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Abstract—The gradual transition seen in polymer crystallization is modeled. A constitutive equation
is developed to follow the mechanical behavior of a crystallizing polymer before, during, and after the
completion of crystallization. The post-crystallization response of the material is studied and shown to
be ‘“elastic’. The symmetries of the post-crystallization response are defined and calculated for
crystallization under several deformation histories.

1. INTRODUCTION

Phase transitions, such as crystallization, are gradual and continuous in most polymers [1,2].
This paper is concerned with modeling these gradual transitions. In particular, we will develop
a constitutive equation which can be used to follow the mechanical behavior during and after
the completion of crystallization.

It is important to note that time, in addition to temperature, strain and preconditioning,
influences the speed of transformation and the mechanical properties after the completion of
the transition [1,3]. For example, the rate of crystallization is, in general, increased by
increasing strain [1]. Also, the mechanical properties of the crystallized material, such as
stiffness and strength of anisotropy, depend on the type of strain imposed in the crystallization
process [4,5].

Since the conditions of crystallization (i.e. time, strain and temperature) strongly influence
the mechanical response of the material at each stage of the transition, the constitutive
equation should also reflect this dependence. In this paper we present an isothermal model
with the following features:

(1) The model can follow the mechanical response of a material through the three stages
of its transition. These three stages are:

(a) the response of the amorphous material before the crystallization process starts;

(b) the response during the transition from the amorphous to the amorphous—
crystalline state;

(c) the response after the crystallization stops, the post-crystallization response.

(2) The model does not assume the form of the post-crystallization response. The
characteristics of this response follow as a consequence of the specific conditions of
crystallization (i.e. deformation history during crystallization), and the mathematical
structure of the model. As a result, the model can be used to calculate process induced
symmetries and the final mechanical properties.

(3) The model is three dimensional and fully nonlinear, both materially and geometrically.

Preliminary definitions and basic assumptions as to how the phase transition influences the
mechanical response are presented in Section 2. Sections 3 and 4 are devoted to imposing the
restrictions of frame-indifference and material symmetry.

The constitutive equation for an initially isotropic material is developed in Section 5.

Sections 6, 7 and 8 are devoted to studying the post-crystallization response of an initially
953
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isotropic material. The post-crystallization response is defined in Section 6. Section 7 contains a
study of the material symmetries of the post-crystallization response for crystallization under
several deformation histories. These results are independent of the change in material
parameters in the constitutive equation. Section 8 contains results for a specific choice of
material parameters.

2. CONSTITUTIVE ASSUMPTIONS

In this section we formulate a constitutive equation which can represent the mechanical
response of a material throughout the various stages of the crystallization process. These stages
are (a) the response of the amorphous material before the crystallization process starts, (b) the
response during the transition from the amorphous to the amorphous-crystalline state, and (c)
the response after the crystallization stops.

On a microscopic level, crystallization is the process which takes a material’s unorganized
amorphous structure into a well organized crystal structure. In many materials, like metals, this
transformation is very abrupt and the material “fully”’ transforms from one state of structure to
the other. On the other hand, in polymers this transition is more gradual [1]. In many cases,
the process of crystallization in a polymer is stopped long before all the polymer crystallizes [1].
This type of gradual crystallization is the focus of this paper, even though very rapid
crystallization can also be modeled by this method.

The constitutive model is developed based on the following assumptions:

AssumpTioN 1. The properties of a particle in a continuum model represent the
average, in some sense, of the properties in some small neighborhood of the
actual material point being modelled. During the crystallization process, such a
neighborhood can contain both amorphous and crystalline matter.

Thus, we assume that there can be particles of both amorphous and crystalline matter at each
point of the continuum. This is indicated in Fig. 1.

AssumPTION 2. We assume that a single continuum defines the material through
all stages of its transformation.

Let K, denote the configuration of the material in its initial state and let x(s) denote its
configuration at a later time s. Let the coordinates of the same typical material particle be

Crystalline matter

Amorphous
matter

A material point

Fig. 1. At each continuum point there can be both amorphous and crystallized matter simultaneously.
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denoted by X in configuration x, and by x(s) in configuration x(s). The deformation gradient
comparing kx(s) to k, will be denoted by F(s).

AssumpTION 3. We assume that at time ¢ the Cauchy stress, T(¢), is the
superposition of contributions from the crystalline portions formed up to time ¢
and from the remaining portion of amorphous matter at time . We assume that
crystals can be generated continuously and that the response of all crystals
generated at the same time can be represented by a single constitutive equation.
We also assume that each type of matter contributes to the stress in proportion to
its current mass ratio.t

An expression for the Cauchy stress which is consistent with this assumption is given by

13
T() = b(O)TA() + f a(s)TC(, ) ds. (1)
t
In (1), b(t) denotes the mass ratio of the amorphous material which has not crystallized up to
time ¢, b(¢)T*(¢) denotes the contribution of this portion of the material to the value of the
stress at time 1, ¢, is the time when crystallization starts, a{s) ds is the mass ratio of material
crystallized in the interval from s to s +ds, and a(s)T(¢, s)ds is the contribution of this
crystallized material to the value of the stress at time ¢ As can be seen, equation (1) is a
special averaging method for obtaining the macroscopic stress of a mixture of one type of
amorphous material and many different types of crystals. In this equation time acts as a marker
to distinguish between crystals generated at different times and under different conditions.
Conservation of mass requires that the quantities b(¢) and a(s) be related by

b(t)=1- J-la(s) ds. (2)

Equation (2) should be accompanied by a relation of the form

a=a[s;Fg;’);T§§2], 3)

F=g

which expresses the rate of crystallization in terms of the deformation history, the temperature
history and possibly other influences. A specific relation will not be needed for the purpose of
the present study.}

AssumptiON 4. It is assumed that the amorphous and crystalline phases of the
material each respond elastically.

That is, the stress in the amorphous part is related only to F(¢), the gradient comparing k() to
K,. This stress is given as

TA(r) = FO[F()], 4)

where F1 is a function of F(¢). The stress in the crystalline part formed during the interval
from s to s + ds depends on F(¢) and also on F(¢), the gradient comparing x(¢) to x(s), the
configuration at time s when it was formed. This stress is given as

TC = FOF(); F,(1); 5], )

tAn alternate model can be developed which would use the current value of the volume ratio. Such a model would
require providing added conditions to allow the calculation of the current value of the volume ratio in terms of the
past history. In view of the many other simplifications, it is not clear that adding this complexity is justified. An
example of such a model is developed Appendix B.

tExamples of such models can be found in [3,6,7].
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where %® is a function of the stated arguments. Note that F,(f) can be written as
F,(t) =F(t)F "'(s), and, therefore, the variable set F(¢) and F,(¢) can always be replaced by the
variable set F(¢) and F(s) or the variable set F,(t) and F(s). The final form of the constitutive
equation is obtained by combining (1), (4) and (5) to give

T() = bOF VRO + [ als)FOIRD; F, (0351 . ©)
&

Equation (6) can represent the response of the material in each of the three phases discussed
above. Before the onset of crystallization ¢ = 0 in (2) and (6). This results in the usual form of
constitutive equation for nonlinear elastic response. When a # 0, equations (2), (3) and (6) give
the response during the transition from amorphous to the amorphous—crystalline state. Finally,
when crystallization stops, a = 0. As will be shown in a later section, when crystallization stops
the right hand side of (6) varies only with F(¢). That is, (6) becomes a constitutive equation for
an elastic material, but with new response characteristics.

3. MATERIAL FRAME INDIFFERENCE

Consider a motion of the material x = x(X, t) whose deformation gradient is F(¢). A second
motion which differs from the first by a rigid body motion, can be written as x*(z) =
Q()x(X, t) + ¢(t) where Q(¢) represents a rigid body rotation (i.e. Q(1)Q7(f) = Q7(NQ() =)
and ¢(¢) represents a pure rigid body translation. The deformation gradient of this second
motion is F*(¢) = Q(¢)F(¢).

The requirement of material frame indifference is that the response functional on the right
hand side of (6) satisfy the condition

QfOFVF]+ [ a(e)FIE E (5] 85} Q70

= OFNQOFO]+ [ a()FPIQOFE; QOE.OQT()s1ds ()

t)

for all rotations Q(s), f, =s=t.7
Let the polar decompositions of F(¢) and F,(¢) be written in the form

F()=R(OU(?),  F ()= V.(OR,(), (®)
where R(f) and R,(t) represent the orthogonal factors and U(t) and V,(¢) are symmetric. Let

Q(s) =R7(1)R,(¢) and note that Q(¢) = R7(¢) since R,(t) = 1. A standard argument then implies
that the restriction of material frame indifference will be met if (6) is written in the form

T(r) = b(OOR(DGV[CHRT (1) + Jt a(s)R()GD[C(1); R(1)"B,()R(2); s]R” (1) ds. 9
In (9), C(2) = FT(O)F(t) = U%(1), B,(t) =F,()F7(t) = VX(t), and ¥ and ¥® are new functions
of the stated arguments.

4. THE MATERIAL SYMMETRY RESTRICTION

Let g, denote the symmetry group which is associated with the initial state of the material,
and represented with respect to the reference configuration k,. Let H be a symmetry
transformation of this group. The material symmetry restriction states that the stress
determined by the deformation gradient history F(s) is the same as would be obtained if the

+See [10} for more details.
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material were first subjected to the symmetry transformation H and then the deformation
gradient history F(s), for every He g,. That is, using either F(s) or F(s)H should result in the
same value for the Cauchy Stress. Using this in (9) leads to a restriction which can be satisfied
if 9V and 94 are such that

HYV[H'C(HH]HT = 4V[C(1)), (10)
and

HYP[H C(t)H; H'R7 (1)B,(t)R(1)H; s]HT = $2[C(z); R7 (1)B,(1)R(t); s]. (11)

5. INITIALLY ISOTROPIC MATERIALS

In its initial state, the microstructure of the amorphous material consists of randomly
oriented and coiled macromolecules. It is thus reasonable to assume that the material is
initially isotropic, and that g, = @= {full group of orthogonal transformations}. It follows from
well-known results for an isotropic tensor function of a single tensor argument that for function
% which satisfies (10),

R(NGV[C(1)IR7 (1) = pol + p:B(t) + p.B*(2) (12)

where B(¢) = F(t)F(¢), and p,, p,, p, are scalar functions of the three isotropic invariants of
B(1).

Rivlin and Erickson [8] have provided a representation for an isotropic tensor function of
two tensor arguments. It follows from their results that for the function ¥® which satisfies (11),

R()GP[C(t); RT(DB,()R(2); IR () = wil + w,B(r) + wB2(r) + w,B, () + wsB(r)
+wo[B(1)B, (1) + B,(1)B(1)] + w/[B*(1)B,(¢) + B,(1)B*(1)]
+ wi[B()B3() + BI(1)B(1)] + wo[ B* (1) BI(r) + BZ(1)B*(1)].
(13)

Coefficients wy, w,, . . ., wo are scalar valued functions of the three isotropic invariants of B(¢)
I =tr(B(1)), L= % (13 — tr(B*(1))], L= det(B(t)), 14)
the three isotropic invariants of B,(¢)
L=trB,(2), L= % (L — tr(BX(¢))], I = det(B,(2)), (15)

and the four joint invariants of B(¢) and B.(¢)
L=uB()B,(), L=t(B(0)B,(r),
L=u(B(0)B(1), o= tu(B(1)BX()), (16)

where tr stands for the trace operation. On combining (12) and (13) with (9), the constitutive
equation becomes

T(t) = b(t)[pol + p,B(¢) + p.B*(1)] + f ' a(s){wil + w,B(r) + wsB?(r) + w,B,(¢) + wsBZ(t)

+ wo[B()B,(¢) + B,()B(2)] + wo[B*(1)B,(¢) + B, (1)B*(1)]
+ we[B()BZ(¢) + B(1)B(2)] + wo[B*(1)BZ(r) + B2(£)B*()]} ds. (17)
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6. COMPLETION OF CRYSTALLIZATION—ELASTIC RESPONSE

Suppose the material starts to crystallize at time ¢, and continues to crystailize until time ¢,
after which there is no further crystallization. The rate of crystallization function a(s) is then
characterized by the conditions

a(s)#0 for some se€(t, 4],
a(s)=0 for all s e(z, t]. (18)

For times ¢ > f;, the stress in the material is given by

T() = b4 )pol + PuBO) + paBO1+ [ als)(m + waB() + wB(1) + wiB (1)

+wsB(t) + we[B(1)B, (1) + B,()B(1)] + w/[B(1)B,(¢) + B,(1)B*(1)]
+ wa[ B()B(1) + B3(1)B(1)] + wo[ B*(1)B3(r) + BX(1)B*(1)]} ds, (19)

where the upper limit of the integral has become fixed at ¢.

Since in (19) the integration over s stops at ¢, the only element of the history after ; which
contributes to the stress at time ¢ is F(¢). This can be seen if one substitutes for B,(t) its
equivalent expression B,(r) = F(£)C™'(s)F"(¢) into (19), where C(s) =F7(s)F(s). This allows
the integral in (19) to be expressed in terms of F(¢) and C(s), for s <t,;. After the completion of
crystallization, the history of events before time ¢ becomes part of the past history, and, as
such, can no longer be considered variable (i.e. we can not change the past). Therefore, after ¢
the only true variable in the response equation is F(¢).

In other words, after the completion of crystallization one can rewrite (19) in the form

T(r) = F[F ()], (20)

where Z is a new function. Since for times ¢ > ¢, the stress depends only on the current value of
the deformation gradient, the response can be regarded as being “‘elastic”. The right hand side
of (20) will be referred to as the post-crystallization elastic response function. The remainder of
this paper will be concerned with the properties of this response function.

It must be noted that, even though the history preceding ¢ is not explicitly noted in (20), this
history is included in the mathematical structure of the response function & and hence
influences its properties. This history can be used to calculate the symmetries of the final
elastic response and, also, can be used to evaluate the material constants.

7. SYMMETRY PROPERTIES OF THE POST-CRYSTALLIZATION ELASTIC
RESPONSE FUNCTION

The material response in the post-crystallization regime is not, in general, isotropic. In order
to see this, we will first define the material symmetry properties in this regime, and then
discuss how these properties can be determined.

The material symmetries of the post-crystallization response function are defined as those
linear transformations H which satisfy the condition

T(t) = F[F(1)] = F[F()H] 3y

identically for any deformation gradient F(¢).¥ It is straight forward to show that the
transformations which satisfy (21) form a group. We will denote this group by g(¢), and refer
to it as the symmetry group at time ¢;. This group represents the symmetries of the material

+The reader will note that this symmetry is represented with respect to the original reference configuration ;. The
representation of this symmetry with respect to a more convenient configuration, say its configuration at time ¢,
simply follows by Noll’s rule (see [9]). For example, the representation of this symmetry transformation with
respect the material’s configuration at time # is given by F(t,)l-lF“(tf).
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after ¢, but is represented with respect to the original reference configuration k,. The explicit
form of this group is a result of the material’s characteristics and the history of deformations
the material has undergone during the crystallization process.

This definition of symmetry is motivated by the following considerations. Suppose a sample
of an initially amorphous material crystallizes while it is being deformed. Assume the
crystallization has ceased. Now consider an observer attempting to evaluate the symmetries of
this sample without being aware of the crystallization process. For this observer, the past
history becomes an unknown fixed parameter in the post-crystallization response function of
the material. As a result, the observer can only be concerned with the symmetry properties of
the response function by considering deformation gradients which occur after the completion of
crystallization.

Let us proceed to identify some of the possible symmetries of the post-crystallization
response. Let F(¢) be replaced by F*(¢t) = F(/)H. Then B(¢) and B,(¢) become, respectively,

B*(r) =F()HH'F'(s),  BX(t) = F()HC '(s)H"F(r). 22)

Note that C(s) is left unaltered since s <# and ¢ > ¢t

The problem of determining the symmetries of the material is the problem of determining
those transformations H which satisfy (21). This problem is very complicated and specific
results can only be obtained under specific sets of assumptions. Two sets of results are
presented here.

The first set of results is independent of the form of the scalar coefficients
Pos P1, P2, W1, - - ., wo. That is, these results are material independent. In this case, the group
of symmetry transformations which satisfy (21) is characterized as follows:

g(t;) 2 {(H|He 0 and H'C(s)H = C(s) for every s € (¢, ]} (23)

The “2” in (23) refers to the fact that for particular forms of the scalar coefficients
Do> P1, P2> W1, - - -, We, and the history of C(s) for s € (¢, t;], there might be other choices of H
which also satisfy (21). The proof of (23) follows from equation (22) since B*(¢f) = B(¢) and
B)(t) =B,(t) for H'H =1 and H"C(s)H = C(s). This will result in the automatic satisfaction of
condition (21). Therefore, as a first step, the problem of finding those H which satisfy (21) is
reduced to the problem of finding those linear orthogonal transformations for which

H'C(s)H = C(s) (24)
for every s € (¢,, t;]. We now consider several examples for which solutions can be obtained.

7.1 Crystallization under equal-triaxial extension

Let the deformation during crystallization be equal-triaxial extension. That is,

As) 00
cs)=| 0 A(s) 0 |=A@L (25)
0 0 A%s)

where the stretch ratio A(s) is an arbitrary function of s during the interval s € (¢, #].
When this C(s) is substituted into (24), the result is

HTA%(s)IH = A%(s)LL. (26)
This is satisfied by any transformation H which satisfies
H'H=1, 27
and therefore
8(t)20. (28)

tAltering the deformations after ¢ will not result in any changes in the deformations prior to .
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In other words, when crystallization occurs under an equal-triaxial extension history, the
post-crystallization material response will always be an isotropic elastic one.

7.2 Crystallization under uniaxial (equal-biaxial) extension

Suppose that the material is subjected to uniaxial extension along a fixed axis during the
process of crystallization. Let the third axis of the coordinate system be along the material
direction of extension, then

A(s) 00
cs)=l o Ay o | (29)
0 0 AXs)

in which the stretch ratios A'(s) and A(s) are arbitrary functions of s and A(s) # A'(s) for some
subinterval of (¢, «].

As is shown in [9], the orthogonal transformations H which satisfy (24) form the group
representing transverse isotropy with the preferred axis of transverse isotropy being along the
third axis of the material. If this group is denoted as D,,,, then

8(tr) 2 Dican- (30)

Therefore, after crystallization under the history of deformations given by (29), the material
response will be at least transversely isotropic, with the preferred axis of transverse isotropy
along the axis of the distinct stretch ratio.

7.3 Crystallization under unequal-triaxial extensions

Consider a material subjected to unequal-triaxial extensions along a fixed set of material axes
during the interval of crystallization. If the axes of extension coincide with the coordinate axes,
then

Bs) 0 0
cs)=l o mes) o | (31)
0 0 Al(s)

As is shown in [9], the set of orthogonal transformations which satisfy (24) when C(s) is
given by (31) form the group which represents orthotropy. If D, represents this group of
transformations, then

g(tf) =2 Dorth- (32)

For more information and details about deformation induced symmetries in first gradient
models see [10].

8. MATERIAL SPECIFIC RESULTS

Other results can be obtained for the symmetry of the post-crystallization elastic response
when the constitutive equation has a particular form. In order to illustrate the nature of such
results, consider a simplification of constitutive equation (17) in which wy,=wy; =ws=---=
wy =0, and w; and w, depend only on the scalar invariants of B(s). In this case, the constitutive
equation, given by (19), after the completion of crystallization becomes

T(t) = b(t)[ pol + p:1B(t) + pB2(1)] + oA + F()AF' (1), (33)

where a and A are constants defined by

o= Jlj a(s)w, ds, (34)

s
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and
i
A=f a(s)w,C(s) ™" ds.
tJ‘

The set of transformations H which satisfy (21) contains every orthogonal H which satisfies
the condition

H'AH=A. (33)
Therefore,
g(ty)2{H|He 0 and H'AH=A}. (36)
Since C(s) is symmetric, A is also symmetric and can be written in the form
A=PAP7” (37
in which P is orthogonal and
a, 0 0
A,=1 0 a O] (38)
0 0 a;

As shown in [9], the solution to (35) is given as follows:

(1) gly)20ifa;=a,=a;:

(2) g(tf) =2 PDtranPT if a4 =ay #* asz:

(3) g(ty) 2PD,PT if a, #a, #a; #a,.
The preferred directions of symmetry are given by the eigenvectors of A (i.e. by P). Thus, for
this specific form of constitutive equation, we have shown that regardless of the deformation
history during the time interval of crystallization, the post-crystallization response will have
only one of the three symmetries listed above.

9. CONCLUDING REMARKS

We have developed a model which attempts to characterize some of the special characteris-
tics of continuous phase transition as would be seen, for example, in polymer crystallization.
The model is based, to some extent, on the microstructural changes and macroscopic
responses seen in polymer crystallization, particularly in Natural Rubber. The model assumes
that the response before the start of crystallization is elastic. The response after the completion
of crystallization will also be elastic. The model is fully nonlinear, as would be required for
polymers, and represents the proper starting point for the development of linearized versions.

The current model is developed for isothermal phase transitions. An extension to
nonisothermal response will require a better understanding of the interaction between
temperature, strain, and crystallization.

Finally, this model can be used in conjunction with the appropriate field equations in
formulating initial value and boundary value problems. With it, one can follow the behavior of
materials through the crystallization process for complex flow problems and, for example,
calculate residual symmetry properties, residual stresses and permanent deformations.

REFERENCES

[1] L. MANDELKERN, Crystallization of Polymers. McGraw-Hill, New York (1964).

[2] L. R. G. Treloar, The Physics of Rubber Elasticity. Clarendon Press, Oxford (1975).

[3] A. PETERLIN, Crystallization phenomena. In Flow-Induced Crystallization in Polymer Systems (Edited by R. L.
MILLER), pp. 1-29. Gordon & Breach, London (1979).

[4] A. STEVENSON, J. Polym. Sci.: Polym. Phys. Edn 21, 553-572 (1983).



962 M. NEGAHBAN and A. S. WINEMAN

I. M. WARD, Mechanical Properties of Solid Polymers, 2nd edn. Wiley, New York (1983).

A. N. GENT, Trans. Faraday Soc. 50, 521-533 (1954).

R. L. MILLER, Status of the analysis of crystallization kinetic data. In Flow-Induced Crystallization in Polymer
Systems (Edited by R. L. MILLER), pp. 31-56. Gordon & Breach, London (1979).

] R. S. RIVLIN and J. L. ERICKSON, Rat. Mech. Anal. 4(2), (March 1955).

] M. NEGAHBAN and A. S. WINEMAN, [Int. J. Nonlinear Mech. 24(6), 521-536 (1989).

| M. NEGAHBAN and A. S. WINEMAN, Int. J. Nonlinear Mech. 24(6), 537549 (1989).

] M. NEGAHBAN, Material symmetry and the evolution of anisotropies in first gradient theories of nonlinear
material behavior; inelasticity; polymer crystallization. Ph.D. dissertation, University of Michigan (August 1988).

[
[
1
1

— D 20

[
(

APPENDIX A

Two Alternate Forms of the Model

Since F,(¢) = F(t)F!(5), the two variables F(f) and F,(¢) in the expression for the stress in the crystal can be replaced
by either the set F(¢) and F(s) or the set F.(t) and F(s).
Selecting the variable set F(r) and F(s) results in a constitutive equation for an initially isotropic material given by

T(t) = b(t) pol + p,B(t) + p B ()] + F() f a(s){wil + w,C(1) + wsC(t) + w,Cls)

+ wsC2(s) + we[C(HC(s) + C(5)C()] + wo[CA(1)C(s) + C(s)CA(1)]
+ we[C(£)C2(s) + C2(5)C(1)] + wo[C2(1)C2(s) + CHs)C(1)]} dsFT (1), (39)

where po, p,, and p, are functions of the three isotropic invarients of B{¢), and wy, ..., w, are functions of the ten
isotropic invarients of C(¢) and C(s).
Selecting the variable set ¥,(¢) and F(s) result in a complicated form which we will not present.

APPENDIX B
A Model Based on Volume Ratios

A similar model for the stress can be developed based on assuming each portion of the material contributes to the
value of the Cauchy Stress in proportion to its current value of volume ratio. In this case, one must provide a
constitutive equation which allows the calculation of the current value of volume for each of the different phases. What
follows is one such example.

Let b(¢) be the current value of mass ratio of amorphous material, and let a(s) be the rate of transformation of the
mass from one phase to the other (same as previously defined). Assume the value of crystal density at the time of
formation of the crystal to be a known constant p,_. The volume of the crystal created in the interval ds is given by

d m
av,, == "0 g(s) s, (40)
Peg Py
where dV,, is the volume of the crystal at the time of its creation, dm, is the mass of material transformed in the time
interval ds, and m, is the total mass of material.

Next we need to make an assumption on how much the individual constituents change in volume ratio, given the
total change in volume ratio. If we assume that each constituent has a volume ratio change identical to the total
material, we will have

I J(n)als)
dV, === dV, = my—-"——ds,
IO R [GTR

where dV, is the current value of the volume of the crystal created in the interval ds, J(t) and J(s) are the total volume
ratio of the material at time ¢ and s, respectively. This results in the expression for the current value of the volume ratio
of the crystal created in the interval ds as

@én

i‘_”g_z PoA(s)
VO I0p, " “2)

where V(t) is the total volume of the material of mass m; at the current time and p, is the initial density of the
untransformed material.
The constitutive equation for such a material would be given by

T(t) = BOTA() + ’Jf-(‘-’;%SlTC(:, s)ds, {43)
where '
2on 1 [ Poa(s)
bO=1 ] Hoype, ™ )

Since in a polymer like natural rubber the total change in volume ratio and density are in the order of several percent
compared to several magnitudes of change in the value of the modulus, it seems justified to ignore these small effects.
As a result, it seems justified to use a mass ratio based theory, like presented in the main text, as opposed to a volume
ratic based theory, like presented in this section.

Other equations can be developed based on how the volume change is distributed between the different phases of the
material.

(Revision received and accepted 20 August 1991)



