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1. INTRODUCTION

In this paper we study the bifurcation of radial solutions of semilinear
elliptic ¢ quations on n-balls,

Au(x)+ f(u(x)) =0, xeD” (1.1)
au(x) — f du(x)/dn=0, xeabD”, {1.2)

to asym netric solutions. We shall show that for some fairly broad classes
of nonlinear functions f (see (1.3)), “infinitesimal” symmetry-breaking
occurs in the sense that there must exist infinitely many degenerate radial
solution:: of (1.1), (1.2) (on distinct balls), the kernel of whose linearized
operators are non-trivial and contain asymmetric elements. In fact, if we
write an element w in the kernel in its spherical harmonic decomposition
w=3 y.o0an(r) Py(0), where P, lies in the Nth eigenspace of the
Laplacian on S”~ ', then each summand is in the kernel, and these kernels
contain asymmetric elements, ay®y, ay # 0, of arbitrarily high modes;
i.e., N= N,. This means that on each such degenerate solution there exists
the poss bility of symmetry-breaking in the sense of bifurcation of a radial
solution into an asymmetric one.’

We assume throughout this paper that the nonlinear function f satisfies
the following hypotheses:
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There exist points b <0 <y such that

@M f=0 f(y)<0

(ii) F(y)> F(u) if b<u<y
(here F’'= fand F(0)=0)

(i)  F(b)=F(y) (1.3)
(iv)  iff(b)=0, then f'(b)<O
(V) wf(W)+2F@)-Fu)>0 if b<u<y.

Some remarks on these conditions are in order. The condition (ii) is a
necessary condition for the existence of radial solutions belonging to a
given nodal class with #(0) near 7y; see [6]. Condition (iii) is likewise a
necessary condition for the existence of radial solutions in a given nodal
class, but b= — oo is possible; this condition is also sufficient for the exist-
ence of such solutions (if, e.g., (i) holds); cf. Proposition 2.2. Condition (v)
1s a disguised version of a transversality condition. It implies that the level
curves of the Hamiltonian function H(u, v)=v?/2 + F(u) (associated to
radial solutions, so v=u') meet every boundary line transversally—it is
needed to rule out certain degeneracies, thereby giving us an optimal result;
cf. Proposition 3.4. Finally, conditions (i) and (iv) allow us to prove the
existence of infinitesimal symmetry-breaking.

To be more precise, we show that if k is a fixed non-negative integer (k
represents a given nodal class of radial solutions), then there is a positive
integer N, with the following property: If NeZ,, and N> N,, one can
find & distinct degenerate radial solutions of (1.1), (1.2) on which the
symmetry breaks infinitesimally in the Nth mode. That is, for each N> N,,,
there are solutions u}, .., u%, of (1.1), (1.2), for which the associated
linearized operators admit solutions of the form a/ (r) ®y(9), j=1, .., k.
Thus infinitesimal symmetry breaking must occur, in a k-fold way, for all
sufficiently high modes. If we assume somewhat stronger assumptions on f,
then this result takes on a universal flavor in a sense which can be
described as follows. Assume that f satisfies these stronger hypotheses:
There exist points # <0 <y such that

i) f»=0,  [f(»<0O
(i1) uf(u)>0 if b<u<Oory>u>0
(iii) F(b)=F(y) (1.4)
(iv) if f(b)=0, then f'(b)<0
(v)  f(0)>o0.
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(Note that (1.4) (ii) implies (1.3) (i) and (1.3) (v).) As before, let & denote
a given nodal class of radial solutions. Our theorem is that if f satisfies
(1.4), then we may choose the above integer N, independent of f. It is in this
sense th:t we consider our result to be universal.

We point out that conditions (i) through (iv) of (1.4) ensure that the
problem (1.1) and (1.2) admits in every nodal class, and for every p in
(0, y), a radial solution u(r) satisfying #(0) = p. On the other hand, if the
weaker t ypotheses (i)—(iv) of (1.3) hold, we can only assert that for p near
v, there are solutions of (1.1), (1.2) which satisfy u(0) = p.

In view of these last remarks, it is thus natural to consider the quantity
p as a parameter for the radial solutions; we write u = u(-, p). Having made
this choice, we must then allow the radii R of the balls to vary with p,
R=T(p ; see [3-7]. Observe that by rescaling, we can rewrite (1.1), (1.2)
as

Au(x)+ A*f(u(x)) =0, x| <1 (L.5)

ou(x)— AS du(x)/dn =0, |x| =1, (1.6)

whereby 4, instead of p, can be considered as the parameter. Note that A
appears :xplicitly in the boundary conditions only if both « and § are non-
zero (so that Dirichlet or Neumann conditions are independent of 1). This
causes a minor technical problem in studying the actual bifurcation of
radial sclutions, but in the next publication in this series, we shall show
how to overcome this difficulty.

This paper is divided into four sections. In the next section we formulate
the prob.em, and give the background material; we also prove the required
existence theorems. In Section 3 we obtain the main technical result needed
to prove our infinitesimal symmetry-breaking results. We show that the
linearized operator is the direct sum of certain operators, the union of
whose spectra is the spectrum of the full linearized operator. We prove that
these operators have k positive eigenvalues if p = u(0) is near y.> The proof
of this statement is quite long, and involves some delicate estimates which
are fairly interesting in their own right. In Section 4, we show how these
technical results are used to prove the infinitesimal symmetry-breaking
theorems.

2. FORMULATION OF THE PROBLEM

We coasider the boundary-value problem
Au(x) + f(u(x))=0, xe€ D7, (2.1)
au(x) — B du(x)/dn=0, xedD%. (2.2)

21t is he e where condition (1.3)(v) is used; without it we can only assert the existence of
(k—1) pos tive eigenvalues.
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Here D% denotes an n-ball of radius R, fe C!, d/dn denotes the outward-
pointing normal derivative on D%, and « and f are constants, with
2’ + B*>=1. If this problem admits radial solutions u(r), (r=|x|), then u
solves the boundary-value problem (' = d/dr)

-1
u'"(ry+ z

u'(r)+ flu(r))=0, O<r<R, (2.3)

r
u'(0)=0=ou(R)— pu'(R). (2.4)
We write this as the first-order system

w=u, v’=—n:lv—f(u), (2.5)

together with the boundary conditions
v(0) =0 = au(R) — pv(R). (2.6)

The solution of the initial-value problem for (2.5) with u(0)= p, ¥’(0)=0,

will be denoted by u(r, p), and p will be considered as a parameter
throughout this paper. Define

0,=tan"'(a/f), —< 00<g.

If k>0 is a given non-negative integer, and f(p) >0, we define the “time
map”; ie., the function p+ T(p) (whenever it exists; see Proposition 2.2
below), by the following two conditions:

if 0(r, p)=tan~'(v(r, p)/u(r, p)), then O(T(p), p)=0y—kn. (2.7)

Thus T(p) plays the role of R, and R varies with p (see [3-5]). A solution
of (2.5), (2.6), satisfying (2.7) will be said to belong to the “kth rodal class”
of the function f (relative to the given boundary conditions), on [0, T(p)];
see Fig, 1. We define a function H(u, v), the energy associated with (2.5), by
H(u, v) =v%/2 + F(u); then along any orbit of (2.5), H' = — (n— 1) v?/r, so
H decreases on these orbits. We will use this fact throughout the paper.

We assume that the function f satisfies hypotheses (1.3); cf. Fig. 2, where
we have taken f(b)# 0. The following proposition gives some properties of
the time map which we shall need.

LEMMA 2.1.  Assume that f satisfies hypotheses (i)-(iii) of (1.3). Then for
any pedom(T), b<u(r, p)<y, and u'(r, p)>* <4M3}, for all r>0, where
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vy au-Bv=0 u
p
u — :
T(p)
(k=4)
(a) (b)

FIGURE |

Mi=sip{F(u): b<u<y}. If for pedom(T), Tp(p) is defined by
W(Ty(L), p)=0, and a(p) is defined by u(Tn(p), p)=a(p)>0, then
ap)—asp-y.

Prooj. For pedom(T), u'(r, p)> <2F(y)— 2F(u(r, p)) so that u'(r, p)* <
4M?32. For such p, if u(F, p)==b or u(F, p)=y, then H(u(F, p), v(F, p)) =
F(y)+1'(F, p)*/2> F(p)= H(p, 0), and this is impossible, since H decreases
along orbits. Finally, suppose a{p,) =7y — 2¢ for some &> 0, for a sequence
p,edor(T), p, = y. Then since f(u)=d>0 on y—2e<u<y—¢, for some
6 >0, then for p, near 7y,

eésrvzf(s)ds<f 1(s)

a(pn)

=F(p,,)—F(a(p,,)>= H(p,)— H(x(p,))

—f A r—r‘(pn)gdu

Tn{pn) m T

1 Pn
S—— —vdu<const/Ty(p,).
TN(Pn)L(pM) /T

But this is impossible since T'y(p,)— o as p, —y; thus a(p) >y and the
proof i complete. |

AR 2N [\/\/\u
NS

FIGURE 2
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ProposITION 2.2. Let f satisfy hypotheses (i}-(iv) of (1.3). Then

(i) There is a point p, 0<p<vy, such that the open interval
(7, y) = dom(T),
(it} lim, ., T(p)= +o0;
(iii) Given any ¢>0, p may be chosen so that if p<p<y, the total

energy loss along the entire orbit segment (u(r, p), u'(r, p)), 0<r<T(p) is
less than e.

Proof. We have given a proof for positive solutions of the Dirichlet
problem, under the same hypotheses, in [6]. We indicate here how this
result can be extended to give an existence theorem for solutions of (2.3),
(2.4) in the kth nodal class.

Since f is positive near y and negative near b, there exist points E and
B near y and b, respectively, such that F(B)= F(E) and F(E)> F(u) if
B<u<E. (Since b is the first negative value for which F(b) = F(y), we can
find 0 > 0 such that f1 5,5 <0, fl,_5, >0,and Fl, ;51 <F(y). Thus
F is uniformly bounded away from F(y) on b+ d <u<y— 4. The existence
of the points E and B follows easily from this.) Now let 3¢ = F(y) — F(E),
and take py, E < py <7y, such that F(p,)=F(y)—e¢; then F(y)— F(p)<e if
Po< p<y. From Lemma 2.1, there is a constant M > 0 such that along any
solution, |v(r, p)l <M. Let Ty(p) be defined by u(Ty(p), p)=po- (T is
defined if p is near y; this follows from our aforementioned result in [6] for
the Dirichlet problem. In fact, the orbit also gets to the line u= E.) Let
L=(n—-1)M(y—b)(k + 1)/e, and choose p, so close to y that Ty(p)> L if
p>py. Set p=max(p,, p,), and let p> p. Let z be any point such that
B<z< A and suppose u(F)=z, v(r)<0, 0<r<7 Now with H(u,v)=
F(u) + v?/2, we have

H(u(To(p), p), v(To(p), p)) — H(u(F), v(F))

Foop? zp P
= —1 — = - .
(n )fnm ~dr f,,ordu<k+1
It follows that
20~ 2 T
s Fyz Fpo) + 22D

ZF(y)—e—¢/(k+1),
S0
v*(F) 2 2[F(y) — ¢ — F(z)) - 2¢/(k + 1)
Z2(Fly)—e—F(A))—2¢/(k+1)
=4e—-2/(k+1)>e
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Thus »(r) < —\/E, and since z was arbitrary, we see that the orbit
(u(-, p), v(-, p)) gets to the line u= B and thus cuts the line v =0 at a point
i, b <#i < B. Now repeat the argument to show that the orbit segment lying
in v>0 meets the line » =0 once again at a point u > E, since H has lost
2¢/(k + )-amount of energy. Repeating this argument k times shows that
pedom T). Furthermore, given &> 0, we see that by taking E close to 7,
we can make the total energy loss less than e. Finally (ii) follows easily,
since (y. 0) is a rest point. ||

Now for p < p <y, the orbit (u(-, p), u'(-, p)) lies inside the closed level
curve E(u, v)=F(y). We use this fact if f satisfies (1.4) to strengthen the
last proposition as follows.

PRrROPISITION 2.3. Assume that [ satisfies hypotheses (i)~(iil), and (v) of
(1.4). Then

(i)  dom(T)=(0,7);
(ii) lim 7(p) exists and is finite;
p>0
(iii) lim T(p)= + 0.
p 7y

Proo® For any r>0, set (u(r, p), o(r, p)) = (1, v); then Flu)< Fl(u)+
v2/2 = id(u, v) < H(u(0, p), v(0, p))= F(p), so that u < p. Since there exists
a unique point B,, b < f,<0, satisfying F(f,) = F(p), we see f,<u.

Now for any p e (0, y), define 6(r, p) by

0(r, p)=tan~'(u'(r, p)/u(r, p)).

Write | "(u) = ug(u), where g>0 on (b, y). Then there is a ¢ >0 such that
g(u(r, p))= o for all r =0. Thus, if § =min(1, o),

g(u) cos? 8 +sin> 0 >0 cos’ 0 +sin 0=
along the entire orbit (u(r, p), v(r, p)), r = 0. So for large r, say r=rg,

n
0= —
2r

sin 20 — g(u) cos? 8 —sin? 6

n )
g —_ —
5 sin 260 — &

< —~6/2.

Thus (r, p)—0O(rg, p) < —0(r—ry)/2, if r=ry, so that 8(r, p) » — 0 as
r— oo This shows that pedom(7), and proves (i). Part (ii) is a
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consequence of the usual linearization techniques, and (iii) follows from
Proposition 2.2.

From now on, we fix f satisfying conditions (1.3), we fix an integer ke Z , ,
and we fix the boundary conditions (ie., we fix o and B). Moreover, radial
solutions of (1.1), (1.2) will be assumed to lie in the kth-nodal class of f; i.e.,
to satisfy (2.7).

Consider now the simple Bessel-type linear equation

u”(r)+n+1

w(r)+ Au(r)=0, (2.8)

where A4 is a positive constant. Concerning this equation, we have the
following result.

PROPOSITION 2.4. Given any solution u(r, p) of (2.8), (2. 4) with
u(0)=p>0, u'(0)=0, and any integer k >0, there is a number p§; 5(4), for
which T(p) = py %B(A); that is, the associated time map is constant so that

aulpih(A), p)—Pu'(pp(4), p)=0, (2.9)

and u(-, p) belongs to the kth nodal class of the function f(u)= Au, on
[03 pk );(A)]

Proof. This follows from the proof of Proposition 2.3, part (i), with
guy=4. |

We define the numbers ¢, and ¢}, by
kn=pia(l)  and in=Pln(l). (2.10)

Thus cg, (resp. ci,) is the radius of that n-ball for which the particular
Bessel’s equation

w+ 2w u=o, (2.11)

admits a solution u satisfying the boundary conditions
u'(0)=0=u(c?,) (resp. u'(0)=0=w'(c} ), (2.12)

and u belongs to the kth nodal class of the f(u) = u on the interval [0, ¢7,]

(resp. [0, ¢}, ).
We will later need the following result.

LeMMA 2.5. Let A>0; then ppo(A)=A""%c,, and pp%A4)=
A Vey ‘ ‘

580/89/2-10
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Proof. This follows from a scaling argument; namely, if « is a radial
solution of 4, u+ Au=0, on |x| <p;)(A4), so (2.8) holds, set x= 14y, and
w(y)=u(Ay). Then if u(x)=0 for |x| =p2(4),

A,w(y)+224w(y)=0,  |y|<p A
w'(0)=0=w(pg(4)/4).
Now st A=21"7% then w satisfies (2.11) on |y|<pp%(4)4'?

w(prl(.1) 4'%)=0, so that ¢ ,=py%(4) A7 as desired. The proof for
Neumar n boundary conditions is similar. ||

As a final result along these lines we note that if u(x) is a solution of
(1.1), (1.2) on the n-ball |x| < R, if A>0 and w(y)=u(4dy), then w solves

Aw(y)+22f(w(y))=0, [yl <R/4,
aw(y)—AB aw(y)/dn=0,  |yl=R/4

Thus there is a 1-1 correspondence between solutions u of (1.1), (1.2), and
solutiors w of the above boundary-value problem (corresponding to the
function: f(w)=1%f(w)). Hence as far as existence of symmetry-breaking
solutior s is considered, there is no loss in generality if we

assume f'(y) < —1 (*)

throughout the paper. This will prove technically useful in Section 3.

Before stating our theorems, we must recall some standard results
concerting the eigenvalues of the Laplacian on the (n— 1)-sphere, " !;
(see [2] for details). These eigenvalues are given by

Ay=—N(N+n-2), (2.13)
and if .%, is the corresponding eigenspace, then

N+n—2>(n+2N—2>

.14
N n+N-—2 (214)

lN_=_dimEN=(

Now suppose that u(-, p) is a radial solution of (2.1), (2.2) lying in the
kth nodal class of /. Then there is the possibility of u being a bifurcation
point cnly if u is degenerate; i.e., only if there exists a non-trivial solution
w of tte linearized equations

Aw(x) + f (u(lx], p)) w(x)=0,  |x{<T(p) (2.15)
aw(T(p))— B aw(T(p))/dn=0. (2.16)

(This is an easy consequence of the implicit function theorem.) Note that
the atove scaling yields a 1-1 correspondence between the two sets of
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linearized equations. Furthermore, the symmetry can break on u(-, p) only
if these last two equations admit an asymmetric solution (see [1]). In this
case we say that the “symmetry breaks infinitessimally” on u(-, p). The
main results in Sections 3 and 4 are stated in terms of this notion.

Now any solution of (2.15), (2.16) can be expressed in terms of spherical
harmonics,

o]

w(r,0)= Y ay(r) @y(0), 0<r<T(p),feS" !,

N=0

where @, € E\. Thus, the symmetry will break infinitesimally on u(-, p) if
and only if for some N =1, ay(r) # 0. However, as was shown in [3], for
N =1, these a,’s satisfy the equations and boundary conditions

n—1

ay(r)+ ay(r)

+<f’(u(r, p))+%_17v> ay(ry=0, 0<r<T(p), (2.18)

ay(0)=0=aay(T(p))— fan(T(p)). (2.19)

It follows that the symmetry will break infinitesimally on u( -, p) if and only
if Egs. (2.18), (2.19) admit a non-trivial solution for some N > 1.

In order to study solutions of (2.18), (2.19), we let p be a point in (7, y)
(cf. Proposition 2.2), and let N be a non-negative integer. Define the
function ¢%,(r) by

by
g =fulr, PN+, 0<r<T(p)

(where u solves (2.3), (2.4) with R=T(p), and lies in the kth nodal class
of f), and let ¥, be the space of functions defined by

¥,={¢eC*0, T(p)): 4(0)=0=ad(T(p))~ B¢ (T(p))}. (2.20)

For N> 1, we define the operator L%, on ¥, into C(0, T(p)) by
" n - 1 !
Lip=¢"+——¢' +aio. (221)

Note that Proposition 2.1, (i) implies that these operators are well defined
if pedom(T). If N=0, we let

¥,={eC?0, T(p)): ¢'(0)=0=ad(T(p))~B#'(T(p))},
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and we d:note by L the operator on ¥, into C(0, T(p)), defined by (2.21),
with N = 0. Finally, define the operator L”, on

{we C*(|x| < T(p)): aw(x) — B dw(x)/dn=0, |x| = T(p)}
into C(|::| < T(p)), by
Lw=dw+ f'(u(-, p))w. (2.22)

Concern ng these operators, we have the following result relating their
spectra.

PROPCSITION 2.6. For each pe(p,y), sp(LF) =) x50 SP(LE).

Proof. Since each of the operators L?, L%, are self-adjoint (in the metric
induced by |¢|*={7"" ¢(r)* r"~'dr), their spectra are real and discrete,
with the only limit point being at — co.

If &,cE, then if a is a radial function, L?(a®y)= (L% a) ®,. Thus if
LAa=pa, then LP(a®y)=u(a®y) for any PyeE,. Conversely, if
LPw=pv, then w=3 ay®y with ay #0, for some N, Thus
uZay®, =LA(X ay®y) =3 L (ayPy) =2 (L ay) Py, $0 pay,= LY an,
and the proof is complete. ||

3. THE POSITIVE SPECTRA OF L,

This section is devoted to the proof of the following theorem. (Recall
that L7, is defined by (2.21); namely,

" n-l !
Lig=¢ +—r—¢ +4%0, 9 ¥,

THEOREM 3.1. Let f satisfy hypothesis (1.3). For every NeZ,, N=1,
there is a point sy, 0 <sy <Y, such that if sy <p<?y, then the spectrum of
L%, coniains k- positive eigenvalues.

The oroof is quite long, and to assist the reader we present here a
summa:y of the ideas involved. The key point is to show that for p near
y, the cperator L/ has k-distinct positive eigenvalues; this is done by first
observiag that v=u' satisfies (2.18) with N=1, and then showing that for
p near y, and 0<r< T(p), the orbit (v(r, p), v'(r, p)) crosses the line
av=Pv in (at least) k distinct points. Thus, e.g., if 0 <8, < /2, and ¢, is
defined by ¢é,(r, p)=tan"(v'(r, p)/v(r, p)), then ¢, satisfies the estimate
Oo—(k+1)n<¢,(T(p), p)<B,—kn. On the other hand, the positive
spectrum of each operator L} is bounded above, [8, Chap. 11]. Thus if
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Lia,=pa,, and @%(r, p)=tan'(a,(r, p)/a,(r, p)), then for large p,
Bo—n < ¢4(T(p), p)<O0. Since ¢*(T(p), p) is a continuous function of g,
there must be k positive numbers y; for which ¢¥(T(p), p)= —jn+0,,
j=1, .., k, and to each such y; there corresponds an eigenfunction a; of L.
Now as the operators L%, and L? differ only by the term |1, — A,|/r* (which
is small if r is large), it should be possible to conclude the existence of k
positive eigenvalues for L%, at least if p is near y. The difficulty is that one
must show that orbits of L7a, =0 and L*,a, =0 which start close at r =0,
stay close at r=T(p), but T(p) - oo as p —y. To overcome this difficulty,
we prove the decay and estimate its rate as a function of p, of the difference
in angular variation of these orbits. It is here where the most difficult
analysis is made. We proceed now with the details.

Since —4,=n—1 (see (2.12)), we find, upon differentiating (2.3) with
respect to r, that v(r, p) =u'(r, p) satisfies the equation L{(v)=0 and the
initial condition v(0, p)=0. Moreover, as was shown in [5], the only
smooth solutions of L{(¢)=0 are multiples of v. The key step in the proof
of Theorem 3.1 is the next proposition (recall that 8, is defined by

6, =tan"'(a/B), —n/2<0,<7/2.)

PROPOSITION 3.2.  For each p sufficiently near v, 0 < p <y, the following
hold: (a) If 64> 0, the operator L% has exactly k positive eigenvalues; (b) if
0>0,, LT has at least k, and no more than (k + 1), positive eigenvalues.

The proof of this proposition will follow from a series of lemmas. We
first need some notation. Let A (resp. A) denote the line au = fv (resp.
av=Pv’) and define’ ¢,(r, p) by

$:(r, p)=tan~'(v'(r, p)/o(r, p)). (3.1)
Recall that u being in the kth nodal class means that (cf. (2.7)),
0(T(p)) =0, —km.

We remark that & is the number of zeros of u(-, p), except in the case of
Dirichlet boundary conditions (6= —=/2), in which case u has (k+1)
zeros. This is straightforward to verify, using the fact that orbits cross the
axes u=0 and v=0 in a clockwise direction; see the proof of the following
result.

LemMma 3.3, Let 0(r,)=0,—sm, s=0, 1, .., k; r, = T(p). Then if p is near
Y there is exactly one zero of u and one zero of v in each interval (r, v, ).

Proof. The orbit (u, v) always crosses the line =0 transversally (see
Fig. 3) and in a clockwise direction since u’ =v. Also, we claim that the

* We will often drop the dependence of ¢, on p where there is no chance of confusion.
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FIGURE 3

orbit crosses v=0 clockwise and transversally. To see this, note that if
v=0, then v’ = —f(u) #0, so the orbit crosses the line v=0 transversally.
It remains to show that uf(x) > 0 at such points. Now the orbit cannot go
through the point (0, 0), if p is near y (Proposition 2.2) and, since the orbit
cuts v=0 at points near b or near y (cf. the proof of Propositions 2.2}, it
meets v= 0 at points where uf(u)>0. Thus our claim holds and the result
follows.

ProprourTion 3.4. If 08,>0 and p is near y, then v has k zeros in
[0, T(p)) ] and 6, — (k+ 1)n <¢(T(p), p) < —km.

Proof. By the last lemma, v has (k— 1) zeros in (r;, 7(p)] and one zero
in {0, r,", so that v has k zeros on [0, T(p)]; cf. Fig. 3a.
Now ¢,(0)= —=/2, and ¢,(r) changes by —r at every zero of u; thus

—nf2—kn<d(T(p))< —n/2—(k—1)m

Since —n/2>60,—n, we have ¢,(T(p))>80,—(k+1)n. To obtain the
upper bcund on ¢,(7(p)), we let 4;=(u(s;),0), O0=5,<s,< --- <s,=
T(p) be “hose points on the orbit segment (u(r), v(r)), 0 <r < T(p), which
cross v= 10, and denote the corresponding point on the orbit segment
(o(r), v'(2)), 0<r<T(p), by ZJ:(O, v'(s;}). (Since p is fixed, we drop
the depeidence of v and v’ on p.) We have shown that the latter orbit
cuts A ‘n at least (k—1) points. We claim that if o(T(p))<O then
av(T(p)) — Bv'(T(p)) <0, and if v(7(p)) >0, then av(T(p)) — fv'(T(p)) > 0;
these wil imply that the orbit (v, v') crosses A in k-points, since the func-
tion av — Bv’ is negative above the line, and positive below it. To see this,
note tha: along the level curve H(w, v)=v%/2+ F(u)= H(y, 0), we have
v?=2(F(7)— F(u)); thus (1.3)(v) implies that uf(u)+ v?> 0 along this level
curve. Ttis implies that the boundary line 4 meets this level curve transver-
sally. Inceed, if we compute the derivative dH/du of H in the direction
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tangent to A, we find dH/du= (B, o) -VH = Bf(u) +av. Thus on the line
Bla=ufv (say a#0), (v/a)dH/du=uf(u)+v>>0 along this level curve;
this proves the transverse intersection (a similar proof works if §+0).
Thus, e.g., if o(7T(p)) <0 (as in Fig. 3a), then au — Bv is strictly decreasing
at r=T(p); hence av(T(p))— Bv'(T(p)) <0 as desired. (A similar crossing
would occur if v(T(p)) <0). The orbit (v, v') thus crosses A k times on
0<r< T(p); it clearly cannot cross A again on this range since this would
force v to have (k+1) zeros. Thus ¢,(T(p), p) < —kmn, and the proof is
complete. |

We remark that if (1.3)(v) is replaced by the stronger condition (1.4)(ii),
then one can give an easier proof of the above claim. Thus if 7 is the largest
zero of u(r) (=u(r, p)), on [0, T(p)], let Q= (0, v(F)), O = (v(F), v'(F)); cf.
Fig. 3. Then v'(7)+ (n— 1)v(7)/F =0 so v(F) and v'(7) have opposite signs.
Thus if v(F) <0 (as in F1g 3a), then v'(F)> 0 so the orbit (v, v') crosses A
once more going from A, to 0; a similar crossing occurs if v()> 0.

Note that if we do not assume hypothesis (1.3)(v), then we can only
assert that (v, v') crosses A (k—1) times, if 8,> 0.

ProposiTiON 3.5. If 0,<0, and p is near vy, then v has (k+ 1) zeros on
[0, T(p)), and 6o—(k+3/2)n<¢,(T(p), p)< —(k+ 7. If hypothesis
(1.3)(v) is replaced by (1.4)(ii), then By— (k+1)n<¢(T(p), p). If
6= —n/2, then —(k+3)n<d,(T(p), p) < —kn.

Proof. By Lemma 3.3, v has k zeros on (r,, T(p)] (note that if 6,>0,
ry does not occur). Since v has one zero 1n [0, r, ], we see that v has (k+ 1)
zeros on [0, T(p)]. Thus ¢,(T(p)) < — (k + 3)=, with equality holding only
for the Neumann problem, 8,=0. If §,= — /2, then the argument given in
the proof of Proposition 3.3 shows that ¢,(T(p), p) < —kn.

Now ¢,(T(p), p)> —~n/2—(k+1)n > 0, — (k + )=, since —n/2 > 0,~n/2.
Assuming (1.4)(ii) to hold, if p is near y, we can find an 7 < ry (rg is defined

v v

A A N
Az

88 Az Ay

™ u v
Az
=g, -2
8=6,-2m R,
8=8
° (K=2)

(a) {b)

FIGURE 4
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in Lemma 3.3), such that a/f > (n—1)/f. We claim that for p near y,
6:(T(p), p) >0, — (k+ 1)n. For, otherwise, we could find an F=F#(p)>r
such that av(7) — Bv’(F) =0, and 7 is maximal with respect to this equality.
Thus

G+ )ty + st =o.
B F
But 8, <) implies v(F)u(7) <0 (cf. Fig. 5) which violates the last equality
since uf(x) > 0. Similarly if 8, =0, then v(¥) =0 and the last equality implies
that f(u(7)) =0, so u(¥) =0, which is again a contradiction since p is near 7.
Thus ¢,("(p), p)>0,— (k+ 1)=, as asserted. |

Remart. Proposition 34 shows that if 6,>0, and p is near vy,
(v(r, p), v (r, p)) crosses A in k points on 0<r<T(p). Proposition 3.5
shows thz t if 8, <0, then for p near y, the orbit crosses A in at most (k + 1)
points ani exactly & points if hypothesis (1.3)(v) holds.

Now let NeZ, N> 1, and consider the eigenvalue equation
L2b, = ub,, 0<r<T(p), uz0. (3.2)n

Concerni:g this equation, we have the following lemma.

LEMMA 3.6. Fix NeZ, N= 1. Then:

(i) if u>0 is sufficiently large, u cannot be an eigenvalue of L%,;
(i) if b, is a non-zero solution of (3.2)y then for small r>0,
b, (r)b,()>0;
(iii) b,(r)=r"d(r), where deC? and d(0)#0. Thus if N>1,
b,(0)=0

A v 1 v
\ 3,

(v(7)lv.(?)) ¢|(?)=e°-31r

R AZ u ,
L¥
(k=2) x,

FIGURE 5
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Proof. The statement (i) is well known; cf. [8, Chap. 11]. Now,
since (r" " 'b,) = —r""'(f'(u)+ Ayr~*—pu)b,, we have b, (r""'b,)=
—r""(f’(u)+/1,vr*2—u)bfl. Integrating from 0 to r <e gives

PP ()= [ 7B (s)? ds
0

[ (e ) b as
0 M

where the right-hand side is positive if ¢ is small, since Ays~* is the domi-
nant term in the second integral. For (iii), writing b,(r) =r™d(r), we find
that d satisfies the equation

d!l

2N+n-—1
+ S ()~ ) d=0,

and it is a standard result that this equation has a unique smooth solution
satisfying d(0)=1, d'(0)=0 (sec the appendix to [3] for a related
result). |

Now let N> 1, and let a,, » be a (smooth) solution of (3.2)y. We define
¢’ by

‘[:l(r’ p)=tan~1(a;¢,N(r’ p)/au,N(r’ p))’ and set ¢N(r’ P)=¢(1)v("a P)
(3.3)n

Then if p is sufficiently large, the last lemma implies that (cf. Fig. 6)

0> ¢4 (T(p), p)> 0o —m. (34)n

0;z.L‘,N Q;TN

| (ap n(T(P), Oy (T(R))

F-.N 90 OF'tN

(0, TR, O N(TEPY)
(a) 90>O (b) 9050

FIGURE 6
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The la:t result we need before giving the proof of Proposition 3.2 is the
following.

LemMma 3.7. For each fixed r, 0 <r < T(p), ¢% is a monotone increasing
Sfunction »f p.

Proof. Since p is fixed, we will suppress the dependence of ¢4 on p, and
since N i3 fixed, we shall write ¢4 simply as ¢,. Now let u>v >0, and set
2(r)=¢,(r)—¢,(r). We are to show that z(r)> 0 if 0 <r < T(p). Since N is
fixed, we abbreviate a, y by a, in this proof.

We have (r" 'a,) =—r""'(f"(u)+Ay/r’—p)a,, and (r""')a,) =
—r" "Y' (u)+ Ay/r* —v) a,; then multiply the first equation by a,, the
second by a, and subtract to get

[r" Ya,a,—a,d,)] =r""a,a,(u—v). (3.5)

Since we may assume (from Lemma 3.6) that the right-hand side is positive
for r rear 0, we have after integrating from r=0 to r=¢>0,
¢" 'a,a),—a,a,)e)>0 so ¢ Y(a,/a,—a,/a,)(e)>0, or Tan #,>Tan ¢,
on 0 <r <¢, and so ¢, > ¢, on this range. Thus, z(r) >0 for r near 0. Now
let 7 be the first point (if it exists), where z(F)=0. Since ¢, satisfies the
equation

, n—1 , A
¢, = —sin? (ﬁﬂ-——zr—sm2 ¢H—(f(u)+r—2'—,u> cos’ ¢,

and ¢, satisfies a similar equation (with p replaced by v), we have

n

'rl (sin 29, —sin 2¢,)

z =(sin* ¢, —sin’ ¢,) + 5

+ (f’(u) +};—’2V) (cos® ¢, —cos® @,) + p cos® ¢, — v cos® §,.

Thus, .’(F)=(u—v)cos®¢,(7F)>0 if cos’¢,(F)#0. If cos®¢,(F)=0,
we corwpute z'(F) =0, and z"(F) = (¢,(F))* (2 cos 2¢,(FN(v—p) =
(1) (=2)(v—p)>0. We conclude no such 7 can exist and the lemma is
proved. ||

Proof of Proposition 3.2. We suppose first that 6, > 0. Since Lemma 3.7
shows tiat ¢/(T(p), p) is a montone continuous function of y, it follows
from Pioposition 3.4, and Eq. (3.4),, that there exist exactly k positive
number; p, is, ..., 4, such that

¢Lllj(T(p)3 p)=00—jn’ j=13 25 eeey ka
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¢>|M {T(p}),p)

-
90- an /

/

'S

8-k
90-(k+ 1)

FIGURE 7

cf. Fig. 7. To each such y;, there corresponds a function B; # 0 such that
the following inequalities hold:

LYB;=pu;B,, O<r<T(p)
B;(0)=0=0aB;(T(p))— BB;(T(p)).

That is, the u;’s comprise the set of positive eigenvalues of L%. This proves
the theorem if ;> 0. The same argument works for the case §,<0; thus
the proof of Proposition 3.2 is complete.

We now turn our efforts to showing that ¢, (7(p), p)=é%(T(p), p) (cf.
(3.3)n) is close to ¢, (T(p), p) = ¢%(T(p), p), if p is near y. This will imply,
just as in the proof of Proposition 3.2, that for p near y, L%, has k positive
eigenvalues.

From hypothesis (1.3)(i), we know that f"(u) <0 if 4 <u<y, for some
A > 0. Proposition 2.2 says that for p near v, p lies in the domain of T. Thus
the function p — T*(p), where

u(T*(p), p)=4 (3.6)

(here T#(p) is minimal with respect to this property), is well defined on
A< p<y, if p is near y.

LemMAa 38. T4 (p)—> o asp 7/ y.

Proof. This is similar to [5, Lemma 4.2}

We remind the reader that a, is a (smooth) solution of (2.18), (2.19),
and, according to Lemma 3.6, we may assume that a,(r)<0 on some
interval 0<r<e<T"(p). Concerning such functions, we have the
following lemma.

LemMa 39. If 0<r<T*(p), then for any N=1, a\y(r}<0, and
ay(r)<o.
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Proof. If 0<r<eg, we have
H— 1 ’ ' iN n—1
0y = = (e P+ ) <,

since ¢<:T*(p). Hence ay<0 on 0<r<e Were there a first point 7,
e<F<T4(p), for which ay(F)=0, then ay(r)<0 on 0<r<r7 so
(r"~'dy r))’ <0 on this interval. Integrating from 0 to 7 gives the con-
tradiction ay(7) <0. Thus ay(r)<0 if 0<r< T#(p), and so ay(r)<0 on
this inte val. |1

Recall that the angles ¢ (r, p), N> 1, 0 < p <y are defined by (cf. 3.3)y
with p=0)

¢u(r, p)=tan"(ay(r, p)lay(r, p)).
LemMy 3.10. Let N> M= 1; then

0<gn(T*(p), p)—du(T*(p), P) < (3.7)

c
T4(p)*
where ¢ >0 is independent of p.

PrOOf Since  ¢n(T*(p), p) — ¢u(T*(p) P) < ¢n
é(T*(r), p), it suffices to prove that (3.7) holds if M L.

(T*(p), p) —
We have

0 )+ (S tatr 0+ %) a0,

oy + (£ )+ ) =
Multiply the first equation by a,, the second by a,, and subtract to get
[r"~Yaya,~aian)) =(—ix+2) r" aya,
or
[r"'aya,(Tan gy —Tan¢,)]' = (1, — Ay) r" 1aya,.
If we inegrate this from r =0 to r = T*(p), we find
(T4~ ' an(T*) ay)(T*)[Tan ¢, (T*) —Tan ¢,(T*)]

TA
=j (A — Ay) ayayr" > dr;
0
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this shows that Tan @ (T4(p), p)— Tan ¢ (T*(p), p)>0, so that the
mean-value theorem gives ¢, (T4(p), p)—4.(T*(p), p)>0. Moreover,
dividing this last equation by (T*)"~'a,(T*)a,(T*) and using
Lemma 3.8, we have (assuming n > 2),

Tan ¢, (T*(p), p)— Tan ¢,(T*(p), p)
A=Ay jﬂ ay(r) a(r)
(T e ap(TH) ay (T
< M;}L,N JTA r"_i

(TH" Yo al(TH)
G o

\_—_—(T”)"‘l c, . —r"3a,(r)dr

d—dy T
< TR o L —ay(r) dr (3.8)

rt 3 dr

a,(r)dr

since —a{T,(p), p)=1/c, for p near y, where ¢, >0 is independent of p.
Hence since a, satisfies the u’ equation (and is a C*-function), a, dr = du,

Tan ¢y (T*(p), p)—Tan ¢,(T"(p), p)

}'l’_lN 4
<cl ‘('(_TA—)Z )Ip —‘du
Cl('ll N)

Again using the mean-value theorem, we see that (3.7) (with M = 1), holds.
If n=2, write ay(r)=rby(r) (ay(0)=0if N>1by Lemma 3.6) and note
that b, satisfies the equation

An—4
(Fby) +r? (_~r2_1+f,(u(r, p))) by=0.
This shows that b <0 if 0 <r < T*(p). Then as in (3.8) we have

Tan ¢ (T*(p), p) —Tan ¢,(T*(p), p)

=11—1NJ"TA by(r) alr) .
(T*Y Jo by(T*) ay(T)

1Ay —2n) (4 14, — 4w
<], -

and this completes the proof of the lemma. ||
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Lemm.. 3.11. For all r>0, ¢\ (r, P)> @ (r, p) if N> M.

Proof. For r< T*(p), the result is a consequence of the last lemma. If
there is i1 point r with @ (r, p)==¢,,(r, p) then let 7 be the first such point
and set .:(r, p)y=¢gn (¥, p)— ¢4 (r, p). Then since

n—1

pi=— 2 sin 2¢;

- (f’(u(r, P+ %%) cos* ¢, —sin’ @,  i=M or N,

we have

?

2=~ ”2—‘1 (sin 26 —in 26 5,) — 1" (u)(cos? by — cos” $ 1)

. . A p)
— (sin? ¢, —sin? gﬁ,‘,)—r—’z"cos2 :}5,\,4——r¥cos2 D ars (3.9)
and

Ay —A _
Z'(F, p) = MFZ Y cos? ¢ (F, p).

It follovs that z'(7, p) >0 if ¢, (F, p) = (F, p}) is not an odd multiple of
n/2, anc. in this case we see that no such 7 can exist. It remains to show
that ¢,,(7, p)=4¢ (7, p) cannot be an odd multiple of n/2. Thus, suppose
that ¢ (7, p)=dn(F p)= —(2j+1)(n/2); see Fig.8. Define R by
a’(R)=:0; then by hypothesis, ¢ (R, p)> @, (R, p). As above, we have

[~ l(a;vaM —ayay)] =(Ay—AN)r"~ 3a/va/m

(0y(7), a(F))

(ay(R), o'y (RD) (o (7), @'y (F)

lay(R) @ (R)

(ay,,a)y)

FIGURE 8
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so if we integrate this from r= R to r=F, we get
P anay — @y an)e= G —An) | au () ay(r) = dr.
R

But as the left-hand side is negative and the right-hand side is positive, we
get a contradiction. This completes the proof. ||

We next show that ¢, (7(p), p) is close to ¢,(T(p), p) if p is near 7. In
proving this, we shall assume f(b)<0; the modifications necessary if
f(b)=0 will be left to the reader. We consider the region W=W_, o W_
in (% v)-space, determined by the line u=4, and the level curve
H(u, v)= F(y), as depicted in Fig. 9.

For orbits (u(-, p), v(-, p)) with p near y, let T,(P) be defined by
u(Ty(p), p)=A, T,(p)>T,(p), and T, is minimal with respect to these
properties. (Thus 7,(p) is the second “time” that the orbit meets u= A,
while T,(p) denotes the first “time” that it meets this line; cf. (3.6).) Then
T5(p)— T,(p) denotes the “time” that the orbit spends outside of W as it
goes from the line = A back to itself. The next lemma states that this
quantity is bounded independently of p; we defer the proof to the appendix
of this paper.

LemMMA 3.12.  There exists a constant k>0 and a point p,, A< py<y,
such that if po< p<vy, then T,(p)— T (p)<k.

In what follows, the quantities ¢, ¢;, k;, and k will denote constants
independent of p. We remind the reader that we are assuming with no loss
of generality that f’(y) < —1; cf. () in Section 2.

Now if p is near y, we see from Lemma 3.10 that z(r, p)=¢,(r, p) —
&(r, p) is small, for 0 <r< T, (p). Using (3.9), we can write

2= 22 (cos 28)z + (1 — f"(u))(sin 2q)z

2r
A A
—r—’zvcosz¢N+;31cos2¢l, (3.10)
v
H(u,v)=F(y)

W=W,UW_ W,
WA v
u=A

FIGURE 9
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for some intermediate points £ and 5. Thus since z>0 (Lemma 3.11), we
have for T,(p)<r < T,(p) (cf. Lemma 2.1),

M,
S To(p) z+ M,z +

for som¢: constants M, and M, independent of p. Multiplying this last
inequality by e ~™" and integrating from T,(p) to r < T,(p) gives

M,
)2\M +

T\(p T( )

2(r, p)<2(Ty) e T”+MT2 (eMr=T0_1)
d c
g__ Mk Mk_l ,
¢ T Y

where w: have used Lemmas 3.10 and 3.12. Thus if T\(p) <r< Ty(p),

k
T\(p)”

z(r, p) < k independent of p. (3.11)

Hence ¢, and ¢, are close at least until the orbit (u(r, p), u(r, p)) enters
the regicn W, .

Now the “time” that the orbit («, ¥’} spends in W, is not uniformly
boundec in p, since for p close to vy, the orbit again comes close to y, and
in fact, z increases in W, . However, we can still control z, as we shali
show. In order to do this, we need some notation. Let aq(p), a,(p), .., o, (p)
be the u coordinates of the intersection points of the orbit (u(-, p), ¥'(-, p))
with the positive u axis, y<ag(p)=p>a(p)> - >ap)> A, and let
TV (p) be defined by u(TV(p), p)=a,(p), 0<1<s<k Finally, let T/ (p)
be defired by u(T/(p), p)=0;(p), 1<j<k, Ti(p)=T{(p)< T4(p) =
T,(p)< --- <T,(p); see Fig. 10.

Now we shall use the differential equation (3.10) for z and show that
althougt. z grows in W, z(T¥(p))<c(y—a,(p))* * for some ¢< l/k.
There is then a small time (uniformly bounded in p for p near y), from
T¥%p) to the time <t(p), for which ¢y(z(p))=—=n/2, and so
z(t)<cly—oa,(p))* % Then in W_, z decreases from t to T4, and we
prove a1 estimate of the form z(T4(p)) <c(y —a,(p))* % Usmg the fact
that (y --a,(p)) is of the same order as (y —a;(p)) if i # j, we can repeat the
above a-gument to show that z(T(p)) is uniformly small for p near y. We
proceed now with the details.

Let f (y)= —u, u>1 (recall from Section 2 that this entails no loss of
generali.y); then given J > 0, we take u so close to 7y that

(r—=0)y —u) < flw) < (u+0)(y —u). (3.12)
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/—‘\ T‘i\(p)

-
8l ™(p)
a;(p) 2%

B TN(p)
'K Tﬁ“’/’y ai.knf
\_./ o)

u=B u=A
FIGURE 10

We assume that A is so close to y as to make f'(u)— f'(y)<don A<u<y.
We also assume from now on, unless otherwise stated, that p is chosen so
close to y as to render all of our previous results valid.

LeMMA 3.13. There is a constant ¢, >0, independent of p such that

(y —ai(p))? Tf—l(l’)>€1-

Proof. Let F(y)— F(A)=13n; choose p, <7y such that p, < p <y implies
F(po)— F(A) = 25, and such that the total energy loss along the entire orbit
segment (u(r, p), u'(r, p)), 0<r<T(p) is at most n (cf. Proposition 2.2).
Finally, let B <0 be chosen so that F(B)= F(A). Then

™ 2
Fla,_)— Fa)=(n—1) | | >dr
™, r

4
T

Tp UZ 1 Ty
> J —dr>-— J v dr,
T,,{l r TB

where Tp=Ty(p)>T{ (p)=T; , is the first time that the orbit meets
u= B on its journey from u= A4 (cf. Fig. 10). Thus

— Fu)
Ty

_(A=B)\/3n_(4-B)./3n
~ T

F(“f_l)—F(oc,-)z%;J: . du>j: V2AFp)—Fu)=n

s 2TE, 7
since for p near y, Ts(p)—T7 (p)<const., independent of p (cf. the
appendix). Next

Fla, )=Fa)=[" fwdus| " (u+6)—u)du
(p+9)
2

[(v —“i)z— (y—a; 1)2]-

580/89/2-11
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It follow:: that

k) R S R U . ) RV |
3 [(y—a;) (y—o;_ ) 1= 2Tf7, s
so that
2 (4—B)\/3n
('}’—(X,-) T;{—IZ (ﬂ+6) »

and this proves the lemma. |

LemM:. 3.14. There is a constant ¢,, independent of p such that

1
TV (p)—T{(p)<cy———=In(y —a.:(p)). (3.13)
2 o
Proof.
% ( )d
T -TH =] T

and as 1'(u) + v*/2 > F(a,(p)), we have
02 2(F(a) — F(u)) 2 /(u=0)[(y —u)* — (y —2,)*].

Thus

TN )_T4(p)<jai du
PR s Ju—wr— -y

1 — A
cosh“(y—>

u—20 Y%
1 — A4

- 1nz(y >
pu—=a Y&

i

1
cy— In(y — a;),
2 /———#_5 (v )
as desir:d. |

Now let z(r, p)=¢n(r, p)— ¢.(r, p); then from (3.10) with M =1, we
have zz:0 and

~1
s ! (sin2¢1—sin2¢N)_<_1+f,+i71>
2r 2

x (cos? ¢N—cosz¢1)—(AN;il>cos2 Grs (3.14)
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where f' = f'(u(r, p)). The mean-value theorem gives

2 =" (cos 20024 (1= £')(=sin 26)z+ O (:—2>

r

Now for any 4 >0, we can choose p so close to y as to have —f'<pu+9
and (rn— 1)(cos 2n)/r <6 for r> T,(p) (cf. Fig. 11); & will be chosen below.
Then

2 < (u+ 14 28)(—sin 28)z + O(1/r?). (3.15)

In order to analyze this equation, we choose certain constants, as follows:

let ¢ < 1/k (recall that £ denotes the given nodal class);
let 0 <1, and choose 6 >0 so that the following hold:

2(u+9)
Uu—=a

>2—¢, (3.16)

u—906>1 (recall u>1), and

Qe +p+28)

2+¢ T+ 4-5

(3.17)

(Then we choose A so close to y that (3.12) is valid.)
We claim that for p near y (cf. Fig. 11),

£
<2+§> u—9

in(—2£) <
sin{ —2¢&) Tt a0

. T{(p)<r<T{(p) (3.18)

Figure 11
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Now assuming (3.18), we shail show that
Z(R)<ely—oy(p))*~%  THp)<SRLTY(p). (3.19)
Thus, (3.14) and (3.18) give

M_(l+u+25)(2+£/2)\/u——5
- l+u—2a

E

k
Z/<M2+_27
r
so that for T{(p) <R< TV (p),

M(R - T3) mr [© -M k
zZ(R)<Ke Yz2(T))+e f e ’ﬁdr
T

R

kleMR e—Mr

< eME-Tidz(T,)+

T —-M|qg,
k,
<eME-Ty(T) 4 (eMR=T1 _ 1)
MT?
ki
SeM(R7T2)Z(T2)+ eM(R—Tz)
MT?
<eM(}LT;)& LeM(R—Tz)
T? MT? ’

where w: have used (3.11) and we denoted T4 by T,. Thus
2

k N ¢ N
Z(R)<_2 eM(Tl —T2)<_2 eM(Tl — 1)
2 1

| =

< (V—%)“ eM(tz*(l/\/uﬁé)ln(V—mJ’

—

¢
where w: have used Lemma 3.13 and (3.13). It follows that
Z(R) scs(y_a1)47(2+5/2)(1+¢u+2¢5)/(1+y76)
Sc(y_al)ZAt:y

in view >f (3.17); this is (3.19). It remains to prove (3.18).
We hiive

n—1 , A .
#1= —"msin 26, = (£ )+ cos? g, ~sin? g,

r

= —cos’ ¢, l:tan2 é, +n—1 tan ¢, +(f’(u)+%>]’



INFINITESIMAL SYMMETRY-BREAKING 391

so that if T#(p)<r<Ty(p), cos’d; #0 so ¢, =0 when the above term
in square brackets vanishes. That is, ¢7=0 on T§(p)<r<T¥(p) if
é,=¢,(r), where

~Tan §, ="+ - D27 — (@) + /)
>/~ w)=/un—0o.

Now if —Tang¢, <./u—90, then ¢, >4, so ¢, >0 and hence ¢,(r) could
never reach —m/2. It follows that —Tan ¢, > ./u— 6, on the interval.
Since we have assumed u > 1,

_sin2¢, = —2Tan ¢, <2\/u—5
""14+Tan’¢, 1+pu—5

because ¢(x)=x(1 +x?) ! is decreasing if x> 1. Let

R(p)=sup {re [T5(p), T{(p)]: —sin 25<£¥%@}’

and note that the above set is non-void, since if r = T'5(p) then z is small,
so ¢ is close to ¢, for p near . Now sin(—2¢) <sin(—2¢4,)+2(¢6 —¢,) <
sin(—2¢,)+2z. If R(p)<T,(p), then on some subinterval of
[T5(p). T{(p))

_2£)>(2+e)~/u—5

sin( T+ a—0

SO

<2+§)\/”—_3_2\/;—_5_ &2

22> = .
Z 1+u—46 14u—96 1+pu—90

But this is impossible as z — 0 if p is near y on any such subinterval, in view
of (3.19) with R=R(p). Thus R(p)=Ty(p), and this proves that (3.18)
holds so that (3.19) also holds.

We now consider z(r, p) for r> T Y(p); see Fig. 11. So, let r> T¥(p); we
claim that

In(TY(p)+22(TV(p)) < —m/2. (3:20)
Thus

O (TT +22(TY))— dw(TY) = 2245 (1),
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for some ntermediate point 1, T¥(p) <1< TY(p)+22(TY(p)). Since

sin 2¢
2r

#y(r, p)= — (+52) cos? by —sin 4,

and z(T9(p)) is small if p is near 7, ¢,(t) is near ¢,(t), which in turn is
approximately equal to ¢(TY(p))= —n/2. Thus, ¢y(t, p)< —3if p is

near y. It follows that

¢N(T7+2z(T7)>—(z(Tf>—§)
G (TY 42T Y)) — $p( Ty < — T

and this proves (3.20). Hence ¢y(1(p), p)= —n/2 for some t(p),
TYp)<{p)<TY(p)+2zTY(p)). It follows that 1(p) is uniformly
bounded in p. Moreover,

2((p), p)<cly —ay(p)) 7, (3.21)

since 7(p) — T¥(p) is uniformly bounded (this is the same argument that
led from (3.7) to (3.10)).
We claim that

AT5(p) p) <k(y—o(p))* (3.22)
First we show that T4(p) > 1(p); this is easy since

ndu o —A
THp-TYp) =] —>=

4 —U M ’
where M is an upper bound for ~v. Thus T§(p) is uniformly bounded
away fron T7(p); on the other hand, for p near y, 1(p) » T(p). It follows
that T5(p)>t(p) if p is near to y.
We ncw show (3.22). We have (cf.(3.9))

e M)

COSZ¢N—COS2¢1) AN“/{[ 2
X z+ Cos .
(== s o

If we deiine b by

- S (A ()
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we have
2’ < b(r)z + k/r*.

Let B'(r)= b(r); then multiplying the z’ equation by e¢?") and integrating
from r=T7(p) to r="T35(p) gives
. y T4 oBU)— B(TY)
2(T{(p), p)seB‘T”—B<Ts)z(T{“)+kj L —dr. (323)
Ty r
We shall first show that

exp[B(TY(p))— B(T§(p)1<cly —ay(p))* " (3.24)
To this end, note that we may write

b(r):—nr

cos 2& — <f’ +%—— 1) [sin 2¢, — (cos 21)z],

for some intermediate points &, 5. Also, if TY<r< T4,

—1
v(r)= —"—o—f(w)
-1
s—"ﬂ b—(n—8)(y—u)
<—”T‘1N b—(u—0)(y —2,)

== Do—(u—8)y—a) T}

Ty '
But from Lemma3.13, (y—a,)TV>(y—a,)T4>c,/(y—2,), so that
v’ <0 on this interval, if p is near y. Hence Tan ¢, > 0 on this interval so
that if TY<r<T¥,
) 2 Tan ¢,
=——>0.
sin 2¢ 1 + Tan? ¢,

Also,

T4 -1
[ -2 cos(2) ar
Ty r

A
T4 —

n T4
oo dr=0-=nn (T11v>

TY+D
Ty
=(1—n)In(1+D/TY)

>(1—n)D/TY.

=(1—n)ln< ) (D=T4—T%
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But if Q(2)=0v(T5(p), p), then Q(p) <0 and

gj;’dv/(":‘v—(u—é)w—u))

<[Q° dv/(% (u—5)(v—u)>,

if p is neir y (since v is bounded; cf. Lemma 2.1). Hence

0 1 29| 1
pefa/(zu-ow-a)-gEoy 0

It follow: from Lemma 3.13 that

2|0
(=) TT(y—ay)

JAQI(d—n) 1
T (n-9) Tih-w)

22(1—n)|Q| ¢y

jTa —E—}lcos(%) dr=(1—n)

i

— o ;
thus frora Lemma 2.1 again,
ry —1 4(n—-1
j Pl sy ar 30D Mol (3.26)
T4 r (u—9)

Next,

N

7! i,
f —|f'+=—1]cos(2n)zdr
T4 r

(™ _h 1 2n)z d
‘J.T{V —f —;5+ cos(2n)z dr
e A
sjﬂ(—f —;3+1>zdr,
T T4
:j‘ ~+j~ 3’
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where 7 is defined as above by ¢y (t(p), p)= —n/2. Now on 1<r< T4, if
p is close to y,

-1 A Ay
z' = —nr cos(2€)+(f’+;3‘+l>s1n(2.d)+ —h cos® g,
where —n<¢, <&, 4<dy< —n/2 (since
! —1
2 _ﬁ___f_(:‘l<0

tan ¢1 =—=
v ¥

if r is large), we see that sin 24 >0, and hence z' <0 on this r interval
Hence

JTS (_f'_%-1>zdr<kz(r)(T§’—T)

<ely~a,)* "D
gk('y-a])]‘5‘
where we have used (3.21) and (3.25). Moreover,
T y ,{
fﬂ(—f —r~21+1)zdr<k(r—T’l").

But as we have seen above, 7' <t<TY+22(T}), s0o 1~ TY¥<22(TV) <
e(y —o,)* "¢ from (3.19). Thus,

T
f 1(f'+—2‘~1)cos(2r,)zdr
T r
<k1(7_“1)1;5"‘/(2(7‘“1)2%{ (3.27)
Next, as sin2¢, >0 on 7§ <r<T7, if p is near y,
Y Ay :
f (—f’~—2+1>sm2¢ldr
7{ r
r§ A X
=I f’+—7+l>sm2¢1 dr
v r

<< b as frg in 2
(T;)Z #_ - Sin ¢1

1
T; —‘ZUUI )“l

—v' du
=2p
Jl v +U’2
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du

3’ ((n= v+ 1 ()
P L P (=D + 7+ Q= 1) of

<2p£:£%%;%§gggﬁ (o is near 0 for p near 7)

Steil+o) z(F(al){(;)(j)u) Wy

<doll+o) j}: (=9~ u)z(,ij:véi(il—);?l)f’:u— 8) (y—u)?
=wilto) E’Zfi?if i +u—6§3y_—uz:>§u— G-
=_4M1+g%zigzﬂl+L_6ﬂnuy+1—5Xv—uf—(w—mVM;
PSP BS Cad S Y Y TS Y S Y

(n—08) (1+p—0)2
u+o 1 1
u—38(1+p—10)2
u+9o 1
=k'+4p(l+0)—=———In(y-
+4p( +0)u_5(1+#_5)1n(y %)

p+o A /(TP +1+pu—9
—k +4(1+
A+ ™ =9

=k-+4p(1 +0) In (u—0)(y—a,)?

In(y —a,).

Now since 4(u +8)/(p—8)>2—e¢ (by (3.16)), we see that for p near y (so
that ¢ is near 0),

p+6,11/(Tg‘)2+1+u—5>

41— _
(1=0)" =5 1 +p-0 2-5,

and thus

J <— ’—7+1> sin2¢, dr<k+(2—¢)In(y —a,).

4§
If we now combine this with (3.26) and (3.27), we find, for p near 7,
B(TY(p)) - B(T3(p))<k+In(y—a,)*, (3.28)
so that (3.24) holds. Thus from (3.19) and (3.23)
i exp[B(r) — B(T4)] dr
5 .

Ty r

ATH <y —a)* +k | (3.29)
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But from arguments similar to those which led to (3.28), we have, for
T (p)<r<Ti(p),

exp[B(r) - B(T)] <k(y—a,)*~*

if p is near y. Thus

[ elB) - BTN,

V¥ r?

T3 dr

2—¢ hatll
<ktr—a)™ | 15
_ATA=TY)
=M™

<k(y—a)' " ===,
R S
where we have used (3.25). But from Lemma 3.13, T (p)(y — a,(p))* = ¢,

and from Lemma3.12, T7(p)— T5(p) is uniformly bounded. Thus
TH(p)(y —ax(p))* =k, so that

[n‘ exp[ B(r)— B(T%)]

1
" <k(Y““1)l—£(?—°‘z)2
T3 r

TY
But again from Lemma3.13, TY(p)y—o,)’ = T{(p)y—~«,)* =cy; thus
(y—a;)?>=¢,/T¥(p), and this gives

{exp[B(r)— B(T{
[ PO ] <ky - (- )

If we show that

c><?——“2@>2— 1, (3.30)
y~—a(p)

this will imply

¥ exp[ B(r)— B(T%)
jr” P ) 2 ]d"gk()’—’“l)s‘s,
1

which, together with (3.29), will prove (3.24).
To show (3.30), we have

Flon)— Flan)= | fuydu>(u=3) [ ()

az az

R D]
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and, on the other hand, from energy considerations,

Ty _ e
Fo)= Fla) == 1) [ S ar <" [
1

1 Ty
n—1 B1 23

= vdu+1| v du],
Tfl ,:Ll 'fﬁl

where f, = §,(p) is such that v(B,(p), p)=0, T{(p)<Bi(p)<T5(p); cf.
Fig. 10. Thus, with b defined in (1.3),

n—1[ = %
Flo) = Flon) =" Dﬂl —v du+Ll v du]

(=1,
<y KO- b)

It follows that

so that fiom Lemma 3.13,

_ 2
¢ ¢ ><y az) —120,

—> =
¢y T;(Y—“l)z Y=oy

and this zives (3.30).
We swnmarize what has been proved so far. Referring to Fig. 11, there
are four :iteps:

(i) Fromu=ptou=4 (0<r<T{(p)),

const

2(TH(p), p)<

(i) Fromu=4A4tou=A4 (THp)<r<TH(p)),
z(r, p)<const z(T#(p), p)  (by (3.11)).
(iii) In W, (T3(p)<r<T{(p))

#(r, p)<const[z(T5(p), p)+ 1/T(p)* 1 exp M(r— T#(p))
< const(y —a,(p))?~—° (by (3.19) ff.).



INFINITESIMAL SYMMETRY-BREAKING 399

(iv) In W_ (TY(p)<r<T5(p))

2(r, p)<const (T {(p), p)y—o1(p))*~*
<(y—a(p)*™®  (by(322)-(3.30)).
Now we may repeat this procedure, namely (using (3.30)),

(iy Fromu=Atou=A4 (T{p)<r<T{p)),
z(r, p) <const z(T3(p), p) < const(y —a,(p))* ~%
(i) In W, (T{(p)<r<T3(p))

z(r, p) < const[z(T§(p), p)+ 1/T{(p)*1exp M(r—T7(p))

<const(y —a,(p))* ™%,

(i) In W_(Ty(p)<r<T3(p)),

z(r, p) <const z(T3(p), p)(y —2:(p))*~*

<const(y —ay(p))* =™

Repeating this procedure & times gives

z(T(p), p) < const(y —a,(p))*~**

< const(y —a,(p)).

We have thus proved the following proposition,

ProposiTiON 3.15. Fix NeZ,, N2 1, and let 6 >0 be given. Then there
is a point ps, 0< ps <7, such that if p; < p<7y,

0<gn(T(p), p)—8(T(p), p)<6. (331)

We may use this last result to show that if p is near y, ¢, (T(p), p)
satisfies inequalities similar to those satisfied by ¢,(7(p), p); cf. Proposi-
tions 3.4 and 3.5.

PrROPOSITION 3.16. Given any N> 1, there is a point oy, 0 <oy <y, for
which
B,—(k+ D)< dp(T(p), p)<b,—kn, if ay<p<y. (332)

Proof. From Propositions 3.4 and 3.5, there is a point 8, 0<fy <7,
such that if f, < p<y,

0, — (k + 1)7 < ¢,(T(p), p){é —kn, if 6,>00r fy=—n/2

< —(k+Hm i 6,<0.
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Thus theie is an £¢> 0 for which
Yo~ (k+ 1)< @ (T(p), p)<bo—kn—e, By<p<y.

Now choose d=¢ in Proposition 3.15, and let o,=max(8y, ps). If
oy < p< s, then from Lemma 3.11 and Proposition 3.15,

00— (k+ 1)1 <¢y(T(p), p)<dn(T(p), p)
<$:(T(p), p)+ 6 <Bo—kn,

as desired. |

Now just as the proof of Proposition 3.2 follows from the inequalities in
Proposition 3.4, the proof of Theorem 3.1 follows from the inequalities
(3.32). Thus the proof of Theorem 3.1 is complete, in the case that
f'(y) < - 1. If this condition is not fulfilled, we replace f by 1%, where A>0
and A%f'(y) < —1. Since there is a 1-1 correspondence between the positive
eigenvalies of the two problems

Aw(x)+ f(u)w=pw,  |x| <R,

(A)
aw(x) — f dw(x)/dn=0, x| =R
(where u satisfies (1.1), (1.2) on |x| < R), and
Az(y)+ 2f'@)z(y)=vz,  |x| <R/,
z(y f'(@)z(y z x (B)

aw(y)— 4B dw(y)/dn =0, |yl = R/4

(where i satisfies 4ii(y) + A3 (@#(y))=0, on |y| < R/4, aii( y) ~ A dii( y)/dn
=0, on |y|=R(4)), we see that Theorem 3.1 holds even if f'(y)= —1.
Thus Tteorem 3.1 is completely proved.

4. INVINITESIMAL SYMMETRY-BREAKING —THE UNIVERSALITY THEOREM

In thi; section we shall prove two theorems on infinitesimal symmetry
breaking for radial solutions of (2.3), (2.4) which lie in the kth nodal class
of f (i.e. which satisfy (2.7)). These theorems differ depending on whether
/ satisfies hypotheses (1.3) or the stronger hypotheses (1.4). Before giving
the statements, we need some notation.

Let f satisfy (1.3) and set (cf. Lemma 2.1)

M=sup{|f'(u)|: b<u<y}.

Next, le: u; denote the principal eigenvalue of the radial Laplacian 4, on
the unit ball in R” (i.e., 4, =d?/dr* + (n—1) r~'d/dr), with the boundary
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conditions #'(0)=0=au(1)— pu'(1)). Let Cp,, and C}, be the constants
associated with Bessel’s equation, defined by (2.10), and recall that 4,
denotes the Nth eigenvalue of the Laplacian on $"~!; cf. (2.13).

THEOREM 4.1.  Assume [ satisfies (1.4), and consider radial solutions of
(2.3), (2.4) in the kth nodal class of f. Let N, be the integer defined by

min{NeZ+:—lN>(c,'fk)2+ﬂ1},
if —n/2<6,<0,
N = 4,
T Ymin{NeZ : —Ay> (N )+ } @1

if —0<0,<n/2.

Then for every integer N> N, there are k distinct points pY, ..., pY in the
open interval (0, y), for which Eq.(2.18), (2.19) (with p=pY, m=1, ., k),
have non-trivial solutions.

Thus the symmetry must break infinitessimally on & distinct radial solu-
tions for all sufficiently large modes, i.e., for all N = N,. Furthermore, the
integer N, is “universal” in the sense that it is independent of the particular
function f.

If now f satisfies the weaker conditions (1.3), we also have the following
theorem. (Recall the definition of p: radial solutions of (2.3), (2.4) in the
kth nodal class exist if 5 < p <7y; cf. Proposition 2.2.)

THEOREM 4.2. Assume f satisfies (1.3), and consider radial solutions of
(2.3), (2.4) in the kth nodal class of f. Let N, be the integer defined by

N, =min{N,(p): p<p<y},

where (4.2)
Nup)=min{NeZ, : —iy>MT(p)*+u,}.

Then given any integer N> N,, there are k distinct points q7, ... qy in the
open interval (p,y) for which Egs. (2.18), (2.19) (with p=qY, m=1, .., k)
have non-trivial solutions.

Thus here again the symmetry breaks infinitesimally on & distinct radial
solutions, for all N> N,. But, however, in this case the integer N, depends
on /. Note too that for positive solutions of the Dirichlet problem (8 =0),
it was shown in [4] that if f(0)=>0, the symmetry cannot break
infinitesimally. This result is consistent with our theorems since for such
solutions k =0.

We shall give the complete proof of Theorem 4.1; the reader should have
no difficulty in supplying the details for proving Theorem 4.2. Having
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established Theorem 3.1, the proof of Theorem 4.1 is completed by the
following result.

PrROPOSITION 4.3.  Let f satisfy (1.4), and let N, be defined by (4.1). Then
for p near 0 and N= N,, L%, has negative spectrum.

Proof. We shall give the details for the case —n/2 <6, <0; the proof
for the other case is similar. Now N, is the smallest positive integer for
which

—Ayg> (R )+ u,.
We define an inner product on ¥, (cf. (2.20)) by

7(p)
@y=] " drwry e d

The spec:rum of each operator L7, consists of real eigenvalues; let A be one
such, where N> N,. Then writing T= T(p) and q(r)= f"(u(r, p)) + Ay/r%,
we have, for some ¢e ¥,

n—1

T
0 ¥

017 4= sy = [ { e s Bt [rage b a4

Now let r =sT, Y¥(s)=¢(sT); then as
jr¢[¢"+”—‘—1¢'] " dr
0 r
=72 [ Y@L+ (= )7 T
0
and
1817 =T" [y s ds,
0
it follows that

J;.¢|:¢f/+n_1¢/]rn~ldr J‘lw[lp//_'_n_lwr]sn‘lds
~0- r =T_2 0 r
1>

1
f Y(s)?s" ds
0
<T uy, (4.5)
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where u, is as defined above. Next,

[ (rw+2)era
=72 UOI T2 (u) 3" L ds + Ay L‘ VDR ds]

=72 UO] T (u) Y3s" 2 ds+ Ay LI it ds]- (46)

Choose &¢>0 so small that f'(0)>e and —Ay,>u,+(f(0)+¢)
(f'(0)—¢&) " (cD)> For this ¢ take p; so close to 0 that f'(0)—¢<
f(u(r, p))<f'(0)+e O<p<p,, 0<r<T(p) On this range, f(u)/u=
f'(&)>f(0)—e, u=u(r, p). Setting g(u)=(f"(0)—&)u gives f(u)fuz
g(w)/w, 0<w, u< p. It follows from [7, Lemma 4.4], that T(p)<o,,,
where a,,, = p3(f'(0)—¢) and where we have used Proposition 2.4, with
A= f'(0)—e. Using Lemma 2.5, we find 0, , =cg,/</f'(0)—¢, so that for
O< p<p,and u=u(-, p),

2f(0)+8

L‘ T ) s ds< (R, 7 Iq//( 2501 s,

Combining this with (4.4)-(4.6) gives
f0)+e
f(0)-

(0
et i)

AsT*Z[m cwuN]

<T7? [#1 +

as desired. |

If —m/2<64,<0 (which includes both Dirichlet and Neumann boundary
conditions), we can give an easier proof of a yet stronger result. To this
end, let

Ny=min{NeZ,: —iy>(cp,)} (47)
PROPOSITION 4.4.  Suppose —n/2 <0,<0, and let N, be defined by (4.7).
Then for p near 0 and N = N,, L%, has only negative spectrum.

Proof. For p near 0, T,(p) is near pk 0: thus thereisa >0and p,>0
such that —Ay, > Tp(p)* (f'(0)+6), 0< p< p,. We may assume that for
O<p<p, and 0<r<Ty(p), O<f(u(r, p))<f(0)+4. Then if N2 N,,
0< p<p,, and L5, 4= 19, {4l =1, we have, upon integrating by parts,

580/8972-12
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A=i|g|* =Ly, ¢>
T(p)
=] Oy g

T(p) T(
0 0

= oy TN S TN~ [ e [ gt

T
< p) 2n\1d 0
< qo°r r <0,
0

since ¢(1(p)) ¢'(T(p))<0. 1

Proof of Theorem 4.1. let NeZ,, N= N, From Proposition 3.16,
there is a point p near y for which ¢,(T(p), p) < 0,—kn, and Proposi-
tion4.3 implies the existence of a point ¢ near 0 for which
0>¢n(1(q), q)>0,—m; (py is defined in (3.3)y, u=0; ie., ¢5(r, p)=
tan~(a},(r, p)/an(r, p))). Since dom(T) is connected (Proposition 2.3), the
intermeciate value theorem shows that there are points p; (j=1, .., k),
0<p,<p;. <y for which ¢,(T(p,), p;)=0,— jn. That is, 0 is in the
spectruni of each operator L%, j=1, .., k. This completes the proof. {

In orler to prove Theorem 4.2, we need the following analogue of
Proposiiion 4.3,

PROPOSITION 4.5. Let f satisfy (1.3), and let N, be defined by (4.2). Let
ge(p,y) satisfy Ni(q)=N,. Then if N> N,, L% has negative spectrum.

Proof IfN2N,,u=u(-,q), T=T(q), and L%¢= ¢, then
T ! AR’N 2.n—1
j F(u)+23) g2 ar
0 r

r )“N 2.n—1
sfo <M+7>¢ 1 dr
ST Y MT?*+4y) |62

Hence f in the proof of Proposition 4.3 we replace (4.6) by this inequality
we find

AST [u,+ MT+ 4]
ST [+ MT?+ 4y,

<0,

and the result follows. J
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As above, if —n/2<0,<0, we may replace N, by N,, where
Ny=min{N,(p): p<p<y},
where
Niy(p)=min{NeZ : —iy>MT(p)*}.

Finally, the proof of Theorem 4.2 follows easily from Propositions 3.15 and
4.5.

APPENDIX: ProoF oF LEMMA 3.12

Let B satisfy

b<B< A<y,

where we recall that » and y are defined in hypotheses (1.3), and 4 is
defined in (3.6). Now choose p such that 4 < p <+y; then if p is near v, the
orbit (u(-, p), v(-, p)) meets the lines u=A and w= B (this is similar to
Proposition 2.2), so that there is a function T2(p) satisfying

u(T*(p), p)=B. (A)

We assume that v does not change sign along the orbit segment between
A4 and B; ie., T? is minimal with respect to (A,). As before, let H(r, p) =
H(u(r, p), v(r, p)) be defined by

2
HG, p) =524 Futr, p)),

where F'=f and F(0)=0. Then as we have seen earlier,
H'= — (n—1)v*/r along orbits of (2.5), so H decreases along such orbits.
Let b<u,<u,<y, and for p near 9y, let T'(p) be defined by
w(T'(p), p)=u;, and set H,(p)=Hw(T'(p), p), «(T'(p), p)), i=1, 2.

LeMMA A,. Given any £>0, we can choose p so close to y (p <y), such
that along the orbit segment between u, and u,, if v is of constant sign,
0<H,(p)—H(p)<e

Proof. Suppose that v <0 along the orbit segment from u, to u, (the
proof for v =0, whereby the orbit goes from u, to u, is similar). We have
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T p) ,
0<Hyp)—Hip)=| ~ H'(r,p)dr

T'(p)

T2 )2
=—(n—1)Ll ~dr

=(n_I)JT2(_U)(—U)dr
T! r

1 7!
<%1T(p—))max(—v(rp))jﬁ —vdr,

where th: max is taken over 0<r<T(p) (and is thus bounded inde-
pendently of p by virtue of Lemma 2.1). It follows that

0<H2(p)-H,(p)<(L——MJM-du

T*(p) "
_ (n—1) max(—v)
= T2(p) (uy —uy).

On the other hand, it is easy to show (cf. Proposition 2.2} that T?(p) — o
as p — 7, whence the lemma follows.

LeMMs A,. There is a closed level curve H(u, v) = such that if p is near
y (p<7y), the orbit segment (u(r, p), v(r, p)), 0<r < T(p), stays outside of
this level curve.

Proof. This is a consequence of Proposition 2.2.
Now choose B <0 such that

min{u: H(u, v) =0} < B<0. (A,)

Notice that for p close to y (p <7v), all orbit segments (u(r, p), v(r, p)) meet
the lines u= A4 and u= B in k points (cf. Proposition 2.2).

LEMM. A;. There is a constant >0 and a point g<v such that if
g<p<: and v is of one sign along the orbit segment from A to B, then
o(r, p)?:2© along this orbit segment.

Proof. Again we will only consider the case where v(r, p) <0 along the
orbit sepment in question. Choose ¢ > A4 so close to y that the conclusions
of the p-evious two lemmas hold if g < p <y, and F(q) > F(u) if B<u< 4.
Let p> 7 and define T9(p) by u(T%(p), p) =q. Set

20=F(q)— sup Flu)>0,

Bgsu<A
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and note that ¢ is independent of p. Then for p>gq, p near y, Lemma A,
implies that

o> H(u(T*(p), p), o(T*(p), p))— Hu(T*(p), p), (T*(p), p))
= H(u(T(p), p), (T*(p), p))— H(u(r, p), v(r, p)),
if T4(p)<r< T5(p). Thus

(r, p)

2
7> Flg)~ Flulr, p)) ~ 22526 2P

>2
7T

so that v*(r, p) = 20, if T*(p) <r< T*(p), and the proof is complete. ||

We can now complete the proof of Lemma 3.12. Let § be a small positive
number as described in Lemma A,, and take p so close to y as to make
valid the conclusions of the previous lemmas. The orbit (u(r, p), v(r, p)),
r >0, meets the lines u= A in two points P!, P4, where P’, = (4, v(r;, p)),
ri<ry, ry=T{(p), ra=T45(p); it meets the line u= B in two points P},
P}, where Piy=(B, v(s;, p)), 5, <s,, 5;=T5(p), s,=T¥(p), and it meets
the line v=0 at Q=(u(t, p),0), r=t(p), where T{(p)<T2(p)<
H(p)< T3(p) < T{(p); see Fig. 12.

Now we may write

T3(p)~T{(p)=(T3(p)=T3(P))+(T3(p)—t(p))
+(Hp) =T PN+ (T{(p)—TH(p)).

We shall show that each of the four terms on the right side of this last
equation is bounded independently of p, and this will complete the proof.
Thus

Bdu 4 du
B _ 4 | ¥_ us
Ti(p)—T7(p) L . L —
v
(T,)

| f

/e

(a3 ) A —

(?)\ // Y
\TL//JP}

(1)

u=B u=A u=q

FIGURE 12
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But from Lemma A,, —v>=0>0, so
T{(p)—T{(p)<(4-B)/5. (i)

Also,

b

0d 0 d
(p)-THp)=| Z=| ——
T e fw)

¥

for some = d(p). Also, there is a constant k>0 for which f(u) < —k, if
b<u<B. Thus,

tp ——Tf(P)Sfdv/<—n:1 v+a>

v

<I /-y +)

_ ot l~(n—1)ﬁ>
1o e —n—1)p n—1°8 o1

< t <—(n—1)v)=_£’
n—1 ot )

as log(1 -+ x) < x if x>0. Thus using Lemma 2.1,

Hp)—T1(p)<2Mo/o. (i)

Next,
# d " d
Ti(p)—t(p)= j.o U-l,)= fo —‘n—_—l—v-———
v—f(u)

for some w=w(p). Since f(u)< —n, >0, on b <u< B, we have
(n—1)w

t
T3(p)—t(p) <‘£L)n1°g (1 "W)

< W/o <2M,/o. (iif)
Finally,
A 4, ~
Tip)~THp)=] “<(4-B),

in view of Lemma A,. This inequality, together with inequalities (i)-(iii)
above completes the proof of Lemma 3.12.
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