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Abstract—The least squares parametric system identification
algorithm is analyzed assuming that the noise is a bounded
signal. A bound on the worst-case parameter estimation
error is derived. This bound shows that the worst-case
parameter estimation error decreases to zero as the bound on
the noise is decreased to zero.

1. Introduction
THE LEAST SQUARES ALGORITHM, due to Gauss, is one of the
most widely used algorithms in science. It has been
extensively studied and used for parametric system
identification—see, for example, the book by Ljung (1987).
It is very well known that the least squares algorithm enjoys
certain optimality properties under suitable stochastic
assumptions about exogeneous noise. In contrast, some
recent papers have taken a worst-case deterministic approach
to identification. See the recent paper by Khargonekar
(1993) for a discussion of this general area and an extensive
list of references. In particular, our work is most closely
related to the work on time-domain worst-case identification
problems (Chen et al., 1992; Dahleh et al., 1992; Kacewicz
and Milanese, 1992; Mikild, 1991; Poolla and Tikku, 1992;
Tse et al., 1991; and the references cited in these papers).
Our work has grown out of a need to make connections
between the classical identification theory and the more
recent work in the area of robust identification. Towards this
goal, in this paper we have investigated the performance of
the least squares algorithm in the presence of worst-case
bounded noise. In the result of this paper, we derive a bound
on the worst-case parameter estimation error using the least
squares algorithm in the presence of arbitrary bounded
noise. This error bound shows that if the input is chosen to
be a pseudorandom binary sequence, the worst-case param-
eter estimation error decreases to zero as the noise bound
decreases to zero. In the terminology introduced by Helmicki
et al. (1991), the least squares algorithm is robustly
convergent. [We note that there is an important technical
difference between the notion of robust convergence used in
this paper and that in Helmicki et al. (1991).] While the
problem formulation is motivated from the deterministic
worst-case identification theory, the techniques employed in
this paper draw upon the results in classical identification
theory (Ljung, 1987). These results are similar in spirit to
those in Wahlberg and Ljung (1992).

* Received 27 April 1992; revised 14 October 1992;
received in final form 12 February 1993. The original version
of this paper was not presented at any IFAC meeting. This
paper was recommended for publication in revised form by
Associate Editor P. van den Hof under the direction of
Editor T. Soderstrom. Corresponding author P. P.
Khargonekar. Tel. (1) 313 764 4328; Fax (1) 313 763 8041;
email/pramod@vangogh. cccs.u.mich.edu.

t Dept. of Mechanical Engineering and Applied Mechan-
ics, The University of Michigan, Ann Arbor, MI 48109-4315,
U.S.A.

t Dept. of Electrical Engineering and Computer Science,
The University of Michigan, Ann Arbor, MI 48109-2122,
US.A.

1535

1.1. Notation. We end this introduction with some
remarks on notation. Let ¥., denote the Hardy space of
bounded analytic functions in the open unit disk I of the
complex plane C. Let G(z) denote the transfer function of a
single-input/single-output (SISO), finite-dimensional linear
time-invariant (FDLTI), discrete-time system. A transfer
function G is called stable if all its poles have magnitude
strictly greater than one. Thus the transfer function of a
stable LTI system belongs to %,. For any stable FDLTI
discrete-time transfer function G, its ¥, norm is defined as

(1Gllw:= _gg}(le(e"")l- (L1)

Let D, :={z:|z| < p}, and let ¥_,(D,, M) denote a subset of
¥*,, defined as

#.(D,, M):={G:G analyticin D, |G(z)|=M,VzeD,}.
(1.2)

Thus if p>1, the systems in #_.(D,, M) are exponentially
stable with a decay rate greater than p, and a gain bounded
by M. Let ®¥,.(n) denote the set of nth order proper,
stable, real-rational transfer functions. Define the class of the
systems

RH.(n,m, p, M):={G:G(2)

4 K
Y bz
k=1

, G € #(D,, M)\ R¥K(n)},

(1.3)

n

1+ Y, az*
k1

where m=n. Let g be the impulse response of G. Then
1, I, I, norms for g are defined as

L had 12
llgll == 2, 18(k)l, ||g||2:=(2|g(k)|2) ,
k=0 k=0

(1.4)
lgll:= sup_(g(k).
Given an r by s matrix R, its |||, norm is defined as
RN = max 3 Ryl (1.5)
=k=r =1
For vectors, ||-||; will denote the Euclidean norm. Finally,
g~ will denote the delay operator, i.e.
(@ 'u)):=u(—1). (1.6)

2. Parametric system identification
We will consider the identification of an SISO, LTI,
discrete-time system represented by the ARX model

A(g " W(0) = Blg™Hu(r) + v(), @

where
Alg Y=1+ayqg "+--- +a,q";

B(g")=byg ™'+ +b,g", 22)
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Let

8" =(a,,a,,...,a,b,,...,b,) (2.3)

denote the vector of unknown parameters. Let
PTO)=(-yt—1), ~y(t=2), ...,
~y(t—n),u(t—1),...,u(t—m)) (2.4)

denote the regression vector of previous output and input
signals. The model (2.1) can also be written

y(6)=08Tp() + v(2). 2.5)
Define the transfer function

biz+---+b,z" _B(2)

G(Z):=1+a,z' +--+a,z" A(2)

(2.6)

We will assume that G € R¥..(n, m, p, M).

The signal v(t) will be assumed to be a bounded
disturbance

lu(t)| <€, Vi 2.7

The past inputs {u(t), t <0} will be assumed to be bounded,
but otherwise unknown, i.e.

sup lu()| =C,. (2.8)

This bound corresponds to an upper bound on the size of the
initial state of the unknown system. For example, if it is
known that the system is at rest at £ = 0, we may take C, = 0.

The input sequence {u(f), >0} will be chosen by the
experimenter and will only be required to satisfy an upper
bound

sup ju(t)| = C,. 2.9)

The choice of the input sequence will be discussed in greater
detail in the following sections.
Suppose that N + n data have been collected

ZN:={y@),u@):i=1,...,N+n). (2.10)

An identification algorithm produces an estimate 6y of 6 by
using the prior information and the set of measured data
(2.10). The performance of the identification algorithm is
measured by the worst-case identification error defined as

en(G, €):= sup 16~ Onll (2.11)

Note that in the definition of the worst-case identification
error, we have not taken a supremum over the set of
unknown systems as is done in Helmicki e al. (1991). The
reason for this will become clear after the statement of the
result. Following the terminology introduced in Helmicki et
al. (1991), we will call an identification algorithm convergent
if

lin}) ex(G, €)=0. (2.12)

N-—co

Moreover, the identification algorithm is said to be ‘robustly
convergent (and untuned)’, if in addition the algorithm does
not depend on the a priori information p and M.

3. Pseudorandom binary sequences and the least squares
identification algorithm

Given the above problem formulation, the well known
least squares algorithm is a potential choice for the
identification algorithm. It is well known that the least
squares algorithm enjoys many optimality and convergence
properties in stochastic formulations of the identification
problem. However, relatively little is known about the
performance of the least squares algorithm in the presence of
bounded but otherwise arbitrary noise. In other words,
relatively little seems to be known about the performance of
the least squares algorithm in the worst-case deterministic
problem setting described in the previous section. In this
section, we will demonstrate that the least squares method is

robustly convergent for the identification problem posed
above for a special input design using pseudorandom binary
sequences. This result follows from a bound on the
worst-case identification error which is the main technical
contribution of this paper.

First, we will briefly review some important properties of
the Galois sequences. See Schroeder (1986) and references
therein for more details.

P
3.1. Galois sequences. Let m,(x)= ¥ ¢,x' be an ir-
i=0

reducible polynomial over the binary field {0, 1} of degree p
such that x is a primitive element. Define

P
Cip=2 Cpymod(2), k=1,2,...,
i=0
and 3.1
e,=1, =0,i=2,3,...,p.

(It is not necessary to choose ¢;,i=2,3,...,p to be all
zero; these can be chosen to be either zero or one.) The
resulting sequence e, k=1,2,... is called a Galois
sequence. A Galois sequence generated by an irreducible
polynomial of degree p as above is periodic with period
27 — 1. Using this periodicity property, the Galois sequence
{e,} can be extended for k=-1,-2,.... Irreducible
polynomials s, over the binary field {0,1} up to degree
p =168, have been published (Stahnke, 1973). Using
p =168, we can generate a Galois sequence with period
268 1 which is of the order of 10°'. Each polynomial has
the minimum number of terms possible (at most five) so that
the linear recursion formula (3.1) is easy to implement.

Let us convert the Galois sequence {e,} into another
sequence {s,} of integers according to the rule

se=(=1D%, k=+1%2,.... (3.2)

A key property of this sequence is as follows. Define the
correlation function of {s,} as

22-2
R,:= 2, StSkem 3.3)
k=0
It turns out that (Schroeder, 1986)

R,=2~1, n=0mod (2’ —1); R, =—1 otherwise.
3.49)

Thus, for p sufficiently large, the ratio R,/R, is
approximately zero for n#0mod(2” —1). Hence the
sequence {s,} is approximately uncorrelated. (Except for the
p-tuple of all 1s, this sequence contains all possible p-tuples
of +1.) The sequence s, will be called a pseudorandom
sequence. 1t should be noted that the sequence s, depends on
p as well as 7. For simplicity of notation, we will not show
this dependence explicitly.

Galois sequences have found wide applications in
communications and signal processing (Schroeder, 1986).
Mikild (1991) has constructed a robustly convergent
identification algorithm in /,. Tse et al. (1991) have used
pseudorandom binary signals in their identification studies.
Pseudorandom binary signals have also been used in the
study of time complexity of identification (Dahleh et al.,
1992; Kacewicz and Milanese, 1992; Poolla and Tikku,
1992). In this paper, we will exploit the approximate
pseudorandomness property for the analysis of worst-case
performance of the least algorithm.

3.2. Main result—the worst-case performance of the least
squares identification. In this subsection, we derive an upper
bound on the worst-case identification error of the least
squares algorithm for a special input. The length of the
identification experiment will be taken to be N + n, where
N =2 —1 for some positive integer p which will be fixed

later. We choose the inputs {u(¢),t=1,2,..., N+n}, to
be a scaled version of the pseudorandom sequence
u(t):=Cys,, t=12,...,N+n (3.5)
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From (2.1), we can write the system of equations

Yy=0"0, +V,, (3.6)
where
Yyi=[y(n+y(n+2)---y(n+N))], 3.7
Dy:=[p(n+Dp(n +2) - p(n+N)], (3.8)
Vyi=[v(n+1Dv(n +2)---v(n+N))]. 3.9)
The usual least squares estimate of 6 given Yy, ®, is
by = (OyOT) @y YD), (3.10)

assuming that ®,®Y, is invertible.

For the model (2.1) and the pseudorandom input u(¢)
described above, we obtain an upper bound on the
worst-case error (2.11). This bound holds when the noise
bound e is small and the duration of the experiment N + n is
large. The derivation is long but straightforward and is
included in the Appendix.

First, we need some definitions. Let G € ¥... Let n, m be
fixed. For a vector x € R**™, let

X:= xet ) y:=3x e (3.11)
i= i=1

i=1

Now define the quadratic form
C2 25
0(z):=2 f IGX - Y)? dw, (3.12)
27 Jy

and set A(G, C,, n, m) by
MG, Cy, n, m):=min {Q(x):x e R*"*™ ||x||,=1}.
(.13)

In other words, A(G, C,, n, m) is the smallest eigenvalue of
the quadratic form Q. Define constants €,, T, K,, K, and K,
as follows

€:=(M+1C,(1-p Y, (3.14)
8M2C?
T := max {——1 ZnM}, 3.15
Hi-p ) (1)
K ._nC2M +1y’ _3Cn(M+1)
R N

Ky=(M+1)(1+p 'Y +n72, (3.16)

where C:=C, + C,.

Theorem 3.1. Let GeR¥H.(n,m, p,M). Let AG, C,,
n,m), €, T, K,, K,, K; be as defined in (3.13)-(3.16),
fespectively. Let N=T. Suppose the input u(r), =
1,2,..., N+nis a pscudorandom binary sequence as given
by (3.5). For all e ¢, if A>K,N™'+ K¢, the worst-case
identification error (2.11) of the least squares algorithm
(3.10) is bounded as

KK, 1, KK,
A= (K N+ K, )N A= (KN T+ Kqpe) ©
(3.17)

Consequently, the least squares is robustly convergent.

eN(G) E) =

In order to get a better appreciation of the various aspects
of this result, we offer the following remarks.

* It turns out that A is the limit of A,,;,(®5®L/N), the
smallest eigenvalue of ®,®L/N, as N—>w and €—0, If
m=n, it can be shown that A=C302, where o, is the
smallest Hankel singular value of G (Adamyan ez al., 1971).

* From information based complexity theory, it is known
that €5(G, €) = €. Moreover, it has been shown (Dahleh et
al., 1992; Kacewicz and Milanese, 1992; Poolla and Tikku,
1992) that if G is an nth order finite-impulse response (FIR)
system, then ey(G, €)= 0(¢) implies that N/2" = 0(1).
Thus, if n is large, as might be the case if G is taken to be an
FIR system, then the minimal input length may be very long.

AUTO 29:6-R

In contrast, using an ARX representation, the input length
can possibly be reduced quite significantly.

* The upper bound on e,(G, €) depends on the quantity
A. This dependence prevents us taking the supremum in 2.11
with respect to R¥.(n, m, p, M). If an a priori lower bound
for A is available then this can be done and appropriate
robust convergence results can be obtained.

A proof of this result is given in the Appendix.

4. Conclusions

In this paper, we have analyzed the worst-case
performance of the least squares algorithm. We have
obtained an upper bound on the worst-case parameter
identification error which is used to establish appropriate
convergence properties.

There are many different directions in which further
research is necessary. We feel that suitable modifications of
the least squares algorithm for the problem of parametric
system identification in the presence of arbitrary but
bounded noise may be very useful. Also, it is necessary to
develop good methods that allow for undermodeling in this
problem context.
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A. Appendix—Proofs

We will prove the theorem in several steps. First, we need
some definitions. Given two signals {u(f):—oc<t<N + n}
and {y(t):—><t=N+n}, we define the autocorrelation
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and cross correlation functions as follows

N+n
R.,.,(k,l;n,N):=l > u(t-kut-1),0sk <o
N!=n+l
(A1)
1 N+n
R, (k, I;n, N) =~ > ye—ky@-10),0=k i<
t=n+t
(A2)
1 N+n
R, (k lin, N):=% > oy —ku@-0,0=sk, <o,
1 n+1
(A.3)

Let us define three matrices R,,, R,,. R, and two vectors
R,, R, as follows

Ryy(k, l):=R,,(k,I;n,N), 1=k, I=n;

R,k 1):=R,,(k I;n N), 1=k [<m;

R, (k,1):=R, (k. I;n,N),1=sk=n,1=sl=m; (A4)
R.():=R,(0,l;n, N),1=l=n;

R():=R,(0,5;n, N), 1<l=<m.

Notice that

R -R 1
R :=( A "“)=—<I> >
N -R”, R, N NPy

e (A.5)
‘pNI-_—( R y)=N¢NYI"

u

Lemma A.1. Let the future inputs {u(t):1=t<N+n}toa
system G € #.(D,, M) be as in (3.5). Let the past inputs
{u@@):—=o<t= 1} to G be bounded by C,. Let y denote the
output of G in response to the input u. Then for 1 <k,l/=<n

R, (k, I;n, NY=C%+ AR, (k, I;n, N)
ifk=1; AR, (k, I; n, N) otherwise
R, (k,I;n, N)=C3g(l— k) + AR, (k, I;n, N),
Ryy(k, I;n, N)= C% Z: g(s)g(tk =11 +5)

+ AR, (k, I;n, N),

(A.6)

where
2

C
|AR,,(k, I;n, N)| SWZ,
MCC,(2p — 1)

Np-17* "~
M2C%4p - 1)
N(p-1)’

|AR, (k, I;n, N)} = (A7)
B4

AR, (k, I;n, N)| =<

Proof. Let a be periodic extension of the inputs in (3.5). Let
& =u— 4. Notice that 4(1)=0,¢=1 and ||&()||.=C,+ C,.
Then, we have for 1 <k,I<n
R,.(k+s,1;n, N)=Rz(k, I;n, N)

+ AR, (k+s,I;n, N),0=s, (A.8)

where
N+m
ARuu(k+s,1;n,N):=- Z a(@t —k —s)a(e —i).
l n+1

(A.9)

Since & is a pseudorandom sequence, Ry (k +s, [; N) is C3 if
s=1—k and —C2/N otherwise. Furthermore

n+s

> a@—k-syae—1

1
|AR, (k +s,l;n, N)| = N

26,6521, (A.10)

which is also true for s =0. Thus

R, (k, I;n, N)= 2 g(s)R,.(k +s5,1;n, N)
s=1

= C%(l— k) + AR, (k, I;n, N), (A.11)

where
2 o«

R, (k, I;n, N):=——z E g(s)
N o

+ 2 8() AR (k+5,5;n, N). (A.12)
s=1

Therefore

C3 C,C
AR, (k, 11, NI < L2 lglly + 5= 3 5 [g(6)1-
s=1

(A.13)
From
AR,,u(k+s2,l+sl;n, N)
N+n
=~— Y a(—k—s)a(—1-s)
l n+1i
1 N+n
o > At —k—s)a(t—1-s,)
Nl=n+1
N+n
+o > dt—k—s)a(t—1—s,), 1=s5,s,<o
Nl=n+l
(A1.14)
We have for 1<k,l<n
|AR, (k +s,, [ +5,;n, N)| <—2C2C+ C2C
min {s;, s} > _3(5,+5,) >
+ N C'= N C% (A.15)
Hence
R, (k, l;n, N)=C3 3 g(s)g(k — 1 +5)
s=1
+ AR, (k, I;n, N), (A.16)
where
AR, (k, I;n, N):= - S E S eeg6)
.r2 1 sy*=l—k+sp
+3 S g)8(52) AR,
s51=1 s2=1
(k +55,1+s;n, N). (A.17)
Moreover
Gyoey 30 S
IAR,, (k, 1;n, N =2 ligIF+ - gl 3 s gl
(A.18)

Since G € ¥,(D,, M), by an application of Cauchy’s formula
G' € %D, Mf(p - 1)). Hence
M
Hglllsp—_“l, (A.19)
w Mp
s |g(s G’ ———s A.20
2 s BOI=1IG =5y (A.20)
Therefore for 1 <k, I<n
MC3 MpC,C
AR, (k,I;n, N)|=
18R W= No-1) " N -1
_MCC,2p—1)
=03 A2l
NG -1 (2D
M2C:  3C°MPp
AR, (k, [, N =510+ Nio = 1y
2,72 _
M CUp-1) (A.22)

N(p-1)
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Corollary A.2. Consider the system given by (2.1) and let
Ge ¥ (D,, M). Let the future inputs {u(t):1<t<N+n}
to the system be as in (3.5). Let the past inputs
{u(t): —=<t=0} to G be bounded by C,. Let the noise v
be bounded by €. Let y denote the output of the system, in
response to the input u. Then for 1<k, I<n;R,,, R,,, R,
are given by (A.6), where

2
AR, (k, I;n, N)|<—3 (A.23)

MCCy(2p—1) Cpe
Np-17 "{d-p Y’

AR, (k, I;n, N)| =

_ M?C*(4p — 1) €
|ARyy(k) l) n, N)I = N(p — 1)3 + (1 _ p_l)zn (A.24)
+ 2Me
a-p7y

(e (1)

Proof. (2.1) can be rewritten as

y=y+n, (A.25)
where

n:=A""v,9(t)=0,¢=<0;and j = Gu. (A.26)

Let u =u; + u, be a decomposition of u into past inputs and
future inputs, Le.
u,():=u(t), t<0and u,(t):=0, t>0;
1(6) == u(r) 1) A.27)
uy():=0, r=0and u,(t) := u(¥), t >0.

Let y,:=Gu, and y;:= Gu,. Then easy calculations show
that

N+n 172 MC
200~ k ) <1 —(n—k)
(250 G-V riP
MCp
=—— _ 1<k=np,
V2(p - 1)*?’
N+n 12 N+n 172
(2 sie-0) =(3 sie-n) (A28)
t=n+ =1
= |Glle C,VN +n
S\/F/(H%])Mcz,lskﬂ.
Thus
N+n 12
MC
(3 se-np) =M
tSn 1 Vip-1)

+VN (1 +%})MC2, I=k=n, (A.29)

N+n
(Z n(t—k)’) =VN||A Y€, I<k=n.

t=n+1

(A.30)
We can write

R,.(k,I;n, N)=R;,(k, I;n, N)+ R, (k, I;n, N),
R, (k, I;n, N)=Ry(k, I; n, N)+R,;(k, I;n, N)
+ Ry (k, I;n, N)+ R, (k,I;n, N), (A.31)

where R;, and R;; are glven by (A.6). Now an application of
Schwarz i lnequahty results in

IRy (k, ln, N) <HlA7 "l Coe, 1=k, I<n, (A32)
N+n 172
kln,N<—( yt“kz)
Ronl =7l 2 ek
XA .6, 1=k, I=n, (A.33)
IRyo(k, In, N) =< |AY 262, 1=k, I=n.  (A.34)

Finally, since G is analytic in D,, A(z) does not have zeros

in D,,. Therefore A(z) can be factored as

A(z)= 12[ Q1 +p,»_'z), (A.35)
i=1

where p;,i=1,...,n are the poles of G. These

observations lead to
(A-p)'=)Alle=(1+p7). (A.36)
[ ]

As a consequence of Corollary A.2, we may define a
matrix R and a vector ¥

R:=_lim RyW:= lim Wy  (A37)

€—0,N—c
Let ARy:=Ry—R and AW, :=W¥, —~W. The frequency-

domain expression of R aliows us to show that the smallest
cigenvalue of R is A(G, C,, n, m) and the following fact.

Fact A3. Let R be as in A.37 for a system G ¢ CJ RIA(i).

Then R is invertible. If G € R¥,(n, m), then
6.

lim 8=

€—0,N—>x

Proof of Theorem 3.1. We only need to derive the error
bounds. According to Theorem 1.18 in Grenander and Szego
(1958), the largest eigenvalue A,,,(AR,) of ARy is bounded
above by ||ARy|l,- Hence if A>A,=||ARy|l, for some A,
from the following decomposition

by —8=Ry'Wy—R'W=(R+ARy)'AWy
—(R+AR\)'(ARY)8 (A.38)

we get

IIA‘I’NIIz + 1612 IARNII,

= 0ll;=
= HARNI,

(A.39)

From Corollary A.2, since m =<n and C, = C, we have

4p-1 nMC?
AR AR S( Nl e
” yy”1+" yu”l M P_l N(p_l)2

n
((ow+147M)c,

2MC,p € )
\/2TV(p—1)m (1-p7'y
ne

ey (240

+2p—1)

AR+ AR, <n{1+ M 22 s)

cG, nCye
N (a-p7hY
Let T:=max {8(MC1/C2)2(31 pH3 2nM} If N=T,
then V2N-12MC,p(p — 1)>2 + nMC,N"' < C,. Let €0:=
M+1)C,(1—p~")". Then, for N=T and € < €, we have
nM 2MC,p €
2M +1 +—)c 1= = )
(( TRACH V2N -1 (1-p ')y
ne  _3M+1)Con

(A.41)

=y~ a-py ¢ 49
Since p > 1, the following inequalities hold
4p — _ ) nMC?*  2nMC*2M +1)
(e +20-1) ey S =T
C2(2M + 1)?
LK Y (an)

“Na-p
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2p—1 )C_C2<n(2M+ 1)CC,
(p-1?) N~ N1-p7'y
nC22M + 1)
.

N1-p7"y

n(l +M
(A.44)

Then, from the inequalities (A.40)-(A.44), an upper bound
on ||ARy||, is obtained as

nC’2M +12  3(M + 1)Cyn
Na=p ) T =py

AR = Ag:=
(A 45)
bounds on

Since  the  upper AR, (k,1;n, N),

AR, (I, I;n, N), AR, (k, I;n, N) given in Corollary A.2 are
uniform in & and / in the range of interest, an upper bound
on ||AW ||, is obtained as follows

nC*QM +1)*  3(M+1)Cpn G)
Na-p™Y " (-p7)
=n""2),. (A.46)

1A%yl =n

Finally, we have the following estimate on {|6]|,
1611, = (1AIIZ — 1+ ||BII2)'* = (M + 1) [|A]l.,
sM+D(A+p™ )" (A4T)

Using (A.45), (A.46), (A.47), the desired error bound
follows. u



