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Abstract

Hauser, K., The indescribability of the order of the indescribable cardinals, Annals of Pure and
Applied Logic 57 (1992) 45-91.

We prove the following consistency results about indescribable cardinals which answer a
question of A. Kanamori and M. Magidor (cf. [3]).

Theorem 1.1 (m=2,n=2). CON(ZFC+ 3k, k' (x is II} indescribable, x' is X7
indescribable, and x < x')) = CON(ZFC + 07} > a7’ + GCH).

Theorem 5.1 (ZFC). Assuming the existence of X indescribable cardinals for all m < w and
n < w and given a function ¥: {(m, n): m=2, n=1}— {0, 1}, there is a poset Pz € L[F] such
that GCH holds in (L[F])™* and
”_L[y]{":" <ay if F(m, n)=0,

P lom>a" if F(m,n)=1
Theorem 1.1 extends the work begun in [2], and its proof uses an iterated forcing construction

together with master condition arguments. By combining these techniques with some
observations about small forcing and indescribability, one obtains the Easton-style result 5.1.

Introduction and statements of results

This paper presents a continuation of the work begun in [2]. Recall that an
ordinal a is £ indescribable if a partial reflection principle for formulas in
holds at the a-th level of the von-Neumann-hierarchy; i.e., for any sentence ¢
in £ which may contain a unary predicate symbol and any subset A c V,,

(Va, €, A)Ep — AB<a(V;, €, ANV;) kg

We will only be concerned with certain standardized classes of formulas. As usual
27 (IT; resp.) denotes the collection of all formulas in the language of set theory
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with higher type variables and a unary predicate symbol whose prenex normal
form has n alternating blocks of (m + 1)th order quantifiers starting with 3 (V¥
resp.) and all other quantifiers are of order <m.

It has been known since the early sixties (cf. [1]) that this approach leads to
large cardinals, i.e., the existence of IT,' (or X7') indescribable cardinals is
unprovable in ZFC (m =1). Moreover, larger classes of formulas yield genuinely
stronger notions of indescribability: If o (&} resp.) denotes the least X' (IT7
resp.) indescribable cardinal (provided it exists) then in ZFC

Tn= Opi1 <Tpi1 = Onya

and
o, Wy <O, A

for m =2 and n =0 (cf. [4]). It is also shown there that
o F Ry

for m =2 and n = 1. However, this is as far as we can go in ZFC: If V = L then
or<my (m=1, n=1, cf. [5]). On the other hand it is consistent with ZFC to
have of'>z" for m=2 (cf. [2]). In this paper we complete the picture by
showing

Theorem 1.1 (m =2, n =2),

CON(ZFC + 3k, k' (k is II}} indescribable, k' is 27
indescribable, and x < k')) = CON(ZFC + o} > ) + GCH). O

If one combines the techniques from the proof of Theorem 1.1 with some
observations about small forcing and indescribability, one obtains the following
Easton-style result which shows that we have the ultimate freedom in simul-
taneously arranging the relative sizes of the indescribable cardinals.

Theorem 5.1 (ZFC). Assuming the existence of X7 indescribable cardinals for all
m and n and given a function F:{(m, n):m=2,n=1}— {0, 1} there is a poset
Ps € L[] such that GCH holds in (L[F))™* and

|F,F[g]{o’,,"<n:," if F(m,n)=0,
*lop>ar if Fm,n)=1. O

These results provide an answer to a question of Kanamori and Magidor (cf.
[3])- In order to prove Theorem 1.1 one defines a forcing iteration which kills off
all 27 indescribable cardinals below a given IT}; indescribable k. This forcing will
preserve any X indescribable cardinal x’ above k because it is small relative to
k'. The hard part of the proof is showing that this poset also preserves the IT;
indescribability of x. For this we need a characterization of IT,; indescribability in
terms of elementary embeddings (cf. Theorem 1.3 in [2]). A series of master



Indescribable cardinals 47

condition arguments is then employed to lift these embeddings from the ground
model to suitable generic extensions.

Thus the general strategy appears to resemble the one for the proof of
Theorem 3.3.1 in [2]). However, there are new problems here: Recall that,
working in V[G] we have to lift some elementary embedding j: M — N (where M,
N are some transitive models) to obtain an embedding j: M[G*] < N[G"]. In the
proof of Theorem 3.3.1 in [2] it was sufficient to make N[G"] agree with V[G"]
for sets of rank less than x + m — 1. Now we have to guarantee that in addition,
N[G"] is =7, correct for k inside V[G"], i.e. N[G"] correctly computes the
3™ | facts in parameters from (N[G"]).., that hold in V,. Worse is to come:
The iteration that N wants to do is of length j(kx); at the k-th stage we want to
force a IT;; statement about certain objects. On the other hand, the iteration in V
forces the negation of this statement. Therefore great care has to be taken in the
definition of the forcing iteration in order to make the IT;} forcing and the X7
forcing resemble each other to a degree that allows us to carry out the above
correctness argument.

Regarding our notation, the reader is referred to [2] where he will find the
definitions of all nonstandard symbols that appear without explanations in this
paper.

These results are the published incarnation of parts of my Caltech Ph.D. thesis.
It has been both a privilege and a pleasure to work under the supervision of Prof.
W. Hugh Woodin. Furthermore I would like to thank Prof. G.H. Miiller
(Heidelberg) for suggesting the central problem, and for his continued interest in
my personal and mathematical well-being over the years.

1. The coarse structure of the iteration
Our goal is to show

Theorem 1.1 (n =2, n=2).

CON(ZFC + 3k, k' (x is IT}} indescribable, k' is X7}
indescribable, and xk < k')) = CON(ZFC + o)} > a7’ + GCH). O

In order to prove this we can work in ZF+V =L (since IT} and X7
indescribability relativize down to L) and assume «x is a IT,; indescribable cardinal
and k' > Kk is a 2} indescribable cardinal. Then we define a x + 1 stage iteration
(P,: « <k + 1) such that

IFp, ., “there are no 27’ indescribables <k, k is IT);
indescribable, k' is 2 indescribable”.

Hence we obtain

g, O > 7,
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The idea behind the definition of the iteration is that we want no X7
indescribable cardinals <k. Thus at stage A < k of the iteration we have to force a
27 description of A. In addition to this we also want our iteration to preserve the
277 indescribability of k' (which is no problem) and the IT}} indescribability of x.
Because of the latter (cf. [2] for a discussion of this issue) it is necessary to do
more than simply to force one X7 description A.

Here is the official definition of (P,: & < k + 1): Let P, be the trivial poset. For
a limit ordinal « < k let P, be the direct or inverse limit of (P;: { < «) depending
on whether « is inaccessible or not (respectively). If P, has been defined for some
Mahlo cardinal A <k, pick a term Q, € V" with the following properties: Q, is
itself a m + 2 step iteration. In the first step we add a sequence (F,: y <A™) of
Lipschitz functions on (2*""™")*~1, i.e., each F, is really a function with domain
(2<**"""y"~1 and range contained in 2<*"" ", and we define

E(Xy . X)) = ) BN .., X0 D)

for X, ..., X,_;1cA*™™" provided that for n < { <A™V, E((X,NE,...,
X,_1N ) extends F,((X,Nn,...,X,-;Nn)). (Note: we frequently identify
sets with their characteristic functions.) In the second step we force a X7 fact
about F, where y <A™ is even and its negation (a IT, fact) about F, where y <A*
is odd. The next m — 1 steps code down each F, to §, = A (y <A*). Finally we
add a sequence of club sets C, < A such that for each y <A™, C, avoids the set of
all inaccessibles u below A for which the above X7 fact about F, (or rather its
code Sy) reflects down to V,,. If A <k is not Mahlo, we let O, be a term for the
trivial poset. In either case define P,,, = P, * Q,. This completes the definition of
the iteration.

Since for any inaccessible u we have Var < u |P,| < u and since we take direct
limits at inaccessibles, P, is A c.c. for any Mahlo cardinal A =<x. Thus such A
remain regular in V. In fact their inaccessibility is preserved, since one can
show by standard factoring arguments that for each « <k

Fp ., “Pas1,x+1 has for each v <p a <wv closed dense suborder”

a+l

where P,.; .+ denotes the tail of the iteration in V%' and u is the least
inaccessible cardinal >«. This means in particular that from the viewpoint of
VPt the tail is highly Baire. Thus once a candidate for =7 indescribability is
killed off it is never resurrected later on during the iteration and we obtain

Ikp, ., “there are no X7 indescribables below k.

More factoring arguments together with the chain condition and closure
properties of the posets in the forcing Q, allow us to prove by induction on a

IFp, GCH.

It follows from |P.,,| <k’ that P.,, preserves the X7 indescribability of x. In
order to finish the proof of 1.1 we only have to show that P, also preserves the
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IT;} indescribability of k. This is being done in Section 3 where we work out the
argument for the case m = 2. In Section 4 we briefly indicate how all this can be
generalized to m = 3. Finally, in Section 5 we prove an Easton style result that
shows that we can simultaneously arrange the relative sizes of the indescribables
as we please.

2. The fine structure of the X2/II? iteration

Suppose A=<k is a Mahlo cardinal, G, is generic for P,, and in V[G;] A is
inaccessible and A*'=(A*Y)* for /=1 and GCH holds from A on. (Once the
whole iteration has been defined it is easily verified that these requirements are
satisfied.) The first step Q; of the four step iteration Q; is a A* product with <A*
support of copies of the forcing O which adds a Lipschitz function F: (2*)""'—
2% Conditions in Qf are approximations of F, i.e., conditions are functions f with

dom(f) a subtree of (2<*")"! of size A such that

Y(sy, ..., 8,1 edom(f) [th(s,)=---=1h(s,_) A Ja <A”
(1, - 50 €277 A @=Th(s) Af((51, - - -, 50_1))(@) =0
AVE=a[f((sy,...,Sp-)NE)=1=>cf(£)=A]] and

V@1, ooy Sno), (B oo B edom(f) [(2y, - - ., t,~,) extends
(slx st sn—l) $ f((tlr e tn—l)) extends f((slr s sn—-l))]]'

For two conditions f, g € O we let f <g iff f og. Clearly Q} is <A™ closed and
has size A*. Therefore, if (F,: y <A%) is Q} generic over V[G,] then in V[G,, E ]
A is still inaccessible, A*'=(A*")" for each /=1 and GCH holds from A on.
Moreover, for each (X,, ..., X,_,) € (2*")"~! we can define

E(X,, ..., X,,_l))"é‘{;g1+ F((X,N¢g, ..., X,_;1NY)).
In the second step Q% of Q, we will force a =% statement about F, for y <A™
even and a IT2 statement about F, for y <A odd. The X2 statement says

3‘le QA'+ VXZEA‘F Tt QXn—l §1’+ ‘p(E/((Xl) cery Xn—l)))

where Q is V or 3 (resp.) and ¢ is “F,((X,,..., X,)) is a nonstationary
(stationary resp.) subset of A*” depending on whether n is odd or even (resp.).
The II statement is just the negation of the X7 statement.

Naturally, Q% will itself be an iteration of length A**, but we prefer to think of
it as a suborder of Add(A**, A*). On the outset fix a partition of A** into cofinal
pieces A° and A%Y where 1sk<n-—1 and y<A* with A* < A°. For each
ke{l,...,n—1} and y<A" pick a complete sequence ((t}",...,TE"):{<
A**) of k-tupels of nice Add(A**, A*) names for subsets of A*, i.e., for each
k-tupel (7',..., 7*) of nice Add(A**, A*) names for subsets of A* there are
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confinally many §{<aA** with (z',..., %) =(s}", ..., T¥"). We need some
notation: For S ¢ A** and g € Add(A*™*, A*) let

Add* (S, AN E{f € Add(A*™, A1): supp(f) < S}

and define q|*S € Add*""(S, A*) by q|? S(&) = g(&) for €S and q|* S(£) =9 for
LeA*™ ~S. Now we define by induction on a <A** a sequence (Q,. a<Ai*")
where each Q, is a suborder of Add*" " (a, A*) and Q,++ = Q3. Q, is the trivial
order on {Laaqa++,an}- If @ <A™* is a limit ordinal we let

Q.={qeAdd" (o, A*): VE<aq|* e Q).

If a=p+1 for some B<A"" there are two cases: For BeA™" ~J, ;- A"
we simply add a subset of A* at coordinate B, i.e.,

Qsri={geAdd* " (B+1,A"):q|" Be Qp}).

On the other hand suppose y <A* and € A”~"”. In this case we want to add a

club subset of A* which is disjoint from F,((t}7, ..., T3 "")) if certain ‘killing
conditions’ are satisfied in (V[G,, E,])?¢. If these killing conditions are not
satisfied we save F,((tp7, ..., 14 "")), i.e., we force with the trivial poset at

coordinate . (Why this is called ‘saving’ will become clear in 2.5.) The killing
conditions are essentially determined by certain agreements and disagreements in

the first k+1 components (0<k=<n—2) of the tupel (zz%, ..., 157 "") at
coordinate B e A% "" with tupels of the form (zp7,..., Y, I'Y) where
(t¢", ..., T¥") appears at coordinate {€ A*"NPB (1sk<n-2) and I'is a

canonical Qg name for the subset of A* that we add at coordinate {. There is a
minor technical point here: In general we cannot expect any of terms appearing in
tupels at coordinates up to B to be terms in the forcing language for Qg.
Therefore we have to define an operation on terms that associates with each nice
Add(A**, %) name 7:” a term %;” in the forcing language for Q. as follows:

#7={(n,f):feQ:n3g((n g) ety Af=g))

where =< denotes the < of Add(A*", A"). Note that strictly speaking this
operation depends on &, i.e., if T¢"=1%"" with {+# {’ we might end up with
#:Y# #1:. Also note that if 72" is already a Q-term then for any filter G on
Add(A**, A™) we have (3:")° = (1¢")°.

We are now ready to define the killing conditions formally. Towards this end
we build by induction on n =2 finite trees Tz and Tx;.

For n =2 these trees look very simple

save
IT3 (kill) 3 o
kill.
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For n =3 we have
save . kil

m7 =
& S
g 3

=
~ Kkill.

For n >3 we use Trp;_, and Ts; | to define Tip; and Tx; , and Typ; to define Ts;:

save

H2 , Tz, , where we add 2 to all positive labels and
1 n- .
HZ / subtract 2 from all negative labels,
" K 2 Ts; , where we add 2 to all positive labels

including 0 and subtract 2 from all negative
labels including —0.

Ln~2

Ts; , with all labels changed as above,

:MN
o
|
—— N———

™M
2 N
VAN
jom|

=

ANAN ANAN

N

7}&.

In order to get a better understanding of this definition we write out the
resulting trees up ton =7:

save
2 2 O
I, (kill) z, &
Kill
save o _ kill
T, 270 save
3 -1 3 D0 1
ki ~ Z /1
Sl
save
. 2
H2 1/ - save Ez . i \Zkill
_ 4 0
4 \1 22 2/ ~0 n2 L v
N Kill * \122 2/2
2 -
~
kil
a kill
IIZ/E/’S Ve 22 ;a/, |
2 2 N B
N T
R g 5, 2
3 3 2 3 _save
- \rf ;
3 =
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4 _.Save
2
3 kil 2 5,4
2 2
, 1 M, o save o 5 5 kil
Hﬁ/ 2 A 22/ ~2
~2 22/22\—4 6 0 21/114\3 , 4-save
):4\2 23/kill . o4
M5 . 4 _.save \}:2/ \klll
\ 2/ 4\2 23/
2:2\"1 I, s save
Kaill R
L7~ 4
k?kill
nzs/save 224/ {
3 3\5 ) 2 3\.4 , 5 save
1H§/_3 q Kl 0 25/_2 3 Ha/—s
e \22/ cave Ez/ \'i/ \kiii
71 222/ 3\_41’[25/ \411_[21/ 5\3224/ e
| . \
5\2 23/ 3\5. 7\1222/3\4 25/
Hs\a 24/kl|| 5\2 23/1_13\5 .
Z, ~4 25/save H5\3 24/klll
1—13 -5 I:3 4 5  save
Y \ni/_s
i

Some explanations are in order: The integer numbers that occur as labels of the
segments of branches in the tree correspond to various agreements or disagree-
ments of tupels of the kind mentioned above. Suppose 8 € A"~ '* and we want to
decide whether to kill or to save at coordinate B. If y < A* is odd we consider Tm
otherwise Ts;. If a segment of a branch in the tree is labeled k (1 <k =<n —2),
this corresponds to the existence of some § € A¥7 N B with (£}7, ..., 57, I't) =
(%% . .-, 5*"7). The label —k indicates that this fails for all £ € A~ B. By
the label 0 (-0 resp.) we express that $4¥=TI7(3;*# I resp.). In order to
decide whether to kill or to save at coordinate § we now simply pick the unique
branch through the appropriate tree that corresponds to the various agreements
and disagreements of (%47, ..., #§~"7) with tupels of the form above associated
with coordinates <f. If this branch ends in ‘kill’ we kill otherwise we save.
Formally we define for B e A"~

Qpr1={qeAdd* " (B+1,1%):q|’Be Qs A

q(B) is a condition for if Oa(I7, (857, ..., 25 "),
o killing F, (257, ..., 85" ((8¢", ..., &Y, I'%): L e AR
e NB ke{l,...,n—-2})

and (57, ..., 3 "?) e dom(F,)
q(B)=90  otherwise}

in case y is odd (here 6. denotes the disjunction of the killing conditions as
given by the branches of Trp; ending in ‘kill’). In the case vy is even we replace 6
by 85 which is given by the branches of T ending in ‘kill’. This completes the
definition of (Q,: a <A™™).
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Since compatibility in Q% agrees with compatibility in Add(A**, %) Q% is A*™
c.c. Moreover, it has size A™", and it is <A closed (because of the cofinality
requirement that we included in the definition of Qr). On the other hand Q3 is
not <A* closed as it makes many of the sets F,((X,,..., X,;)) that are all
stationary in V[G;, 17;,] nonstationary. However we will show in 2.3 below that Q%
is <A* Baire. The proof strategy is to define a larger model V[G,, E,, H,] o
V[G,, E,] and to show that in this larger model Q3 is <A™ Baire.

It is easy to modify the definition of the forcing Q] so that rather than adding
Lipschitz functions F,:(2*)""'—2*(y <A*) we add a sequence ((F,, H,):y <
A*) of pairs of Lipschitz functions with E,, H,:(2*)*"'—2"" such that for all
X, ooy Xyo1 €A™, H((Xy, ..., X,-1)) is a club subset of A™ which is disjoint
from E,((Xy, ..., X,—1)). We denote this modified poset by Q5. It is a A*
product with <A* support of copies of a poset Qf . Conditions in Q , are pairs
(f, h) where

feQr A hisa function A dom(h)=dom(f)

AV(sy, ..., Sp—1)€edom(f) [, B<AT [dom(s)) <, B

AF(S1s s 50 1) €2 AR((Sy, - - -, Su_1)) €2PF!

AR - s su)B) = T A {E (1, -, spo))(E) =1

=f((s1, - -5 S)NE} =B A{EL: h((s1, - - ., 5._))E) =1 is closed]
AV(Sy, oy Samy), (b1, -5 teoy) edom(R) [(sy, . - ., S,_;) extends
(tr, oo -y tueq) > h((sy, ..., 5,1)) extends h((t,, ..., t,-1)))

For two conditions (f, k) and (f', A’) in Qp y we let (f, A}y (f',h")iff fof’
and A o h'. Clearly (f, h) € QF 4 implies f € Qf; conversely for any f € Qr we can
find A such that (f h)e Qpy. It follows that if D is dense in Qf then
{(f, h) € Qr.p: f € D} is dense in Qf . Thus, if (F,, H,): y<A*) is Q] generic
over F[G,] then (F,:y<A*) is Q} generic over V[G,] and VI[G,, E]c
VIG;, (F;,, ﬁy)]. Inside V[G,, (E,, H,)] we can define the following posets for

asAtt:
LG e Qi VY <ATVBe AV [q(B) # 8 >
ql° Bl G sup g(B) € HA(RY”, - . ., 25" ")])-

Lemma 2.1. For each a<A**, QX is <A™ closed.

Proof. Fix a<A™ and a decreasing sequence of conditions in Q% say
(g,: 1 <A4). By induction on =< a we will build g | { such that (g | §)"1 € QF,
supp(q | £) =Un<asupp(g, | £) and Vn<Ai gq|E=<gq, | The only nontrivial
case in the induction step is obtaining q | ({ + 1) from g | £ if § happens to be an
element of A*~"? for some y <A* and if ¢, (&) =0 for some n < A. In this case
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we define
q(8)= nL<JA q2(2)- V- {sup sup g,(2)}.

This works since for any X, ..., X,_,cA* if H,((X,,..., X,_;)) is defined
then it is closed and disjoint from F,((X,, ..., X,.,)). O

Lemma 2.2. For each a <A™", QL is dense in Q,.

Proof. We use induction on a=<A'". Note that Q,={8}=Q}. Suppose
a=B+1and q € Q,. The only interesting case is § € A"~ "? for some o < A* and
q(B)#0. Recall that for any X,,...,X,_,cA’ if H((X,,...,X,_,)) is
defined then it must be unbounded in A*. Hence we can find some ordinal 6 <A*
with sup q(B8) < 6 and a condition g* € Q} below g|? B (this uses the induction
hypothesis for ) such that

g* FIoF AN S e H (357, ..., 2377).

Clearly (¢* ~ {{¢,8)}) U{(B, q(B)U {8})} is a condition in Q% below q. If «
happens to be a limit ordinal there are two cases: if cf(o) =A™ then supp(q) is
bounded below « for g € Q,. Thus we can apply the induction hypothesis to find
q* € Qy below g. Otherwise we pick a normal sequence (4,: < f8) where 45 = a
and 8 = cf(«) < A. Using induction on 7 < f§ we can define a decreasing sequence
(gn: n < B) with g, € O} and g, <q|* A, for all n < B. This works at limits 7 < 8
since Q5 is <A™ closed by 2.1. Clearly g5 € Q% and extends q. O

Lemma 2.3. For any a<A**, Q. is <A™ Baire.

Proof. Suppose this failed for some o < A**. Pick a name P € V[G,] for the set
of parameters that we need to define Q, and a condition f € Q} such that

*) fll-g[f‘] “Q, defined from P is not <A* Baire”.

Pick some & such that (f, h)e Q). Let ((F, H,): y<A*) be @} generic over
V[G,] extending (f, h). In V[G;, (F,, H,)] Q. has a <A™ closed dense suborder
Q% So in particular Q, is <A* Baire in V[G;, F,] contradicting (*). O

As a corollary we get that for each <A**
F5on Py < A* dom(F,) = (2*)" .

Hence in the definition of Qg.; where B¢ A" we can omit the clause
(857, ..., 2 1") edom(F,).

Our next task is to verify that Q% forces the =2 (IT% resp.) statement about F,
when y is even (odd resp.) mentioned in Section 1. We must first prove a
technical fact that will be used later on.
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Lemma 2.4. For any condition q € Q3 and any ordinal 6 <A™ there is a stronger
condition q' € Q3 with

Vy<A*VaeA" ' (q(a) #0— sup q'(a) > ).

Proof. The usual argument: suppose for some condition f € Q} and some g € Q3
and 6 <At we have

f IFZEG‘] “the claim fails for g and 8"

Pick some h such that (f, k) € O} and let ((F,, H,): y <A%) be a Q} generic over
V[G,] that extends (f, #). In V[G,, (17;,, H,)] pick an increasing enumeration
(a,: 1 <A) of supp(q) with |1 <A and define by induction on 7 a decreasing
sequence (q,: 1 <A) such that for all n<ZA:q,eQ%, q,<q|’a, and Vy<
AMVaeA" " Na, [q(e)#8 = supq,(«)>d). From this we obtain a condi-
tion ¢’ as in the claim. This contradicts our assumption above. [

The next lemma says that after forcing with QF any F,((X4, ..., X,-;)) is
stationary unless we killed it explicitly. To be more exact:

Lemma 2.5. Let G be Qi generic over V[G,, }71] In V|G, E, G}, let
X, ..., X, 1At and yo <A™ and assume

VBeA " "Yq e G [q(B)#8 > ((#5™)°, ..., B "N #E(Xy, ..o, X))
Then F,((X:, . .., X,_1)) is stationary.
Proof. Pick names A” (0<k<n—1, y<i*), #j" (y<A*, BeAr?, 1<i<k)

in V[G,l]Q'11 for the parameters in the definition of Q3 Let 0,0',...,0" e
V[G]2*% and (f, ) € F, * G with

(. @) FSiom: “Vge TYBe A" " [q(B)#8 >

A

((‘1’:};"’“, R %3_170)¢(01, e, 0" DA oAt is club”.
The lemma is proved if we can find a condition (f, ¢)<(f, §) and s'; ..., s" '€

2<** and an ordinal @ < A* such that

(% ..., 5" ) edom(f"),
(sl ..., s YWa)=1
s, .. s"T () =1,
, q)l}-'Q/[if‘Qli“(al, ...,0" Dextends (s',...,s" HAaeo”

where f” denotes the y-th component of the condition f € Q. In order to come
up with (£, q), (s',..., 5" ") and &, we have to construct a decreasing sequence
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, 4»): 1 <A) of conditions below (f, §) and auxiliary sequences

(i n<A),

(6,:n<A),

(T <4,

(bY:yeT,):n<Ai),

(((ghs - SEL):Beb)):veT): n<A),

((spy -+ -, 527 D p<A)
where a,, 8, <A* and T, cA* and b} c A" and s}},, s;, c A* and at stage 7 of
the construction we have:

&, 8, >sup{dom(f}.(s1, ..., 5.,-1)): n' <n, y esupp(fy-),

8y, ..., 8,-1) edom(f})} U rs,u<;:' (o, U by

T, ={y <At A" | suppla,) #8} U (o),
fykgf™
| VyerT, b’,’,:/i"“”’ﬂn,L(Jn supp(g,);

#rns,=sin, (i=1,...,n—1,y€T, Bebl),
(Fy a)HOIS8 N8, =5, (i=1,...,n—1)
o, € 0,
VBebl(sgr, ..., sEa ") F (sn, -, 850"
VyeT, VB eblsupq,(B)>46,.
Note the construction of these sequences can be carried out in V[G;] since
Q}* 03 is <A™ Baire.
Once the sequences have been defined we let

def i def i .
a=supa, and s'=Us, (=1,...,n-1)
n<a n<ai

For y e U, T, and B € Uy<a yer, b7, We define
sePS U sgh, @(=1,...,n-1).
Now we pick a condition f <f, (n<A) such that (s', ..., s" ") e dom(f) and

k", ..., 53" edom(f?) (for yeUyox T, and B Uyzayer, bY). We also
want

frs',...,s" H)(a@)=1 and f¥((sg" ..., sg“"’))(zlig sup q,,(ﬂ)) =0.
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Note there is no conflict for y = y,. Finally we define g € Add(A*", 1) by

supp(q) U supp(g,)

and

U 4B U{supsupa, ()] it feUbyn<hveT),

qn,(B) = '
UA a,(B) otherwise.

Then (f, q) is a condition in Q} *Q3, i.e., waEG*l q € 0%, and clearly (f, ¢) and
(s',...,s""") and & have the properties that we want. [

Lemma 2.6. For each odd (even resp.) y<A*, Q3 forces the IT, (2% resp.)
statement about F, that we want.

Proof. For the sake of the argument suppose that n is odd, t.e., n=2[+1. If
y<A' is odd we want the following IT, statement about F, to hold in
(V[G:, E))<

VX, cA"3AX,cAt---3X,_,c AT E(X,, ..., X,_,) is stationary.

Let G be Q3 generic over V[G,, Fy] and suppose in V[G,, F;, G] we are given
some X, c A*. Pick some £, € A7 with (1) = X, and let X, =G (i.e., the
subset of A* that G adds at coordinate &,). Now suppose X;c< A*. Pick some
&, e A>Y with (X, X5, X3) = ((FE)°, ..., (EN)°). Then let X, = G*. Continue
in this fashion until {,, ..., §, and a tupel (X,, ..., X,_,) have been defined.
Now suppose that { e A" "". Since for each Ber™ ~ycas ArTLY, Qp+1 is
isomorphic to Qs ® “Adding a Cohen subset of A*”, we obtain by the product

lemma  that Li<t< - The same  argument shows  that
GG, ..., @) =Xy, ..., X,_1) (with feA" ') implies ;< ¢.
Recall that the top branch in the tree Tp: is labeled 1,3, ..., n —2 and ends in
‘save’. Hence we obtain

VgeGVLe A" P [((BEM)Y, ..., @) =Xy, ..., Xas)) 2 q(0) =0].
It follows from 2.5 that E,(X,, ..., X,_,) is stationary.

If y<A™ is even, we want the following X statement to hold about F, in
VI[G;, F,, G]

X, cA"VX,cA™ - VX, AT E(X,, ..., X,_,) is not stationary.

Let X, =G If X, < A" is given, pick n, € A>” with ((3,)°, (#31)°) = (G°, X>).
Then define X;=G". For a given X,cA® choose n,eA*’ such that
(ENC, ..., @N°)=(X,, ..., Xs). Then define Xs=G"™. Continue in this
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fashion until 7, ..., n; and a tupel (X, ..., X,_,) have been defined. Now fix

some neA™ b with (850, ..., F7 ") =(X,,..., X._1). By the same
argument as above we have 1, <- - - <n, <n. Recall that the top branch in Ts: is
labeled 0, 2, ..., n —3 and ends in ‘kill’. Thus at coordinate n we add a club set

that is disjoint from F,(X,, ..., X,,_,). The argument for even n is similar. [

This completes our discussion of Q% for now. Let G be Q3 generic over
V[G,, E]. In the next step we want to define a forcing Q3 in V[G,, E,, G] that
codes each F, by a subset of A. Clearly we can think of each F, as a subset of A™:
After all 2= c V[G,], but V[G,]=L[G;] since we started in V =L. Now
‘G, c L, thus 2<*" ¢ L;+[G,], and we can use the canonical well-ordering <g,; to
code 2=*" (which has order type A* under this well-ordering) by A*. Let F, c A*
denote the code for F, in this coding. Now let

= 11 o0&

y<ait
<A support

where for y <%, Qp codes E, c A* by a subset S, of A using the <, least almost
disjoint family of constructible subsets of A of size A (cf. [2], note that we still
have A* = (A*))L for I =1). Qris A centered and <A closed. Hence by a A system
argument Q3 has the property A* and is <A closed. Therefore in particular
Q3 x Q3 is A* c.c. Hence Q3 does not add any new subsets of A* all of whose
initial segments are in V[G,, E, G|, i.e., L;-[G,]. If (S,: y<A*) is Q3 generic
over V[G,, E,, G] and S, denotes the code for F, (see [2] on how S, is defined
from S,) then we obtain in V[G;, E,G, S,

3 good X;cA*V good X,cA* - Qgood X, ,cA* Q' 4

[# transitive, MEZF™, | M| = Vi, MM c M, X, ..., X,m1€M
AMECIE F: (27)"'— 2% is the Lipschitz function coded by S,

then @(F((X4, ..., X,-1)))"]

for even y<A* where ¢ says “F((X,, ..., X,)) is not stationary (stationary
resp.)” for odd n (even n resp.).

In this formula “X is good” (where X = A*) means Vo <A* X N a € L;+[G,].
So this is 23X, G,, A) over V, since it is absolute for any transitive model of
enough of ZF that correctly computes A*. Hence the whole formula is
32%(S,, Gy, A) over V,. It will be abbreviated by ¢23'(S',,, G,, A) from now on.
Similarly, for odd y <A* we have a IT2 formula ¢™($,, G,, A) holding at V, in
V[G,, E, G, §,] which is just the negation of ¢=.

Finally in the last step Q% of O, we add a sequence of club sets C, c A (y <A™)
such that

C, N {p <A: pis inaccessible A V, F =S, NV, G:NV,, u)}=0.

Q1% is a A* product with <A support of posets each of which is of size A and has
for each v < A a< v closed dense suborder. Thus by a A system argument Q3 has
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property A* and for each v<A a dense <v closed suborder. In particular
Q3% Q% is A*c.c. and hence for any Q3 generic (C;: y <A*) we still have
ViE¢™(S,, G;, A) for even y<A* and V,E¢™(S,, G;, A) for odd y<A* in
VIG,, Fy, G, S’}, C",,]. Therefore we obtain

IFpeg, A is 22 describable”.

We conclude this paragraph by proving two technical results about the iteration
Q% which will be used to show that our iteration P,,, preserves the IT?
indescribability of k. As a minor technical point the reader may have wondered
how we choose the parameters necessary to define Q3, i.e., we need to choose
them in a uniform way in order to define Q; by induction on A. This can be done
by simply choosing the <,, £, least family of parameters. However, as we shall
see in a moment the exact way in which we choose the parameters for Q3 is
actually irrelevant since the outcome is always the same as long as the sequences
of terms are complete. For the rest of this paragraph we work in a model, say
where GCH holds from A on and (F,: y <A") denotes a sequence of Lipschitz
functions F,:(2*")""'—2*".

Definition 2.7. We call P a set of parameters if it consists of a partition of A**
into cofinal pieces and of complete enumerations of tupels of terms along the
coordinates in the sets in the partitions. So P will be of the form

{A°, (A" y<At I<isn-1), ((zr", ..., 12"): y<A*, e A", 1<sisn—-1)).

If P is a set of parameters we denote by (Q,(P): a < A*™) the Q-iteration defined
from P, i.e., Q,++(P) (for which we will simply write Q(P)) is the poset defined
from P for forcing a certain IT2 statement about F, for y <A* odd and a certain
3?2 statement about F, for y <A* even. 0O

Definition 2.8. Let S <A™ and P be a set of parameters. We say S is a complete
set of coordinates for P if for each y<A*, ke{l,...,n—1}andie{l,..., k}

Ve AXYNSY(n, f) e 77 (supp(f) < {—supp(f) = 5)
andif \* cS. O

Definition 2.9. Let P be a set of parameters and S cA**. For { <A™
0% (g € Q:(P): supp(q) = )

and Q¥ Q%... For y<A* and e Y(l<sk<isn-1)
Tr={(n. f):feQinIg((n, g) et Af<g)}

If it is clear from the context which S we are referring to we drop the superscript
S and simply write 7. O
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The following lemma shows that for complete sets of coordinates we can thin
out a given condition in Q(P) and stay within Q(P).

Lemma 2.10. Suppose ScA*t is a complete set of coordinates for a set of
parameters P. Then for each { <A*™

VqeQ(P) q|’SeQf
and

Qg Cc QC(P)

Proof. We proceed by induction on { < A**. Note that the first claim clearly
implies the second. The only nontrivial case in the induction step is when
{=a+1 with xe A" YN S for some y <A*. W lLo.g. let A be odd and assume
towards a contradiction that g |” S ¢ Q3 ... Hence there is a condition q' € Q3 with
q'<q|’SNaand

q'hos (I neSNa), (77, ..., B):neA* N(a+1)NS,
kE{l, ce ,n—l}),F;,, %‘I(a’))

where 67 roughly says “If the killing conditions are satisfied then we kill at
coordinate o otherwise we save”. The key point is that the completeness of §
implies that for any Q.(P) generic H, (#:N* = (#")f"% for all ne A**N
(e+1)NS. Moreover, if for nedA*’Na and ke{0,...,n—2},
(G, ..o, @GETHY) = (@Y, ..., (351, H), then we must have ne S
(by the induction hypothesis together with the product lemma). Now define a
condition q" € Q,(P) by

q"I(SNa)=q'I (SN a),
9" |(«~S)=q|(a~S).
Then with the above remarks
4" o, 0 ((L™: 1 < a),((Fy7 ..., Ty ne A" N (a+1),
ke{l,...,n—1}),F, o, q(a))
which contradicts g e Q.- O
Now let P={A° (A*":y<A*, 1sksn-—-1),((z}", ..., 18" y<A®, 1=
k=sn-1, teA*"} and P=(A°, (A*": y<A*, 1sk=n-1), (7", ..., T&"):

y<A*, 1sk=sn-1, {eA*")} be two sets of parameters and Q = Q(P) and
O = Q(P) the corresponding Q-iterations.

Lemma 2.11. Q and Q are isomorphic.
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Proof. We construct an isomorphism by a back-and-forth argument. Towards this
end we define a sequence (e;: { <A™ ") of functions such that

dom(e;), rng(e;) <A™,

fcdom(e;),  Ccrngle),

e-is 1:1,

lec] <A™,

n<f— e, e,

e =id | A",

Vy<A*Vke{l,...,n—1}Vnedom(e) (n e A" (A%resp.)

S eq(n) e A7 (A° resp.)).

We begin with e,. =id | A*. For a limit ordinal € (A*, A**] we let e, = Up<z ey
Now suppose we have arrived at a successor ordinal { +1<A**. If { ¢ dom(e;),

we have to distinguish the following cases:
For ¢ € A° define

e¢+1(£) = min(A° ~ sup* mg(e)).

For e A%” (where 1sk<n—1 and y<A") pick the minimal n e A*Y ~
sup* rg(e;) such that (247, ..., #%7) = ((FLN)%, ..., (F41)%) (where (#;7)% L
{(n, 9%): (n, q) €2’} and where g%eAdd(A**,A*) with supp(q%)=
ec[supp(g)] and V& esupp(q) g*=(e:(§)) =q(§)) and let e . (§)=n. If (¢
mg(e;) U{n} again there are two cases: For yeA’ let &=minA"~
sup*(dom(e;) U {£}) and define e,,,(§)=¢. If { e A*” for some y<A* and
ke{l,...,n—1} pick the minimal &€ A*”~sup*(dom(e;) U {{}) such that
(zk, ..., &Y = (@Y7, ..., (B (again (#7)% denotes the result of
applying the shifting map induced by e; ' to 72?) and let e, ,(§) = L.

This completes the definition of e,.,. (If { happens to be already in the domain
of e; or in the range of e, or the intermediate function we skip the corresponding
clause in the definition.) Note that all this is possible because the sequences of
tupels of terms are complete. In order to finish the proof of the lemma we have to
prove the following claims:

Claim 1. For each {e[A", A™"), dom(e;) (rng(e;) resp.) is a complete set of
coordinates for P (P resp.).

This is immediate from the way we defined the sequence (e;: { <i*™).

Claim 2. For all £ <A**, q% e Q™) for all g € QU™ and q*¢' € Q4™ for
all g e Q™e(2),

In order to prove the first half of Claim 2 suppose that g € Q™ +) for some
successor { +1<<A™*. We can assume { = A*. The worst case that can happen is
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that we have to add first { to the domain of e; and then { to the range of the
intermediate function in order to get e, from e;:

A A
ot

17=e§+1 (g)

A

|
o Ted

—

(|

|

T

dome u{{} =€, 1(® mg e, u{{}

Clearly dom(e;) U {&} is complete for P. Hence by 2.10
q|° (dom(e;) U {E}) € Qéomeou(®),

One now argues that
(q1° (dom(eg) U {)))e-" € Qreccov (&),

Then one shows g%*' € Q™+, The second half of Claim 2 is proved similar.
It follows from Claim 2 that each e, induces an isomorphism of Q9™ with
Q™) Thus | J;,++ €; induces an isomorphism of Q and 0. O

We need one more technical fact about the iteration of the form Q(P) which
says roughly that Q(P) factors in a nice way, i.e., if we pause at some
intermediate stage { <A*™ of Q(P) then from the viewpoint of V< the rest of
the iteration looks pretty much like the original iteration in V. Before we can
make this precise we need to set up some notation. Suppose P is a set of
parameters and (Q;: { <A*™) is the iteration defined from P. If 8 <A** and H;
is Q5 generic then, in V[H;], let for £ €[5, A7)

Q5,:% {s € Add([8, A**), A*): 3g € Hs (q | 8) s € Q¢ )

and endow it with the ordinary < on Add([8, A**), A*). Pick a canonical name
Qs€ V% for Qs .. For each g € Q; (8 < <A*") pick a term §5 ;€ V< with

Fo, (§s.c€ Ooc A (g[8, A7) € 05— doc=q | [8, ATH))).

Lemma 2.12. For each { with 6 < {<A*"
Ds: Qr—> Qs * Qa,;
q—> (qlﬂ 6’ éé,c)

defines an isomorphism of Q. with a dense suborder of Qs * QO(,, e O
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Next we associate with each nice Add(A**, A*) name 7 for a subset of A* a
canonical name 57 € V< such that

(2.13) kg, 57 ={(n, h): n <A* A h € Add([8, A**), A*) A
If eM3ge Add(S, A) (n, g h)eTAf | 5<g)}.

Note that
Ik, “5T is a nice Add[(S, A™*), A™) name for a subset of A*”".

Lemma 2.14. For any complete sequence (t.: {<A*™) of nice Add(A**, A")
names for subsets of A*

o, “(sTz: £ <A*™) is a complete sequence of nice
Add([8, A7"), AT) names for subsets of 17"

Proof. Suppose q € Q5 and & € V2 such that
q kg, “& is a nice Add([d, A*), A") name for a subset of 177,
Define a nice Add(A**, A") name 7 for a subset of 1* by
t={(n, h):n<A"AheAdd(A**, A*) A h|*S € Qs
AhPd<q Ah|®dikg,(n, h|[8, ATF)) € &}.
By applying definition (2.13) we obtain
qlrg,sT = 0.

By the completeness of (7.: { <A*™) there are arbitrarily large {<A** with
7= 7,. Obviously for each such {

q"‘QmﬂC = 4. a

We are now going to explain what we mean by modified 6, A*™ iterations.
Suppose we have partitioned some 8 € (A", A* ") into A% and {A*": y <A™, 1<i=<
n — 1} and we have enumeration of tupels of terms ((z}7, ..., £7): { € A*Y) for
y<A' and 1<k =<n—1, where each 7}” is a nice Add(A**, A*) name for a
subset of A*. Let (Q;: { < 8) denote the iteration defined from these parameters.
Now let H be Qs generic. Suppose that in V[H] we choose a partition of [§, A )
into cofinal pieces A and (A*": y <A*, 1<k <n — 1) and we have enumerations
of tupels ((T;7, ..., T¢"): { € A7) of nice Add([8, A*™), A*) names for subsets
of A* that are for each y <A™ complete for Add([8, A*™), A*). Let P, =
{(H": y<A*, yeven), (FtNY, ..., FENY, HY): teA*"NS, y<it, 1<k<
n —2)} and P the set of parameters that we fixed in V[H]. Working in V[H], we
can now define the modified 6, A*™ iteration (Qs o(Py, P):d<a=<Ai*") by
induction on a<A*" (we drop the Py and P to avoid excessive notation): Let
Qé,é be the trivial partial order on the one element set {1agqqs, 1++), 24} If @ is a
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limit then let
Os.« = {f € Add® (8, @), A7): VB €[, a)f (8, B) € 0.5},

where of course, for S ¢ [, A*") and q € Add([6, A* ™), A") we define
AddP*(S, AY)E(f € Add([8, AT), A™): supp(f) = S)

and g[S € Add!>*" (S, A") by q|®S(£) =q(&) for L eS. If a=pB+1 for some

B €6, A*) there are two cases: For B e[8, A ") ~,<;+ A" "7 we simply let
Qé,[i+l ={fe Add[a’lﬁ)([ay g+1), A+):f|0 Be Qa,ﬂ}-

If for some y<A*, Be A" """ and y is odd, we let

Oper = {f € AddP* (8, B+1), A*): fIP Be Do p A fI? BIHE B30}

where 6% says:

f(B) is a condition for killing Fy((?}; Yoo, 8y if
Or(Per, (T, ., TN, (Y, .., T8, rC): ted "N B,

1<sk<n-2)) and f(B)=0 otherwise.

and O says that the killing conditions (as given by Tyz) are satisfied in (V[H ])Pes
if we also refer to Py. For even y we use formulas é;}; and 925 which are defined
similar. The symbol " denotes an operation on terms defined as follows:

B (i, f):f e OsenTg ((n, g) € T2 Af<g)}.

An analogous proof as in 2.3 shows that modified 6, A** iterations are <A*
Baire. Moreover, by the analogue of 2.11 once we fix H and Py as in the above
definition then, in V[H] there is only one (up to isomorphism) 8, A** iteration
that refers to Py and to (F,: y <A™).

Now suppose we have a set of parameters P in V, i.e.,

P={A% (A" ke{l,...,n—1}, y<i™),
(b7, ..., ) y<At, CeA* ke{l,...,n—1})}

and (Q.: £ < A") denotes the iteration defined from P. Let § <A*™* and H be Q;
generic. Let

P={A°N[8, A7), (A*"N[S, A* ") 1sk=n—1,y<AY),
(5T -, 5Ty <At e AP'N[S, A7), ke {l,...,n—1})}.
Denote by (Q;: 6<¢{=< A™7) the [8, A™Y) iteration defined in V[H] from Py and
P. Recall the poset Qa ¢ from 2.12. The following lemma illustrates that
(Q¢: £ <A™™) factors in a nice way.

Lemma 2.15. For each { e[, A",
éfs{.c = Qa,c-
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Proof. The lemma is proved by induction on { € [8, A™*]. For £ = 6 the lemma is
trivial. Now let { be a limit. If cf({) =A™, there are no problems so suppose
cf(E)<A. Q°{;’ ¢ Q5. follows from the induction hypothesis. Conversely, for
q € Qs pick S [, &) cofinal in { with |S] < A. For each v € S pick &, € H with
(h, | 8)°q|°[8, v) € Q,. Note that the sequence (h,: v €S) is in V, thus we can
pick h e H such that hlk,,VveSh, e I. One now argues that h™q € Q;; this
proves that q € O%,. Finally, consider a successor {+1<A**. Here we first
establish the following

Claim. If K is Qaff_g generic over V[H|, then for each y <A* and ke{l,...,n—
1} and ve A*"N 4, ]

(7)) = (&5 1eel

where @y is as in 2.12. O

The proof of the claim consists of a straightforward inspection using the
definition of the * operation. In order to prove the lemma for {+1 we can
obviously restrict ourselves to considering § € A"~ "7 (for some y <A*). Suppose

g€ Add®* (8, £+1],A") and ¢[°[6, £) e 0= 05
If g € Q% ., pick h € H with (h| 8)"q € Q¢,,, i.e.,
(h | 6)ﬁ(q|ﬂ [6r C)) "_Q_: 0;(7,%/23
We must show
g|’[8, O 65,
Conversely, if g € Qa,¢+1 we pick & € H such that
h|8ko,“ql"[8, )G Otmz”

(where H and Qgé_; are canonical Q5 names for H and Q) and (h | 8)"(q|*§) €
Q. Now we must show

(h8)"(a]’[6, D) ko, BTz

However, all this is easily checked since, by the claim, the formulas 075 and
0152 are merely restatements of each other when considered in the appropriate
models. O

In the sequel we will also be using the following specialized construction: Again
suppose we are working in V where (F,: y<A") is a sequence of Lipschitz
functions E,:(2*")""'—2* and GCH holds from A on. Suppose & € (A*, A**)
and P={A% (A*"ke{l,...,n—1},y<a*), ((z¢", ..., 18"): e A", ke
{1,...,n—1}, y<A™)} is a set of parameters and (Q.:{<A**) the cor-
responding iteration. In addition to this suppose that for some A* € [w, A*] with
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order type of Even;. = A*

Vy<A*V{eA®"N & supp(r:Y) N Even;. =§
where ke {l,...,n—1}and 1 i<k and

supp(r¢”) = U {supp (¢): 37 (1, q) € 7%7}.

An argument from the proof of 2.10 shows that for each q e Q,, q|* (6 ~
Even,.) € Q3 E"*™ and consequently Q§ 5™ c_Q;.
Now let H be Q§75"™ generic. In V[H] define for {

A

.)E++

Qs seirrc = (g € AR O[S, 6 +A* + £):The HR O g € Qp)
where h & g is defined as follows

RO q(v)E (8 +E) if vis the E-th ordinal € Even,.,
hOq(v)Eh(v) if ved~Even,.,
ROqd+v)Eqd+Aa*+v) if0sv<att,

We let *Qs s542-+¢ be a canonical Q5 5™ name for *Qs,5+a++¢ and for each
qeQs.r (E<A*) we pick a canonical Q3 F*™ name *§s 5.+ similar as in
2.12. Analogous to 2.12 we obtain a dense embedding

*Po: Qovr— Q8 ™ % *Qy 54aat

q— (‘Ilﬂ (6 ~Even;.), *§siaese)-

Even,»

Moreover, if we pick a Q3 generic H, then we can, working in V[H],
define a special modified 6, A*™" iteration. The idea is to choose a partition of
[6 +A*, A*") into cofinal pieces and enumerate sequences of tupels of nice
Add([8, A* ™), ") names for subsets of A" along the coordinates in all but one of
the pieces that are each complete for Add([d, A™*), A*). The definition of the
special modified 8, A** iteration (*Q, .: & €[5, A**)] which arises from these
parameters (and from the sequence of parameters for the original iteration in V
up to stage 8) is entirely analogous to the definition of a modified 6, A**
iteration except that at the v-th step of the iteration (i.e., at coordinate 6 + v
where 0< v < A*) we add the generic witness for the X2 statement that we want
to hold about F, where v is the v-th even ordinal <A*. Clearly special modified 6,
AT iterations are again <A* Baire, and up to isomorphism there is only one
special modified 8, A iteration in V[H] that refers to the parameters in V up to
stage & and to (F,: y <A™).

In an analogy with (2.13) we can associate with each nice Add(A™, A7) name 7
in V a canonical term X7 in V25" such that

Ik ggeweni 3T = {(1, ): n <AT, g € Add([3, A7), A7),
3hel'3ge Add*” (6 ~Eveny., A (h<g A (n, 8O q) e 1))
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For a given complete sequence (7;: { <A*™") of nice Add(A**, A*) names for
subsets of A* we obtain as in 2.14

lkgg-mveni “(37¢: £ <A™™) is a complete sequence of nice
Add([d, A*T), AT) names for subsets of A*.”

~Even,«

Thus, once we fix a Q3 generic H, our set P of parameters in V gives rise to
a set *P e V[H] of parameters for a special modified 8, A** iteration, i.e., if
P={A% (A" y<At, 1sk=sn-1), ((t¢",...,18"): (eA*?, I1sk<sn-—-1,
y <A™} let

FAO=[8, 8+ AT U {8+ A%+ E: 6+ EeA”),
PARY = (S 4 A* + L6+ Le AR (l<k<n-—1,y<ih)
and for 6 + £ € A*7 let *75% 4 .r = 37541, and
P= (A%, (*ART 1<k <n—1, y<A"), (1YY, ..., *ThY):
Le*A*" k<sn—1, y<A")}
and
Py = {(H*: ¢ € Even,. — Even;.), ((T§")", . . ., (kN HP):
BeA*"NS, 1sk<sn-—2,y<Ai%)}

and denote by *Q.(Py, *P) the special modified §, A** iteration defined from P
and *P. The same ideas as in the proof of 2.15 lead to the following factor
lemma:

Lemma 2.16. Forall {<Ai*"

*le,a+r+; = *Q6,6+A*+Z;(PH7 *P)' O

This completes our analysis of the fine structure of the iteration for now, and
we turn to the task of establishing that the iteration preserves the IIZ
indescribability of k.

3. Preservation of the IT2 indescribability of x

Recall the following characterization of IT); indescribability (cf. [2, Theorem
1.3)).
An inaccessible cardinal x is IT)} indescribable (m =1, n = 1) iff

VM [M trans., MEZF ™, [M|=k, M™“cM, ke M >
3j, N [N trans., |N|=|V,,.—1l, N2 correct for k,
j:M < N, crit(j) = x]].
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Our strategy for establishing the IT2 indescribability of x in V**' is then as
follows: Suppose u € V' is a name for a subset of k such that

ikp,,, “the transitive collapse of the structure coded by
¢ is a model of ZF~, has size k, is closed under
<k sequences and contains k as an element”.

Pick some & with cof 6 > k and V; EZF~. By the usual arguments we can find a
transitive M with [M|=x, M~*c M, ke M and an embedding i: M < V; with
cpti>k and i(u*)=pu for some p*eM. Since k is IT> indescribable there is
a transitive N which has size x* and is Z2_, correct for x and an embedding
j:M < N with crit(j) = k. We are done if we can build a V generic G" for P,.,,
an M generic G™ for P¥,, and an N generic G" for P},,,; such that N[G"] is
>2_, correct for k in V[GY] and G, G € V[G"] and i and j lift to embeddings
(called again) i: M[GM]< V5[GY] and j: M[G™]< N[G"]. For then, if we let
M* denote the transitive collapse of the structure coded by u®", j | M* witnesses
that k is IT2 indescribable in V[G"] (note that (u*)®" =i((u*)®")=u®" since
crit(i) > k).

3.1. Construction of G™ and G¥

Let G, be V generic for P,. Since M<~c M, P¥ = P,. Clearly G, is M generic
and i lifts to i: M[G] < V;[G,] because i(p) = p for all p € P,. Next we consider
QL+Q2 Let (D,:®<k)e Vs[G.] be an enumeration of all the dense sets of
(QL* Q%)M that belong to M[G,.]. By induction on n <k we now build a
decreasing sequence ((*f,, ¥q,): n < k) such that (™f,, ¥gq,) € D, (for n < k) and
there is a condition (f, q) € Q% * Q% which extends (i(*f,), (i(Mg,)) for all n <«k.
The construction of this sequence takes place in V[G,], but any initial piece of it
is an element of M[G,] which is <k closed in V[G,]. At stage n of this
construction we pick T, c (k") and for each y e T, we pick b} < (x**)¥
such that

MTr, — {Y < K+: Mfin—l,Yn U Supp(qu:) ¢0}7
Mf ot o e
X VYGMT;'Mb«'/I=MAn—1,YnnlL<J" Supp(qu')-

M_1,y M

+\M n—1,y
)" and sets V'sg¥, ..., Vsg, V<

In addition to this we pick an ordinal ¥8, < (k
(x)™ for each y € MT, and B € Mb} with
8, >sup{dom(Mf1.((s1, - - -, $p-1))): 0’ <1, y € supp(Mfy),
(51, - - - S,_1) €edom(fY)} U sup 5,
n'<n
("fos M4n) F(Gngppnoa Yy € T, VB € b}

Mghr =MEyNMs, (for 1<isn—1);
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and
Vy e MT, VB e ¥b} sup Mq,(B) >™5,.

This completes the definition of the sequence ((™f,, ¥q,): n <k). Now let
f, =i(™f,) and ¢, =i(Mg,). By the elementarity of i: M[G,] < V;[G,] applied at
each stage 1 <k of the above construction it follows that there is a condition
(f, q) € QL+ Q% below all (f;, g,). The argument for this was given in a more
complicated context in the proof of 2.5. Pick some V[G,] generic E,*G for
QL+ Q2 that extends (f, q) and let F,*™G denote the filter generated by
(Mf,, Mg,): n <x). MF,*™G is M[G,] generic for (QL* Q2)°! and i lifts, i.e.,
i: M[G,, ¥F,, MG V;|G,, E,, G].

For the last two steps of stage k of P, recall that Q2 * Q% has the x* c.c., and
crit(i) = (x*)™. Thus after we pick a V[G,, E,, G] generic S, * C, for Q% * Q% we
simply let S, and MC, be the pointwise preimages of S, and C, respectively.
Then with

GM = G *MF,*MG+MS,«MC, and GV=G.*F,xG*S,%C,

i will lift, i.e.,

M[GY]——V,[G"]
P, Pt

M V.
Clearly M[G"] is still closed under <k sequences in V[G"].

3.2. Construction of GV

Note that PY = P, and j | B, =id | P,. Thus with any H that is N[G,] generic for
the tail Pﬁ,m, j:M < N will lift to j: M[G,] = N[G. * H]. However, we also want
to pick H such that N[G, * H] is still £%_, correct for k in V[G"]. Towards this
end let r denote the <, least permutation of k™ such that

1:1
Even,+ —— Even,. ~ Even . »,

onto

0dd, .+ 5> Odd,.+ U Eveng,« .

K onto

Note that N[G,]* = N[G.], in V[G,]. Thus the forcing that N[G.] wants to do at
the first step of stage x of PY,, equals QL. Now define VE, £ F,, for y <A*.
Since 7 is in the ground model VF, is Q) generic over N[G,].

Lemma 3.2.1. N[G,, VF,] is 2%_, correct for k in V[G,, E,].
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Proof. Note that N[G,, NI?‘Y] = N[G., 17",,] Now the proof of the lemma is routine
since QL = |Ve44l. (Cf. [2, Lemma 1.2].) O

Next we have to find a generic for the second step of stage x of PJ,,. Recall
that in N[G,, VF,] we have a partition of k** into cofinal pieces YA® and VA%
(I1<k=sn-1,y<k™) and complete sequences ((“z}7, ..., 15"): Be™A* ")

from which we define an iteration (YQ;: £ < (x**)V) that refers to VF,. Now let

++ 1:1
onto

T K KT ~Eveng

be defined as
a*(§)=n(f) if C€Even,-,
a*(§)=¢ if e k™ ~Even,-.

m* induces an isomorphism of Add(x**, k*) with Add*™"(x** ~ Eveng,+yw, k*).
For g € Add(x*™, k™) we denote by ¢™ the image of g under this isomorphism.
We also use this isomorphism to associate with each nice Add(x**, k*) name t
for a subset of k* a nice Add*"(k** — Even,+v, k*) name 7" in the usual
way. Now in V[G,, FY] let P* denote the following set of parameters: Partition
x** into cofinal pieces *A°, *A*Y (1<sk<n—1, y<k™) and choose complete
sequences ((*tg”, ..., *15"): BeA*?) such that *A°N(x**) =" A" and
AR O (kPN =NARY and *Ti™ = (Vi)™ for BeNARY, y<kt and 1<
k<n—1. Let (*Q: {<«™*") denote the iteration defined from P* and E,. Note
that for y<x*, ke {l,...,n—1} and B € *A*"N (x* )"

supp(*t3") NEven+w=@ for 1<i<k.
Thus for {<(x**)" and q € *Q;

q|® (¢ ~Eveng+m) € *Qr and *QF Eveheomc *Q,.
Moreover, z* induces an isomorphism of VQ , ++w with *Q{ v "Evenes" Recall
that for noncritical y <k™ (i.e., y and 7(y) are both odd or both even) *Q and
NQ agree on whether to make a X7 or a IT. statement true about “E, = F,,,.
However, for critical y <k™ (i.e., y odd and n(y) € Even,y», *Q wants to force
a X2 statement about F,, and YQ wants to force a IT5 statement about
NE, = Fy(,). Note that range(r*) N Even(,+» = @; hence no term that appears in
*Qu++y can possibly ‘see’ the witness for the X7 statement about F,, (for
critical y) that *Q adds at coordinate z(y) € Even(.-y». Now the key point is that
any branch in the tree for 22 which is labeled —0 leads into a subtree which is
identical with the tree for IT2.

Denote by G the generic (coming from GY) for Q, the second step of stage k
of P.,,. We know from 2.10 that Q and *(Q are isomorphic. Let G* be the
pullback of G to *Q via the isomorphism constructed in 2.10 and g*=G*N
*Q{k IV "Ev"™, Finally let g be the pullback of g* to ¥Q via the isomorphism of
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NQ and *Q(<I v Evene™ induced by 7*. Clearly g is N[G,, "F,] generic for VQ.
The argument that establishes that N[G,, NF}, gl is X2_, correct for k in
VI[G., Fy, G] is quite complicated. Therefore we defer its proof and show how to
finish the construction of GV from here on.

In the third step of stage k of P}, the poset YQ3 codes each VF, by a subset of
k. Since “F,=F,,, we can take "S,¥'S,,, (where (S,:y<k*) is the
V[G., E,, G] generic for Qi) and (VS,: y <x*) will be N[G,, 17“7, g] generic for
NO3. Moreover, it N[G,,"F,, g] is 22_, correct in VIG,, E, G] for x then
N[G,, "F,, g, NSY] is Z2_, correct for k in V[G,, Fy, G, S] because |Q}| =k
(cf. Lemma 1.2 of [2]).

For the fourth step “Q% of stage « of NP,y we simply take ¥C, = C,,, (where
(Cy: y<k™) is the V[GK, E, g, S,] generic for o). Again *c,: y<1c+) is YO
generic over N[G,, “F,, g, ™S,] and N[G,, “F,, g, VS,, ¥C,] is still Z2_, correct
for x in V[G"].

Next we have to deal with the tail PY,, ). This is no problem as it has (from
the view point of N[G,, “F,, g, S,, ¥C,]) for each v < the least inaccessible of N
above k a <v closed dense suborder. In the usual way we can construct an
N[G,, "E,, g,"S,,"C,] generic H for Py, e Since we only have to meet few
dense sets. With](G )=G, *NE, xg+N§ «NC, + H, jlifts, i.e.,

NGO
e

’ )

M———N
and N[j(G,)] is still Z2_,; correct for k in V[G"] since the tail is highly Baire.
Finally we have to consider stage j(k) of P},,,,. In the first 3 steps we use
standard master condition arguments to lift j, i.e.,

NLi(Ge), J(ME,), j(Mg), i(MS,)]

M[G,, MF,, Mg, ™3§,]

M , > N

i

where F,, Mg, MS_ denote the generics for the first 3 steps of stage k of P¥,,
coming from GM Clearly N[i(G,), j(MFE,), j(Mg), j(™S,)] is still Z2_, correct in
V[G"] because of the closure of these posets. Now let MC‘ denote the generic for
the fourth step of stage k of P¥,; coming from G™. There is only one candidate
for a master condition in the forcmg that N[j(G,), ](MF ), i(™g), i(*S,)] wants to
do in the last step of stage j(k) of P},).,: define c* by

dom(c*) =j((x*)™)
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and
c* () =YC,U{x} fory<(x")¥,
c*(5)=9 for §ej((x*)™)~jl(x*)].

This ¢* works provided we can show that ¢* is a condition. For this it suffices to
argue that in N[j(G), j("F,), j(*g), j('S,)] for y <(x ")

(3.2.2) c*(Jj(y)) N {u <j(x): u is inaccessible A
Vi E 5 ("SYi) N Vi [(Gi) N Vi, (k) N )} = 8.

Here ¢ is the 32 statement from above and (MS,: y < (k*)™) is the sequence of
codes that one obtains from the generic (¥S,: y <(x*)™). Since (N[j(G.),
JME), j(Mg), i(™S,)Dx = (M[G,, F,, Mg, ™S, ]), we only have to worry about
u=k. Fix y<(x*)". Note that j(k) Nk =k, j(G,) NV, =G, and j(*5);,, N
V. =j(™§,) NV, =MS, =i("S,) =S, (which is the y-th code that we add in the
third step of stage k of P,.,). Recall that S, =75, -1,, and 7z~ {(x*)™] c Odd,.
Thus in N[G,, “F,, g] the IT? statement ¢'™*(S,, G, k) holds at V,. In the last
two steps of stage kx of PJ,, we do not add any new subsets of k* all of whose
initial segments are in N[G,, NF,,, g], and the rest of the forcing up to N[j(G,),
J(ME,), j(Mg), j(™S,)] is highly Baire. Thus V, E¢™(S,, G,, ) is still true in
N[i(G,), j(ME,), j(Mg), j(MS,)] and (3.2.2) is proved.

Now build an N[j(G.), j(MF,), j(™g), j(S,)] generic that extends c* in the
usual way, then j lifts, i.e.

N[G™]

M[G™M

where G =j(G,) *j(ME,)  j(Mg) *j(MS,) »j(*C,). Moreover, N[G™] is still
3% _, correct for k in V[GV] since the forcing in the last step of stage j(x) of
Plley+1 is <j(x) Baire.

3.3. XZ_, correctness of N[G,, NF,,, gl forkin V|G, F"y, G]

We begin with a general lemma

Lemma 3.3.1 (r=0). Suppose N EZF~ is transitive and =2 correct for k in V.
Suppose, in V that for some S c kx, 2<% c L[S] and (x*)*=k*. Let (H,:y<
k%) € ¥ be a sequence of Lipschitz functions H,: (2" )" "'~ 2*'; and in X, fix a set
of parameters consisting of YA°, YA*Y and ((*7",..., Yig"): Be A*Y) for
y<x*, 1sk=<n-1. In V pick parameters A°, A" and ((3}7,...,T5"):Be
A*Y) for y<k*, 1sk<n—1 such that A°N (xk*" )" =74 AkTn(x**)"=
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YART and THY="14" for B<(x**)". Let "Q and Q be the corresponding
iterations deﬁned from the sets of parameters and from (H,: y<A*). If G is V
generic for Q then N[G N *Q] is X? correct for k in V[G].

Proof. Under the hypotheses it is clear that *Q is an initial segment of Q, i.e.,
*O = Q(KH)N, Hence G N *Q generic over &. Now we proceed by induction on r:
The case r = 0 is clear since Q is <k* Baire. If we have arrived at r + 1 it suffices
to consider ¢(A) in ITZ,, and A e (N[GN"YQ))wsr With N[GNYQ]E“V,E

(A)” and to argue that V[G]E“V,k¢(A)”. Fix 8 <(x**)" and a nice name
A e /% for A and a condition g € Q5 N G with

q I}-NQ “V E ¢(A)”.

It follows from the factor Lemma 2.15 and from the analogue of 2.10 for modified
8, (x**)" iterations that

N[G N Qs]) F ““for all sets of parameters P and all modified
é,k*" iterations Q(Psng,, P) that refer to
(Hy < K+)’ lFQ(P(;né‘,,P) [VK F ¢(A)]”
where

Pgng, = {(G": y € Even,), (FtM)°, ..., (#¢1)°, G
CeA"Yna,y<x+,1sksn—2)},

The induction hypothesis applied within ¥[G N Q,] yields in /]G N Q;]

(3.3.2) VMM trans., MEZE~, | M| = |V, 11|, MZ? correct for k, Pgng, € M,
AeM, (H:y<k")eM, MES<kTT >
M E “for all sets of parameters P and all modified
6, k™" iterations Q(Psng,, P) that refer to
(Hy: vy <K%), Fopong,py [V F @A)

Since Psnp, consists of k* many subsets of k¥, we can code it by one subset of
Ves1 (using (k*)"=k™). By our assumptions for each y <k™*, H, c L[S] with
S c k, thus we can use the canonical well-ordering of L[S] to code each H, by a
subset of k* and then code these k* many subsets of k* by one subset of V.
Finally #F 6 < k*™* can be expressed by choosing a well-ordering R of V., of
order type & and then requiring that R e M. Since Rc V., this is Z}(R).
Therefore the formula (3.3.2) is IT7,, in a parameter € (¥[G N ¥Qs]).... Since
|Qs| < x*, N[GN¥Qs) is ITZ,, correct for k in V[G N Q] (cf. [2, Lemma 1.2]).
It follows that (3.3.2) holds in V[G N Q;]. Therefore, by reflection in V[G N Q;]
together with another application of 2.15 we obtain

VIGIE“V.Ep(A)”. O

Now let A e (N[GK, g]),(+2 and ¢(A) be a formula in X2_, U IT>_, with
N[G,(, g]l:“V E@(A)”.
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Lemma 3.3.1 together with the factor Lemma 2.15 and the analogue of 2.10 for
modified (x**)V, x** iterations imply

(3.3.3) VI[G,, NIT“,,, gl E[for all sets of parameters P and all modified (x**)",
k** iterations Q(P,, P) that refer to (VE,:y<k™),
ocp, P) “VieFo(A)”]

where

P,={(g": v € Even,+), (575, ..., (Vi§"5, gP):
BeNAkY, y<k*, 1sk<n-2))}

Recall that V[G,, Nﬁy, gl=VI[G., E, g*] which we call V* from here on.
Moreover, by 2.16 in V* the “tail’ *Q/*Q {3V "E¥*"«"* s isomorphic to a special
modified (x**)V, k** iteration that refers to

P-={(g*": v € Evenes) ~ Evengep), (P25, ..., (*T57)*, g*f):
Be*A*"N(x*MN, 1sk<sn-2, y<k¥)}

and uses (F,: y<k™). In order to finish the correctness argument we have to
show that V[G,, F,, G]E“V, F ¢(A)”. This will follow from

(3.3.4) V*E[for all sets of parameters P and all special modified (x* )V, k**
iterations *Q(P,., P) that refer to (F,: y <k™),
”’-'Q(Pg-,P) “VK t: (P(A)”]

Therefore we have to argue that (3.3.3) implies (3.3.4). We will be able to do so
because of a special feature of 32/IT2 iterations: the (n — 1) Back-and-Forth
Property for X2/ IT- for n =2. Before we explain this, we remark that from here
on all modified iterations refer to P, and “F, and all special modified iterations
refer to P,. and F,,

Suppose now that Q.+~ 5, (wWhere 6, <k*™*) is an initial piece of a modified
(k**)*, k** iteration. The (n — 1) Back and Forth Property claims that there is
an initial piece *Q .+ s; (61 < k*7) of a special modified (x**)", k*™ iteration
and a complete embedding Q(.++ 5 < *Q++n s such that if n=3 and
*Qer 4 5+5, (Where 8, < k') is an initial piece of a special modified (x**)",
k¥ iteration extending *Q.++ 5; then we can find an initial piece of a modified
(x*)N, k** iteration Qe 5,455 (Where 85 < k™) extending Q++v s, and a
complete embedding ir: *Q++yv, 5148, > Qxr+)v.5,+85 SUCh that ireiy =idg .o, -
Repeating this procedure n —1 times we can define a sequence of complete
embeddings i, iy, ...,i,-; Wwith I, ,°i,=id | dom(i,) (1<k=n-2) and
irs2 | dom(i ) =i, (1<k=<n-3). Moreover, a sequence of embeddings
i1, i3, . . . , i,_, with analogous properties can be obtained if one starts with an
initial piece Qc++yv s, (Where 8, <k™*) of a special modified (x**)Y, k**
iteration. The proof of the (n—1) Back-and-Forth Property for Z%/IT% is
somewhat lengthy and will be done in gory detail below. Until then assume this



Indescribable cardinals 75

property. The following lemma is the heart of the correctness argument.

Lemma 3.3.5. Suppose Q.+ ++ is a modified (x**)N, k** iteration, A a nice
Qe+, ++ name for a subset of V..., and ¢$(A) a formula in Z5_, such that for
some condition

@i e er “Vie E @A),

Pick 6, < k™" large enough so that q, € Q.++y, s, and A e (V*)Q«"o and there
is a witness in (V*)2«"Ne for the 3%_| statement ¢. Now pick 8] <k** and
define a special modified k™, 8] iteration* Q. ++y 5; such that there is a complete
embedding ii: Qc++yv, 6, *Qucr+yv,s; and such that this procedure can be con-
tinued as required in the (n — 1) Back and Forth Property. Then we have for any
special modified (x* )N, k** iteration *Q,++v x++ that extends *Q .+ 5

il(ql) ”—YQ*(K++)N_,(++ “Vk E ¢(Ai1)”

(where A’ is obtained from A by replacing all conditions q in A by i,(q) as usual).
A similar fact holds when one starts out with an initial piece of a special modified
iteration.

Proof. The proof proceeds by induction on n=2 and we only present the
argument for the first half of the lemma (the argument for the second half is
totally analogous).

Case n = 2. Suppose 4)(,‘{) =3X p(X, /i) where X ranges over V., and ¢ is
32 Now pick 8, as above and let X e (V*)2«*""5 such that

g1 FGprppre “Vi E@(X, A)”.

If *Qx++yv,++ is any special modified iteration extending *Q.++~ s; Where O] is
as above then

il(ql) "_YQ*(K++)N,K++ “VK = (p(‘i,il’ A’il)”

since @ is 23 and all models involved have the same V..
Case n=3. Suppose ¢p(A)=3JX VY @(X, Y, A) where X, Y range over V.,
and @ is Z2_;. Pick &, as above and let X e (V*)2«*""e such that

(3.3.6) qilrhriip, e “VEVY @(X, Y, A)".

Assume towards a contradiction that there is some special modified iteration
*Qeer v, ++ extending *Q .+ 5; where 0; is as above such that

(3.3.7) (@) Fouopnr: “Ve EVY @(X1, Y, A1),

Pick 8,<kx™ and a condition g,<i(q,) in *Q(+ws+5, and a name
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Y € (V*)"Qer+¥sivs: guch that
(3.3.8) @G, Ve E (X5, ¥, A,

Let 6;<kx** and Q-(,(++)~,,5,+5i be a modified iteration extending Q,++y,s, such
that there is a complete embedding

- . * —~ . - . —_ .
I *Qer v, 51+8, > Qv 6,465 With ir08; =1id | QY. 8

and such that this procedure can be continued as in the (n — 1) Back and Forth
Property.

Claim. ix(g,) |Fg;++)~y,++ “V. (X, Y2, A for any modified iteration
Q(K++)N,k++ extending Q(,‘++)N,51+52r.

Proof of the Claim. For n =3 note that all models involved have the same V.,
and @ is X2 Furthermore (X%)2=X and (A")>=A. If n=4 assume towards a
contradiction that there is some modified iteration Q_(,‘H)N,KH extending
Q(x++y, 5,+5; such that for some condition g3 € Q.+~ 5,+554+5, With 83 <kx™* and
a3 <ixq2)

B3 hGrepers “Vi E@(X, Y2, A)”

and there is a witness € (V*)Q_“‘”)"’-“l“‘i“53 for the X2_, statement ¢. Fix an ordinal
83<k** and define a special modified iteration *Q .+ s;15,+5; €xtending
*Q(x++)¥, 61+, SUch that there is a complete embedding

i3: Q(x**)”,61+52'+63 e *Q(K++)N, 8{+06,+84 with the pl'OpertieS that
ol =id | *Q(k+*)N,6{+az and i; | Q(.<++)N,a, =i

and that this process can be continued as required in the Back and Forth
Property. Since @ is X2 _; it follows from the induction hypothesis that

(3:3.9)  i3(g3) F G epnres “V E@(Xh, Y, ALY
for any spczc_ial Todiﬁeg iteratoipn *OQ_(,(H)N,,(H extending *Q,++)v,5;+5,+5; (nOte
that X = X", (Y?)*=Y and A® = A").

Recall that for any such *Q(,++)~ (++ there is an isomorphism with *Q++v v+

that is the identity on *Q++v 5;+6,- Thus i3(q3) < g, together with (3.3.8) and
(3.3.9) yield a contradiction and the claim is proved. O Claim

Now fix a modified iteration Q-(k++)N,K++ extending Q(K++)~,6{+52. By the claim,
(3.3.10)  ix(@2) F5rvipres “Vi EQ(X, ¥, A).

Recall that there is an isomorphism of Q++)v ++ Wwith O(«++,++ that is the
identity on Q,++w s,- Thus ix(g,) =< g, together with (3.3.10) and (3.3.6) yield a
contradiction. Hence our assumption (3.3.7) was false and the lemma is
proved. [3.3.5
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We use this lemma to show that (3.3.3) implies (3.3.4) from which the Z2%_,
correctness of N[G,, NF,,, g] for « inside V|[G,, Fy, G] follows as remarked
earlier. Assume that (3.3.3) holds. If ¢(A) is £2_, then by the first half of the
lemma we obtain (3.3.4). If ¢(A) is IT%_,; assume towards a contradiction that for
some special modified iteration *Q, -+ ++ and a condition g

g F s ipes Vi ETP(A)”

It follows from the second half of the lemma that there is a modified iteration
Qv «++ and a condition ¢’ with

g W opapers “Vi IFg(A)”.

contradicting (3.3.3).
In order to complete the proof of Theorem 1.1, we establish the (r — 1) Back
and Forth Property in the next section.

Proof of the (n — 1) Back and Forth Property ((n — 1)BFP) for %/ IT>

We begin with some remarks in order to avoid excessive notation which would
only blur the important ideas. Recall that F} = F,,, (y <k™) and that for ‘many’
y modified and special modified iterations either both want to force a X2 or both
want to force a IT> fact about F). For critical y (i.e., y<k" odd and
7(y) < (k)™ even), however, modified iterations force a IT statement about FY
and special modified iterations force a X7 statement about F,,,. In what is going
to follow we can therefore safely ignore the noncritical y < k. Moreover, it makes
no difference how many critical y we have to consider. Finally, the fact that we
have to deal with tails of 32 and IT2 iterations rather than 32 and IT? iterations
themselves does not have any bearing on the method that we are going to use.
For these reasons we choose to work in the following context: Assume we are
living in some model which we call V for the remainder of this section and
F:(2"y*'—>2*" Is a Lipschitz function. Now, in V define 32 and I1? iterations
which make a 3, and IT}, statement (respectively) true about this single Lipschitz
function F in the usual way. We want to establish the (n — 1)BFP for X2 and IT?
iterations in this context.

Towards this end suppose first that 7 is odd, i.e., n =2r + 1 and suppose *Q;,
(where 6, < k™™) is an initial piece of a X7 iteration. Denote [0, 8,) by I, 5 and
[0,14 6,) by I, y and define i,:; s»— I, 7 by i;({) =1+  for { € I, 5. Note that
0 ¢ rng(i;), and for reasons that will become apparent below we call 0 the new
coordinate in 1, ;. Now define an initial piece of a IT? iteration Q). ,, where we
choose as the underlying partition the partition of 1+ &, induced by i, and the
partition of &, for *Q,, and where we associate no terms with coordinate 0. If
¢ eI, s and a k-tuple of terms, say (15, . . . , 7§), appears at § and k > 1, then with
coordinate 1+ £ € I, ;; we associate the k-tuple ((£1)", ..., (#5)"). Here ~ refers
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to the iteration *Qj,, and as usual for some 7 in Add*'"(8;, k*), 7" is the term in
Add*""(1+ 8,, k) that is obtained by replacing all conditions g in 7 by their
image under the map induced by i,. From here on we call 1" the shifted image of
T under i;. If a single term 7. appears at coordinate [ €I, » then, assuming
inductively that HQH; has already been defined, we pick a canonical term
T* € V"¢ guch that, in V"=

7* = the set that we add at the new coordinate in I, ; (i.e., at 0) if
certain changing conditions are satisfied in V"2 about 7. and
T* = (%)% otherwise.

We will explain below what these changing conditions are, and we will show that
in fact for each { el »

i, induces an isomorphism of *Q, with Q{1
which is a complete suborder of "Q, .

This shows in particular that V "2 can be regarded as contained in V"t and the
clauses in the definition of t* make sense.

Now suppose 0Q,.,, has been extended to a IT, iteration ""Q,, 55, (With
8,<k*). Let L p=[1+ 6,1+ 8, +8,) and L, = =£'[8,, 8;+ 2+ 8,) and define
ip:hp UL g~ 1 UL by

12(0) = 61,

L(1+8)=8 (0=s§<dy),
(146, +8)=08,+2+¢ (0=§<é6y).

Note that ioi; =id;,, and 8; + 1 ¢ rng(i;). We call 8, + 1 the new coordinate in
L s

Now we define a X2 iteration *Q, .. 5, extending *Q,, by fixing the partition
of I, 5 that is induced by i,. We do not assign terms to coordinates 6, € I, s and
no terms are assigned to the new coordinate 8,+1 in I, = If a k-tuple
(7}, ..., 7%) appears at coordinate { el 5 then the tuple ((21) ..., (29)%)
consisting of the i,-shifts of the terms in the tuple at coordinate (el is
associated with coordinate i,(§) for k #2. If a pair (t}, %) appears at coordinate
tel,; we associate with i({) the pair (v*, (2})2) where t*e¢ V%0 is a
canonical term such that in V@2

T* = the set that gets added at coordinate 6, +1 if certain changing
conditions are satisfied in V"% about } and
T = (P2 otherwise.

Again we have to check that for each { € I , i, induces an isomorphism of ”Q;
with *Q28~>*1 which is a complete suborder of *Q,,).
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We continue in this fashion until we have defined I, 5, ...,1,_; > and
Lim...,1,_, gand embeddings i,, . . ., i,_;. In the last step of the construction
(i.e., in step n =2r) we do not introduce a new coordinate to define I, » from
L, 7 and we shift all terms at coordinates in [, ;7 to get the terms for the
corresponding coordinates in 1, 5.

The schematic picture for this construction looks like this:

| . 2r 1,1 | 2r,
\\ / / \ ' 2r+1
2r+1
I1,2 2r 1,2 2r =

The numbers below the arrows stand for the arity of the tuple of terms whose first
terms get changed at this stage of the construction. The symbol 0 indicates that
we have a new coordinate in the interval where it occurs.

Here is the definition of the changing conditions: Suppose we are at stage
k =2r —1 of the construction above and k is odd (even resp.) and the k-tuple
(tf, - - -, t§) is assigned to coordinate § €I, y ({ € I, 1y resp.). Consider the tree
Tsz,, (Typ,, resp.). Among the branches that end in ‘kill’ consider the positive
killing branches, i.e., those Kkilling branches whose last label is a nonnegative
integer. Each such branch determines a certain combination of agreements and
disagreements of (%, ..., f) with earlier tuples. The changing conditions at
stage k are satisfied if at least one of these combinations of agreements and
disagreements is valid in V2 (V"% resp.).

Now let me describe the construction for =3, ,/IT%,., where we start with an
initial piece Qs of a IT5,,, iteration (6;<k**). Let L, ;=[0, §;) and
I, s=[0,1+6,) and as before iy:1, ;I » be defined by i,({)=1+¢ for
£ <é,. Now define a X3, iteration *Q,,, by choosing as the underlying
partition of I, » the one which is induced by i, and assign no terms to coordinate
0. If {< 6, and some tuple of terms is associated with coordinate { € I, ;7 then
with coordinate i,({) associate the tuple consisting of the #; shifts of terms in that
tuple. Clearly 7, induces an isomorphism "Q, with Q%13 which is a complete
suborder of EQH;,I. This follows from the fact that no term appearing at any
coordinates in /; 5 can ‘see’ the generic that we add at the new coordinate 0 € [, 5.
Recall also that in Ts2,, the edge labeled —0 leads imto a subtree which is
identical with T2 . (This argument has already been used in the construction of
the generic g from G above.) In the remaining steps of the construction we
proceed similarly as in the first n — 2 steps of the construction for 32/IT2 starting
with an initial piece of a 32 iteration which we described above. Thus the
schematic picture looks like this:



80 K. Hauser

I I I I I
A L, | 72,2 s 3.2 | |a 2r-1,2 | "2r,Z | <2
e 1 14 rus O T T %or+1
i i i i
1 2 3 2r-1 2r
1 2 2r-2 2r-1
! | 2
H—te—— L - fo——* 1,
1,01 2,1 3,1 121"-1,]'[ I2!‘,TI

Again the numbers below the arrows indicate the arity of the tuples whose first
terms gets changed if the changing conditions are satisfied where now the
changing conditions for even (odd resp.) stage ke {2, ..., 2r} are given by the
positive kKilling branches in T52  (Tp,, resp.). As before the symbol 0 indicates
that we have a new coordinate in the interval where it occurs.

The constructions for X2/IT2 where n is even are totally analogous to the ones
presented above. Now we have to argue that this really works. Let us examine
first the JT2/2? construction starting with an initial piece of a IT? iteration and
assume that n =2r + 1. We check at one stage after another that the construction
works. For the sake of the argument suppose that we are at stage k <n —1 with k
being odd and { € I, ;. We need to argue that

(33 11) ZQII:(E;J - Ul x~{new coordinateel; y } = ZQik(g)

(3.3.12) iy induces an isomorphism Q; with ZQiz{" "z (new coordinatecliz}
where *Q; ) ("Q; resp.) denotes the =2 (IT2 resp.) iteration up to coordinate
i(§) € It = (§ € Ii, i resp.).

We show this by induction on £ el ;. The nontrivial case is that § is a
successor, say, n +1, where at coordinate 7 €, we add a set that kills
F((%}, ..., t¥)) if the killing conditions are satisfied. First we handle (3.3.12).
By induction hypothesis "Q, is isomorphic to a complete suborder *Q; ),
therefore we can think of V"% being contained in V™% In order to prove
(3.3.12) it will therefore suffice to show

(3.3.13) It cannot happen that we are on a killing branch of Tp2 in V" and
on a saving branch of Ty in Vo,

(3.3.14) Tt cannot happen that we are on a killing branch of Ts: in V% and
on a saving branch of Tyzz in V™.

Once this has been shown we can discard of (3.3.11): Let q € *Q, ), and
q' = q|® (i(¢) ~ {the new coordinate in I, s}) and q" € Add*""(§, k™) such that
(@")x=q’'. 1t follows from (3.3.14) that ¢" € "Q,. Thus q' = (q")* € *Qi,c) by
(3.3.13) and we have shown (3.3.11).

Similarly we can use analogues of (3.3.13) and (3.3.14) to argue that in the first
n — 2 steps of the construction for £%/IT2 (n odd) starting with an initial piece of
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a X? iteration things work out. Recall that in the last step of this construc-
tion we have to show that i, _;: "Q; < *Q; ) is for each § € I,_; a complete em-
bedding. In order to argue that i, i(q)€ *Q, , for qe"Q: we use the
analogue of (3.3.13). In order to find for each q € *Q; ) an i, -reduction
in HQC we proceed by induction on { €1, ;. For the case where { is a limit
ordinal with cofinality ¥ we use the method that was developed for the proof
of 2.3.

Finally we can formulate analogues of (3.3.13) and (3.3.14) which guarantee
that things work out for the X2/IT; constructions when » is even.

In order to establish the BFP for 3%/IT5 we thus have to prove (3.3.13) and
(3.3.14).

Proof of (3.3.13) and (3.3.14) for the X2/I1% construction

The proof proceeds by induction on n. We shall see how the rather complicated
definitions of the killing and changing conditions together with certain patterns in
the structure of the associated trees allow us to go back and forth sufficiently
many times between 2 and I7 iterations.

We begin with the two cases X3/I15 and Z3/I13. If we are given an initial piece
of a IT} iteration "'Q; , then we can define an initial piece of a X% iteration %Q, .,
by shifting all the terms in “)Q,, so that they cannot see the 3 witness that we
add a coordinate 0 in ZQHal. Clearly the two central facts hold in this case. If we
start with an initial piece of a 23 iteration *Q,, and define an initial piece of a IT3
iteration "'Q;, by using the same parameters, then *Q, < "Q,, (since the graph
for IT3 has no saving paths at all) and in fact this inclusion is complete.

Now we examine the case where we start with an initial segment of a IT3
iteration "'Q; . In the first step we define an initial piece of a X3 iteration *Q.s,
by shifting all the terms in Q5 so they cannot see the 53 witness at coordinate 0
in *Q14s,. (3.3.13) and (3.3.14) clearly hold at this step. In the second step
suppose we are at coordinate { € I, » and on a killing path for 23 in V™% so that
we have either 0 or —0, —1. If we have 0 in V"% then there cannot be a 1 in
V"0 with a term that appears at a coordinate € I, ;; since none of these terms
can see the 3% witness that we add at the new coordinate 0 € I, 5. Furthermore
there cannot be a 1 in V"2 with a term that appears at a coordinate € I, ; since
when going from L x to I; ; we change all 1’s in I, = because we assumed we have
0 in V™%, Thus we have —1 in V"220); j.e., we kill in V"2, If we have —0, —1
in V% then we clearly must have —1 in V"220); i e., again we kill in V"%, On
the other hand suppose we kill at coordinate i,({) of L, p, i.e., we have —1 in
V™o, In this case —0 in V2 clearly implies that we also must have —1 in V%,
because any 1 would survive when going from I, 5 t0 L, ;. Thus we kill in V.

The arguments for establishing (3.13) and (3.14) when one starts with an initial
piece of a X} iteration are similar.
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Now suppose n=4 and we have already proved (3.13) and (3.14) for all
constructions X2./IT2. with n’ <n. We will restrict ourselves to looking at odd
n=2r+1 (r=2) and consider the case of X3, ,,/IT5,,, where we start with an
initial piece of a IT5,,, iteration. The arguments for the other cases are similar to
the argument that we present here in detail.

First we want to argue that (3.3.13) and (3.3.14) are satisfied through the first
2r — 2 stages of the construction. For this we make the following observation: The
subtree of Tx3 , (Tp3,, resp.) which consists of all edges that are labeled by an
integer of absolute value <2r — 3 is identical with Tx; | (Trp,_, resp.) except that
all nodes in Txz_, (Trz,_, resp.) of the form Qf (Q € {V, 3}) have to be changed to
QZ%., and we must replace each save node by Trz where the labels 1, —1 get
replaced by 2r —1 and —(2r — 1) resp. and each kill node must be replaced by
Tsz where the labels 0, —0, 1, —1 get replaced by 2r —2, —(2r—-2), 2r -1,
—(2r —1) resp. If we now apply the induction hypothesis about X3, _,/IT3,_;
together with this observation then we see that throughout the first 2r — 2 stages
of the construction for X%, /I3, ., we have the following:

Any time we are on a branch in the subtree of Tj;z , mentioned above
that ends in ‘3 we cannot be on a branch in the subtree of T3, that
ends in ‘IT3’ and similarly if we interchange IT13,,, and 33, ..

Then note that throughout the first 2r —2 stages of the construction for
3%,.1/I15,,, all the terms in 2r—2 and 2r —1 tuples merely get shifted.
Moreover, a X3 iteration clearly does ‘more killing’ than a IT3 iteration. Hence
the two central facts hold throughout the first 2r — 2 stages of the construction for
XA 1 EHeY

Now we consider the last two stages of the construction for X3, ,,/I13,,, where
we start with an initial piece of a IT3, ., iteration. First we show that if we kill on
the IT3, ., side, we cannot save on the X3, _; side. Inspection of Tz, tells us that
there are two cases for Kkilling branches:

negative killing; i.e., the last edge in the branch is labeled —(2r — 1) and

positive killing; i.e., the last edge in the branch is labeled 2r — 2.
On the other hand there are two ways of saving in Tx2

negative saving; i.c., the last two edges of the branch are labeled —(2r —2),
2r — 1 and

positive saving; i.e., the last two edges of the path are labeled 2r — 3, 2r — 1.

It can never happen that we are on a negative killing branch for IT3,,, (i.e.,
—(2r — 1)) and on a saving path for X%,,, (i.e., 2r — 1) since at stage 2r of the
construction for 23,,,/I13,,, starting with an initial piece of a IT3,,, iteration, a
2r — 1 tuple gets altered only when we are on a positive killing branch of T2 .

It cannot happen that we are on a positive killing branch for I3, ., (i.e., ends
in 2r —2) and on a negative saving branch for 2% ., (i.e., the next-to last edge is
labeled —(2r —2)). This is so because at stage 2r — 1 of the construction for
32, .1/ IT%, ., (starting with an initial piece of a IT3,,, iteration) a 2r — 2 tuple gets
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altered only if we are on positive killing branches of T;;z . However, the positive
killing branches in T;z can be extended to save branches or negative killing
branches in Ty _,.

Finally we consider positive killing in IT5,,, and positive saving in X3, ,,. We
observe that the positive killing branches in Ty | are just all the killing branches
in Tz _, extended by one edge which is labeled 2r —2 and the positive saving
branches Tz, are just all saving branches in 75z _, extended by one edge labeled
2r—1. Now we can apply our induction hypothesis about the X3,_,/IT3_,
construction which tells us that this constellation can never arise.

Next we show that in the last two stages of the construction X3, ,/I1% .,
(starting with an initial piece of IT3,., iteration) we cannot kill on the 32 ,, side
and save on the I3, side.

We have to check three cases here:

Negative killing branch for 23,., (i.e., ending in —(2r —1)) versus saving
branch for IT3, ., (i.e., ending in 2r — 1) cannot occur since the first term in a
(2r — 1)-tuple that gets altered at stage 2r of the construction for 23,,,/IT3,.,,
(starting with an initial piece of a 5, ., iteration) will then denote the set at the
new coordinate € L,, ;. But no term at a coordinate € /; yU- - - U L, ;7 can ‘see’
this set.

Next we consider a positive killing branch for 23,., (i.e., ending in 2r —2)
versus a negative saving path in IT5, ., (i.e., ending in —(2r —2), 2r —1). In this
situation the 2r — 2 agreement on the 25, ., side had to occur with a (2r — 2)-tuple
whose first term denotes the set that we add at the new coordinate € I,,_, ;.
Therefore the 2r — 1 agreement in IT5,,; had to occur at a coordinate el
Then this must come from a 2r —1 agreement in X3,,, at a coordinate € I, ;.
However, we assumed we were on a positive killing branch in 37%,,,. Thus any
such 2r — 1 agreement would get destroyed at stage 2r of the construction for
X2 .1/ IT5, ., when going from I, s to L, ;— a contradiction.

Finally we consider the case of a positive killing branch in X5,,; (ending in
2r —2) versus a positive saving branch in I15,,, (i.e., ending in 2r — 3, 2r — 1).
We prove the following:

Claim. If we are on a positive killing branch for X3, ., and a positive saving
branch for IT5,,,, then there cannot be a 2r — 1 agreement on the IT3, ., side with
a 2r — 1 tuple that appears at a coordinate € I, ;U---U L, ;.

It follows from the claim together with the fact that the positive saving
branches in Tz, end with 2r — 1 that the case of positive killing in X2, ,, versus
positive saving in IT3,., cannot arise during the 32 ,,/IT3,., construction
(starting with an initial piece of a IT3, ., iteration).

Proof of the Claim. First we note that the 2r — 2 agreement on the X3 ., side
cannot occur with a 2r —2 tuple that appears at a coordinate € I, > because in
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that case any 2r — 1 agreement on the X3, side had to occur at a coordinate
€ I, 5. Since we are on a positive killing branch for X3, ,,, the first term in any
such 2r — 1 tuple will be altered when going from I, s to I,, ;. This will result in
—(2r — 1) on the IT3,,, side—a contradiction.

Now there are 2 possibilities for a positive killing branch in 33,,,. If its
next-to-the-last edge is labeled —(2r —3), then the first term in any 2r —3
agreement on the IT3., side has to agree with the set that we add at the new
coordinate € I,,_, . From this it follows that any 2r — 2 agreement on the X7 .,
has to occur at a coordinate € I,,_; »U I, » because none of the terms appearing
at coordinates €, sU---UL,_, > can see the set that we add at the new
coordinate I,,_, ;. By the remark at the beginning of the proof of the claim, the
2r —2 agreement on the X3, side must therefore occur at a coordinate € I,y 5
Now we observe that the positive saving branches in I13,,, are exactly the
extensions of the positive killing branches in IT5, by one edge that is labeled
2r — 1. Therefore the first term in any 2r — 2 tuple that gives a 2r — 2 agreement
on the X3, side has to agree with the set that we add at the new coordinate
€ I,,_, 5. This implies that any 2r — 1 agreement on the X3, ,, side has to occur at
a coordinate € I,, . However, this is impossible by the remark above.

So we have shown that the positive killing branch in X%,,; cannot end with
—(2r —3), 2r —2. Thus it must end in 2r — 4, 2r — 2. Inspection of the trees for
>2%,.1 and X% shows that we are on a positive saving branch for X3, in this case.

Inspection of the trees for IT3,., and IT5, shows that the positive saving
branches in IT5,,, are obtained from the positive Killing branches in II3, by
extending them with an edge labeled 2r — 1. We can assume by induction that:

If we are on a positive killing branch for IT3, and a positive saving
branch for X3, then there cannot be a 2r — 2 agreement on the X3, side
with a 2r — 2 tuple that appears at a coordinate €[, sU---Ul,_; = in
the construction for X3%,/IT5, (starting with an initial piece of a IT3,
iteration).

It follows that the 2r —2 agreement on the X5,,, side in the X3,,,/IT5,,,
construction (starting with an initial piece of a IT3,., iteration) has to occur at a
coordinate in I, . But we already know this is impossible. [ Claim

This finishes the proof of (3.3.13) and (3.3.14), and the proof of the (n —1)
BFP for X%/I17 is complete.

4. X7/ (m=3,n=2)

The main ideas for establishing the consistency of o} > a; (m =3, n =2) have
already been developed in the X2/IT; case. Let us describe the m +2 step
iteration that we use at stage A (where A is Mahlo) in order to make A XV}
describable in V1,
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Suppose that G, is P, generic over V =L and in V[G,] A is inaccessible and
At'=(A*)t for I=1 and GCH™* holds. In the first step we add a sequence
(F,: y <A") where each F, is a Lipschitz function (2*""™")*~'—2*"""". Thus the
forcing Q} is a A™ product (with full support) of copies of the forcing notion P

where conditions in P are functions f such that

dom(f) is a subtree of (2*"")*~! of size <A*("™D

AY(sy, ..., S,.—) €dom(f) [Fa <A™ D[a = dom(s,)

AF((s1y - $)) €2 A f((51, - - -, Suo))(@) = 0]

AVE[f((s1, -5 Sa- (@) =12cf(0) = ATCm=2)]

AV, ..., ) edom(f) [(t, ..., £,—) extends (51, ..., S,—1)
> fl(t, - .., t,-1)) extends f((s1, - . ., $,-1))])

and for f, g € Pr we let f <g iff f og. Clearly |Q}|=A%7"""Y and Q} is <A*™~?
closed. Hence if (F,: y<A*) is Q} generic in V[G,, F’Y] we still have that A is
inaccessible, A*' = (A*")* for [ =1 and GCH™* holds.

In the second step we will do an iteration Q3% which will make a 2™ fact true
about F, for y even and its negation for y odd. Q3 will be a certain suborder of
Add(A*™, A*¢"~D), We partition A*™ into cofinal pieces (A*": 1<k <n—-1,y<
A%) and A° with A* < A°. For each k€ {1,...,n—1} and each y <A* we fix a
complete enumeration ((zzY, ..., 1¥"): e A*Y) of k-tupels of nice
Add(A*™, A*0"~D) names for subsets of A*™ ™. (Note that this is possible since
Add(A*™, A¥¢"~D) is A*™ c.c. and has size A7™.) The poset Q3 will add a subset
of A*¢"=D at each coordinate in A*™ ~(J,;+ A”""7. At a coordinate a € A"
(for some y<A*) Q% will add a club set <A™ that is disjoint from
E(%2", ..., % "") if certain killing conditions are met. If these killing
conditions are not satisfied we just force with the trivial poset, i.e., we save
E((8Y, ..., 7)),

The killing conditions for & € A"~ Y were y is even (i.e., the killing conditions
for X7') are given by Tx,. Similarly Ty tells us whether we kill at some ae A"~ ¥
where y is odd. Now the tree for X7 (IT}; resp.) looks exactly like the tree for 22
(IT2 resp.) except that the nodes are labeled X7 and IT7 instead of X% and IT;.
Clearly Q3 is <A™~ closed (because of the cofinality restriction in the definition
of conditions in Q}) and A*™ c.c. (since compatibility in Q% agrees with
compatibility in Add(A*™, A*("~D)).

An analogous proof as in the 32/IT2 case shows that Q3 is <A*"~" Baire. In
particular this implies that for each y <A™*

H_E[GA: E) dom(F),) — (2,1+(m—1>)n—1_
Moreover the analogue of 2.5 can be proved for Q%; hence after forcing with O3,
E((Xi,...,X,1) (for y<A*, X,,..., X, c A*“*"1) will be stationary unless

Q7% explicitly killed it. Therefore, if G is Q% generic over V[G,, F"Y] we have in
V[G,, F,, G] for odd y <k*:

VX1 [ l+(m_1) ang A+(m—1) e QX,,_] < A.+(m—l) w(F;/((Xl’ v eay Xn—l)))
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where Q=3 (Q=V resp.) and y says F,((X,, ..., X,_,)) is stationary (nonsta-
tionary resp.) in A**~ for odd r (even n resp.). Clearly this is IT7(F,). For even
y <k the negation of this statement will hold about F,, i.e., a Z7(F,) fact.

For each y <A™ we can find a code F, c A*“"~Y for F, in V[G,, F,, G]. This
uses the fact that

(2<A+<"'*‘))V[GAJT},G] —_ (2</\+(""”)V[GA]

and V[G;]=L|G,] where G,cP,cL,. Hence we can use the canonical
well-ordering <, on 2=*""" to do this coding.

The posets Q3, ..., Q372 will generically code each E, < A*™~" down to
a subset S, ¢ A. This is done in exactly the same way as in the o7'/n]" proof (cf.
[2]). Finally in the last step we add a sequence (C,: y <A™) where each C, c 1 is
club and

C, N {u <A: pinaccessible A V,IF¢> (S,NV,, GiNV,, ANu)}=4.

Here ¢ is the analogue of ¢£g from Section 2 for 2. Now we can proceed as
outlined in Section 1 and prove

Ip, ., “there are no X7 indescribables <k,
k is IT; indescribable, k' is X7 indescribable™.

The hard part of the proof of I, “k is IT} indescribable” is again to show (in
the notation of Section 3) that

N[G., "F,, g] is =7, correct for k in V[G,, E,, G].
y - y

The strategy for this is the same as in the 3%/IT2 case; i.e., the key point is that
v/ ITY has the (n — 1) Back and Forth Property which is proved by the same
arguments as in the Z%/IT- case.

5. Oracles—the final word on indescribability

In order to state the final theorem we introduce the notion of an oracle. An
oracle is simply a subset of w that codes a function with domain {(m, n): m =
2, n =1} that takes values in {0, 1}.

The final theorem is

Theorem 5.1 (ZFC). Assuming the existence of X7, indescribables for all m and n
and given any oracle %, there is a poset Py € L{%] such that GCH holds in
(L{F)** and

on<nay if Fm,n)=0,

. le{
G2 WA msam i Fmon)=1. O



Indescribable cardinals 87

Before defining Pg (for a given oracle function %) we make some observations
about small forcing and indescribability. In [2] it was shown that a forcing of size
<k cannot destroy the X7 indescribability of k. The same statement is true about
a IT7' indescribable cardinal k¥ and the proof is analogous to the X7’ case.
However, the characterization of IT indescribability in [2] makes it possible to
give an even easier proof.

To complete the picture we show (cf. Corollary 5.8) that no poset can create
new X7 or IT; indescribable cardinals (for any m, n = 1) that are larger than the
cardinality of the forcing. First we prove:

Lemma 5.3 (ZFC). Suppose that k is inaccessible and P is a notion of forcing with
|P| < k. Let G be a P generic. Then, in V[G] for any X € V..,

(54 XeV & XcVAVs(seV2XNseV),

and for any ¥ € V,,,, (m=2)

(5.95) eV & ZcVAVI[TeVA|ITIsxk=>FNTeV]
Here s ranges over V.. and T over V., (of V[G]).

Proof. To prove the nontrivial direction of (5.4) assume towards a contradiction
that for some condition p* € G and some X € V¥ we have

P e X (V) AVs[seVIXNseV]aX ¢V

In V, pick a well-ordering of V, of order type kx and let seg, denote the segment
of the first a-many elements (o < k). We can (in V) for each a < k pick p, <p*
and x, € (V), with

Pa XN S€L, = X,
|P| < k implies that there is some p € P with p = p,, for cofinally many «. Then let

X=U x,.

Pa=P

Clearly p I+ X = X, contradicting p X ¢V.
To prove the nontrivial direction in (5.5) we assume (without loss of generality)
m =2 and suppose towards a contradiction that for some p* € G and £ in V*

P E (V) AVT[TeVA|T|I<k D> ZNTeVIAZe V.

Now we

Claim. p*FAY c X [|¥U| =k AVZ[¥cZcZ>Z¢ V]|
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Proof of the Claim. Let lfdéfr.o.(P) and H be B generic over V with p*e H.

Since |B| < k we can find ¥ € V? such that in V[H], |9¥| =k and %" < " and
(X eZ®: X eZ"N(V)ei ) ={IIX e ZII®: X € T O (V) ss)-

Then & ¢ V implies

(5.6) " AbeHVXeH N(V) . b<|X e

Now suppose ¥ e V2 with &% < &% < &*; it follows that F* ¢ V. Otherwise we
can pick & € V with ||# = Z||® € H and we get for all X € ¥ N (V),,,

IXe®|?= X eF|?-|Fc®)®
=\ Xed|?- 1Z=21% |1Fc®)®
=|Z=2)" - |ZcZIPeH,

since for X € ¥ N (V),., we clearly have ||X € #|| =1 because 9" c F = 2.
But this contradicts (5.6). Hence %" works and the claim is proved. [ Claim

By the claim we can fix ¥ € V¥ with

PG EA D=k AVE [T cZcED>E+V]".

Let f € V? such that p* I f : k 215 %, Then define (in V):

onto

def

YE(Xe(V)es:Ip=p*Ta<kphtX =f(a)).

Clearly |%| =k and p* |- @ < %. Now (in V) well-order % in order type k and for
a < k denote by seg, the segment of the first & elements. Note that for o <k

p* &N seg, € V.
Hence (in V) we can find for each o < k a condition p, <p* and @, with
Po b Zn seg, = Y,.
Since |P| < k there must be some p <p* with p = p,, for cofinally many «. Then

pHFNY=J ¥ eV’

Pa=P
contradicting

o

prrYcFnycd a

Lemma 5.7 (ZFC). If k, P, G are as in 5.3 then in V|G| for any £ € V., (Where
m = 1) the formula “X e V> is (X, (V),) over V,.

Proof. We use induction on m = 1. For m =1, (5.4) implies (s ranges over V)

ZeV iff (V) AVs[se(V),2>ZNse(V)]
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Clearly this is (%, (V),). Now suppose m=1 and & € V,,,,.,; then by (5.5)
(where J ranges over Vo, ,.1)

ZeV iff c(V)eumAVI[TeV,|T)sxk2XNTeV]

By the induction hypothesis and because any J ¢ V., of cardinality <k can be
coded by some element of V,,,,, the whole formula is Z* (&, (V),). O

Corollary 5.8 (ZFC). If k is inaccessible and P a poset of size <k and G is P
generic, then for m, n =1

(x is I (IT7 resp.) indescribable)¥“!
implies

(k is 2™ (IT7 resp.) indescribable)".

Proof. If ¢ is X7 (IT7 resp.) then in V[G] for Ae(V),..1, (¢(A)Y is
(A, (V) (II(A, (V),) resp.) over V, uniformly for all inaccessible x > |P|.
Note that we are allowed to use (V), as a parameter in V[G] since (V), €
(V[G])K+l' a

We are now turning to the proof of 5.1. Suppose & is an oracle and we have
27 indescribables for all m, n. We know that in L[ %] the following picture holds
form=2, n=1: (cf. [5])

(5.9) .o <L[9]0:'n<L[9]ﬂ-nm< 11[5‘107+1 <"[9].n',,'"+1 <

For the sake of completeness we give a proof of this fact.

Proof of (5.9). Fix m=2 and n=1. We work in L[%]. Let k be the least IT}}
indescribable. The proof strategy is to find a II; statement ®(A, &, k) with
A c V. such that V, I ®(A, %, x) and any inaccessible A to which & reflects is X7
indescribable. @ can be found as follows: We know that x being the least IT)
indescribable is X describable. We fix some A c V, and a Z7 formula ¥(A)
such that V, F ¥(A) and W(A) does not reflect to any inaccessible A < k and such
that the witness in the X7’ formula ¥ is least in the canonical well-ordering <, 4
with the property that it is a witness for a 27 formula ¥’ in a parameter A’ as
above. We pick a sufficiently large finite fragment T of ZF + V = L[ %] such that
any transitive model M of T with % € M is of the form L,[%] for some &. Then
we take @(A, F, k) to be the formula

VA [ M trans., MET, | M| =|Vispm-1l, M Z7; correct for k,
ME“k is not 277 indescribable” =+ ME“V, E W(A)”).

@ is II; over V,, and by the choice of T we get V, F @A, F, k). If A<k is
inaccessible and V, E @(ANV,, %, A1), then A must be X7 indescribable because
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we cannot have V; F ¥(A N V,) by our choice of ¥(A). Thus & has the properties
that we want. [ (5.9)

Actually the proof that we just gave works for a large class of inner models.
The key point is that the inner model under consideration (or at least its
truncation up to the first measurable) must have a certain ‘good’ well-ordering.

We now resume the proof of 5.1. Working in L[#%] we define for m =2 and
n =1 the poset PZ" to be the trivial poset if #(m, n) =0. If F(m, n) =1 then we
use the exact same definition that we used in the X7/IT case (with x = X #g7
and x' = the least X7 indescribable cardinal in the sense of L[ %] above k) except
that we replace L by L[%] and we do something only at Mahlo stages = “1#lg7,
Then we let

def
p= [ Pz~
m=2,n=1

We must show that (5.2) holds. So fix m'=2 and n'=1. Note that Pz =~
P, X P, X P; where

dsf ",n def m’,n’ — m,n
re I Pzt REPy", pP= ] P~
m<m' or m>m' or
(m=m’'An<n’) (m=m’'An>n'")

First assume that #F(m',n’)=1. We know from Section 2 that for each
a<HZgm P, has a <« closed, dense suborder. Hence P, is < %107, Baire.
Thus if G; is P; generic over L[],

(LIF, G))usay,, = (L[FDustan, -

This implies that in L[%, G;], “1F1x7 is still IT7" indescribable and that there are
many X7 indescribables above “'#1z™" It implies also that L[%, G]’s version of
PZ" agrees with the P%"" of L[%]. Thus if we denote by k' at least X7
indescribable > ‘#1777 in L[] then for any G, that is P, generic over L[%, G;]:
In L[%, Gs, G,), “Fa7 is I} indescribable, ' is =7 indescribable and there
are no =7 indescribables below “#z™',

Clearly |P,| <™. Hence by 5.8 for any G, that is P, generic over
L[%, Gs, G,] we obtain that in L[%, G5, G,, G,] there are no =7 indescribables
e[“Fom, g™ and clearly we cannot have any 27 indescribables below
LAGm  Also by |Py| < Flo™ we get that “1#1g™ is still IT7 indescribable and k'’
is still 7 indescribable in L[%, G;, G,, G;]- This shows that for F(m', n')=1
we have

R F o > a7

Now we assume that #(m’, n') =0. Then Pz =~ P, X P;. The <07, , Baireness of
P; implies

5P o = UG < HUAgm = g,
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|P,| < *#1g™ together with the observation that no generic extension of L[%] can
have any IT? indescribables < “I#g™" yield that

5L o <

Another factoring argument shows that for any cardinal g, IF5#12# = u*. Hence
we get

IF5*) GCH.
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