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Abstract 

In a linear program (LP) in standard form, we show that the problem of finding a cheapest feasible 

basic vector among those containing a specified variable as a basic variable, is an NP-hard problem. 
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1. Introduction 

We consider the linear program (LP) 

minimize z(x) = cx, 

subject to Ax = b, 

x20 
(1) 

where all the data are integer and A is an m x n matrix of rank m. A feasible basic 

vector for (1) is a vector of m variables among x1, . . . . x,, called basic variables, 

associated with a linearly independent set of columns in (l), the basic solution 

corresponding to which is feasible. See [3] for definitions of LP terminology. Define 

the cost of a feasible basic vector to be the cost of the associated basic feasible solution. 

The problem of finding the cheapest feasible basic vector for (1) containing a specified 

subset of variables as basic variables has been studied in [2] for its relationship with 

the travelling salesman problem, and thereby shown to be NP-hard. Here we will 

investigate the following special case of this problem. 

Problem 1.1. Find a cheapest feasible basic vector for (1) among those containing one 

specified variable as a basic variable. 

In this paper we show that Problem 1.1 is NP-hard. 
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2. The equal sums partition problem 

The input to this problem is n positive integers d,, . . . , d,, whose sum is w, even. It is 

required to find a subset S1 c { 1, . . . . n) such that S1 and its complement S, satisfy 

Cj,s,dj = Cjesldj = ~12. W e will consider the following slightly modified version. 

Problem 2.1. Find a subset S, c { 1, . . . . n} satisfying 

1‘2 + (w/2). 

-2 + (w/2) I xjtS, 

1 IS actually 0 or 2, or 4). It is well known that Problem 2.1 is NP-hard 

[l]. We will now show that Problem 2.1 can be formulated as a special case of 

Problem 1.1 through a balanced transportation model. We will assume that all of 

d 1, . . ..d. are 2 2. 

3. The transportation model 

We will construct a 3 x (n + 1) balanced transportation model corresponding to 

Problem 2.1, with the following data 

co1 

Row 1 

Row 2 

Row 3 

Demand 

Cell cost coefficients 

12 . ..n n+l 

--Cd 

dl d2 . . d, 3 

SUPPlY 

w/2 + 1 

w/2 + 1 

1 

(2) 

A similar model has been used in [4] by Partovi to show the NP-hardness of another 

transportation related problem. Here we also have an objective function which is 

required to be minimized. The cost coefficient is zero in all the cells except cell 

(1, n + 1) where it is - c(, a being a positive integer. Clearly this is a special case of (1). 

The variable xij in this model is associated with cell (i,j), i = 1 to 3, j = 1 to n + 1, SO 

here, instead of basic vectors of variables, we will talk about the corresponding basic 

sets of cells. We have the following facts on (2) from well-known results on the 

transportation problem [3]. 

(i) Every basic set for (2) consists of n + 3 basic cells. 

(ii) If fi is a feasible basic set for (2) in which all the cells in column n + 1 are 

basic cells, then fi contains exactly one cell among (1, j), (2, j) as a basic cell for each 
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j = 1 to n [4]. In this case let S,(p) = {j: 1 I j I n, and (r, j) is a basic cell in /I}, 

r = 1,2. Then (S,(b), &(/I)) is a partition of {l, . . . , n}. Let (X) = (Xij) be the basic 

feasible solution (BFS) of (2) associated with fi. There are three subcases to consider 

here. 

Subcase 1: X,,.+, = 1 for Y = 1,2,3. In this subcase the cost of /I is - CI < 0. 

cjE.S,(P) J 
d. = w/2 for r = and hence 

is a partition 

Problem 3.1. Find the cheapest feasible basic set of cells for (2) among those contain- 

ing (2, n + 1) as a basic cell. 

Theorem 3.2. There exists a subset S1 c (1, . . , which a solutionfor 2.1 iff 

objective value with an feasible basic for Problem is -C 

Proof. From above, we know that exists an c { . , satisfying 

CjEs, = either or w/2 1 iff exists a basic set (2) containing 

the cells column n 1 as cells, and cost of a basic is < 

Let pi a feasible set of for (2) (2, n 1) as basic cell, 

negative cost. (1, n 1) is only cell (2) associated a nonzero 

coefficient, this that (1, + 1) also be basic cell pi. There be at 

one basic in row If (3, + 1) also a cell in this case covered 

above, we assume (3, n 1) is a basic in /I,. (3, p) a basic in 

pi, 1 I I n. assumption, each dj 2 j = to n; for feasibility 

must be least one cell among j) and j) for j = to n. n + 

(2, n l), (3, are already cells in and there a total only n 3 basic 
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cells. These facts imply that for each 1 I j < II, exactly one of (1, j) or (2, j) is a basic 

cell in pi. Define for r = 1,2, 

S,(P,) = (j: (r,j) is a basic cell in /I, }. 

So S,(/?,) and S,(/?,) forms a partition of {l,..., n). Let X = (Xij) be the BFS of (2) 

associated with fll. Since the cost of /I1 is < 0, X l,n+l > 0, so its value is either 1 or 

2 or 3. So XZ,n+l is either 2 or 1 or 0. .&= 1. So, for r = 1,2, jeS,(p,)\{p], 

X,,j = dj. And if (t, p) is the basic cell in pi among (1, p), (2, p), then j& = d, - 1. 

Therefore for t = 1, 2, we have 

~ n*j=~+ 1 -Xt,n+l = 
C d.i, if P&%(B~ ), 

jss,(Pl) 

j=l 
- 1 + C dj, if pus,. 

jE.VBI) 

All the possibilities in this case are summarized in Table 1. Hence Ixj,s,cal, dj- 

1. JESzcBIJ djl I 4 always, and therefore Si(/?,) is a solution for Problem 2.1. 

To prove the converse, let S, c (1, . . ., n} be a solution for Problem 2.1. If 

CjE_, dj = ~12, th’ 1s case is covered by (ii) as discussed above. 

If cjEs, dj = w/2 - 1, let p2 be the basic set {(l,j): jES1} u ((2,j): j$S,} u 

((2, p), (1, n + 1),(2, n + I)} where p is any element in the complement of S1. If 

Cjes,dj = w/2 + 1, re P’ ace S, by its complement and construct bZ exactly in the same 

way. It can be verified that b2 is a feasible basic set for (2) and in the BFS, 2 = (aij) 

associated with it $l,n+l = 2 and hence the cost of /I2 is -2~ < 0. 

If Cj,s,dj=w/2-2, let /js be the basic set {(l,j): jE&}u{(2,j): j#S,}u 

((2, p),(l, n + l), (2, n + 1)} where p is any element in the complement of S1 . If 

Cj,s, dj = w/2 + 2, re pl ace S, by its complement, and construct fi3 exactly the same 

way. It can be verified that /I3 is feasible to (2) and in the BFS, I = (Zij) associated with 

it I l,n+l = 3 and hence the cost of /I3 = -3~ < 0. 0 

Since Problem 2.1 is NP-hard, by Theorem 3.2 it follows that Problem 3.1 is 

NP-hard. Hence Problem 1.1, of which Problem 3.1 is a special case, is also NP-hard. 

Table 1 

Values of (X l,.+l.Xz..+l) Locationofp Summary of position 

(3,O) 

(2, 1) 

(1% 2) 

PUS, c ,ES2(p,jdj = ~12 + ‘3 CjtS,(B,)dj = WI2 - ’ 

P~SZ(/Jl) CjeSxWtl dj = w/2 - 2, Cj,Slca,,dj = w/2 + 2 

PE&(BL) CjtS*CB1) d, = w/2> Cj,s,cp,,di = w/2 

PE&(B,) CjeStCPsl d, = w/2 - 1, CjEs,IoljdJ = 42 + 1 

PES,(Bl) CjeS*(Dtl dj = w/2 - 1, =j-jeSIcPI,dJ = w/2 + 1 

PE&(P,) CjeSlCP,) dj = w/L Cj,Szcp,,dj = w/2 
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Clearly, the decision problem version of Problem 1.1 or 3.1 is also in NP, and hence 

it is NP-complete. 
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