Volume 237, number 3,4 PHYSICS LETTERS B 22 March 1990

ON THE DEFINITION OF THE WEAK MIXING ANGLE

G. PASSARINO

Dipartimento di Fisica Teorica, Universita di Torino and INEN, Sezione di Torino, I-10125 Turin, Italy
and

M. VELTMAN !

DESY, D-2000 Hamburg 52, FRG
and University of Michigan, Ann Arbor, MI 48109, USA

Rececived 19 December 1989

A discussion of the need for a definition of sin?# is presented. The use of a minimal subtraction scheme is advocated.

This note is intended to clarify some issues concerning the definition of sin 8 (the electroweak mixing angle)
as it appears that not only there is some confusion, but worse, that this confusion leads to a wrong interpretation
of the data.

Consider some theory, supposedly described by a lagrangian depending on certain parameters. Suppose for
simplicity there is only one parameter called x: ¥ =.#(x). In the tree approximation there is no ambiguity and
theoretical predictions from this lagrangian can be compared with the experiment. One data point is needed to
fix x, after that any other comparison is a test of the theory. Of course, idcally one would like to combine all data
and express the result as a probability, that all the data are consistent with one free parameter, but we will not
dwell on that.

Now suppose that one wants to go beyond the tree approximation. Then radiative corrections must be calcu-
lated. The relation between the parameter x and the experimental data becomes much more complicated. None-
theless it remains precisely true: one measurement is needed to fix the free parameter x, the rest is a test. Of
course the value of x as determined using only the tree approximation will be different from the value deter-
mined taking into account radiative corrections. As it happens this difference is usually infinitely large because
the radiative corrections contain infinities. Such infinities must be well defined and understood, but nowadays
everybody uses the same regularization scheme, i.c. dimensional regularization, and there is as yet no real prob-
lem there. In still higher order there is the problem of how to define y°, and indeed, strictly speaking renormal-
izability of the standard model is not yet proven. Again, that is not the issue here, but it must be mentioned
because it is a potential source for scheme diversification.

Because of the awkward situation that the corrected x and the tree x are so different one introduces the notion
of a counter term. Thus in the lagrangian one writes x( 1+ Jdx) instead of x, and dx is chosen in some well defined
manner such that now x remains in the ncighbourhood of the tree x. It is, however, purely a matter of conve-
nience; the only thing that ever émerges in the confrontation with the data is x(1+dx). In order to have mean-
ingful communication it is necessary, when talking about x, to specify what dx is used. Stating one’s conventions
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on this matter is what is usually termed the subtraction scheme or renormalization scheme. Two essentially
different approaches may be distinguished:

(a.1) prescribe preciscly what x is,

(a.2) prescribe precisely what dx is.

Again, only the combination x( 1+ Jx) appears in the confrontation with the data, and we are discussing herc
a matter of convention. As a matter of terminology we will call quantities such as dx counter terms.

In the older days of QED method (a.l) was the preferred. The convention was to prescribe x, and to use for
that some very well defined cxperimental quantity. The quantity Jdx is then obtained from the data including
radiative corrections. A case in point is the electron mass. The quantity m(1+Jdm) was called the bare mass and
m itself the experimental mass. This method also reflected some vague intuition about the physical meaning of
the bare mass: if the interactions could be switched off that is what one would see. Also, the mass of the electron
is very well known, and the scheme is well understood. Convention (a.1) has the advantage of not being depen-
dent on the choice of regularization scheme but it offers a problem when there is no clear precisely known
experimental quantity that can play the role of defining x. Such is the case of QCD with respect to the coupling
constant g of that theory. That g, at least as secn cxperimentally, is a function of the scale, and, moreover, not
casy 1o measure due to confinement. Consequently theorists, after considerable wrangling and all kinds of con-
fusion, have more or less settled on method (a.2). The quantity dx is prescribed and x is determined from some
experiment depending on x. There are two schemes, MS and MS. The dx defined by these schemes differ from
each other by some finite amount. The MS scheme appears at this time to be the winner.

In the case of the electroweak theory the approach (a.1) has been advocated by Sirlin [ 11 and the full imple-
mentation can be found in ref. [3]. Other authors previously [4] and also more recently [5], have used mcthod
(a.2). The Sirlin scheme or on shell scheme has received considerable acceptance, although not cveryone is
talking about the same thing. Let us consider that in some detail.

The main problem in the use of method (a.1) for the electroweak theory is really the same as in the case of
QCD. What to take for x? It is in fact not even clear for the vector boson masscs, because the vector bosons are
unstablc and their mass is not well defined. Of course, one can define the mass of an unstable particle to be the
value at the peak, or the location of the zero of the real part of the propagator (which is not the same) or
whatever. In other words, one can foresce the advent of the Sirlin- XXX scheme, where XXX is one of a class of
scientists defining what the mass of an unstable particle is. The difficulty concerning the coupling constant in
QCD surfaces here in the form of a difficuity concerning sin §. Following the concepts of method (a.1) Sirlin
prescribes the value of sin 6 as some function of the experimental W and Z° masses. If everyone would agree on
some number here all would be fine. A problem arises if one insists that this number is strictly related to the
experimentally measured vector boson masses.

The existing confusion in the present literature arises from the fact that physicists have come to express their
data in terms of a prediction for sin 6. Thus, a typical (but not all!) experimental papcr would report a measure-
ment of sin 8 following the Sirlin definition. How must that be understood? What really happens is that some
experiment reports a result; that result, including radiative corrections, can be expressed in terms of a prediction
for the vector boson masses. That ratio is then reportcd and called cos 0 according to Sirlin.

Of course, there is nothing wrong in reporting the data in this form. It is, however, a different thing. Defining
the subtraction scheme is not the same as making a prediction. In fact, this is an artificially convoluted situation.
The input for the calculation of the result is the result itself! To be more specific the tree level sin 8 of the minimal
standard model is expressible through at least two different ratios:

— the ratio between the SU(2) and the U(1) couplings in the covariant derivativc of the Higgs doublet,
— the mass ratio My, /M.

In the definition of the on shell scheme one assumes that there is a fw with the relation sin?6yw=1—-M% /M2
valid to all orders while M3, sin?6y, =/ \/5 G, is modified by radiative corrections. The sin*§ which appears
in the previous relation should actually be identified with the ratio ¢2/g?2, which is not in a one-to-one corre-
spondence with sin?y, when varying the top quark mass or the Higgs boson mass. Predictions for the W mass
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and sin?0y, are therefore obtained assuming, in a way, sin’@y as input; however, in principle the vector boson
masses and the mixing angle are unrelated quantities.

There is another problem here. In doing this work, i.e. predicting the vector boson masscs from the experi-
ment, a certain amount of theoretical input is needcd. Consider for example, some low ¢nergy neutrino-electron
scattering experiment. In order to predict the vector boson masses the radiative corrections to these masses must
be calculated. This involves the calculation of vector boson self-cnergy diagrams, containing quark loops. First
there is an important and as yet unknown contribution from the top quark; as a consequence one must assume
a valuc for the top mass before the experimental result can be quoted. Another problem relates to the contribu-
tions of the light quarks. There are large higher order QCD effects, amounting to the fact that one cannot use
the perturbative approach with some valucs for the quark masses. Consider typically the one loop corrected
photon propagator which reccives a correction factor (a/47)ITz(p?). For a fermion of mass n1; and charge Oy,
if | p?| > m?, we have

2
ety =soind (25 ) -3-ix .

f

where N_.=1 for leptons and 3 for quarks. First there are large QCD corrections to this free field theory expres-
sion, secondly the quark masses are not unambiguously defined and we encounter a large logarithm leading to a
sizeable theoretical error. Dispersion methods can be used instead, but thesc in general need as input the total
decay rate of off-mass-shell vector bosons into hadrons. Insofar as the vector current part of these decay rates is
concerned and insofar as one knows all about isospin (to infer the value of the charged currents from the neutral
ones) one may use the existing measured total decay rates of a photon into hadrons off mass-shell (i.e. the total
ratc of e*e™ annihilation into hadrons) [6]. However, very little is known about the axial current part [12].
Some gallant guessing is the usual practice.

Now it is of course unavoidable that combination of low and high energy data involves the above described
theoretical work. The bad part about the above practise is that the experimental result as reported involves these
theoretical speculations, often without really specifying them. As a conscquence reported data may become
useless if some day the theoretical ideas change. Data should be also reported in a form as much as possible
independent of theoretical speculations or prejudice. Thus low energy data should be expressed in terms of some
convenient parameter not sensitive to these extrapolations to high energy.

It is, at least 1o these authors, abundantly clear that one should not use a scheme of type (a.1), but rather one
to type (a.2). How can one scnsibly use a convoluted scheme where the method depends on the result? If one
insists on using schcme (a.1) then at least one should agree on the value of sin € to be used in the scheme as
opposed to a value of sin 6 as defined by the ratio of the vector boson masses. Indeed the main issue in comparing
theoretical predictions with experimental mcasurements is not to define sin 8 as sin 6y, or a variant of it, but
rather to obtain the building blocks which render the calculation feasible. Therefore we must prescribe counter
terms for the parameter of the lagrangian, including Jsin 0. This can be done and the rest is pure convention,
namely once the value of sin @ to be used in the scheme, say sin fgg, is given one can introduce a plethora of
different combinations of physical quantities to be termed sin®0xy and decide to express the data in tcrms of
one of them. In the following some of these experimental quantities will be considered and interpreted in terms
of effective mixing angles.

How would things be if method (a.2) is used, like in QCD? There would be a sin Ogg, whose value as deduced
from low energy experiments would not involve sensitivity to the top quark mass or the quark contributions to
the vector boson propagators. There would still be such contributions, but much reduced. For examplc there
would be no dependence proportional to the square of m,. Moreover, the p-parameter [well defined only in
scheme (a.2)] is depending on m2, but is sensitive to the strong interactions of the light quarks only insofar as
they violate isospin. This is because the tree relation p=1 is essentially a consequence of isospin invariance also
in the Higgs sector after symmetry breaking. Only isospin breaking effects such as m,# m,, will affect the p-
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parameter. Thus theoretical uncertainties concerning quark induced sclf-energy effects are considerably re-
duced. To see in practice how this works we first consider a quantity of interest in discussing fermionic contri-
butions to vector boson self-energies, namely a particular combination of two-point functions [ 7]

Bf(pzy n, m)=2BZI(p23 m, m)—B()(pza m, m) .

This combination will appear in most self-encrgy diagrams. Let S;=1IT;;p?+ 2, be the i~/ transition without
explicit overall factors containing coupling constants and sin 0. For what we nced in this note it is enough to
consider

8% (p*) =S5 (p?) —sin*0 p*IT}, (p*) = 2N Qe( T3¢ — 2Q; sin*6) By(p?, mg, me)p?* ,
where I, denotes the third component of isospin. In particular, using A= —2/(n—4)+7y—In z, we obtain

1 2
|p?|<m?, Bi(p*, m m)=-3(4-Inm*)+ 1—5%,

|p?| > m?, Bi(p>, m,m)~—i[d=In(—p*—ie)]-3—iinsin(—p?),

s
s>m?, Rer(—s,m,m)|m~§lnF—%.

Let us consider the amplitude for v,e~—v,¢™. In real life many different contributions should be considered
but to illustrate the previous points it is enough to limit the calculation by considering the quark contribution to
the Z°-Z° and Z°-y transitions. In this case we obtain

. 2
A(vue™v,e7) = (2)'] (5) PH(1+7%) @ (atby)
[4
where y*®y*=v,y*v,ey%, etc... and

875s ’53 Sz4(p?) _ M? g
=<455—1 e yp 42(p*), b=—4dz(p*), 4z'(p*)=p’+ — 2 " Tenic —>— S.2(p?) ,
with 5§ =sin?6, M is the W bare mass and Sz,, Sz are the corresponding transitions. Then the total cross section
d,. can be computed and the data point R=a,./0,. used,
£+l

2
R____‘L_, =
%e+§vc+1 CVC

a
b b

where we assume the approximation of zero momentum transfer. Subtracting the terms involving 4 and intro-
ducing a mass scale u we define the counter term for sin 8 and fix our sin gy to first order in . At this point we
mention that Dyson resummation [3] will be not considered here, but its inclusion is straightforward also in a
scheme of type (a.2). the whole renormalization procedure amounts to throwing infinities away. If one subtracts
the terms involving 4 the MS redefinition of the parameters is obtained (including sin 8), but we could as well
assign any finite value to 4 and check for a 4 independence of the physical quantities. From the t-b doublet we
get

. _ « m? mi ~
sin®Opg =53 + Ton [2(1 -52) ln( ﬂ2)+ (1-353) ln(#—;’)] , S3=4(1=¢&,).
A recent measurement [8] gives §3=0.233+0.01210.008. As expected therc are no terms quadratic in the
quark masses. At this point we are ready to make predictions. By comparing different energy scales one can even

introduce an effective p? dependent weak mixing angle, deduced from low energy data
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)

for fermionic contributions we have Sz, = p?Ilz,. For p?>>0 and m?>>p?>m}, f=u,d, s, c, b, the term in the
bracket behaves like

Ll (Re Sa(p?) _ Su(p?)
4r p D

sin’0,.(p*) =55 —
59=158

} p’ o\ P’
3 Y NeQr(I3—20453) (ln — —§)+%(1—§S5) —
f1 ms ny

and again no quadratic term in the masses shows up. For this reason it would seem most appropriate if the
results of low energy experiments were to be expressed, within the MS scheme, in terms of sin fgs and the p-
parameter. Actually some do, notably low energy neutrino-electron scattering experiments [8]. Values for the
vector boson masses deduced from those data will involve different uncertainties and can be deduced separately.

What about high energy experiments, such as the measurements of the Z° mass, and the asymmetrics in lepton
or quark decay of the Z°? In actual fact a sin Oy deduced from an asymmetry experiment would not involve
theoretical extrapolation as mentioned above. For example, there would again be no contribution proportional
to the top quark mass squared. To a very high degree one can directly confront the high and low energy data
here without undue theoretical uncertainty. Since we limit our considerations to fermionic contributions in the
vector boson self-energies, the amplitude for e e~ —ff (f#¢e) becomes on-resonance and up to terms which drop
in the asymmetries

A(TF) oc (a7 @y*+ by y @ y*~ cy @ yHy> +dy*y> @ 7*y°)
with
a=(l—435)(13!'"2Qf55)+(4Qf5(2)—13f—%Qf)X, b=13r~2QfS?}—%QfX, C=I3f(1—4S§—X) , d=13f,

_ aSz(=s)
Tz s ’

X

The corresponding forward-backward and left-right asymmetries are

4 3 ad+bc Ao =2 ac+bd
BT 2a2+b2+c2+d> TR T T 24 b2+ P+ d?

Photon exchange and photon-Z° interference are always suppressed; they enter the on-resonance asymmetries

with the imaginary part of the Z° self-energy, which is obviously independent from unknown heavy particles. Of

course imaginary parts are always present in X but for our purposes we will drop them because their contribu-

tions are of higher order. First we take f=p for simplicity and introduce &g(s) =32Apg(s). Instead of using

directly sin 6 we work with v(8) =4s% — 1 and define 7 as a solution of

éMB(M%) ( 1 +172)2=2172 >
then it is easy to obtain v(fys) related to the forward-backward asymmetry at the Z° peak

e SZy( _‘M%)

e B=10FD),

() = — SR
n

_ 2
Sl o 25 Nuullsc~20053) B~ M3, e )

The asymptotic behavior of By given above proves the asscrtion, namely no m? dependence. Similarly we put
& r(5)=1A4r(s) and require 7 to be a solution of
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Gr(MZ)(1+9%)=—7.

It follows that v(8gs), related to the left-right asymmetry at the Z° peak, is once more given by the same for-
mula, with a different 5. Again there is no contribution proportional to m?. Notice that sin?fgs, being related
to physical quantities, is real by construction. Fixced sin?0gs at onc data point we predict, for instance, & g in
the neighbourhood of M%, where, however, the photon channel should also be included:

a b-1 RC(SZY(—s)_Sz,(_M%))
T (92+1)? s M3

Gr(s)=&r(MZ)+

$8=159

The bracket behaves like In(M2/s) for s, M2 > m} and goes 10 zero in the limit s, M% <« m?. Now it becomes
a pure convention to define a sin%6; x (s)

1 —45in%6, 5 (s)
14 [1—45sin20x(s)]?

Gr(s)=

and report the data as a measure of sin 26, .

The Z° mass and the W mass are another story. Confronting low energy data and the asymmetry measure-
ments with a vector boson mass value will always involve the contributions mentioned above. For illustration
we consider a situation where e, Gy and M-, as the location of the zero of the propagator, are given. Let
Sy=1II,p*+Z; be the i-j transition without explicit overall factors containing coupling constants or sin 6. A
solution for sin’fy is given in this case, up to first order corrections, by

in2 _ g2 __a_ 1 ~2 . ZF _ SZy( _M%)
Sin“Ogs =55 { 1+ in Re[c_2 > (c,,HF + i Misd |wssomss |

where ITg and X arc ultraviolet finite combinations
Mg =11, (-M%) —I1,(0), Zr=Zww(0)—S5(—M3)+S;,(-M3),

where Sy, =Sz, +53 p*I1,y, S33=Szz +25452, + 53 p*I1,, and the lowest order sin fis

1 2nx
§2 . - _ =
So= 2(1 Jl GFJM%)

Besides large logarithms to be eventually resummed we have a quadratic dependence from the unknown m,,
since from the explicit expression we derive 2g ~ — 3m?Z. Here there are no left over contributions simply be-
cause everything is expressible in terms of self-energy diagrams. Having defined counter terms we can predict
mcasurable quantities, as for instance the W mass. If required sin2fgg can be computed to higher orders in @
by including multi-loop rcducible diagrams. Similarly, as pointed out above, we may choose «, Gg and &, as
data points and predict the Z° mass. By considering the one-loop corrected Z° propagator and using the MS
definition of g, M and sin 6 we find M7 as a solution of

2Gk Gr

o SjceMz=1+ 32 Rel2e( —M2)+SEMLIT(—=M3) + (¢5—53) ML [T, (— M%) —113,(0) 1}

and ¢,, = 1 —453. In this formula we used the fact that for fermion insertions S3y= p2H3,. Similar formulas obtain
when we use &g or & i at the peak. Terms quadratic in m?2 will always be there. From the on-resonance left—
right asymmetry we obtain

2Gg , Ge

- 1o SgCg‘M%'*'l'f‘ ﬁRC[Z}:(—M%)+§959M%HF(—M%)]=0 s
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26 —1+/1-4&15 , )
82 , Lr=34R(MZ).
LR

§5=

From an experimental point of view there is really no difficulty in reporting the data around the resonance;
one just produces a picture of the Z° line-shapc with experimental error bars and that is it. Then one can leave
it to the theorists to have a field day defining what the mass really is. Interesting quantities, such as the top quark
mass can then be worked out including the ambiguitics involved. And of course, one can still talk about sin 6-
Sirlin, but now understood as deduced from the expcrimentally measured vector boson masses defined in some
way. For hadron collider experiments, where the precision of the measurements is not likely to get to the level
of theoretical ambiguity, it would seem to be a practical way of reporting data.

Assuming then the use of method (a.2) one must still specify which particular scheme to use, i.e. MS or MS
or whatever. It would seem natural to follow the consensus with respect to QCD, i.e. 10 use the MS scheme.
Someday there will be an interplay between these two segments of the standard model, and it sccms advanta-
geous to use similar schemes.

There is, however, an additional point. In case the Higgs mass is very large there could still be a large difference
between the tree and the one loop corrected quantitics, because the radiative corrections involve not only unob-
servable infinities, but also equally unobservable terms proportional to the Higgs mass squared. It would seem
appropriate to include also these terms in the definition of the counter terms [9]. A case can be made [10] for
the inclusion of certain terms proportional to the logarithm of the Higgs mass, but for the time being that seems
not necessary and can lead to further strife, disagreement, confusion and ambiguity.

In the above the question of the physical meaning of the various choices has not been raised. After all, it is
mainly a question of convention. Even so, let us consider the situation for a moment. The mixing between Z°
and v is what one naturally thinks of when speaking about the weak mixing angle. That angle, understood in that
sense defines the distribution of the vector current between y and Z°. It surfaces in the fact that the EM charge
is proportional to sin 8, and that the vector part of the neutral current of fermions as coupling to the Z° contains
sin 0. Without mixing the Z° couplings would be pure V —A. In principle the values of the vector boson masses
are totally unrelated to this mixing. Using an appropriate Higgs systcm one can, for a given mixing angle, pro-
duce any desired value for these masses. It is an accident of Schwinger’s ¢ model as used by Weinberg to con-
struct the simplest possible Higgs system that the vector boson masses are not both free, and that in fact the ratio
of the masses equals cos 6. That accident is nothing else but isospin invariance. It really secms to be a first task
of the experiment to establish the truth of that relation. It is the first real information on the Higgs system. Why
then define sin 6 from this mass ratio? It is quite precisely like defining the fine structure constant « as 3 times
the ratio of the electron and muon mass.

As a final note an answer to a point raised by Sirlin [1,2]. The statement is this: how can one talk about the
p-parameter if one has not defined first sin 87 The answer is this: there is no definition nceded for sin 6 if J sin 0
is specified. The p-parameter, being finite, is not sensitive to the details of the scheme used. One could even
work, as stated before, without counter terms altogether. For completeness, the p-parameter is defined as the
ratio of W and Z° masses squared divided by cos®f. Both the bare and the experimental p-parameter are finite
and numerically very close in any scheme of type (a.2). The main correction is presumably due to the top quark.

Concerning this p-parameter the comparison with the data is as follows. Suppose the results of a low energy
experiment are interpreted using the tree approximation. That will then result in certain values of the vector
boson masses as well as sin #, and a p,. can be established. Next, doing all necessary one loop calculations,
eventually including resummation of potentially large terms, one may use the data to deduce the values of the
quantities sin 6, etc. in the lagrangian within, say, the MS scheme. The p-parameter made of these bare quantities
should be one (pya.=1) if indeed the simplest Higgs system applies. The difference between one and py.. is the
radiative correction to the p-parameter. Thus T,..=1+Ap.

Note that the radiative corrections to p requires specification of the processes considered. One may for ex-
ample use low energy neutrino-clectron scattering [4,9], or the measured values of the W and Z° masses [ 5,11].
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The variations in these corrections for different experiments (in particular experiments at low energy ) are min-
imal. The most interesting part is the correction proportional to the top mass squared. It is presumably the
largest as well, and it is the same for all experiments. It should be mentioned that a two loop renormalization,
including both reducible and irreducible diagrams, could in principle improve this correction.

One of the authors (M.V.) would like to thank Dr. Bohm, Dr. Liisher, Dr. B. Schrempp and Dr. F. Schrempp
for their patience in explaining present day usage.
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