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In this paper we introduce a method of sequencing the elements of a finite group
that gives rise to a complete mapping of the group. Our definition was motivated
by the concept of a harmonious graph invented by Graham and Sloane. Our
concept has several connections to graph theory and as an application we complete
the characterization of elegant cycles begun by Chang, Hsu, and Rogers. Our
definitions are also variations of the notion of an R-sequenceable group first
introduced by Ringel in his solution of the map coloring problem for all compact
2-dimensional manifolds except the sphere and expanded upon by Friedlander,
Gordon, and Miller.  © 1991 Academic Press, Inc.

1. INTRODUCTION

A permutation ¢ of a group is a complete mapping if x(x¢)= y(y¢)
implies x = y. This concept was introduced by H. B. Mann [8] in 1942 in
connection with the construction of orthogonal Latin squares. Applications
to finite nets and to neofields were given by Bruck [1] and Paige [9], and
the concept naturally arises in schemes for encoding numbers to detect
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errors (see [6]). M. Hall and Paige [7] showed that a necessary condition
for a finite group of even order to have a complete mapping is that its
Sylow 2-subgroup be non-cyclic and that this condition is sufficient for
solvable groups. (For groups of odd order the identity mapping is a com-
plete mapping.)

In this paper we introduce a method of sequencing the elements of a
finite group that gives rise to complete mapping of the group. Qur defini-
tion was motivated by the concept of a harmonious graph invented by
Graham and Sloane [5]. Our concept has several connections to graph
theory and as an application we complete the characterization of elegant
cycles begun by Chang, Hsu, and Rogers [2]. Our definitions are also
variations of the notion of an R-sequenceable group first introduced by
Ringel in his solution of the map coloring problem for all compact
2-dimensional manifolds except the sphere [10] and expanded upon by
Friedlander, Gordon, and Miller [3].

2. DEFINITIONS AND NOTATION

Let G be a finite group. We say G is harmonious if the elements of G can
be listed g, g;,..8, 50 that G={g,8:, 885 -+ &n_18n 881}
Analogously, letting G* denote the set of non-identity elements of G, we
say G* is harmonious if there is a listing g, g5, .., g, of the elements of
G# SUCh that G# = {gl 82> 82835 s 8n—18n> gngl}' In eaCh casc we call
the list g,, g,, .., &, a harmonious sequence. We observe that G is har-
monious if and only if G has a complete mapping which is also a |G|-cycle.
For example, if g,, g5, ., &, is @ harmonious sequence for G then g, - g,,
g2 = 83, 83— 84, - &n— & 1 a complete mapping of G. Conversely, if ¢
is a complete mapping of G which is also a |G|-cycle then e, eg, ed’, ...,
e¢'%'~! is a harmonious sequence for G (where e is the identity). We call
such mappings harmonious.

For the purpose of comparison we give the following definitions. A con-
nected graph with p vertices and ¢ > p edges is harmonious if it is possible
to label the vertices x with distinct elements f(x) of Z, (the group of
integers modulo ¢) in such a way that, when each edge xy is labeled with
(f(x) + f(y)) modulo g, the resulting edge labels are distinct. A group G is
R-sequenceable if there is a listing g,, g5, .., &, of the elements of G* such
that G* = {g, ' €3, 85 ' €3, &7 1 &n> &1 ' &1}

Harmonious groups can be given a graph-theoretic interpretation as
follows. Let G be a finite group of order » and let X, be the complete sym-
metric digraph with » vertices. Label the vertices with the elements of G
and label the edge joining g, to g; with g,g;. Then the existence of a
harmonious labeling for G is equivalent to the existence of a hamiltonian
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circuit in K, such that each element of G occurs exactly once as an edge
in the circuit. An analogous interpretation exists for G*.

We use / to denote the identity permutation; g* = x ~'gx; Syl,(G) is the
set of all Sylow 2-subgroups of G; D,=<a,bla"=b*=e, a>=a"') (the
dihedral group of order 2n); Q,=<a, b|a*"=b*=¢, b>=a", a®*=a ')
(the quaternion group of order 4n); G’ is the commutator subgroup of G;
Aut(G) is the automorphism group of G; Inn(G) is the inner automorphism
group of G; Out(G)= Aut(G)/Inn(G). All other notation is standard.

3. NON-HARMONIOUS GROUPS

In this section we give several classes of groups that are not harmonious.
We begin with a necessary condition for groups to possess complete
mappings.

THEOREM 3.1 (Paige [9]). Let G be a group and g, g,, .., g, be a
harmonious sequence for G or G*. Then the product g, g,---g, must be in
the commutator subgroup of G.

COROLLARY 3.2. If G is a group of even order and has a cyclic Sylow
2-subgroup, then G and G* are not harmonious.

Proof. Since G has a cyclic Sylow 2-subgroup, G has a normal
2-complement N [4, p. 257]. Let g, ..., g, be the elements of G, and let xN,
x2N, x’N,.., x”N be the elements of G/N. Then g,g,---g,N=
(XN x3N x*N---xT'N)V = (x*"""N)M = x2"""N, since |N| is odd. Thus
g8, -8.,¢ N. However, G/N is Abelian, so G'< N. Hence g, g,---2,¢G'.
By Theorem 3.1, G and G* are not harmonious. ||

We remark that all groups of order 2k where k is odd satisfy the
hypothesis of Corollary 3.2.

THEOREM 3.3. Elementary Abelian 2-groups are not harmonious.

Proof. 1If a product gh=e, theng=h""'=h. |

4. DirRecT PRODUCTS

THEOREM 4.1. If G and H are harmonious and H has odd order, then
G x H is harmonious.

Proof. Letg,, g, .., g, and h,, h,, .., h, be harmonious sequences for
G and H, respectively. Observe that since H has odd order, the mapping
h — h? is an injection of H. It follows that a harmonious sequence for G x H

is (gb hl)’ (g29 hl), ey (gma hl)a (gl’ hZ), (g2’ hZ)’ eey (gm’ h2)5 tets (gl, hn)’
(g29 hn)a sery (gm9 hn) l
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THEOREM 4.2, Z., is harmonious if and only if n is odd. Z? is harmonious
if and only if n is odd and greater than 3.

Proof. In both instances necessity follows from Corollary 3.2. Now
suppose n is odd and write n=2k + 1. A harmonious sequence for Z, is
0,12 .., 2k

For Z7, n odd and greater than 3, we consider two cases. A harmonious
sequence for Z%, , | is

2k+2,2k+4, .., 4k 2,4,6, .., 2k;
2k—1,2k—3,..,1,4k— 1,4k -3, .., 2k + 1.

A harmonious sequence for ZJ, _ , is
2k+2,2k+4,..,4k+2,2,4,6, .., 2k;
2k+1,2k—1, .., 1,4k +1,4k—1, ., 2k +3. |

In [2], Chang, Hsu, and Rogers defined a graph with ¢ edges to be
elegant if it is possible to label the vertices with distinct integers from 0 to
g in such a way that when each edge xy is assigned the integer (x+ y)
modulo (g + 1), the resulting edge labels are 1, .., g. Theorem 9 of their
paper gave a partial characterization of the cycles that are elegant. Our
Theorem 4.1 completes the characterization. In particular, our harmonious
labeling of Z7, , ; gives an elegant labeling of the cycle with 4k + 2 vertices
that Chang, Hsu, and Rogers did only when 4k + 3 is prime. Our harmonious
labeling of Z 7, | also gives a new elegant labeling of the cycle with 4k
vertices.

As immediate consequences of Theorems 4.1, 4.2, and the fundamental
theorem of finite Abelian groups, we have the following.

COROLLARY 4.3. All non-trivial Abelian groups of odd order are
harmonious.

COROLLARY 4.4. [f the Sylow 2-subgroup of a finite Abelian group is
harmonious then the group is harmonious.

LEMMA 4.5. Suppose K is a harmonious group of odd order, and there are
harmonious sequences for both H and H* that begin and end with the same
term. Then (Hx K)* is harmonious.

Proof. Lete=k,,.., k, be a harmonious sequence for X; A, .., h,, and
R, .. h,_, be harmonious sequences for H and H*, where h, =k, and
h F Then a harmonious sequence for (HxK)* is (h,,k,),
(Zz, ];;)’ al (zm«l’ kl); (hb kz): (h2’ k2)9 ey (hm’ kz)J ttes (hl’ k,,), eers
( m? II)

m m—1-
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5. HArRMONIOUS GROUP EXTENSIONS

In this section we develop a technique for constructing harmonious map-
pings of group extensions. We then use the results of Section 4 to show that
several classes of solvable groups are harmonious.

LEMMA 5.1. Let G be a group and H a normal subgroup such that
K=G/H is harmonious and K, K,, ..., K, is a harmonious sequence of K.
Suppose that there is a k in the coset KK, ---K, and complete mappings
b1, sy r , of H such that the map h — h*¢ ¢, --- ¢, is an |H\|-cycle of H.
Then G is harmonious.

Proof. For 1<i<n, pick k,eK; such that k k., ky---k,=k, let a;:
H — H be conjugation by k;, and let 6: H—» H be conjugation by k. Note
that if ¢ is a complete map of H and 6 is an automorphism_ of H then ¢°
(i.e., 07 '¢0) is a complete map of H. For 1<i<nlet §, = ¢% ol o We
will now construct a harmonious mapping of G. Define y: G — G as follows
(addition of subscripts is done modulo n):

(k;h)y = (h$i+1)ki+1Zki+1((h‘$i+1)0i+1) for 1<ign heH.

Since each ¢, is a permutation of H,  is a permutation of G. To see that
¥ is a complete mapping, suppose that k;-h-(k,-h)y=k;-h'(k;-h')¢.
Then

ki'h'h$i+l'ki+l=kj'h('h,$j+1'kj"'l

So, K,K;,,=K,K;,, and i=j (since K,, K,,.., K, is a harmonious
sequence). Then h="¥, since §,, , is a complete mapping. Therefore v is a
complete mapping. Let : H— H be defined by

kb =(k,-h)y".

Since K,y =K, , if { is an |H|-cycle then it follows that y is a |G|-cycle
and G is harmonious. But Y =¢,0, ,6,--- 3,6, =064, 4,95 --- ¢, which is
by supposition an |H|-cycle. ||

LEMMA 5.2. Let G be a group and H a normal subgroup of G such that
K=G/H is harmonious and K, K,, .., K, is a harmonious sequence of K.
If there is a k in K\ K,---K, that centralizes H and there are complete
mappings ¢, ¢,, ..., ¢, of H such that ¢,¢,--- @, is an |H|-cycle, then G is
harmonious.

Proof. The map h— h*¢,¢,--- ¢, is an |H|-cycle, so all of the condi-
tions of Lemma 5.1 are satisfied. ||
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LEMMA 5.3. Let G be a group and H a normal subgroup such that
K=G/H is harmonious and K,, K,, .., K, is a harmonious sequence of K.
Then there is a k in the coset K, K, --- K, that centralizes H in the following
circumstances:

(i) K is Abelian.
(i) Out(H) is Abelian.
(iii) |Out(HY| is relatively prime to |K’|.

(iv) Every element of K’ contains a k which centralizes H.

Proof. First note that each of conditions (i) and (ii) implies (iii), so we
assume (iii) holds. Let @ be the canonical homomorphism from G to
Aut(H). Since HO=Inn(H) we have the induced homomorphism 8:
K — Out(H). Since K'f < Out(H)', by (iii) of Lemma 5.3 we have that K'8
is trivial. Suppose & € K, € K. Then k0 is an inner automorphism of H, so
there is some hoe H such that A" =hF for all he H. Then the element
khi ! e K; centralizes H, so condition (iv) holds. Now suppose that condition
(iv) holds. By Theorem 3.1 K, K, ---K,eK’, so there is a ke K, K,--- K,
which centralizes H. |

LEMMA 54. Let G be a group and H a normal subgroup of G such that
K= G/H is harmonious, with harmonious sequence K,, K, ..., K,. If there is
a k in the coset KK, ---K, that centralizes H, then each of the following
implies G is harmonious:

(i) |H| is odd and H is harmonious.
(ii) |K| is odd and H is Abelian and harmonious.

(ili) H is harmonious and |H| and |K| are relatively prime.

Proof. First observe that by Lemma 5.2, we need only show that there
are complete mappings ¢, @,, .., #, of H such that ¢,¢,---¢, is an |H|-
cycle.

Suppose (i) holds. Then, since |H| is odd, the map h — A? is bijective,
and so the identity map / is a complete mapping of H. Let ¢, =¢,= --- =
¢,_1=1, and let ¢, be a harmonious mapping of H. Then the product
914> - ¢, =9, is an |H|-cycle.

Next, suppose that (ii) is satisfied. Let ¢ be a harmonious map of H.
Since H is Abelian, ¢! is also a harmonious map of H. Let ¢, =¢,=

$s= - =4,=¢; py=¢us= - =¢, =¢"". Then ¢,¢,---¢,=¢ is an
|H|-cycle.

Finally, suppose that (iii) is satisfied. Then let ¢ be a harmonious map
of H and let ¢,=¢,=--- =¢,=¢. Then ¢,¢,---¢,=¢" is an |H|-cycle

(since n and |H| are relatively prime). ||
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THEOREM 5.5. If G has odd order, then G is harmonious.

Proof. We use induction on |G|. If G is Abelian, we are done by
Corollary 4.3. Otherwise, assume that every group of odd order smaller
than |G| is harmonious. Let H = G'. By the Feit-Thompson Theorem, H is
a proper subgroup of G, so by the induction hypothesis both H and G/H
are harmonious. Since G/H is Abelian, condition (i) of Lemma 5.3 and (i)
of Lemma 5.4 are met and G is harmonious by Lemma 54. |

THEOREM 5.6. If H is a normal subgroup of G of odd order and G/H is
harmonious and Abelian, then G is harmonious.

Proof. By Theorem 5.5, H is harmonious, so condition (i) of
Lemma 5.3 and condition (i) of Lemma 54 are met, and therefore G is
harmonious. |}

THEOREM 5.7. If the dihedral group D, is harmonious, then for all odd m,
D,,, is harmonious. Likewise, if the generalized quaternion group Q, is
harmonious, then for all odd m, Q,,,, is harmonious.

Proof. Assume D, is harmonious and let G=(a,bla™=b*=e,
a®=a"'>=D,,. Let H be the subgroup generated by a”. Since Out(H) is
Abelian, condition (ii) of Lemma 5.3 is satisfied. Also |H| is odd, H is
normal in G, and K=G/H=D,. So the hypothesis and condition (i) of
Lemma 5.4 are satisfied and G is harmonious.

The same argument works if we substitute Q, and Q,, for D, and

nm- I

Our next result provides an infinite family of dihedral groups that are
harmonious.

D

THEOREM 5.8. D, is harmonious for n = 2.

Proof. Let m=2""? and consider the 4 x 2m matrix

ba*"~' bpa*"~% ba*""3 ... b’ ba®"! ba®m? . ba™™
c b ba ba®> - ba™"' ba™  ba™*' ... bg?m}
- a2m—2 a2m-4 aZm-G e a2m—l aZm——} a
a4m—2 a4m—4 a4m—6 aZm aam-l a4m—3 a2m+l

Let {n}27 ={m 1, m+2,3, m+4,5 .,2mm+1,2, m+3,4,., m-2,
8

2m—1}, let (M} = {C1 s Coms Cams Cams Clms> Cams s C3mams Camy }s

and let C’ be the 4 x 2m matrix with cj;= h.h, ,,, where c; =h,. Then we

have
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a a3 aZm—S a2m—l a2m+1 a2m+3 a4m—1

) ba2m—2 baZm—3 ba™ bamfl baSmfl ba3m—2 baZm

¢'= 2m—4 2m—8 2m+4 2m 2m—2 2m—6 2m+2
a a e a a a a e a

baSm ba3m+l ba4m72 baZm—l ba4mAl b bam—Z

and C’ contains every element of D,. exactly once. Since C’ was con-
structed to contain every product of the form A, 4, , , exactly once, {h,} is
a harmonious sequence. |

COROLLARY 5.9. [f 4 divides n, D, is harmonious.
Proof. The result follows from Theorems 5.8 and 5.7. |

Theorems 5.8 and 5.7 together show that the dihedral groups D,s,, are
harmonious when n>2 and m is odd. Since D4 is harmonious, the groups
D, are harmonious for m odd. On the other hand, by Corollary 3.2, D,
is not harmonious when » is odd. Also, no harmonious sequence exists for
0, (by computer search), but one does exist for Q,. For Q,, where n is
odd, no harmonious sequence exists by Corollary 3.2.

6. HARMONIOUS ABELIAN GROUPS

In this section we completely characterize the finite Abelian groups that
are harmonious.

LEMMA 6.1. The group Z,,x Z, is harmonious if and only if m is even
and greater than 2.

Proof. Theorem 3.3 shows that Z,xZ, is not harmonious. That
Z.,, x Z, is not harmonious when m is odd follows from Corollary 3.2. For
m even and greater than 2 we consider two cases.

Case 1. Z,,xZ,=<(a, bla* =b*=e, ab=ba).

A harmonious sequence is
e, a, @, ..,a% ba* ba*~2 ba* 4 ., ba ' ba',a
—2 -3 1 2 1 2n—1 2n—3 2n—5
ba=2 a3, .., a¥”t ba® !, ba* !, ba*" 7, ba® ", L., ba.
(The products of consecutive terms are (in order)
5 2 6

a, @ a, .., a ' b a% a % a .., & ba"!, ba"?
-3 2 —4 —8 4
ba=3, .., ba*, e, a % a® .. a, ba)
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Case 2. Z xZ,={a, bla*"*2=b’>=e¢, ab=ba).
4n +2 2
A harmonious sequence is

e, a, a, @, a*, &’ a5, .., a¥*', ba®, ba? "2 ba* 4 ..,
ba2, ba’, baS, ba’, " baz"“, azn+2’ ba2n+2’ (12"+3, ba2n+3,
a”** ., a”', ba”!, ba, b.

(For n> 1, the products of consecutive terms are (in order)

_ 1 _4 _
a a ad, a,a a’,a ., aba,a et a L,

a®, a°, a®, a'?, a'%, ..., a*, ba, ba’, ba’, ba®, .., ba", e,
ab) 1

13 —12
s

LEMMA 6.2. If G is Abelian, and G is an extension of Z,xZ, by a
harmonious group H, then G is harmonious.

Proof. Let Hy, .., H, be a harmonious labeling of the cosets of Z, x Z,
and choose an element A, from each H,. Then each ge G can be uniquely
expressed as kh; and as k'h.h;. ., where k and k' belong to the Z,x Z,
subgroup of G.

Let a and b generate the subgroup Z,x Z, of G.

Case 1. |H|=0 (mod 3).

A harmonious listing is

eh,, eh,, ..., eh,; bh,_,, abh,_,, ah,_;, .., bh, _ k1),
abh, _ 312y, @M, (3¢ 4 3y, - abhy, ah,; ah,, abh,, bhs, ...,
ahsyy 1, abhye sy, bRy s, .y by ah,_\, bR,

abh, _s, .., @by, _ 3541y, bR, x4 2y, abh, _ i 43y, -y bhy,
abh,,.

The products of adjacent terms are

ehhy, ehyhs, ..., eh, | h,; bh,_|h,; ah, ,h,_,,

bh, _sh,_,, abh,_4h,_s;, .., ahn—(3k+2)hn—(3k+1)’
bhn—(3k+3)hnf(3k+2), abhn—(3k+4)hn—(3k+3)’ vy @Ry By,
bh,hy; ehyhy; bhihy, ahyhy, abhshy, ..., bhy g by, 5,
ahs 2B 135 abhy  3hag g, oy ahy, b, abh, _(h,;
abhn—zhn—l’ ahn—39 hn—27 bhn—4a bn—31 ooy
abhn—(3k+2)hn7(3k+l)’ ahn—(3k+3)hn—(3k+2)s
bhn7(3k+4)hnf(3k+3?’ it abh,hz, ah,,h,,

abh,h;.
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Case 2. |H|=1 (mod 3).

A harmonious listing is

ehy, eh,, ..., eh,; bh,_,, ah,_,, abh,_;, .., bh,_ ..,
ah, _ ¢k 42), abh, (a3, .., abhy; ah,; ah,, bh,, abhs,
ahg, ..., bhy o, abhs, 5, ahy 4, ..., abh,_,; bh,, ah,_,,
abh, _», bh, _s, ..., ah, _ iy 1)s abh, 3k 12y, ORy_ (3k 4 3)s s
bh,; abh,,.

The products of adjacent terms are

Ehth’ eh2h3’ o0y ehn——lhn; bhn~lhn; abhn~2hn—11
bh,_3h,_s, ah,_sh,_3, ., abh, _ i 0yhy ry)s
bhn—(3k+3)hn—(3k+2)a akn—(3k+4)hn—(3k+3)’ ) bhlhz;
bh,hy; eh,hy; abh,hy, ahyhs, bhshy, ..., abhy, by, 2,
ahyc s 2Pt 35 by 3hsg a5 o @Ry _ohy 15 ahy_ hy,
abhn—lhn’ bhn—zhn—l! ahn—Shn—Z’ ey abhn—(3k+l)hn—3k’
bhy, _ i v 2y P — Gk 1y AR G e 3y Pn— 3k 2)5 o ahyhy;

ah,h,, abh,h,.

Case 3. |H|=2 (mod 3).

A harmonious listing for |[H| >S5 is

eh,, eh,, .., eh,; bh,_., ah,_,, abh, s, .., bh,_ (1)
ah,_k+2y abM, _(3x1 3y, ., ahsy; bhy, abhy, ah,, ah,
abh,; bh,, abh,, ahs, ..., bhy,, abhy ., |, ahsy . o, ..., abh, _;
bh,, ah,_,, abh,_,, bh, _s, ..., abhs; ah,, bh,, abh,.

The products of adjacent terms are

eh h,, ehyhs, ..., eh,_ h,; bh,_ih,; abh,_,h,_,,

bh, _sh, s, ah, _4h,_s, ..., abhn~(3k+2)kn7(3k+l)>

bh, _ 3k +3)Pn_ 3k +2)s ahy, _ i+ 4y Pn— 3k 4 3)5 s abhshyg;
abhyhy, ah h,, bh,h,, eh,h,, bh h,, ah,hy; ahshy, bhyhs,
abhshg, ..., ahsihsy oy, bhsg By, o, abhy S By s, e
ahn——Zhn»l; ahn~1hn; abhn—lhn’ bhn~2hn~l’

ah,_sh,_s, .., abhn-(3k+1)hn—3k’ bhn_(3k+2)hn—(3k+1),
ahn—(3k+3)hn—(3k+2)o s Dh3hy, bhyhy; abhihy, ah,h,
abh,h,.

If |H| =5, G=Z,xZ,, which is harmonious by Lemma 6.1. |
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LeMMA 6.3. If G is an Abelian 2-group and G is neither cyclic nor
elementary, then G is harmonious.

Proof. The proof will proceed by induction on n, where |G| =2". There
is no such G for n<3. For n=3 or 4, GxZ,xZ,, G=Z,xZ;, G
Z,xZ,, or G=Z,xZ,xZ, Harmonious sequences for the first two cases
are given in the proof of Lemma 6.1. A harmonious sequence for Z, x Z,, =
{a, bla*=b*=e, ab=ba) is a, a°, a°b>, ab®, a®b?, b?, b3, a®b*, a’b, ab?,
e, ab, a’b, a’b?, b, a®>. A harmonious sequence for Z,xZ,xZ,={a, b,
cla*=b*>=c*=e, ab=ba, ac=ca, bc=cb) is ac’, ab, be, ¢, abc?, a, b,
be?, abe, abc’, e, ¢, ac, ac?, ¢?, bcl.

For n>4, by the induction hypothesis all non-cyclic, non-elementary
Abelian 2-groups of order 2"~ are harmonious. Since G is non-cyclic, it
must be an extension of Z,x Z,. Assume G is an extension of Z, x Z, by
the cyclic group Z,.—2. Then either G = Z, x Z,.-1, which is harmonious by
Lemma 6.1, or G=Z,XxZ,xZ,.,—2, which is an extension of Z,xZ, by
Z,xZ,. s, also harmonious by Lemma 6.1, in which case G is harmonious
by Lemma 6.2.

Assume now that G is an extension of Z,xZ, by the elementary
group (Z,)""% Since G is not elementary, Gx(Z,)" ?>xZ, or G
(Z,)" *x Z, x Z, and these are extensions of Z, x Z, by (Z,)" " *x Z,
and (Z,)" ° x Z, x Z,, respectively, which are both harmonious by the
induction hypothesis. Again, G is harmonious by Lemma 6.2.

Finally, if G is an extension of Z, x Z, by a non-cyclic, non-elementary
2-group, G is harmonious by the induction hypothesis and Lemma 6.2. ||

LEMMA 6.4. If an Abelian group G is an extension of Z,xZ,xZ, by a
harmonious group H, then G is harmonious.

Proof. Since H is harmonious, there exists a harmonious sequence
K,, .. K, of the cosets of Z,xZ,xZ, in G. Choose k, .., k, such that
k;eK, Let a, b, c generate the Z,xZ, xZ, subgroup of G, and let ¢
be the permutation (c, b, a, bc, ab, abc, ac) on Z,xZ,x2Z,. Then a
harmonious sequence is

kla k25 eees kn’ ¢n\2(c)knAl’ ¢n_3(c)kn725 ses ¢(C)k2, Ckl,
glkm bkl’ ¢(b)k25 vy ¢n_2(b)kn—1’ ngn!

" Ha)k,_1, . P@)ks, ak,, g5k, beck,, p(bc)k,, ...,
¢"_2(b(,‘)kn_1, g4km ¢nA2(ab)kn—1’ Bt ¢(ab)k2’ abkls
gsk,, abck,, d(abc)k,, ..., ¢" *(abc)k,_ .\, gek,,

¢" " 2ac)k, _ 1, - dlac)k, 1, .., plac)k,, ack,, gk,

where the values of g, are read from the following table:
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&1 4 &3 84 g5 {3 14}

|H| =0 (mod 7) ¢ a b ab be ac  abc
|H|=1 (mod 7) ab ac ¢ b abc a be
|H| =2 (mod 7) abc  ab be ac a b ¢
|H| =3 (mod 7) abc  ac be b a ab c

|H| =4 (mod 7) b ¢ ac ab be a abc
|H| =5 (mod 7) b c ac a bc ab  abc
|H| =6 (mod 7) c a b ac be ab  abc

Verification is straight forward with the observation that ¢ is a complete
mapping. |

LEMMA 6.5. If G is Abelian with an elementary noncyclic Sylow
2-subgroup, and G is not a 2-group, then G is harmonious.

Proof. Obviously, G=(Z,)" x H, where n>2, H is Abelian, and |H| is
odd. Also, H is harmonious by Corollary4.3. If n is even, G
(Z,x Z,)"*x H, so G is harmonious by n/2 applications of Lemma 6.2. If
n is odd, then G=(Z,xZ,)" ¥*x(Z,xZ,xZ,)xH, so G is har-
monious by Lemma 6.4 and (n — 3)/2 applications of Lemma 6.2. |

We now prove the main result of this paper.

THEOREM 6.6. If G is a finite, non-trivial Abelian group, then G is
harmonious if and only if G has a non-cyclic or trivial Sylow 2-subgroup
and G is not an elementary 2-group.

Proof. (<) If G is a 2-group the result follows from Lemma 6.3.
Otherwise G = H x K, where H is the Sylow 2-subgroup of G and |X| is
odd. If H is trivial, then G is harmonious by Corollary 4.3. If H is non-
elementary, then H is harmonious by Lemma 6.3, since H is non-cyclic by
hypothesis, and so G is harmonious by Theorem 4.1. If H is elementary, G
is harmonious by Lemma 6.5.

(=) This follows from Corollary 3.2 and Theorem 3.3.

7. G* HARMONIOUS ABELIAN GROUPS

DeriNITION 7.1, If G and G* have harmonious sequences 4,, ..., i, and
By, .. h,_1, respectively, such that h,=h, and h,=h, ,, we say the
sequences are harmoniously-matched, and G is a harmoniously-matched
group.

Remark 7.2. If h,,..,h, is a harmonious sequence for an Abelian
group, then
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(i) Ay hipys s b,y By, . h;_, is a harmonious sequence, 1 <i<n,
and
(i) h,, h,_,, ... hy, hy is a harmonious sequence.

THEOREM 7.3. Z, is harmoniously-matched if and only if n is odd and
nz=S.

Proof. M nis even, Z7 is not harmonious by Theorem 3.1. Also, Z# is
clearly not harmonious. Now suppose n=4k+1, k>1. Applying
Remark 7.2 to the sequence in Theorem 4.2 gives the following harmonious
sequence for Z,,:

2k, 2k+1,..,4k, 0,1, 2, ..., 2k— 1.
A harmoniously-matched sequence for Z7 is

2k, 2k—2,.., 4, 2, 4k, 4k—2,.., 2k+4, 2k +2, 2k +1,
2k+3,..,4k—3,4k—1,1,3,..,2k—3,2k—1,

Finally, suppose n=4k+3, k>1. Again applying Remark 7.2 to
Theorem 4.2, Z, has the harmonious sequence

2k+1,2k4+2,.,4k+2,0,1,.., 2k—1, 2k.
A harmoniously-matched sequence for Z?* is
2k+1, 2k—1,.., 1, 4k+1, 4k—1,.., 2k+3, 2%k+2,
2k+4,..,4k+2,2,4,6,.., 2. |

THEOREM 74. Z,, xZ, is hamoniously-matched if m is even and greater
than 2.

Proof. A harmonious sequence for (Z,, x Z,)* is

2 — — — —

a, @, @, .., a" ", @, ba¥" !, ba® 3, ba*~%, .., ba, b,
2 _
ba , ba“, - baz", a2n+l, baZn+l’ a2n+2’ b(12"+2, " a4n l’

ba4n—l

(The products of consecutive terms are, in order,

3 5 4n — 1 —1 — —

a, @, .., a"" ', ba* !, a* 4 g%t ., a% a, d% ab, ..,
4 —2 — —

a~? ba, ba?, ba®, ... ba* =3, ba*" =2, b.)

Applying Remark 7.2 to this sequence and the sequence given in

Theorem 4.2, both Z,,xZ, and (Z,,x Z,)* have harmonious sequences
that begin with o and end with 4.

582a/56/2-5
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A harmonious sequence for (Z,,, , X Z,)* is

a, @, @, .., a®, a>* 1, ba*, ba* 2 ba* %, .., ba*, b, ba,

3 —
ba s ey baZn l’ baZn+1’ a2n+2, ba2n+2’ a2n+3’ ba2n+3’ o
a4n+1’ ba4n+1‘

(The products of consecutive terms are, in order,

3 5 4n+1 4n+1 an—2 4n—6 6 2 4
a, a,.., a , ba , a , a , ., a%, ac, a, at,

a, ..., a*, ba, ba? ba’, .., ba*", b.)

Applying Remark 7.2 to this sequence and the sequence given in
Lemma 6.1, both Z,,. ,xZ, and (Z,,, » x Z,)* have harmonious sequen-
ces that begin with ba®" and end with a*"*'. |

LEMMA 7.5. The group Z,x Z, is harmoniously-matched.

Proof. A harmonious sequence for Z; x Zj is
ab, a*b, b%, ab®, a’b?, ¢, a, a°, b.
A harmonious sequence for (Z; x Z;)* is

ab, a?, a*b, b*, a’b?, a, ab®, b. |

THEOREM 7.6. Suppose K is a group of odd order and H is a har-
moniously-matched group. Then (H x K)* is harmoniously-matched.

Proof. By Theorem 5.5, K is harmonious. Then applying Remark 7.2
to the sequence given in the proof of Lemma4.5 we may obtain
harmoniously-matched sequences beginning with (4,, k,) and ending with

(hla k2) l

COROLLARY 7.7. All Abelian groups of odd order are harmoniously-
matched except Z;.

Proof. For elementary Abelian 3-groups, the result follows from
Theorem 7.5 and Theorem 7.6. Otherwise, the result follows from
Theorem 7.3 and Theorem 7.6. |

LemMma 7.8. If an Abelian group G is an extension of Z,xZ, by a
harmoniously-matched group H, then G is harmoniously-matched.

Proof. If H=Z,, then the result follows from Theorem 7.4. Assume
then that H 2 Zs. Let n=|G|/4, and let h,, .., h, and %, .. h,_, be
harmoniously-matched sequences of H and H*. Let gy, .., g4, be the
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harmonious sequence of G constructed from #4,,.., h, in the proof of
Lemma 6.2. Then the sequence g, where

g, =eh, 1€ig<n—1
gi=gi+1’ n<igdn—1
is harmonious, and since &,_,=g, and §,=g,.,, G is harmoniously-

matched by Remark 7.2. ||

THEOREM 7.9. If an Abelian 2-group G is neither cyclic nor elementary,
then G is harmoniously-matched.

Proof. The proof is analogous to the proof of Lemma 6.3, using
the corresponding theorems for harmoniously-matched groups instead
of the theorems for harmonious groups. The group (Z,xZ,xZ,)* =~
{a,b,cla*=b*=c*=e, ab=ba, ac=ca, bc=cb)> has the harmonious
sequence

ac®, 3, ab, b, be, ¢, a, ac®, abc®, ¢2, be, abc, abc?, ac, be?

which is harmoniously-matched with the sequence in the proof of
Lemma 6.3. |

LEMMA 7.10.  If an Abelian group G is an extension of Ly x Z,xZ, by a
harmoniously-matched group, then G is harmoniously-matched.

Proof. The proof is analogous to the proof of Lemma 7.8, with the
harmonious sequence constructed in Lemma 6.4 used in place of that
constructed in Lemma 6.2. ||

THEOREM 7.11. If G is Abelian and has an elementary, non-cyclic Sylow
2-subgroup, and G is not a 2-group, then G is harmoniously-matched.

Proof. G=(Z,)"xH, |H| odd. If H is not isomorphic to Z, or n> 3,
then the proof is analogous to the proof of Lemma 6.5. Otherwise, G is
either (Z,)*x Z;=Z, x Z4, which is done in Theorem 7.4, or (Z,)* x Z, =~
Z,xZ,xZsx=<ab, cla*=b>=c®=e, ab=ba, ac=ca, bc=ch>, which
has the harmonious sequences
ab, ¢, ac®, 3, 2, ¢*, e, be*, %, abc, be?, act, ac®, be, ac?,
bc3, be®, abe*, b, abe, abc?, a, abe®, ac

and
ab, b, ac®, be, c, %, bc?, abe®, be’, ac?, abc?, abcd, abe, ac?,
a, bc*, be3, ¢, abc, ¢, act, ¢4, ac.

The proof for (Z,)"x Z;, n>3, can proceed as in the general case. |
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CoroLLARY 7.12. If an Abelian group G has either a non-cyclic or trivial
Sylow 2-subgroup, then G* is harmonious, unless G =Z,.

Proof. Follows from Corollary 7.7 and Theorems 7.9, 7.6, and 7.11. |}
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