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Monte Carlo simulations were performed to study the effect of a steady external source structure (i.e., particle correlation and 
vertical reactions) on diffusion-limited A+B-+O reactions at steady state. Several methods were developed to describe the spatial 
organization of the system. They are the distributions of aggregates and inter-particle distance (“gap”), and a parameter based 
on the number of boundaries between A-rich and B-rich domains. The correlation of the particles in the steady external source 
reduces the local fluctuation in the particle landing process. The vertical reaction restrains the organization of particles, and does 
not allow it to reach total segregation. The degree of segregation affects the steady state kinetic behavior. The simulation results 
are consistent with existing theoretical predictions for the reaction order, the correlation length, and the segregation size. 

1. Introduction 

In a previous paper [ I], we have shown how cor- 
relation in a steady external source affects the pattern 
of particle distribution and the reaction rate in the 
case of A+A-+O reactions. Particle self-organization 
was observed, and a depletion zone was character- 
ized, based on the inter-particle distribution (IPDD ). 
It was found that the depletion zone and the reaction 
order increase with the pair correlation length, S, in 
the external source. Thus higher correlation in the 
source (smaller S) led to a less correlated (or more 
random) particle distribution at steady state. 

The particle self-organization in A+B--+O reac- 
tions is described not only in terms of depletion zone, 
but also the segregation (i.e., A-rich and B-rich do- 
mains). Segregation, of course, reduces the rate of re- 
action. The effects of segregation on the macroscopic 
kinetic rate law have attracted much theoretical in- 
terest for both reactions with and without the steady 
external source [ 2-8 1. The theoretical predictions 
[ 7,g] show that the structure of the external source, 
such as particle correlation and vertical reactions, 
plays an important role in the formation of segrega- 
tion, and affects the macroscopic rate law for A+ B-+0 
reactions. 
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In this report, we demonstrate by Monte Carlo 
simulations the effect of the steady external source 
on the segregation and the kinetics of diffusion-lim- 
ited A+ B+O reactions occurring on one-dimen- 
sional lattices. To characterize spatial distributions 
of particles, the aggregation distributions and the in- 
ter-particle distance distributions (IPDD) are ob- 
tained. Parameters are developed to quantify the de- 
gree of segregation. The simulation results are 
compared with theory. 

2. Method of computation 

Our simulations were carried out on a one-dimen- 
sional lattice with a cyclic boundary condition. Only 
one particle is allowed to occupy one site (i.e., the 
excluded volume effect ) . A + B + 0 reactions are sim- 
ulated by removing two particles of opposite species 
from the system when they occupy the same site. 

The simulation methods regarding particle landing 
and diffusion have been discussed in detail in ref. [ I]. 
For clarity, we briefly review here the particle land- 
ing processes. Two components in a landing process 
were considered: the reaction during the landing and 
the spatial distribution. When a landing particle hits 
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the site occupied by a particle of the same species, 
this landing particle tries again to land at another site. 
If a particle lands at a site occupied by a particle of 
the opposite species, either the particles react, or the 
landing particle tries to land at another site again im- 
mediately. The first case is called landing wifhout ver- 
tical reaction, and the second case is called landing 
with wrtical reaction. “Correlation” in the external 
source means a spatial relationship between the two 
particles of the same pair, such as geminate (the cor- 
relation length 6=0), and correlated landing 
( 1~6~ 00). A random landing represents the case of 
particles in the external source without correlation 
(i.e., 6+00). Since the particle distribution and ki- 
netics at 6= 1 are hardly different from the case of 
geminate landing, the simulation results for 6= 1 can 
be extended to the geminate landing case. 

3. Characterization of segregation 

In A+ B+O reactions, there are two kinds of inter- 
particle distances distributions, those between parti- 
cles of the same species (IPDDAA an IPDDBB) and 
that for opposite species (IPDDAB ). The IPDDAB 
is closely related to the reaction kinetics. The inter- 
particle distance between the opposite species indi- 
cates the size of depletion zone of “reactive” parti- 
cles since reactions only occur when this distance is 
less than 1. The number of A-B gaps is also called the 
number of boundaries, Nb, between aggregates (i.e., 
A-rich and B-rich domains). Nb can be used to indi- 
cate both the number of possible reactions in the sys- 
tem and the degree of segregation [ 91. The number 
of aggregates is equal to Nb for a onedimensional lat- 
tice with cyclic boundary condition. To construct 
segregation parameters for various kinds of lattices, 
Nb is normalized by the total number of particles, N, 

S= (N-N,)/(N-2) ) (1) 

where Nb= 2,. and S= 1 for total segregation, SZ 0.5 
for a random distribution (obtained from simula- 
tions), and N,,=N, and S=O for exact alternation of 
A and B particles. 

An aggregate mass (m), defined as the number of 
continuous particles of the same kind, is also associ- 
ated with segregation. For systems with a finite num- 
ber of particles, the number of aggregates (N,) with 

mass smaller than or equal to a cut-off mass 
(M-=x) is given in fig. 1 for three relevant distri- 
butions. Here, Nagg is normalized by the total number 
of particles ( N) , giving NJ N=f( x) . 

For total segregation, 

s(x) =O, 1 <x< N/2, 

=2/N, N/2<x<N. 

For a random distribution, 

(2) 

s(x)= mg, (t)m+‘, 1GxdN. (3) 

For exact alternation of A and B particles, 

f(x)=l, l<x<N. (4) 

The extent of segregation is given by a “character- 
istic” M,, defined to be an A4, at which f(x) has 
reached at least 99% of its highest value. The charac- 
teristic MagB values are N/2 for the total segregated 
case, around 7 for the random distribution, and 1 for 
exact alternation of A and B particles, respectively. 
Eq. ( 3 ) was checked by simulations, and is indepen- 
dent of the particle density. 

The particle landing process creates small aggre- 
gates at steady state, which make characterization of 
segregated particle distribution difficult to compare 
with theory. Thus, a “filter” is constructed to filter 
out small aggregates and then examine the aggrega- 
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Fig. 1. The functionf(x)=M.JN, given by the number of ag- 
~~(~)withthemasss~lerthPnacut-off~~mass 
(x&f,). fly is normalized by the total number of particles 
(N). Three distributions are given: ( I ) for exact alternation of 
A and B particles; (2) for a random distribution; and (3) for 
total segregation. 
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tion distribution. The width of a filter is an aggrega- 
tion mass. Fig. 2 shows the normalized number of ag- 
gregates after filtering out the mass of aggregate 
smaller than or equal to the width of the filter for three 
defined cases. The data for random distribution were 
obtained, from simulation. Again, the characteristic 
Ma values may indicate the extent of segregation. 
For the random distribution, the characteristic MW 
does not depend on the particle density. The advan- 
tage of this method over the previous aggregation 
distribution is that a cut-off aggregation mass can be 
set for a segregated steady state particle distribution. 
Since the aggregation smaller than the cut-off value 
may be considered as “noise” created by the landing 
particles, the particle distribution may be examined 
only after the cut-off in aggregation mass. 

4. Results 

4. I. Kinetics 

For steady state reactions on one-dimensional lat- 
tices, Clement et al. [ 7 ] have solved the master equa- 
tions for a system with hard-core interactions, and 
obtained particle spatial correlation, and macro- 
scopic rate laws at low density, under some limiting 
conditions. 

---_ 1 

2 

- 3 

MwQ 
Fig. 2. The number of aggregates (N,,,) aj?erjZtering auf the ag- 
gregates sm&Ier than a cut-off rysreeate mass (M-), normal- 
ized by the total number of particles (N) . As in 4. 1, the three 
distributiom are: ( I ) for exact alternation of A and B particles; 
(2) for a random distribution, obtained from simuktion 
(L= 100000, N= 100); and (3) for total segregation. 

For processes without vertical reaction in the ran- 
dom landing case 

R=(12D/L)pf,, (5) 

while in the correlated landing case 

R= (ZD/S)p$, S/L<< 1 , (6) 

where R is the number of particles created per lattice 
site per each time step, D is the diffusion constant, L 
is the size of the lattice, and ps is the density at the 
steady state. 

For random landing with vertical reactions, 

20 -- Q=R( 1 -fed’- 2+tY p2, l<<,e=L, (7) 

where Q is an effective rate of particle creation on the 
lattice, and &, the correlation length, defined as 

&=JDIR. (8) 

Eq. (7) can be simplified to 

R=4Dp&, 1 << &’ << L . (9) 

The correlation and segregation lengths for the spe- 
cific conditions are listed in table 1. 

Eqs. (5), (6) and (9) can be combined to a gen- 
eral form, 

R=@Z, (10) 

where k is the rate constant and X is the effective or- 
der of reaction. 

The comparison of simulation results with theory 
is shown in fig. 3. For the correlated landing at S= 1 
and the random landing, the rate constants from the 
simulations are very close to the theoretical predic- 
tions. For the other cases, the rate constants are higher 
than those predicted, and the deviation usually in- 

Table 1 
The theoretical prediction [ 71 of the correlation length and seg- 
regation size for A + B-0 reactions on one-dimensional systems 

Landing 
conditions 

random landing 
without vertical reaction 

correlated landing 
without vertical reaction 

random landing 
with vertical reaction 

correlation 
length 

%L 

6 

=G 

segregation 
size 

L/2 

s 

t;=m 
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Fig. 3. Comparison of the predicted rate constants from theory 
with the simulation results on a one-dimensional lattice (L= 128) 
without vertical reactions. The triangles are for R=7.8x lo-‘; 
the circles are for R = 3.9 x lo-‘. The solid symbols are for the 
random landing. 
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Fig. 4. Comparison of the predicted rate constants from theory 
with the simulation results on a one-dimensional lattice 
(L=lOOOO) with vertical reactions. (+) R=2xlO-‘; (0) 
R=4xlO-‘; (0) R=1.6~10-‘; (A) R=3.2~10-~. 

creases with R. Without the vertical reaction, the ra- 
tio of k from simulation to k from theory increases 
with 6. The large ratio ( > 2) occurs at 6/L> 0.03 for 
R=3.9~ lo-‘. For the vertical reaction (fig. 4), eq. 
(6) holds for 6= 1, but not for the large values of 
6/L ( > O.OOOS), where the ratio of k from simula- 
tions to k from theory is greater than 2 for 
R = 3.2 x 1 Om3. These deviations are expected since 
eq. (6) is only derived when 6/L csz 1 for the case of 
the vertical reactions. The magnitudes of the differ- 

ences between the reactions with and without the 
vertical reaction indicate the effect of vertical reac- 
tion on the kinetics in the correlated landing process. 

The vertical reaction effect can also be found from 
the random landing cases and can be seen in eqs. ( 5 ) 
and (9 ) . The reaction order is 2 without the vertical 
reaction, and is 4 with the vertical reaction. Thus, the 
reaction rate, which is equal to the rate of particle 
landing at steady state, has higher dependence on the 
particle density for the random landing with vertical 
reaction. These predictions have already been con- 
firmed by the simulations [ 10-l 21. Here we extend 
the calculation of the reaction order to the correlated 
landing (fig. 5 ) . Without the vertical annihilation, the 
reaction order X is about equal to 2 when the values 
of 6/L are very small or very large. With the vertical 
annihilation, Xincreases from 2 to 4 as the correlated 
landing changes from 1 to co (the random landing). 

4.2. Inter-particle distance distribution 

The IPDDAA, IPDDBB and IPDDAB were ex- 
amined (fig. 6). Since particles of the same species 
do not react, they may be “trapped” in an A-rich or a 
B-rich domain. The IPDDAA and the IPDDBB are 
determined by diffusion and collision. Thus, the nor- 
malized IPDDAA and IPDDBB are independent of 
the landing process, maintaining an approximately 
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F& 5. The reaction order Xas a function of the correlation length 
Bintheextemalsource. (A)L=1024,R=9.8~10-~andwith- 
outvetticalreaction; (A) L=128, R=1.6~10-2,andwithout 
verticalreaction;(0)L=10000,R=2x10-’,andwithvertical 
reaction; (0) L=128,R=1.6x10-*,andwithverticalreaction. 
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Fig. 6. The normalized inter-particle distance distributions for 
random landing (R=9.8X 10m5) without vertical reaction at 
steady state on a one-dimensional lattice (L= 1024 sites). ( 1) 
IPDDAA and IPDDBB are superimposed; (2 ) IPDDAB. 

0 2 4 6 0 10 

rp 

Fig. 7. The normalized inter-particle distance distribution of A- 
B pairs for steady state reactions with correlated landings and 
random landing on a onedimensional lattice (L= 1024 sites). 
(1) 6~1; (2) 6~32; (3) 6~64 and random landing are 
superimposed. 

exponential type of distribution with the most prob- 
able inter-particle distance being 1. However, the 
IPDDAB is affected significantly by the particle 
landing process (fig. 7 ) . We observe a crossover from 
an exponential type distribution for cl= 1 to a skewed 
exponential type for the random landing. This cross- 
over is similar to that in the A+A+O reaction [ 11. 
Furthermore, the normalized IPDDAB is compara- 

ble to the normalized IPDD in the A+A-+O reaction 
(fig. 8) for the random landing. It is interesting to 
notice that the behaviors of IPDDAA, IPDDAB, and 
IPDDAB for the random landing at steady state are 
similar to the asymptotic behavior of these distribu- 
tions found in the A+B+O batch reaction [ 13,141. 
We also note that the nearest neighbor distributions 
of A+ A+0 and A+ B-+0 batch reactions are also 
quite similar [ 13 1. 

4.3. Segregation 

The steady state of segregation can be reached (fig. 
9) when the particle density reaches the steady state 
[ 91. The effects of the particle landing process on the 
segregation at steady state can be divided into three 
aspects: ( 1) the vertical versus non-vertical reaction, 
(2) the source correlation length, and (3) the land- 
ing rate. Our simulation results show that having ver- 
tical reaction reduces the degree of segregation in the 
cases of the correlated landing with large 6 and ran- 
dom landing (figs. 10 and 11). 

The effect of the source correlation length on the 
segregation is demonstrated using the segregation pa- 
rameter in figs. 9 and 10. For 6= 1, Sx 0.5, i.e., a ran- 
dom distribution is obtained. When 1~ 6 -=z L/6, S 
increases quickly with S. When L/6 < 6~ L/2, S in- 
creases slowly. The top three lines in fig. 9, corre- 

rp 
Fig. 8. The inter-particle distance distributions for steady state 
reactions with random landing on a one-dimensional lattice. The 
IPDD for A+A-rO and the IPDDAB for A+B+O are superim- 
posed at steady state. They are indistinguishable within the sim- 
ulation uncertainties. 
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Fig. 9. The segregation parameter (eq. ( 1) ) as a function of time 
on a one-dimensional lattice (L= 128, R= 1.6X lo-*) with ver- 
tical reaction. From top to bottom, the lines are random landing, 
&64,32,8, and 1. 
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Fig. 10. The segregation parameter (eq. ( 1) ) as a function of the 
correlated length 6 in the external source on a one-dimensional 
lattice(L=128sites,R=1.6X10-*)with (0)andwithout (0) 
vertical reaction. 

sponding to L/&4, L/6=2, and the random land- 
ing, are very close to each other. Particles are almost 
totally segregated at steady state for the random land- 
ing without, the vertical reaction (lig. 10). 

A similar conclusion can be reached from examin- 
ing the aggregation distributions (figs. 12 and 13). 
The charateristic MaeB values increases with 8, and fall 
into the range of 7 to N/2. It is noticed that there are 
more small aggregations in the 6= 1 case (figs. 12 and 
13 ) comparing to a true random distribution (figs. 1 
and 2). For the random landing at steady state, a 
sharp transition was observed around M&= 5 in fig. 
13. Thus, the systems are examined for M,> 5. 
Comparing to fig. 2, the particle distribution is close 
to a totally segregated distribution. As shown here, 
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Fig. 11. The vertical reaction effect on the segregated particle dis- 
tribution at steady state. (a) The normalized number of aggre- 
gates (PI,) with the mass smaller than a cut-off value (M,). 
IV,,,, is the number of particles at steady state. From top to bot- 
tom, ( 1) 6= 64 with vertical reaction; (2) random landing with 
vertical reaction; (3) 6~64 without vertical reaction; (4) ran- 
dom landing without vertical reaction. (b) The non-normalized 
number of aggregates (N,) after filtering out the aggregates 
smaller than a cut-off value (A&). The data were obtained from 
avera&g over 506 realizations at steady state (from step 404 800 
to 809 600) on a one-dimensional lattice without uerticd reaction 
(L=1024, R=4.9x10-‘). 

the aggregate distributions may provide more details 
on the particle distributions. 

The effect of the particle landing rate on the segre- 
gation is described in figs. 14 and 15. Without verti- 
cal reaction (fig. 14), the degree of segregation re- 
mains almost constant as R changes both for the 
random landing and the correlated landing for 6= 1. 
However, when 1~ ck 00, the segregation increases 
with R. With vertical reaction (fig. 15), in the case 
of random landing, the degree of segregation de- 
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Fig. 12. The normalized number of aggregates (“.,,a) with the mass 
smaller than a cut-off value (M,). Np is the number of parti- 
cles at steady state. The data were obtained from averaging over 
506 realizations at steady state (from step 404 800 to 809 600) 
on a onedimensional lattice without vertical reaction (L = 1024, 
R=4.9~10’~).Thecorrelatedlandinglength(6)is: (I) I; (2) 
16;(3)32;(4)64.Thecurve(S)isforrandomlanding(6-+00). 
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Fig. 13. The normalized number of aggregates (N,) afterfilter- 
ing out the aggregates smaller than a cut-off value (M,). NW is 
the number of particles at steady state. The data were obtained 
from averaging over 506 realizations at steady state (from step 
404 800 to 809 600) on a onedimensional lattice without wrtical 
reaction (L=1024, R=4.9~10-4).Thecorrelatedlandinglength 
(6) is: (I) I; (2) 16; (3) 32; (4) 64. The curve (5) is for ran- 
dom landing (8-+03). 

creases as R increases, which is consistent with eq. 
( 7 ). *In the cases of correlated landing, the segrega- 
tion does not significantly change when R increases. 

0 0016 0032 0064 0126 0256 

R 

Fig. 14. The segregation parameter (eq. ( 1) ) as a function of the 
landing rate R at steady state on a one-dimensional lattice 
(L= 128 sites) with vertical reaction. 
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Fig. 15. The segregation parameter (eq. ( 1) ) as a function of the 
landing rate R at steady state on a one-dimensional lattice 
(L= 128 sites) without vertical reaction. 

5. Discussion 

In the presence of the steady state source, the nor- 
malized IPDD in A + A+ 0 reactions is similar to the 
normalized IPDDAB in A+B-+O reactions. Al- 
though the size of the normalized depletion zone is 
about the same in both types of reactions, the delini- 
tion of reaction zone is very different. The number of 
reaction zones is equal to the number of the particles 
in the A+A-+O reaction, but is equal to the number 
of aggregates in the A + B+ 0 reaction. For complete 
segregation in the A+B+O reaction, the number of 
reaction zones is about 2, which is independent of the 
density. In comparison with the A+A+O reaction, 
the difference in reaction zones has brought a new set 
of kinetic equations for the A+B+O reaction. 

The number of aggregates, or the segregation, af- 
fects the macroscopic rate law. It is known that local 
fluctuations initiate segregation. The magnitude of a 
local fluctuation [5,6], INA-iVr,]/(NA+iVB), is de- 
termined by the structures in the external source. The 
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fluctuation occurs when particles land randomly on 
a lattice. The correlation between the particles in the 
external source reduces the local fluctuation. At 6= 1, 
there is not any local fluctuation, and the segregation 
does not occur. When 6 is greater than (r) or r,, of 
IPDDAB (i.e., the average or the most probable dis- 
tance between the domains) at steady state for the 
random landing, the correlation of the particles will 
not be able to reduce the fluctuation in a reaction do- 
main. This may explain the observation that the seg- 
regation is greater for the higher landing rate since 
the value of S/ ( r) at steady state increases for a fixed 
6 without the vertical reaction (fig. 14). 

In the landing process, the other important factor 
is the vertical reaction. An increase in the vertical re- 
action results in a decrease in the segregation. When 
a particle lands on an occupied site in an A-rich or a 
B-rich domain, if this site is occupied by a particle of 
the same species, the landing particle will be rejected 
and try to land again; if the particle on the occupied 
site is of the opposite species, this particle will be 
eliminated by reaction. In this way, the magnitude of 
fluctuations tends to decrease in that domain. As dis- 
cussed in the case without vertical reaction, the seg- 
regation increases with R for a fixed 6. On the other 
hand, the segregation decreases due to the increase of 
the vertical reactions when R increases. Thus, the 
system is in a balance between the two processes, and 
no significant change is observed as R changes in the 
case with the vertical reaction (fig. 15 ). 

Beside the vertical reaction, there are “horizontal” 
reactions in the system. In a vertical reaction, one of 
the reactive particles is a landing particle that has zero 
life-time on the lattice. In a horizontal reaction, both 
reactive particles have a life-time greater than zero 
on the lattice. In other words, reactive particles meet 
by diffusion. The fluctuation, I NA - NB I/ ( NA + NB ) , 
in a domain is magnified by horizontal reactions since 
the A + B -, 0 reaction eliminates an equal amount of 
A and B particles in that domain. The domain then 
will expand. The horizontal reaction coupled with the 
particle diffusion promotes aggregates to grow to their 
maximum size. We have observed an almost total 
segregation for the random landing without vertical 
reaction, where there is no structure in the external 
source, such as the correlated landing and the vertical 
reaction, to disturb the expansion of the aggregates. 
The size of segregation is about the size of the lattice 

for random sources is also found theoretically for sys- 
tems without hard-core repuIsion on one-dimen- 
sional systems [ 5,15 1. 

In A+ B+O reactions, the structures of the external 
source affect the kinetics not only for steady state re- 
actions, but also for batch reactions. Theory [ 81 and 
simulations [ 16,171 have shown that the asymptotic 
kinetic behavior depends on the correlation length in 
the initial particle distribution. In contrast, the initial 
particle distribution does not influence the asymp- 
totic kinetic behavior in A+A+O batch reactions 
[ 16-181. 

6. Summary 

The steady external source influences the particle 
organization patters in the A+B+O reaction. Al- 
though the behavior of the normalized IPDDAB in 
the A+B+O reaction is similar to the normalized 
IPDD in the A+ A+0 reaction, the segregation plays 
an important role in the determination of the kinetic 
behavior in the A + B-+ 0 reaction. 

The correlation of the particles in the external 
source reduces the local fluctuation in the particle 
landing process, and the degree of segregation. For 
the geminate reaction and the correlated landing at 
6= 1, particles are randomly distributed, and thus the 
classical kinetics holds at steady state. For the ran- 
dom landing without vertical reaction, almost total 
segregation is obtained. The reaction order is still 2, 
but the reaction rate is much slower than that in cor- 
related landing process with small 6. The vertical re- 
action decreases the magnitude of the segregation, but 
increases the rate of reaction: for random landing with 
vertical reaction, the order of reaction is 4. We thus 
see that segregation and reaction orders are not sim- 
ply related. Our simulation results are in good agree- 
ment with theory. 
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