---=~---,(3.14)

since the first term becomes identically zero, p2 being on mass shell.
We remark that this processof an UV pole “turning into” an infrared one is

idiosyncratic to the completelymasslesstheory. Stateddifferently, there is no
space-timeregion where the theory is free of both kinds of divergences.Masses
separate the two space-time regions in which the theory is free of, alternatively,
UV and mass singularities.Once this “barrier” is set to zero, the two regions
merge, resulting in the aboveeffect.

3.2.2. Real corrections: soft bremsstrahlung. This time the second term in eq.
(2.18) is absent.We have

a LiE2 e/21 1 ‘r2
= — ~- — ,~ —f dxI~(c). (3.15)

IT 4IT �F~1+~E)2 o

The integral 1~(c)was encountered in eq. (2.18) but, in the completelymassless
case,it developsa pole. It is both useful andinstructive to compute it using the
following techniquewhich suggestsa relation betweenthe finite partsobtainable
by the different regularizationmethods.Writing

= 1
12Y2(2Y)/

(~~1+Y)

and making use of the formula [111*

fdxx~1(u_X)~l(Xm +pm)A

ii v+m—1 IL+P IL+v+m—l U

tm

m m m

(3.16)

* Note that the formula in the above referenceis wrong, as a simplescaletransformationcan show.
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we have

‘~(~)= (l_~)221+2�~1+2F(2,1+2�~2(1+2~_l).

In the above,F =2F1 is the (simple)hypergeometricfunction.
The idea is to transform the argument of the above expression,using the

analyticcontinuationformulas relevantto hypergeometricfunctions,to an x-inte-
grableargumentinvolving i-

2 alone, since that was the dependence of the finite
part obtained in subsect. 3.1.2.

If ±(1 — c), ±(a — b), ±(a+ b — c) are such that two of them are equal, or one
of them is equalto -~, then thereexists a quadratictransformation[12]

(3.17)

Herethe former alternativebetweenthe last two combinationsholds. Hence

‘~(~) =21~B(1+ ~c,1 + ~�)F(1,~ +

Applying now the linear transformation[12]

F(c)F(c — a — b)
F(a,b;c;z)= F(a,b;a+b—c+1;1—z)

F(c — a)F(c — b)

F(c)F(a+b—c)
F(c—a c—b~c—a—b+1;1—z),

F(a)F(b)

(3.18)

that is only possible if the arguments of the right-hand side functions give
meaningfulanalytic continuations(which is the casehere due to the fact that we
are in 4 + c dimensions),we obtain

fdxI~(c)=2~B(1 + ~e,1 + ~�)[1~ j’dxF(1,~2_ ~�;T2x(1 —x))

+ ~ + - ~ fdx(r2x(1 -x))~2~F(~+ ~c,~E;+e;T2x(1

(3.19)

Hencethe soft bremsstrahlungcontributionwill be

a 1 LiE2~2 1 2 1
6~=~— ~(-~-) F(1+~E)f1~+_B(~c~~c)F(3)f2(c), (3.20)
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where

S Ii+c ~ 1 B(k+1,k+1)(T2)k+l
f1(c) 2~~B(l+ ~�, 1 +

V
2k=0 (2__\2)k

________ 1
+ (T2)~2 ~ (~ + ~c)k~B(k + ~c,k + ~c)(T

2)kJ,
F(~) k=i

(3.21)

‘T
2LIE2 �/2

f
2(c) I F(1 + ~c)F(~ + ~e)F(1 - ~�)r’(2 + c). (3.22)

kIT,

Making the appropriateTaylor expansionswe obtain (see appendixC)

f1(0)=0, (3.23)

1
f1’(O) = [-3 + ~(2) + ~) - ~(1) - ~) + ln(T2)1 ~ (~)k~B(k,k)(T2)k

k= I

= 1
- L (~)ç~[~1~(k+ 1)- V~+k) - 2~(k)+ 2~(2k)]B(k,k)(T2)k =f(r

2),
k= I

(3.24)

with f(r2) definedin eq.(3.7), and

f
2(0) 2f2’(O) I T

2LiE2 \
____ = 1,r(fl F(fl =ln~ 4IT ) +y, (3.25), (3.26)

4f
2”(O) I / T

2LiE2 12
=Ilnl ~+yl +~(2). (3.27)

4ir / ]

Hencesubstitutingwe get

a [8 41 /L~E\\l a
lim t3~~= ~ + — y — ln4IT + ln( —q2) + 2ln~____))j+ —

o S �~ E

+2ylnl I I(—~ - (y2+~(2)) +f(T2)].X In2 —q2 z.~E2) (~—q2 \ LiE ~2\
~ ((4IT)~EJ

(3.28)
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3.2.3. Real corrections:hard collinear bremsstrahlung. The crosssection is ob-
tained by the formula

IT d3±Ek d3~p
do~~=—f 3+e

3+~6(EwE1)ISI. (3.29)
E

2w(2ir) 2E
1(2IT)

We canwrite the regulator-dependentquantity 2 as

s~p
2=S~2)j2+S~~I2, (3.30)

where the first term on the right-hand side correspondsto the two transverse
degreesof polarizationof the photonandthe secondto theremainingc transverse
degreesof polarization,introducedby the dimensionalregulator.We find

1 2E E
1

2IT Cd
S~2)I2=64IT3a(k) (E_E, _i_~)(~) ~, (3.31)

c w 27T Ed
iS~1~2=64IT3a(k)~(~_)—~j-~-. (3.32)

Notice the importantfactor(2IT/E)~,necessaryin orderto expressthe left-hand
side in factorizableform in terms of the non-radiativecrosssection in n dimen-
sions~. Weobtain

— ~—-~-[8ln(~) +6} + ~~—{_ln6(8ln(_.~--) +6) +4ln2E

LiE\

—4ln2LiE—8~(2)+13—6lnE—(y—ln4IT) 41n

(3.33)

3.3. RESULTS

Our processwill be

jim lim ~ S~1~2)I2= lim lim [26~1’~’2) + 6~j~L2)+ 26~j’~2)}
1L20P10(DEXDEh) ~

2O/L1’O

*The quantity in eq. (3.32) contributesto the cross sectionan amount 2~j(M =a/2ir. This is

exactly oppositeto the contribution coming from thevertexcorrection,due to the n-dimensional
y-algebra.In other words the extra � photon degreesof freedom give finite contributionsthat
cancelthe onescoming from the n-dimensionalityof the fermionic space-timeindex. This consti-
tutes anotherexampleof finite LN cancellations.
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Summingup the resultsof subsects.3.1 andindependently3.2 we obtain:
(i) The well-known cancellationof the singular pieces[1, 61. Hencefinitenessis
recovered.

(ii) lim lim [26~mC) + ~ + 26~me)I
me~~’OE—.0

— I.
—1 ~ V BS BH

= [s8~(2) +3ln(_~_) +4ln(_-~_)ln(-~_)

LiE
—1n6 81n —i— +6 +f(T

2)

with f(T2) given in eq.(3.7). Therefore,equality (3.1) is provedanduniquenessis
recovered.

4. Conclusions

We demonstratedthat, in this particularQED process,LN probabilities arenot

only finite, butalso unique,evenin the completelymasslesslimit of the theory.We
believe that thedetails involvedaregeneric,indicating that the propositionshould
work in general in QED. We also demonstratedthat specialattentionshouldbe
paid to the idiosyncraciesof each regularizationscheme,especiallywhen more
than oneparticleis massless.

In particular,the extraphysical (but regulator-induced)degreesof freedomfor
the photon, and the helicity-flip terms proportional to m~should be kept, if
multiplied by 1/c polesand collinear singularitiesrespectively,becausethey give
finite contributions.Thesespuriousfinite contributionscancelwhenwe addup all
processesbelonging to the samedegenerateLN set. The uniquenessof the finite
partsbecomesobviouswhen,as it wasshown at the analyticallevel, one expresses
the seeminglyincomparableintegralsin termsof hypergeometricfunctions.These
leadto the samefinite parts if continuedanalytically (in the dimensionalcase)or

expandedin a Taylor series (in the massivecase)at exactly the point where
analytic continuation, possible in the dimensional case becauseof the extra
space-timedimensions,breaksdown.

We believe that uniquenessof LN probabilitiesis no mereaccidentbut rather
follows from the structureof the singularitiesand their subsequentcancellation
within a LN set. The different membersof such a set are actually piecesof
different Greenfunctions that becomephysically degenerateonceput on mass-
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shell. Therefore,we believe in the possibility of unifying thesedifferent pieces,
possiblyat the Greenfunctionslevel,by an inclusive formalism which would show
that, if one obtains finiteness,onewill obtain uniquenessas a matter of course.
This formalism would necessarilyaddressthe questionof collinear helicity-flip
processesandthe correspondingfinite contributionsthat, at this stage,seemquite
non-unique.Theseareof no mereacademicinterest,sincetheir contributionmay
be a radiativebackgroundmaking dubiousthe interpretationof manyexperiments

[9, 13,14]. We shall returnto thesemoregeneralquestionsin a futurepublication.

We would like to thank M.B. Einhorn for suggestingthis problem andhis many
valuable insights and discussions,for proofreadingthe manuscriptand for his

collaborationon the problem of the masslesslimit.

Appendix A

Consider the integral

15(A) = f~E/medkk2fl dy 1 2 2~

0 -I (k
2+A2) / [(k2+A2)2_~pA2_k~y]

Sincewe areinterestedin thelimit A —p 0, the singularandregularstructureof the

integral remainsthe sameif we drop the pA2 term.Hencewe shall calculate

1imI~(A)= limf1dyJ~(s,~,y),

where
2

s~E/m A
J~(s,~,y)= f dt 2 1/2 1 2 2

0 (1+t ) [(1+t2) / —t~y}

Making the transformation:t = tan 0, we have

farctans 1 1 1 1
J(s,~,y)=I dO —— +—.cosU(1—~ysinO)2

5Ey 1_s~y/(1+s2)’/
2 ~Ey

The first integralcanbe calculatedeasilyif weexpand1/(1 — ~y sin0) in a Taylor
series(noticethat 0 <~, y,sin U < 1). We obtain

~2k

arctans
J~(s,~,y)= ~ (~)2kf dO +2 ~

k=0 0 cosO k=0

rarctans sin2~~+1 o 1 1 1
xI dO —— +—.

cosU ~y l_s~y/(1+s2)1”2 ~Ey



592 HF. Contopanagos/ Smoothmasslesslimit of QED

Usingalso

sin2k0 k sin21~10

fdo cosO =lntan(+IT+~O)—1=1 21—1

1
1(A) = j

1dy[J~(s,~,y)+J~(s,~,—y)],

urn lntan(~IT+ ~arctans)=ln2s,

andthe identity

~ k ~2k 1 1—~ 1 1 i—~

k==ll~~12~1=~ln( j~-~) 1_~2~1n(iTi)~

we obtain

2LiE 1 1 1 1—~
lim I (A) = 2 ln — ln A + — ln —

A-.0 me 1_~2 1_~22~ 1+~

In order to perform the x-integration on the secondterm of this integral, we
introducetwo constantsa and p suchthat

1—p2—p2r2a(1—a) p2

Thenwe perform the changeof variables:

(2a — 1)p2r2w2— 2/3w
x=a—

p2r2w2 — 1

Thus we complete the square of ~:

(2a — 1)p2r2w— 2/3
P 222prw —1

Hencethe logarithmic integral splits into standarddilogarithms.The integration

appearing in subsect. 2.3 was performed at the conveniently symmetric point

AppendixB

Forconvenience,we supplya list of limits we usedin the text. Thecorrespond-
ing parametersappearing are: r2 = —q2/m~,~2 = 1/r2, T2 = —q2/E2, ~2 =
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1 — T
2[~2+x(1 —x)], ~ = 1 — T2?72.The following tableof limits wasused:

lim fdxln(1+r2x(1_x))= —2—ln~2,
m~—~00

1
lim f1dx =0,

m~—.00 1+r2x(1—x)

1
lim r2(’dx =

m

0—.0 ~o 1+r
2x(1—x)

1 ln(1+r2x(1—x))
lim (dx =0,

m~—e0JO 1+r2x(1—x)

1 ln(1+r2x(1—x))
lim r21 dx

m~—e0 Jo 1+r2x(1—x)

1
lim lnmej1dx

12(1 ~ =0,
me—e 0

1
lim r

2 ln mef1dx 1 + r2x(1 —x) = — 1n2 ~2 — ln( —q2)ln~2
m~—‘0

1 1 /1—~\
lim ~1dx

m,—eOJO 1+r2x(1—x) ~

llm r2 1 1 1 /1—~\dx
m,-.o fo 1+r2x(1—x) ~

1
= —ln2~2—2[~(~)— ~(1) +lnr2}ln~2_2~(2) +lnT2 ~ (+)k~B(k,k)(r2)k

k=l

- ~ (~)~[~(k+ 1)- ~(k+ fl -2~(k)+2~(2k)JB(k,k)(r2)k,
k=1

I1—~ = fl2+lnT2—1n4.

m,0~

0lim —lnl ln

In the above, ~(x) is the Riemann zeta function (~(2)= IT

2/6), 1I~(x)

dln F(x)/dx, F, B the gamma and beta functions, respectively, and the
Pochhammersymbol is definedas

F(a +k)
(a)k~

F(a)
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A derivation of the next to last limit goes as follows: Denoting the integral by J(~2)
and noticing that in general r2[~2 +x(1 —x)] < 1, and that, 0 <~< 1, we can write
[11]

1 1—~
—ln =~c

where

~ (a)k(b)k zk
F(a,b;c;z)~ ~ ~ —

k=0 ~c)k !~.

is the (simple) hypergeometricfunction. Also noticing that for 1 — zI <1 we can

write the expansion [12]

F(a+b) (a)k(b)kF(a, b; a + b; z) = F(a)F(b) k=0 (k!)2

x [2~I’(k+ 1)— ~P(a+k) — 1I1(b +k) —ln(1 —z)](1 _z)k,

to obtain

lim j(~2) = — [~(i) — ~(~) — ln T2j limfdx 2 +x(1 —x)

rl ln(~2+x(1_x))
+limldx 2~j +x(l—x)

- ~(fl~4~ + 1) - ~(k + fl)(T2)k lim f’dx(~2 +x(1 -x))~
k-=i k. ,~2,o 0

jim fIdxln[2(2+x(lx))1[2+x(lx)lk_I}
~ 0

We can set ~2 = 0 in the limits existing in the sum, since the corresponding
integralsareconvergentandthe seriesis convergent.Also, substitutingthe restof

the limits from the table andusingthe formula

f’dx ln(x(1 —x))[x(1 _x)]k~ = 2B(k,k)[~1I(k) —

we obtain

lim i(~2)= —1n2~2 — 2[~P(~)— ~P(l) + ln T2]ln ~2 — 2~(2)+f(T2),
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with

f(T
2) ln(T2) k=1 (~)k~,T2)k

1
- ~ (~)~[~(k+ 1)- ~(k+ fl -2~(k) +2~(2k)jB(k,k)(T2)k.

k=~ I

Appendix C

We shall prove eqs. (3.23) and (3.24). Looking at the definition of f
1(c), we

obtain

2 kl2 k+1f1(0) =2[_~ ~ (flk~B(k+ 1,k+ 1)(r) + ~ (flk~B(k,k)(r) I.
L k=i ]

But (~)k= 2(~-)k+l,(2)k = (k + 1)!. Hence f1(0) = 0. Similarly,

d2~I dB(1+~�,1+~�) 1ff(Q)=[__I + ]fI(0)
del de I

Ie—O I�—O

( d /1+�\I =
+2~—~ ~211 2 E (~)k~B(k,k)(T2)k - k~0~ [(2- ~ -1~

I I�_O k=i

1 d______ �721 IxB(k +1, k + 1)(r2)~ + r(~)~ [r~ + ~�)r(i - ~�)(r2) I i~

= 1
x ~ (~)k~B(k,k)(T2)k+ ~

k=1 k=1

dB(k+~�,k+~�) ] 2 k~
— (T ) ~.‘ I

IE=o /

Using the relations

d(C~~I
= a ln C,

dc
IC —o

dF(ac+b) I

dc =aF(b)1P(b),

d I +1
— [(ae + b)kl ±11 = ±a[(b)k] - [~(b + k) -
dc IIC —(1
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as well as the special values, whenever appropriate,

hI~(1)=_y, ~1’(2)=—y+1, 1P(~)=_y_ln4,

~t’(~)=2—y—ln4, 5I”(l)=~(2),

1I~’(2)= ~(2) —1, ip’(~) = 3~(2)—4,

we obtain eq. (3.24).
Expandingsimilarly f2(c) andusingthe aboveformulas, aswell asdc

2 =a2ln2C,

d2F(ac+ b)
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