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A methodology is presented which extends to non-linear systems the concept of normal
modes of motion which is well developed for linear systems. The method is constructive
for weakly non-linear systems and provides the physical nature of the normal modes along
with the non-linear differential equations which govern their dynamics. It also provides the
non-linear co-ordinate transformation which relates the original system co-ordinates to the
modal co-ordinates. Using this transformation, we demonstrate how an approximate non-
linear version of superposition can be employed to reconstruct the overall motion from the
individual non-linear modal dynamics. The results presented herein for non-linear systems
reduce to modal analysis for the lincarized system when non-linearities are neglected, even
though the approach is entirely different from the traditional one. The tools employed are
from the theory of invariant manifolds for dynamical systems and were inspired by the
center manifold reduction technique. In this paper the basic ideas are outlined, a few
examples are presented and some natural extensions and applications of the method are
briefly described in the conclusions.

1. INTRODUCTION

The idea of developing some type of normal mode representation for non-linear systems
is not new. The work of Rosenberg, the main results of which are gathered together in a
review article [ 1], was ground-breaking and laid the foundations for most of what followed;
for example, the works of Atkinson and Taskett [2], Szemplinska {3], Rand {4, 3],
Greenberg and Yang [6], van der Varst [7], Yen [8] and Caughey and Vakakis [9]. The
thesis of Vakakis [10] contains a nice account of this history and provides the most recent
contribution.

Nearly all previous work on non-linear normal modes deals exclusively with conservative
systems, and much of it with systems having two degrees of freedom. In this paper we
present a formulation which extends the concept of nonlinear normal modes to a class of
general systems with N (finite) degrees of freedom which can include damping. The method
is constructive in a local sense, i.e., near an equilibrium point of the system, so that one
can actuaily obtain the physical nature of the modes, generate the attendant dynamics,
and reconstruct a general motion from the modal dynamics. This is demonstrated explicitly
in several examples.

A key feature of the present work is that we formulate the problem in terms of first
order differential equations and include velocities as well as displacements as dependent
variables. Not only does this methodology allow for the inclusion of damping in a sys-
tematic manner, but we show that our formulation also results in the appearance of
important velocity dependent terms for the normal modes of non-linear conservative sys-
tems. In the traditional approach for non-linear normal modes of conservative systems,
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these terms are expressed as functions of the system energy, thereby preventing a straight-
forward extension to non-conservative systems in that approach.

The general approach is inspired by the theory of invartant manifolds for dynamical
systems. Throughout the paper we motivate the results as generalizations of the linear
theory and relate the two whenever possible. Also, since our primary interest lies in discrete
mechanical systems with oscillatory behavior, we present results for sets of coupled, non-
linear, second order, ordinary differential equations (ODE’s), the linearization of which
has complex eigenvalues. As described in the closing remarks, the ideas presented in the
paper can be easily extended to more general cases.

The paper is arranged as follows. In section 2, we present a review of normal modes for
linear systems in order to set the stage for the extension to the non-linear case. This
formulation is novel in some respects and provides an alternative approach to linear system
analysis. In section 3, the non-linear normal modes are formulated in terms of invariant
manifold theory. The method of approximate solution for the normal modes is presented
in section 4. Section 5 describes the non-linear transformation from physical to modal co-
ordinates and shows how it can be used to represent a general motion of the full system
in terms of the non-linear modal co-ordinates. Three example problems, including extensive
simulation results, are given in section 6. The paper closes with a discussion, along with
some conclusions and directions for future work, in section 7.

2. NORMAL MODES FOR LINEAR SYSTEMS

We begin by presenting the definition of normal modes for linear oscillatory systems in
a manner best suited to allow for extensions which include non-linear effects. We introduce
an approach which is based upon the property of invariance of the modal subspaces and
which allows us to represent the system’s modal dynamics by a set of uncoupled linear
oscillator equations. We show in Appendix A that this representation is strictly equivalent
to that obtained from the complex eigensolution of the standard first order eigenvalue
problem. An interesting feature of this approach is that the eigenvectors are obtained prior
to the evaluation of the eigenvalues.

Consider the free motion of a system with N degrees of freedom which has been lin-
earized about an equilibrium at the origin:

Mi +Cx+Kx =0, ()

where Xx=[x;, X2,..., xy]" is the displacement vector, a dot denotes a time derivative,
and M, C and K are the inertia, damping (or gyroscopic) and stiffness matrices, respec-
tively, obtained by linearizing the dynamics of a mechanical system about an equilibrium
point. We require that M be non-singular and allow C and K to be arbitrary, which allows
for the inclusion of dissipative, gyroscopic and non-conservative terms. We also assume
that the system has independent eigenvectors and, although it is not strictly required, that
the system eigenvalues are all complex. The usual procedure is to assume a solution of the
form

x()=q¢e", (2)

and substitute this into equation (1}. This leads to a second order N x N eigenvalue problem
which can be solved for the eigenvalues, A, and the eigenvectors, . When C is non-zero,
the 2V eigenvectors are generally complex and the N equations of motion do not uncouple
in this second order form except in special circumsiances [11]. A first order formulation
which includes the velocities as separate dependent variables provides the setting needed
to uncouple the dynamics [12].
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Premultiplying equation (1) by the inverse of M and introducing the velocity vector, y,
equation (1) can be written in first order form as

0 I
1=Dz, z=(x), D=( ), (3)
¥ A B
where A=—M 'K and B=—M7'C. We denote their elements by a; and S,
(i,j=1,..., N), respectively. A solution of the form
() =ze" (4)

is assumed which, when substituted into equation (3), leads to a standard, first order,
2N x 2N cigenvalue problem which can be solved for the 2¥ cigenvectors, Z, and the 2N
eigenvalues, A. The eigenvectors are not unique in that they provide only a direction in
the phase space, but not a magnitude: each contains 2N —1 specified ratios and a free
{complex) multiplicative constant. Thus, with this first order representation, a motion
purely in a single mode is one for which all co-ordinates have exactly the same time
dependence up to constant {complex) scaling factors, i.e., the amplitude ratios. An impor-
tant property of such a modal motion is that if one knows the motion of a single generalized
co-ordinate, then the motions of all other co-ordinates are specified by that mode’s eigen-
vector. Furthermore, because of the independence of the eigenvectors, an initial condition
which is aligned with a single mode leads to a purely single-mode motion in which all
other modes start with zero amplitude and remain quiescent for all time. This is the
important invariance property of the modal subspaces.

A limitation of equations (2} and (4} is that they implicitly assume that motion in a
mode is synchronous, i.e., there are certain relationships between only displacements which
must hold for 2 normal mode motion to take place. This appears to restrict the associated
modal subspaces to be one-dimensional. However, normal mode motions for a damped
or gyroscopic system are not generally standing waves, but traveling waves such that the
system’s degrees of freedom do not oscillate in phase. This means that relationships
between both the displacements and the velocities must hold for a normal mode to oceur,
and that the associated modal subspace is two-dimensional. The consequence is that the
corresponding eigenvectors in equation (4) must be complex and, therefore, in order to
obtain a real normal mode, one requires a pair of eigensolutions.

To circumvent these difficulties, we seek the normal modes of the system by a formula-
tion that exploits the invariance property of the modal subspaces. We define a motion in
a normal mode as onc where all displacements and velocities are related to a single pair
of displacement and velocity, say x, and y; (these are selected for simplicity; any pair can
be chosen). Because the system is linear, this functional dependence of the x;’s and y/’s on
x; and y, is linear:

() =axi () tap (), yd)=bux\()+byy(t), i=1,2,...,N, (5a)

where a1 =1, @2,=0, b;; =0 and b3, =1. In vector form, this is written as

(1 0)
X1 dp dan
Xw iy AN Xy
wi =l 1 [ yl} (5b)
b, by
Y
biv by

-
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This equation is that of a plane in the 2N-dimensional phase space. Any motion that takes
place in such a linear invariant subspace and satisfies the equations of motion is defined
as a linear normal mode. (If x, turns out to be a nodal peint for a given mode, i.e., x, =
» =0, the equations will be singular. This situation is ¢asily remedied by selecting a
different displacement /velocity pair.) Note that this definition allows for phase differences
between components, as required for ““non-classical” normal modes,

Recalling that the equations of motion (3) can be written as

N
xi:yi’ yi:z (aﬂxj-*-ﬁl]yj)! le,...,N, (6)
=1
we substitute equation (5) into equation {6) for i=1, 2, ..., ¥ and make use of
N
xi=y, =) (afagx+agn) + Bibyx + b)), (7
=1

Gathering terms in x, and y, in the resulting 2N — 2 equations and requiring that coefficients
of x; and y, match gives 4N — 4 equations that are quadratic in the unknowns a,;, az;, b;

and b,;, i=2, ..., N. These can be written in matrix form as
1 0] (1 -0
a1y a?l a.]g a.zz
LU | a.w a;N _ a;N G;N N 0 N 1 )
A B/| O 1 0 1 Y (ayaytBuby) ¥ (ayaytBiyby) |
bIZ bZZ blZ b22 /=t =1
by b)) Uiy Ban)

Note that the time dependence of the problem has been eliminated by this procedure and
that equation (8) can be solved for the geometry of the modal subspaces without solving
the standard eigenvalue-eigenvector problem. For an oscillatory system, equation (8) has
mode (see Appendix A for a justification; while there is a unique solution for each
underdamped mode, there may be multiple solutions for overdamped modes, as their
motions take place in one-dimensional spaces). To retrieve the modal dynamics of the
system on each of the N invariant planar subspaces, we introduce the co-ordinate
transformation

(1 0)
allz a'zz
x(t))= N a‘w a.zN (uk(t))=U ) 9
(y(r) Zol o 1| /UM ®
b}z b22
Lo by
k

where U is defined as a 2NV x 2N matrix the N pairs of columns of which are the N solutions
of equation (8), such that the kth normal mode shape consists of the (2k — 1)th and (2k)th
columns of U. The vector w = [u, v,, '+, uy, v5]" contains the modal co-ordinates, where u,
and o, are the displacement and velocity, respectively, for the kth normal mode. We apply
this co-ordinate transformation to the equations of motion (3) and use the property
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satisfied by the pairs of columns of U (equation (8)). This leads to a set of 2N, pairwise
coupled, first order equations:

b U 0 1 )
l:'| [ b4l h] 0 AN
<UDyl : |= -t (10)
ﬂN Uy 0 1 Uy
f)N Dy 0 g}v hN U

where in equation (10) we have defined

N N
g=an+ Y afayht Y Bilbik,
f=2

J j=2

i=2 i

N N
=3 afaylt P+t Y Bidbydk, k=1,...,N. (m
; -2

Therefore, the dynamics on each invariant modal subspace is governed by the single-
degrec-of-freedom oscillator equation

B e e
U ~@; —250u/ \Uy

where we have let g, = —w} and k.= —2&,0,, where o, and &, are the undamped natural
frequency and damping ratio for the kth normal mode, and #, and v, are the modat
displacement and velocity, respectively. We refer to the above as the oscillator form of the
modal dynamics.

It is interesting to note that the selection of (1, v;) as the contribution of the kth mode to
the displacement/velocity of the first degree of freedom has essentially forced a particular
normalization on the eigenvectors. This normalization manifests itself in the following
unusual manner: the eigenvalues, as represented in equation (11), depend on the eigenvec-
tors. This feature may be initially bothersome, but it is a natural consequence of the
formulation which specifies the eigenvectors uniquely.

Equation (10) shows that the dynamics of the N-degree-of-freedom system reduces to
that of N uncoupled oscillators. For given initial conditions z(0)=Uw(0), the ¥ second
order initial value problems (12) can be solved for the modal dynamics and the general
motion obtained as a superposition of uncoupled oscillator motions via equation (9).

In this section we have used invariant subspaces to define normal modes and perform
modal analysis for linear systems. Although this approach is novel and entirely different
from the conventional methodology, we show in Appendix A that it is strictly equivalent
to the standard formulation that is based upon the solution of a first order eigenvalue
problem. All that is required to retrieve the (real) oscillator form of the modal dynamics
is to perform a similarity transformation of the complex eigensolution of the first order
representation. However, the power of the invariant subspace approach lies in its natural
extension to invariant manifolds which represent normal modes for non-linear systems.
This is tackled next.

3. NORMAL MODES FOR NON-LINEAR SYSTEMS

An invariant set for a dynamical system is defined as a subset S of the phase space such
that if the system is given an initial condition in S, the solution of the governing equations
of motion remains in § for all time. The non-linear normal modes defined below are
invariant subspaces for the non-linear equations of motion. These subspaces are, in general,
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non-planar manifolds which are tangent to their linear counterparts, the planar eigen-
spaces, at the equilibrium point.
The equations of motion are assumed to be of the form

:f,-=y,—,j’,-=f,-(x;y), I=1, 2,...,N, (13)
where x=[x,, X2, ..., xy]" Iepresents generalized co-ordinates (displacements or rota-
tions) and y=[y|, y2,...,¥~]" contains the corresponding generalized velocities. The

vector f=[f;, . .., fv]" represents the forces and moments acting on the system normalized
by the respective inertias. (In some applications one has to invert an inertia matrix which
may depend on x and y in order to achieve the form in equation (13). Also, it may be that
for a given problem it is more natural to use generalized displacements and their conjugate
momenta. In this case a more general, first order formulation may be required. The steps
below can easily be generalized to handle that case.).

We begin by assuming that there exists at least one motion for which ali displacements
and velocities are functionally related to a single displacement-velocity pair, which we
choose arbitrarily here as the first displacement and velocity, x; and y;. In order to
implement this, we write #=x, and v=y, and express the other x;s and y/’s functionally
in terms of ¥ and v, as follows:

x;=X{u,v), p:=Y{u, v), i=1,2,3,...,N, (14a)

where X ,(u, v) =u and Y1(u, v)=uv. In vector form this is written as:

rooN r R
x! H
B4 v
X2 XZ(ua U)
Y21 = Yi(u,v)|. (14b)
Xy Xo(u, v)
5y-4 HYN(H,U)J

(We note that such a representation is not always possible. Cases for which it breaks down
include all of those for which the linearized system cannot be uncoupled; for example, if
multiplicities of eigenvalues occur with an associated non-zero nilpotent form, and situ-
ations in which other types of internal resonances occur, for example when there exists an
unremovable non-linear coupling between the interacting modes. However, the method
can be extended to handie these situations.)

Equation (14) is that of a constraint surface of dimension 2 (or, equivalently, of co-
dimension 2N —2) in the 2N-dimensional phase space. Thus, we define a normal mode of
motion for the non-linear, autonomous system as a motion which takes place on a two-
dimensional invariant manifold in the system’s phase space. This manifold has the following
properties: it passes through a stable equilibrium point of the system and, at that point, it is
tangent to a plane which is an eigenspace of the system linearized about that equilibrium.

A set of equations which can be solved for this constraint surface, that is, for the X/’s
and Y/s, can be obtained by requiring that solutions satisfy both the equations of motion
and the constraint conditions. This is accomplished by eliminating the time dependence in
the problem, which yields a set of equations for the geometry of the manifold. The follow-
ing procedure for this task is borrowed from center manifold theory [13]. We begin by
taking the time derivative of the constraint equations, and using the chain rule for
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differentiation, to obtain

. . . Y
xi=%u %z‘:, yi=@a+a—z}, i=1,2,3,...,N. (15)
v Ju dv

Next, we substitute the equations of motion in for %; and 3, and replace x; and y; everywhere
by X; and Y; to obtain 2N —2 equations which can be solved for X; and Y;:

_ 5.X,'(u, U) aX,'(ua U)
Yiu,0)=—2"—0 +——
Jl, Xy, 0), - . Xy, 0);0, Yo, 0), .., Yalu, )

= aYl(gl: U)v + aY‘é;:; v)fl (u! X2(u! U), L] XN(“: U), v, Yz(u, U), ey YN(”: U))

ﬂ(u, XZ(uy U), ML ] XN(H’ U), v, YZ(“: U), IR ] YN(H, v))s

i=1,2,3...,N. (16)

Note that for i=1, the equations are trivially satisfied.

In general, these functional equations are at least as difficult to solve as the original
differential equations, but they do allow for an approximate solution in the form of power
series expansions. Once they have been solved for the X;’s and ¥7’s, the dynamics on the
invariant manifold, which is the normal mode dynamics, can then be generated by simply
substituting the X;’s and ¥/s in for x; and y; in the first pair of equations of motion; that
is, the ones for x; and y;. This results in the modal dynamic equation

a:vi ﬁ=.fl(ua Xl(ua U), CECEE XN(“) U); b, YZ(us U), ey YN(u! U)), (17)

where u and v represent the variables on the invariant manifold and correspond to projec-
tions of the modal dynamics onto (x, y:). In general, at each equilibrium point there are
N solutions for the X/s and ¥’s and N corresponding sets of equations of the form given
in equation (17}, one set for each mode.

In some cases, for example, for systems which possess certain symmetries, equations
(16) can be solved exactly, in which case global representations of the modal manifolds
and their attendant dynamics can be obtained. These are typically when the manifolds are
flat and identical to the linear normal modes, even though the modal dynamics are non-
linear. These are the so-called “similar normal modes”, as defined by Rosenberg, which
have received a lot of attention in the past; see references [1] and [14], for examples. Our
formulation, on the other hand, generates the equations which must be satisfied for “non-
similar” as well as “similar” normal modes, and allows for velocity dependence to be
included. As is shown in the example in section 6.2, this velocity dependence arises even
in conservative systems. For such systems, however, by invoking the conservation of
energy, the non-linear velocity terms can be replaced by terms involving the system energy
and the modal displacement. This approach, typical of all previous work, allows one to
represent a non-linear normal mode as a relationship involving only displacements and
the total system energy.

4. APPROXIMATE SOLUTION FOR THE MODAL DYNAMICS

The approach taken here is /ocal in nature, and yields approximations for the normal
mode invariant manifolds and the dynamics on them near the equilibrium point. This
restriction permits analysis to be done for systems without symmetry and allows for the
inclusion of damping, which covers the most widely studied situations for structural and
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fluid mechanical systems. The procedure yields exact results for similar normal modes,
since they are represented by flat manifolds, and asymptotic results for non-similar normal
modes. The approximations are in the form of power series expansions and can, in prin-
ciple, be generated to any order. For the present, we work to third order in the displace-
ments and velocities. This will be adequate for most problems, although the method can
be extended to higher orders in a straightforward manner.

The approach is based on Taylor series expansions about an equilibrium configuration
of the system. The development given in section 3 above makes no explicit reference to an
equilibrium point. Here we make the assumption that the equilibrium of interest is at
x = 0; this is always possible by the proper selection of x. The behavior of the system near
the equilibrium point is governed by

‘x.'-j =Y gx]
V= pXit Bkt SumXiXmt EpmXiym T ¥ jo¥i¥m
t WikmgXiXmXq t VikmeXiXmPa T PimaXicym¥a T EmgVi¥m¥e+ -+ <, (18)

where the coefficients in the expansions are derived from straightforward differentiation
of the forces f; (j=1, ..., n) with respect to x and y, and where the implicit summation
notation is used. Note that, as written, the coefficients of the non-linear terms are not
uniquely defined, but can be chosen in any way such that all terms up to the desired order
are included. For example, for the x,x; terms one can take 8,; to be the required coefficient,
and then & to be zero.

It is now assumed that the normal modes for the non-linear system, as given in equation
(14a), can also be expressed in the form of a Taylor series expansion [4]:

Xu, vy =a\u+ ayv+ as’ + asuv + asip?
+asad’ + asp’v+ aguv’ + agt’ + - - -,
1’,‘(“, U) = bl,»u + bz;U + b3,'u2 + b4,-uv
+ bs,‘Uz + b6;u3 + b-,-,-uzv + bs,‘uvz + bg,‘l‘)3 +: ,
i=1,2,3,....N. (19a)

In vector form this series can be expressed as

(x) ([t o] [ o 0]
i 0 1 0 0
X3 ap  4ay Qpi +apy  as

}f} = blZ b‘22 + b32u “." b4zv b5.20

Xy iy iy Wy + At Asyt

ey oL blN b!N_ _iju + b.wv bSNv_
~ 0 0 o -
0 0

agi’ + agpv®  apu’ + ag? ;
+ b62u2+b8202 b72u2+b92f)2 > ( )+ Ty (lgb)
Agti® + dgyv® i’ + agyv’
| bontt® + bya? Byu? + bypv?)




NON-LINEAR NORMAL MODES 93
or, more compactly, as
z = {my+m, (u, v) +m, (1, v)}(‘:) v (19¢)
where z =[x, V|, X3, V2. - . ., Xy, ¥»]" and my, m, and m, are 2N x 2 matrices. (Note that
this z is a simple reordering of the z in section 2). The matrix m, is the lincar modal
component, and m; and m, represent the effects of quadratic and cubic non-linear terms,
respectively. Also, note that we have factored out a (u, v) vector and that the given
representation is not unique; it is, however, convenient for some of the calculations, and
all possible representations will yield the same results,

As described in section 2, the coefficients of the linear terms represent the ratios for the
usual linear normal modes. For an undamped, non-gyroscopic system it can be shown
that the cross-terms between displacement and velocity, a,, and b, equal zero, while
@, = by, represent the usual amplitude ratios (and thus velogity ratios) for a conservative
vibratory system. For a damped or a gyroscopic system the linear coupling terms between
displacement and velocity are generally non-zero and have no such special relationship
with one another (other than being the linear approximation to the modal subspace),
except in cases such as proportional damping, where the modes of the damped system are
identical to those of its undamped counterpart. These non-zero cross-terms allow for phase
differences between the displacements for non-conservative or gyroscopic systems.

The non-linear terms describe the bending of the modal subspace. Their associated
coefficients can all be zero for a mode in which the amplitude ratios are fixed constants,
as happens in systems which possess similar normal modes, but in general they are non-
zero. These terms capture the effects of the non-linear forces, and result in the fact that
the displacement and velocity ratios are dependent on the amplitude of motion.

The manipulations given in section 3 are now carried out for the series representations
of the equations of motion and the normal modes. The elimination of time, resulting in
equation (16), yields a set of 2N —2 equations which contain the coefficients of the forces
as known quantities and the coefficients of the normal modes as unknowns. They are
solved by gathering terms of like powers in # and v and requiring that their coefficients
match. For cubic order terms, this leads to 18(N—1) equations for the unknown
coefficients of the normal modes. These equations are listed in Appendix B. Note that the
use of the chain rule results in coupled algebraic equations for the coefficients at each step.
These equations can be solved sequentially, just as is typical in perturbation theory, and
this procedure leads to some surprising observations which are stated below.

As can be seen from the equations given in section 2 and in Appendix B, the equations
for the linear coefficients are quadratic in the unknowns a, > @y, by and by, and generally
have N real solutions, one for each mode. The solution of these quadratic equations
presents potential computational difficulties. However, since their solution is equivalent
to solving the eigenvalue-eigenvector problem, it is clear that the desired sohstions are
computationally obtainable by standard methods. The relationships provided in Appendix
A can then be used to obtain the a’s and 5’s from the standard eigensolution. The equations
to be solved for the non-linear coefficients depend on the solution of the linear coefficients,
and we note from Appendix B the very important fact that they are linear in the unknowns
and thus generally have a unique solution for each mode. This implies that the methodol-
ogy should be easy to incorporate into computational schemes, even for large scale systems.

Solutions of these 18(N—1) equations result in cubic series approximations for the N
non-lincar normal modes. This procedure provides the geometric structure of the non-
linear normal modes near the equilibrium point. The local approximation of the dynamic
equations for each mode can then be constructed via equation (17), by using the series
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expansion for f given in cquation (18), with (x;, y;) replaced everywhere by the series
representations of (XAu, v}, Y{(u, v)) for j=1,2,..., N. This results in a single-degree-of-
Jfreedom non-linear oscillator equation which represents the dynamics of the system on an
invariant, two-dimensional subspace which is tangent to the lincar normal mode eigenspace
at the equilibrium point. There will be N of these oscillators, one for each normal mode.

We are now in a position to assemble the complete non-linear modal matrix M and the
affiliated modal co-ordinates w. The matrix M is composed by gathering together into a
2N x 2N matrix the N individual modal matrices of size 2N x 2 given in equation (19).
Similarly, the modal vector w is constructed by noting that each mode will have its own
(u, v) pair associated with it, which we label as (., v) for k=1,2,..., N. These are
collected into the vector w=/[u, vy, Uz, U2, ..., Uy, tx]" . The complete transformation
between the physical co-ordinates z and the modal co-ordinates w can now be written as

z=M(Ww={M;+M;(w) +M,(w)}w+- -, (20)

where M(w) = M + M, (w) + M,(w) + - - -, and where the M,’s are assembled from the m,’s
from equation (19c) for p =0, 1, 2 (note that M, is simply U, of section 2). It is important
to note that the coefficients a; and &, will be different for each mode, and if one were to
write out the components of equation (20), coeflicients of the form a; and by should be
used where, for the present case, i =1,2,...,9 corresponds to the number of terms
retained in the expansions (here we include all quadratic and cubic terms), j =2,3,..., N
corresponds to the number of constraints, and £ =1, 2,..., N to the number of modes.

There are several important features of this formulation. It is the most natural local
description possible for a non-linear normal mode. It is constructive, so that one is able
to use it to study specific non-linear systems. It provides information regarding non-linear
behavior near an equilibrium, including non-linear frequencies and decay rates. These are
extremely useful for determining transient response and set the stage for the behavior
which can be expected when external excitation is present. Also, it comes from a more
global representation which may allow for other solution strategies to be used to obtain
non-local results for non-linear normal modes. One way to do this is by generating numeri-
cal solutions of equations (16).

5. TRANSFORMATION FROM PHYSICAL TO NON-LINEAR
MODAL CO-ORDINATES

It must first be stated that the approximate superposition described here is simply a
non-linear extension of the usual lincar concept and is not, of course, strictly the same as
that in linear systems. Basically, it is a non-linear co-ordinate transformation which per-
forms the same function as the well-known linear modal transformation in that it permits
one to assemble a complete solution from a sum of simpler ones. Furthermore, it reduces
to its linear counterpart when non-linearities are not present or are ignored. In effect,
linear superposition is the linearized version of the non-lingar co-ordinate transformation
described here.

The geometry behind this idea is quite simple in concept. In linear systems, one has
planar eigenspaces, and a general response can be broken down into modal components
via a linear projection onto the eigenspaces, or reassembled by a linear recombination of
the modal responses. When non-linearities are present, the modal subspaces are not flat,
but curved, and the required projections and recombination must utilize curvilinear co-
ordinates which reflect the nature of these subspaces.
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For linear systems the co-ordinate transformation between physical and modal co-
ordinates is given by the modal matrix M, above. When the equations of motion are
written in terms of the modal co-ordinates, they are uncoupled, linear oscillators, as in
equation (12). It is of interest to consider what happens if one writes the non-linear
equations of motion in terms of the non-linear modal coordinates. In the following, we
show how this transformation can be carried out and describe some general features of
the modal dynamic equations. Section 6.3 provides an example for which these features
are explicitly demonstrated.

Recombination of the dynamics of the original co-ordinates from the modal co-ordinates
for the non-linear case is done via the transformation z=M(w)w given in equation (20).
In order to obtain the projection of the physical co-ordinate dynamics onto the modal
subspaces, this transformation must be inverted. The inversion is carried out for the general
case involving quadratic and cubic non-linearities in Appendix C. The inversion is much
simpler when only cubic non-linearities are present, and can be achieved by the following
iterative process, which exploits the fact that we are using series expansions.

We begin by premultiplying equation (20) (with M,;(w) equal to zero when no guadratic
terms are present) by the inverse of the bracketed terms on the right side and expanding
the inverse to yield

w={M,+M;(w)}"'z+
={I+M;'My(w)}'M; 'z +- -
={l-M;'M;(W)}M; 'z + -, @1

where I is the 2NV x 2V identity matrix. Note that the right side depends on both w and z.
This can be remedied by substituting the expression for w in equation (21) into the w term
on the right side and expanding in powers of z. Since My(w) is quadratic in w, the leading
order argument of M, is simply M 'z, and the dependence on w is pushed out to terms
of higher order. This results in the inverse transformation

w={I-M;'M;(M;'2)}M; 'z + -, (22)

which is correct up to cubic terms in z, the order to which we are working. This is used
in the examples worked out in section 6, where we consider only cubic order non-linearities.

We now transform the equations of motion to a modal co-ordinate representation by
using a direct co-ordinate transformation. The equations of motion near the equilibrium
at z=0 are written as

1=A(z)z= {Ao+ A\(Z) + As(2)}2+- - -, (23)

where Aoz represents the linearized dynamics, A,(z)z the quadratic terms and A,(z)z the
cubic terms. The transformation (20) is applied directly to these equations. We write it in
a slightly different way for notational convenience here, such that the w vector is not
separated out as a factor:

z=M(w), (24)

where it is implicitly assumed that we use the series expansion for M. The time derivative
of this is required for the transformation; it is given by using the chain rule:

z={OM(w)/dw]Ww. (25)
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Substituting of equations (24} and (25) into the equation of motion (23) yields
[M(w)/ow]w = A(M(w))M(w), (26)

which can be premultiplied by the inverse of the Jacobian of the transformation to give
the equations of motion in terms of the modal co-ordinates:

W= (M(w)/ow) ' A(M(w))M(w). (27

By using the series approximation technique given in this paper, these equations can be
constructed to the desired order. Each of the N pairs of equations have the form of
equation (17), plus additional modal coupling terms. These coupling terms are identically
zero on each individual modal subspace, thus recovering the modal oscillators on the
invariant manifolds.

Even though the modal equations are coupled, we explore in section 6.3 the possible
advantages of simply ignoring the coupling terms in the transformed equations in order
to recombine the non-linear modal oscillator responses into a general motion. This is done
by solving a non-linear initial value problem as follows. Consider the motion which ensues
from an initial condition z,. This initial condition can be transformed to modal co-ordinate
initial conditions, wy = {15, V1o, U, Uags - - - » Unp» Uao]'> DY using the inverse transforma-
tion given in Appendix C (or equation (21) if only cubic non-linearities are present}. These
initial conditions are for the coupled non-linear modal oscillators given in equation (27).
These coupled equations could be numerically integrated to obtain the modal dynamics,
(ux(?), ve(1)), which can be transformed back into the original co-ordinates via equation
(20}, but since these equations are coupled, the only advantage in doing this is that one
can obtain information about modal amplitudes directly. In section 6.3 we compare results
from a full simulation of the original equations with simulations and recombinations of
the individual modal oscillators in which coupling is ignored, i.e., equation (17), and show
that very good agreement is obtained for that example. Such an approach has no sound
mathematical basis, but provides a means of constructing the motion of a non-linear
system from its non-linear normal modes.

A more important feature of the equations of motion expressed in terms of the non-
linear modal co-ordinates is that very “clean” reduced order models can be obtained by
modal truncation. Since the non-linear normal modes were constructed using invariance,
the dynamics of a subset of k of the N modes takes place in an approximately invariant
subspace of dimension 2k. By ignoring the energy in the truncated modes and considering
only k modes to be active, one can generate a reduced order model which accounts for
the non-linear coupling between the active modes but is less contaminated by the truncated
modes. An explicit demonstration of this is provided in the third example (section 6.3).
This fact indicates that these non-lincar normal modes are natural candidates for
performing modal analysis of non-linecar systems, a subject currently under investigation.

6. EXAMPLES

Three examples are presented. The first is a damped, linear system with two degrees of
freedom; it is used to demonstrate how the method handles linear oscillators. The second
example is an undamped non-linear system of two degrees of freedom with no special
symmetry. The third is a damped non-linear oscillator of two degrees of freedom which
combines the damping from the first example with the non-linearity from the second.

Most of the symbolic manipulations and all of the numerical work for the examples were
done using Mathematica® [ 15}, running on a Macintosh IIcx computer. Mathematica® uses
a variable step size fourth order Runge-Kutta integrator for the numerical solution of
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ordinary differential equations, which was tricked into using a constant step size of 0-1 in
all cases. The results, as seen below, are quite accurate for this step size, and the constant
step size was useful when manipulating some of the data.

6.1. EXAMPLE 1: A LINEAR, NON-CONSERVATIVE SYSTEM

The linear system to be considered is shown in Figure 1. Tt has no special symmetry.
After setting up the general equations which are to be solved for the invariant modal
subspaces, we take specific values for the inertia, stiffness and damping elements, since the
solution for the coefficients is not easily obtained (if at all possible) in closed form, except
in special cases.

7 1 I—> k=1 |_) 1
m=1 Wﬂ m=1
c=03

c=0-3//‘4

Figure 1. The mechanical model for Example 1.

We assume that the springs are unstressed in the equilibrium position and that the
displacement co-ordinates x, and x, are zero at this point. The equations of motion in first
order oscillator form are

X =)y, P =A0er, x25 00, va) =—x{(1 + k) +kxz = ey — y2),
X2=¥2,  Ja=fo{x1, X2 31, y2) =kxi —xo(1+ k) + ey — 20y, (28a)

or, equivalently, in matrix form

.f| 0 l 0 0 X

ni_|-1-k —c¢ k ¢ Hw .

% 0 0 0 1|, or Z=A,Z (28b)
’}}2 k ¢ ~1-k -2¢ y2

A purely modal motion is one which can be expressed in the following form:
Xi=u, »nm=un
X3=Xo(u, v)=au+ayv, y2=Yalu, v)=bu+ b, (29)

The procedure for solving for the coefficients is to first take the time derivative of the last
two of these equations (the last 2N —2 in general, see equation (15)) to obtain

Xo=aui+a, Y, =bi+ byb. (30)

The left side is then equated to (%z, ¥;) from the equation of motion (28), and in the right
side (4, ©) is replaced by (%, 1) from equation (28). This gives

ye=ayi+a filx, X250, y2),

folxi, X253 31, ¥2) = by H B fi(xy, x25 91, ¥a). (31)
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Next, x;, ¥, x2 and y, are replaced everywhere by the constraint (29) and the right side
is subtracted from both sides to produce the final equations which are to be solved for a;,
ay, by and b,:

Yo(u, v) — aywv —ay fy(u, Xo(u, v); 0, ¥a(u, 0)) =0,
Sou, Xa(u, 0); v, Yau, 0)) —bio—a f1(u, Xa(u, v); v, Ya(u, v)) =0, (32a)
or, after substituting in for f,, 5, Xz and Y5,
u(az+ by — azbic + axk — ayaxk) + v{—a, + b2+ aye — aabac — a§k) =0,
u(—a, +b:—2bc— bibc + k — ayk + bok — aybak)
+ v(—a, = by + ¢~ byc — bic — azk — azbak) =0. (32b)

There are four unknowns in these equations; these are determined by noting that the
equations must hold for all values of « and v.

Gathering the coeflicients of « and v in equation (32b) yields a set of four equations to
be solved for ai, @2, b, and b

ax+by— abc+ak—aak =0,
~a, + by + aye — abyc — @k =0,
—a;+by=2bic—biboc Hhk—ak+bk—abk=0,
—ay— by + ¢ — byc — bic — ark — axbrk =0. (33)

Note that these equations are quadratic in the unknowns. Neither the anthors nor
Mathematica® were able to solve them in closed form for general values of ¢ and k.
Therefore, for the remainder of the example we take the special case c=0-30 and k=1-0.
For these values, Mathematica® finds six solutions of equations (33), two of which are
real and four of which are complex. The complex roots are meaningless for the problem
formulation given. The real roots represent the linear normal modes:

mode 1: a4, =-—1-1056, mode 2: a,=0947],

H= -0 1550, dy = —0- 1386,
b; =0-4599, b, =0-1401,
by =—-0-9891, b, =0-9676. 34

This means simply that a motion in the first mode satisfies the conditions
x;=—1-1056x, —0-1550y,,  y;=0-4599x, —0-9891y,, 3%
and a motion in the second mode satisfies
x;=0-9471x,—0-1386y;,  y,=0-1401x,+0-9676y,. (36)

As the damping factor ¢ is reduced towards zero, the first mode approaches the mode in
which the masses are exactly out of phase, while the second mode approaches the exactly
in-phase mode. The modal subspaces are composed of two planes in the four-dimensional
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(d)

(<)

Figure 2. The modal invariant planes: (a} Xa vs. {x;, 3} for the first mode; (b) ¥; vs. (xy, 3) for the first

mode; (c) X» vs. {x,, 1) for the second mode; (d) ¥ vs. (x,, 3} for the second mode,

phase space. These are depicted in Figure 2 as the planes X; and Y, versus {x;, y,) for

each of the two modes.

The equations of motion which govern the individual modes are given by substituting
conditions (35) and (36) into the (x;, ;) component of the equations of motion (28). For

the first mode this yields
U=, 0, =—2-9676u;, —0-7517v,,
or
i, +0-751 74, +2:9676u, =10,
and for the second mode
h=0,, 0;=—1-01091, — (- 14830,
or
tiz + 014835, + 1-01091, = 0.
At this point the eigenvalues are easily determined to be

mode 1: —0-3759 % 1-6812i, mode 2:  —0-0741 + 1-0027i,

where i’= —1.

(37

(38)

(39)
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Note that by this procedure one obtains the eigenspaces first, and then the eigenvalues
assoctated with them.
The transformation from the physical co-ordinates to modal co-ordinates is given by

X1 1 0 i 0 )
ml 1o 1 o 11y

= o z2=M,w, 40
A2 . da di dxn || U ! v (49)

Y2 by bu by by [\2

where a, and b;; represent a; and b, for the jth mode. The inverse of the transformation is
given by

) 0-4602 —0-0714 —-0-4865  0-0041 |/ x,
v |_| 01468  (-4828 —0-0795 —0-5104 || »
7)) 0-5398  0-0714  0-4865 —0-0041 [| x, [
vy —0-1468  0-5172 0-0795  0-5104 |\y»
or
w=M;'z (41)

Here we can explicitly transform the original equations of motion to modal co-ordinates
to obtain

fj] 0 1 0 0 [}
o |_| —2:9676 —0-7517 0 0 v
i 0 0 0 1 u |
Dy 0 0 —1-0109 —0-1483 v,
or
w=Mg'AM,w, “2)

which is exactly the matrix form of equations (37) and (38). These are uncoupled oscillators
which are not in the usual Jordan form, but in what we have called the oscillator form
(see section 2 and Appendix A).

It is clear that a motion started with initial conditions in one of the modal eigenspaces
will result in motion comprised of only that mode. This is demonstrated in detail below
for the non-linear examples, but we show one such case here in order to provide a calibra-
tion on the precision of our numerical methods, e.g., equation solvers and differential
equation integrators. To this end we take an initial condition which is purely in the first
modc;

wo=(1,0,0,0" = z,=(1,0, —1-1056, 0-4599)". (43)

A simulation of the equations of motion (28) started at this point results in the response
given in Figure 3, which shows the modal phase planes (u,, v,) and (12, v2). If the numerics
were exact, the motion should remain exactly at the (u;, v;) origin, and it is observed that
the response of the second mode stays bounded within a disk with a radius on the order
of 10777,
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Figure 3. Trajectory in the individual modal phase planes for an initial condition started in the first mode:
(a) first mode phase plane; (b) second mode phase plane.

It is worth noting that if the damping coefficient, c, is increased to the point where both
modes are overdamped, the quadratic equations (33) have six rcal solutions. These arise
because we are searching for two-dimensional invariant subspaces, while the completely
overdamped system possesses four one-dimensional invariant subspaces. In this case the
solutions of equations (33) correspond to all possible pairings of the one-dimensional
spaces into two-dimensional spaces, of which there are six possibilities. In such a situation,
care must be taken in choosing which solution to use, since all four eigenspaces must be
accounted for.

The application of superposition for this example is standard and straightforward and
is not given. We do so for the non-linear system of Example 3.

6.2. EXAMPLE 2: A NON-LINEAR, CONSERVATIVE SYSTEM

A non-linear, conservative system is now considered. For conservative systems such as
this one, the existence of invariant modal subspaces with associated non-linear oscillators
has been known and is stated in the Lyapunov sub-center manifold theorem [17]. Here we
provide a constructive tool for generating them. One important consequence of our formu-
lation is that conservative, velocity dependent terms appear in the normal modes and the
modal oscillators.

The physical system is simply that of Example 1, with damping mechanisms removed
and the leftmost spring made non-linear with a cubic non-linearity; see Figure 4. Again,
this system has no special symmetries to help with the non-linear analysis. The equations
of motion are given by

xXi1=y, P =Ax1, X2 v, y2) = —xi1(1+k) — gxi +kx,,
X:=Jy, }32=f2(x1 s A2 Vi, yz)=kx1 —xa(1 +k), (443)
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Xy X2

k=1 r’ 1
M m=1 W -

Z

Figure 4. The physical model for Example 2.

or, equivalently, in first order form as

% 0 1 0 0 0 00 0)/x
pl-a+m 0 ko], |-ed 0 0 o[
X2 0 0 0 1 0 00 o|flx)
¥ k0 —(1+k) © 0 0 0 0\
or
i={As+Axz))2. (44b)

A normal mode motion is assumed by requiring that x,, y;, x, and y, are related as
follows:

X1=u, =,
x2=Xo(u, v) = au+av+ ast’ + auv+ asv’
+ag’ + alo+agut’ +ag’ + - - -,
y2=Ys(u, v} =bu+ b+ byl + v + bsv?
+bet’ + by v + bguv® + bt + - - -, (45)

The procedure goes exactly as in Example 1, but involves many more terms. For example,
taking the time derivative of X, and ¥ from equation (45) yields, by using the chain rule,

X2=aui+azz}+2a3uzi+a4uﬁ+a4ﬂu+2a5m)+- -,
Yz=b;ﬂ+b20+2b3uﬂ+b4uﬁ+b4av+2bsué+- R (46)

where we have shown only up to quadratic terms for conciseness of presentation, although
cubic terms have been included in the analysis. The left sides are equated to the equations
of motion for %; and y, respectively, and in the right sides # and  are replaced by %, and
i, respectively, from the equations of motion. This resuits in

ye=aptafilxy, x2; 91, y2) +2asx 01 +Hasx fi(x), x2; v, ¥a)
+agt+2asy filxi, x25 0, )+
Lx, X2y p) =biy + b fi(x1, X2 31, ¥2) + 2bsxap
+bo fi(xi, X251, p2) b
+2bsyi filxi, X250,y +0 0, (47)

where (x,, y1) are used for (u, v) for notational consistency at this point. The substitution
of conditions (45) into these expressions yields the required conditions for a modal motion.
These are then expanded out to cubic order in v and », and coefficients of u, v, «°, uv, V%,
', w'v, w0’ and v* are gathered together to provide the equations for the a; and b,
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coefficients. The right side is subtracted from the equation in order to give equations which
are equal to zero. The results of this calculation are given here in the form where the left
column describes the term from which the equation on the right was obtained, such that
there are two equations for each term, one ¢ach from the two equations in (47):

u term: a+ b+ ak—aak=0,

-—a.+b2+k—-a1k+bzk—-a.bzk==0,

vterm:  —a, +b,— a3k =0,
—az_bl “azk—ﬂgbzk:(),

wterm:  as+by— aaask +ak —aak =0,
—a3+b4-a3k-a3b2k+b4k—alb4k=0,

ut term:  —2ay+ 2as+ by — 2azak + 2ask —2a,a:k =0,
4 2b3 + 2b5 - ﬂ4k - aqbzk —azbqk + 2b5k - za]bsk = 0,

U2 term: —as+ bs - 30’205’( = 0,

—ds —b4“‘ ask_ asbzk - 202b5k=0,

wterm:  a;+bg+ayg — @ak — aagk + ak — a,ak =0,
—ag+ by + bog — agk — ashok — asb.k + bk — a bk =0,

wvterm:  —3ag+2as+ b1 — a3k — 2a.ask — 2asak + 2ask — 2a,azk =0,
—dy— Sbﬁ + 2bs - a-;k - a-;bzk - a4b4k - 2a3b5k - a2b7k + 2b3k - 2a1b3k = 0,

uv term:  —2aq,+ 3ay+ by — 3asask ~ 3asagk + 3ack — 3aiagk =0,
—dg— Zb',v + 3b9 - agk - ﬂgbzk - asb4k - 2a4b5k - 2a2bgk + 3b9k - 3a1b9k = 0,

vterm:  —ag+bo—2aik — daragk =0,
—dg— ba - agk - agbzk - Zﬂjbsk - 3a2b9k ={. (48)

The first four equations can be solved for the linear mode shape coefficients (again there
are six solutions of which we take the two real ones):

ay=b,=1, with a,=58=0, formode 1;

ay=by=~1, with a;=5=0, for mode 2. (49)

These check with the modes of the linearized, symmetric system.

The next six equations are uncoupled and are linear in the unknowns as, a4, as, b3, by
and bs. The problem is homogeneous and has a zero solution for these coefficients. This
is not unexpected since the physical system has no quadratic terms.

The last eight equations cannot be coupled to any higher order coefficients since we
have not included any in our analysis. Also, based on the patterns observed in the equa-
tions, they will not be in any case. These equations are linear in the coefficients ag, a7, as,
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as, bg, b7, by and by and have two inhomogeneous terms, a.g and b.g, in the two u’
equations. The solution of this linear problem is:

For mode 1:
ag=g(k=3)/[2k(k—4)],  az=-3g/[2k(k—4}],
by=3g(k—1)/[2k(k~4)),  bo=as,
7= as=bg=by=0. (50)
For mode 2:

as=g(3+Tk)/[2k(4+9K)], ag =3g/[2k(4+ 9%)],
by =3g(1 + 3k) /[2k(4 + 9k}], by=as,
ar=ag=bs=hy=0.
These give, to cubic order, the coefficients which describe the shapes of the invariant

manifolds corresponding to the non-linear normal modes. The two normal mode manifolds
are therefore defined by, to cubic order:

For mode 1:
X1 1 0
N = 0 1
X2 1 0
Y2 0 1
0 0
0 0 ul)
+ 2 2 :
gltk —3)ui — 301]/[2k(k —4)] 0 o,
0 3gl(k — Dui — v}/ [2k (k — 4)]
For mode 2:
X1 1 0
o|_ 0 1
X2 -1 0
¥z 0 -1
0 0
0 0 [27)
| g3+ k)i + 303/ 124 +90)] 0 o) GV
0 3g[(1 + 3khi + v3) /[ 2k(4 + 9%)]

(s, vy) and (uz, v;) are the first and second mode displacement and velocity co-ordinates,
respectively. These are assembled to form the transformation between physical and modal
co-ordinates:

z={Mp+Mzxw)}w+- - . (52)
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The inversion of this transformation was obtained in closed form to third order and is
given here:

w={Qo+Qxz)}z+" ", (53a)
p=t%_ [(k—s)(xl+x2)3—3(y1+y2)2(x1+x2)
Ty 8 32k(k —4)
4 B+ T7k)(x, — X))+ 3y, "‘h)z(xl - x:)]
32k (4 + 9%) '

. =J’1+J’2_3g|:(k_ D+ X2 (0n +y2) = (1 + )’
2 32k(k—4)

L L3000 =) (=) + (0 —yzf]

32k(4+9k)
=X [(k 3)0x1 +x2)° = 3(ps + 12) (31 + 1)
2 02k(k—4)
(3 + Tk )(x, — %, + 3y =y (i — xz):l
32k(4 + 9k) ’

Uz=yl_y2 [(k—l)(x1+x2) (n+y)—(n+y)
2

32k(k—4)
L 30— %) (1 =y + (s —yz)’]_ (53b)
32k(4+9%)

Note that, as required by this formulation, #, 4+ #,=x, and v, +v;=y,. This inverse is
needed only if a specific motion is being studied, and that one can obtain the important
qualitative features of a general motion by constructing the non-linear modal oscillators,
which requires only the forward transformation (52).

The non-linear modal oscillators are obtained exactly as was done in the first example,
by substituting the constraint equations for x, and y, into the first pair of equations of
motion. For the present example, this gives, in second order form,

mode 1: i£|+u|+gu||:(l (_k)) ;3 fﬁ}o.

2k—4) ' 2k—4)
3+ 7k 3k
mode 2. i + (1 + 2k)u, + gu, [(1 ﬁ) TR ug] = 0. (54)

For the present example, we demonstrate the usefulness of the method in determining
the frequency-amplitude relationship. This is accomplished using straightforward pertur-
bation methods on the non-linear oscillators. Lindstedt’s method, as described in many
non-linear oscillations textbooks, is used here. We present only the final results since the
technique is well known and rather straightforward (see, for example, the procedure in
reference [16]). The results are the following relationships between the frequency of
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oscillation, &, and the peak displacement amplitude, A4:
mode I: w=1+3g4%/16+---

mode 2: w =t + 2k]'? 1+3'£"—A2 +e (35)
’ 16(1 + 2k) ’

These have been checked with simulations and are gquite accurate out to amplitudes of

order unity.

Simulations were performed to check on the accuracy of the invariance properties of
the non-linear normal modes, especially in comparison with the lingar modes, and for the
frequency-amplitude relationships. Four simulations are presented. The first two are
results which use the linear modes and the second two use the non-linear modes. For all
cases, we took the parameter values of k=1-0 and g=0-5, a significant non-linearity.

For initial conditions on the first linear mode, we take (x,, 3y, x2, y2) = (1, 0, 1, 0), which
are sufficiently large amplitudes to cause non-linear effects. The results of a simulation
carried out for 20 time units were stored in a file and then projected onto the linear modal
subspaces. They are shown in the two modal phase planes in Figure 5(a). Results for a
similar simulation using initial conditions on the second linear mode, (1, 0, —1, 0), are
given in Figure 5(b).

Analogous initial conditions on the first non-linear normal mode are given by
(1,0, 1 +1/6, 0) to cubic accuracy, and for the second non-linear mode the required initial
conditions are (1,0, —1+5/26, 0). Results from simulations started from these initial
conditions are shown in Figures 5(c) and 5(d), respectively. In these cases, the solutions
are projected back onto non-lingar modal co-ordinates using equation (53b).

The non-linear normal modes provide an improvement of accuracy of about one order
of magnitude in determining the invariant motions for this amplitude. Also, the frequencies
of oscillation for the modal motions were well within 1% of the approximations given in
equation (55), whereas the linearized frequencies were off by 8% and 4%, at this amplitude.

It is also interesting to note that for this (and other) conservative, non-gyroscopic
system(s), the modal motions are synchronous in the sense that both (all) masses reach
their peak amplitudes simultaneously and pass through zero displacement simultaneously.
Such ideas were used by Rosenberg [1] in order to define non-linear normal modes, while
in the present formulation they are a special consequence for conservative, non-gyroscopic
systems. For this example, this can be seen directly from the equations for the normal
modes, equation (51). It is observed that whenever u; is zero, both x| and x;, are necessarily
zero, and whenever v; is zero, both y, and y, are necessarily zero. These facts imply that
both modes are synchronous in the sense described above. Such modes allow for the
definition of modal amplitude ratios which are amplitude dependent. These can be obtained
by noting that x, =u; and then computing x,/x, for each mode with v,=0, which yields
the ratio of peak amplitudes for a modal motion. The results are:

x2= gk—3) 2

model: —=1+>""—"—""x7+--", (56a)
o 2k(k—a)

mode2: 2=—14+8BF70 L. (56b)
x| 2k(4 +9K)

1 i .S

It is interesting to note that the first mode amplitude ratio can be softening or hardening
depending on the value of the coupling stiffness:

k<3, hardening; 3<k<4, softening; 4<k, hardening ;

while the second mode is hardening for all k> 0. This behavior is illustrated in Figure 6,
which displays the amplitude x; versus x,; for various values of k.
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Figure 5. Simulation validation of the invariance of the non-lincar normal modal subspaces; in all cases an
initial modal amplitude of -0 was used: (a) trajectory as projected into the individual linear modal phase planes
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phase planes for an initial condition started in the second linear mode; (c) trajectory as projected into the
individual non-linear modal phase manifolds for an initial condition started in the first non-linear mode; (d)
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] ]
-2 -1 ] 1 2
Xy

Figure 6. Bending of the first normal mode amplitude ratio for various values of the coupling stiffness. The
peak amplitude of x; is plotted versus that of x, for a modal motion in the first mode.

Some closing remarks for this example follow. First, note that when k=4, the non-
linear terms in the first mode become singular. This is due to the fact that for k=4, a
three-to-one internal resonance exists, in which case the motion of the non-linear system
is known to involve important and unremovable coupling between the modes. In the
present case, the modal reduction does not help at all since there are only two degrees of
freedom. However, in higher order systems, the crucial coupling will be only between the
resonant modes and one can reformulate the problem and look for an invariant four-
dimensional manifold on which the behavior of the coupled modes can be studied. (The
k=—4/9 singularity involves a similar internal resonance for an unstable system).

Another singularity occurs when the coupling spring stiffness approaches zero. This
corresponds to mode localization caused by the symmetry-breaking nature of the non-
linearity. This is essentially a point of one-to-one internal resonance. See references [18, 19]
for a treatment of localization in lingar systems and reference [20] for results on non-linear
localization.

Finally, it is important to note that if one were to assume that x; depended on x, in
some non-linear manner, but was independent of y,, there would be terms missing from
the series expansions for the invariant manifolds and the modal oscillators. However, for
conservative systems, the velocity dependent terms are accounted for by making use of the
conservation of energy. This makes the connection between our approach and the tradi-
tional one for conservative systems, where the modes are sought in terms of displacement
relationships and the system energy. The invariant manifolds obtained by the two
approaches are not the same, and in fact exist in different spaces, since our formulation
does not utilize the energy integral to reduce the dimension of the phase space. The present
formulation is, however, the one required for qbn-conservative systems, and yields correct
normal modes for very general systems, including conservative ones.

6.3. EXAMPLE 3: A NON-LINEAR, NON-CONSERVATIVE SYSTEM

In this example, we combine non-linearity and damping to show how the method works
in a more general case. We skip many of the details given in the previous examples, since
the calculations are very similar, and instead focus on the approximate superposition
aspects of the non-linear normal modes.

The physical system, shown in Figure 7, is the same as that for Example 2, except that
the dashpots of Example | are added in the same places as in Example 1. The equations
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% e [’xl k=1 fa

m=1 m=1

o

Figure 7. The physical model for Example 3.

of motion are given by those in equation (28), with the simple addition of a term —gx} in
the y; equation. The procedure following the development of equations (45)-(47) is
repeated, and the coefficients of the various terms involving u and v are collected to
produce a set of 18 equations for the 18 g; and b, coefficients, just as in equation (48).
These equations are more complicated than those in Example 2 and reduce to them when
¢=0. We do not give the details here, since a numerical approach is adopted with the
parameter values ¢=0-3, k=1-0 and g=0-5.

For this example we find solutions as shown in Table 1. Note that the quadratic terms
are all zero but that we now obtain non-zero coefficients for all cubic order terms. The
modal subspaces, approximated to cubic order, are presented in Figures 8(a)-(d), just as
was done for Example 1. Note that the spaces are now non-planar and that they are
tangent to the planes in Figure 2 at the origin, as they must be since the system in Example
1 is the linearized version of this one.

A set of simulations, which start in the linear and non-linear modes and are projected
back onto the linear and non-linear modes, respectively, is shown in Figure 9 for an initial
amplitude of 0-5. In this case, the non-linear modes again provide an improvement of
about one order of magnitude in the accuracy of the normal mode.

In order to demonstrate the power of the approximate non-linear superposition method,
a general initial condition which excites both modes is chosen: (xyo, Y105 X205 Vap) =
(0,0, 2-0, 0). The simulations are done in three ways. First, the full equations are simulated

TaBLE 1
Solutions for Example 3

Mode 1 Mode 2
a -1-106 0-947
a; —0-155 -0-139
as 0 0
ay 0 0
s 0 0
e 0-033 0155
ar —0-049 —0-007
ds ~0-011 0-219
dg -0-019 —0-063
b 0-460 0-140
b, —0-989 0-968
bs 0 0
by 0 0
bs 0 0
bg 0-209 0-053
by 0-199 0024
by 0-082 0-077

by 0-032 0-245
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Figure 8. The non-linear invariant modal surfaces (approximated to cubic order): {a) Xz vs. (x;, ) for the
first non-linear normal mode; (b) ¥; vs. (x,, 3,) for the first non-linear normal mode; (¢) Xa vs. {x,, y1) for the
second non-linear normal mode; (d) ¥ vs. (x;, 1) for the second non-linear normal mode.

in the usual manner. These results are a very close approximation of the actual solution.
The second set of simulations uses the linear modes in an attempt at superposition. It
involves the following steps: projection of the full equations of motion and the initial
conditions onto the linear modal co-ordinates via the inverse of the linear transformation;
simulation of the resulting individual uncoupled non-linear oscillators which are obtained
by ignoring all the coupling terms between the lincar modes; recombination using the
forward linear transformation; and comparison with the exact results. The third set of
simulations repeats these steps using the oscillators obtained from the ron-/inear normal
modes and the associated non-linear co-ordinate transformation, where again ali coupling
terms between the non-linear modes are ignored. The oscillators and initial conditions are
given below.

The results of the simulations are presented in Figure 10, which depicts the four co-
ordinates (X, y1, X2, y») as functions of time. The first trace in each case is labeled
“direct” and results from simulations of the original equations of motion. The second
and third traces in each case are obtained using the non-linear and linear approximate
superposition methods and are labeled “NLNM” and “linear”, respectively. All three
traces are then plotted together for comparison.

The projection of the equations of motion onto the lincar modal subspaces is achieved
by substituting only the linear parts of the modal expansions for x; and y; into the first
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Figure 9. Simulation validation of the invariance of the non-linear norma! modal subspaces; in all cases an
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the second non-linear mode.
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Figure 10. Simulation results for the initial condition, (x1,, Y1) X20, Y20 =(0,0,2,0), used to demonstrate
non-linear superposition. In all curves the following line types are used: , direct simulation of the original
system of equations, labeled “direct”™; —-—, simulations of the oscillators on the non-linear modal subspaces
started with initial conditions obtained from projecting the given initial condition into the non-linear modal
subspaces, labeled “NLNM”; —--—, simulations of the oscillators on the linear modal subspaces started with
initial conditions obtained from projecting the given initial condition into the linear modal subspaces, labeled
“linear”. {a) Results for x,; (b) results for y,; (c) results for x;; (d) results for .

two equations of motion. The resulting oscillators are:
mode 1: &, +0-752u, + 2-968u; + 0 50u; =0,
mode 2:  fi;+0- 1484, + 1-01 1 +0- 5013 =0. (57

Projection of the initial conditions onto the linear subspaces yields the linear approxima-
tion (w10, V1o, tz0, ¥20) =(—0-973, —0-159, 0-973, 0-159). Simulations for the oscillators of
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equation (57) and recombination back into the physical co-ordinates resuits in the time
traces labeled linear in Figure 10.

The projection of the equations onto the non-linear normal modes utilizes the cubic
approximation of the invariant manifelds and yields the oscillators:

mode 1:

mode 2:

i + 0-7524, + 2-968u, + 0-405u7 — 0-01 1235, — 0-014u,u? + 0-00947; = 0,

iiy+0-1481,+ 1-01 11y 4+ 0329134 0-00022432, — 0-242u,3 — 0-01 1w = 0.

(58)

They are significantly different from those-obtained by using the linear projections. Trans-
formation of the initial conditions via the inverse of the non-linear transformation gives
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(th10, V1o, Moo, U20) = (—0-912, —0-235, 0-912, 0-235). Simulations for the oscillators in equa-
tion (58) and recombination back into the physical co-ordinates using the non-linear
transformation results in the time traces labeled “NLNM”, shown in Figure 10,

We note that the use of non-linear normal modes for the superposition provides an
improvement of two orders of magnitude over using the linear modes for this example. It
must be pointed out that the improvement will, in general, be very dependent on the
problem and on the initial conditions.

For completeness we present the non-linear equations of motion expressed in terms of
the linear and the non-linear modal co-ordinates. In terms of the linear modal co-ordinates,
the equations of motion are given by

i + 0-752u, + 2:968u, + 0-215(u, + ty ) — 0-107(8, + ;) (0, + 1, = 0,
iiy + 0-1482, + 1-01 1w, + 0:264(z; + 4, — 0-107(1, + ;) (1w, + 1, = 0. (59)
In terms of non-linear modal co-ordinates the equation of motion is given by
iy +0-752th + 2-968u, + 0- 40513 + 0- 72402 () + 1) — 0-01 1usieiy
— 0-014u2 +0-00943 — 0-214uyuy (i + ti) — 0- 107(sk283 + 1) = 0,
ii, + 0- 14811, + 101 1aty + 0- 32913 + 0+ 77610,2(u; + 143} + 0-0001 23,
—0-242u15 — 0-01 123 + 0- 21 daryuz (s, + t12) + 0- 107 (et + 111143) = 0. (60)

Note that these reduce to the modal oscillators on the appropriate subspaces: namely, the
first modal oscillator is determined by setting w.=v,=0 and the second is obtained by
taking u, = v, =0. Also, note that equations (60) have special invariance properties not
shared by equations (59). This is discussed in more detail in the foliowing section.

7. CONCLUSIONS AND DIRECTIONS FOR FUTURE WORK

The above examples clearly demonstrate the power of the method for low order systems.
Application to larger scale problems is simply a matter of computational power, and it
will be possible to go well beyond two degrees of freedom. This is true since the most
difficult part of the solution lies in solving for the linear components of the modes (recall
that these were coupled quadratic equations), which can be done using standard solution
packages for obtaining eigenvalues and eigenvectors. The coefficients required for the
oscillator formulation can then be obtained from the standard eigenvectors by using the
relationships given in Appendix A. From that point on, only linear problems need to be
solved for the coefficients of the non-linear terms in the normal modes, a relatively easy
computational task.

An important feature of this work is that it provides quantitative results regarding
dynamic behavior, in contrast to much of the current work in dynamical systems theory,
which is concerned with qualitative behavior. The non-linear modal oscillators contain
useful information about how the system will behave, since they include all the decay rates
and natural frequencies, including the manner in which these depend on the amplitude of
motion due to non-linear effects. In fact, estimates of the overall long-term transient
behavior can be obtained simply by looking at the oscillator(s) with the slowest decay
rate.

The method as presented here will not work, or is not convenient, in some circumstances.
For example, for some applications it is more natural to use a general first order formula-
tion, in which case there is no special relationship between variables, as there is here
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between displacements and velocities. In that case, a mixture of oscillatory and non-
oscillatory non-linear modes will occur. Another situation is when an internal resonance
exists between two or more modes, in which case the coefficients for the associated non-
linear normal modes will be singular, as in Example 2, indicating that something is amiss.
Then one cannot uncouple the resonant modes to first non-linear order, and the problem
must be reformulated such that a non-linear modal subspace of dimension 2M, where M
is the number of interacting modes, is constructed. In this subspace a set of M coupled
oscillators, which cannot be further uncoupled, will govern the dynamics.

This last observation points to a relationship between the present approach and more
general invariant manifold theories for dynamical systems [21, 22]. The approximate con-
struction of the invariant manifold is very similar to what is done in center manifold theory
[13]. However, we are not constructing center, stable or unstable manifolds, but invariant
components in them which are tangent to the linear eigenspaces. These invariant compo-
nents of the usual center, stable and unstable manifolds span the local phase space near
the equilibrium point of interest in a non-linear manner given by the transformations
between physical and modal co-ordinates. The generation of the equations of motion on
these components is done exactly as it is done in center manifold theory. The existence of
these invariant manifolds has been known in the mathematics community for some time,
but they have not previously been exploited in the definition and construction of normal
modes for non-linear systems. For the mathematically inclined reader, the paper by
Fenichel [23] provides existence proofs for these manifolds, including the required condi-
tions on the eigenvalues.

Several extensions, generalizations and applications of the methods described herein are
immediately obvicus, and the authors are currently engaged in work on many of them.
They include: non-linear normal modes and approximate superposition for general, i.e.,
not necessarily oscillatory, nor even necessarily stable, operating points of dynamical
systems; the inclusion of time dependent excitation; the inclusion of rigid body modes of
motion; mode localization in weakly coupled non-linear systems; and the stability and
bifurcations of non-linear normal modes [14]. Also, a similar method is being developed
for continuous systems, by which we can derive non-linear mode shapes for beams, plates,
surface waves in fluids, and other distributed parameter systems. This has important
implications for the issues of modal convergence and medal truncation for non-linear
continuous systems [24].

Another field in which the method offers substantial benefits is in the area of model
reduction. Reduced order models can be obtained from larger scale systems by merely
ignoring non-essential modes in the non-linear modal dynamics. The procedure given in
this paper yields very “‘clean” models in that one can, to a given order, systematically
eliminate contamination between the modes of interest and the remaining modes, yet retain
the modal coupling in the desired model. This can be very important in structural dynamics
and in the design and implementation of control systems.

These general ideas are evident in the third example considered in this paper (see section
6.3). In particular, note that by using the equations of motion expressed in terms of the
linear modal co-ordinates, equations (59), neither mode can be completely suppressed.
Even if one starts with zero energy in one mode, that is, v;=v,=0 for i=1 or 2, the other
mode will directly excite it, leading to a fully coupled motion. In contrast, by using the
non-linear modal co-ordinates, the equations of motion, equation (60), possess the desired
invariance property: if either mode is started with zero energy, it remains at zero energy
for all time, These concepts can be generalized to large scale systems in which an arbitrary
subset of modes is started with zero energy—they will remain quicscent for all time. This
is a direct consequence of invariance.
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Finally, it is important to emphasize that the development of the ideas presented in
this paper has been greatly facilitated by the availability of computer-assisted symbeolic
manipulations. In fact, many of the calculations carried out in the examples are similar to
those presented in the chapter on center manifolds in the book by Rand and Armbruster
[16].
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APPENDIX A: PROOF OF THE EQUIVALENCE IN THE LINEAR CASE
Consider the 2N x 2N eigenvalue problem obtained from equations (3) and (4):

Dz=z. (Al)

Because D is real, those eigensolutions that are complex must occur in conjugate pairs
and, in general, there are pairs of complex conjugate eigensolutions and otherwise real
eigensolutions. Here, we are interested in oscillatory systems with underdamped modes,
and for simplicity we assume all eigenvalues of D are complex (our development could
easily be extended to handle critically and overdamped modes). Also for simplicity, we
assume no repeated eigenvalues, as otherwise complications can arise [25].

The N pairs of complex conjugate eigensolutions are (A,, Z,) and (4F, z¥), i=1,..., N,
where the asterisk denotes a conjugate. Defining a modal matrix Z, the columns of which
are the eigenvectors, and changing co-ordinates according to z(t) = Zeg(t), yields a set of
2N uncoupled first order equations:

E=Ae, A=diag{i,iF,.. . A, A% ... Ay, A%). (A2)

For oscillatory systems a real co-ordinate transformation is often preferred that renders
D only block diagonal. This is achieved by introducing the matrix formed by using the
real and imaginary parts of the eigenvectors as columns;

Z={Rz, Iz, -+ Ri Iz '+ Riv I, (A3)

where R and I denote real and imaginary parts, respectively, of the eigenvectors z;. Letting
z{t) = Z'n(¢#), equation (3) is transformed into first order equations that are pairwise
coupled:

Ry Ii 0
—Ii, RA,
=AM, A= cL . (A4)
) Riy I,
' 0 —IAy Riy

These pairs of equations correspond to underdamped modes associated with the complex
conjugate pairs of eigenvalues, such that the corresponding dynamics occurs in a twe-
dimensional subspace oblained by the span of the real and imaginary parts of the complex
conjugate eigenvectors. (For overdamped modes the modal dynamics occur in one-dimen-
sional spaces.) A motion of the ith underdamped mode consists of decaying oscillations
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described by the ith pair of first order equations in the system (equation (A4)). The rate
of decay and the pseudofrequency of oscillations are — RA, = &0, and J; = w; /1 — &3,
respectively, where w; and ¢, are the mode’s undamped natural frequency and damping
ratio, respectively.

A more physical description of the underdamped modal dynamics of the system can be
achieved by seeking sets of oscillator equations in the form

) (0 1 u; .
(ﬁe)_ (—m,-2 —25@)(9)’ i=L....N (A3)

where u; and vu; are the “oscillator-form™ modal co-ordinates for the ith normal mode.
These can be obtained from the first order form modal co-ordinates by the transformation

w()=We(1), W=blockdiag{- . -(1 1 ) ‘ } (A6)
A A
where w=[u,,v,,..., 4y, ty]" is the vector of oscillator-form modal co-ordinates (note

that for an overdamped mode these modal co-ordinates would not be uniquely defined).

Applying the co-ordinate transformation z(f) = Uw({), with U=ZW ', we transform D
into a block diagonal matrix with “oscillator” blocks, which yields the set of pairwise
coupled, first order equations (A5). With this oscillator form of the modal dynamics, a
mode shape is represented by two (real) columns of U, and a normal mode consists of
this mode shape and of the corresponding undamped natural frequency and damping
ratio. Note that the oscillator representation features at the outset relationships between
both displacements and velocities and thus avoids the use of complex quantities. To obtain
the response to initial conditions z(¢ =0), these are transformed into w(0) = U~'z(0), which
yields a set of N decoupled, second order initial value problems that can be solved for the
modal dynamics. The general motion is then obtained as a superposition of N uncoupled
oscillator motions:

- ~
ay dy
R

X(l)) y a;N a;N (uk(t))

= ) A7

(Y(t) k§=:l by by vi(1) (AT)
ba ba
gb;,v bz.ka

where the Ath mode shape consists of the (2k — I)}th and (2k)th columns of U.

The oscillator form of the normal modes can also be obtained directly by formulating
a block eigenvalue problem. We simply need to write that U™'DU is block-diagonal. This
leads, for the kth normal mode, to

(au az: r"'1'11 ﬂzl\
dp a_zz a; dp
D|aw | |aw an (02 ! ) k=1,...,N,  (A8)
b by | T | by by | \TOk 28k
by by b_lz by
b bz.v_Jk gb;N szJk
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which we can regard as a dimension-two block eigenvalue problem, where the “eigenvec-
tors” have two columns and the “eigenvalues” are 2 x 2 matrices with two unknown
coefficients. The N eigensolutions are the N oscillator-form normal modes of the system,

We note that equation (8) in section 2 is simply the block eigenvalue problem, equation
(AB), provided that we normalize the kth mode shape such that in equation (A7) the first
displacement is simply taken as u,(¢) and the first velocity as v,(t), i.e., a, =1, a;, =0,
b11=0 and b,, = 1. With this normalization, the first and (N + 1)th lines in equation (A8)
simply give the eigenvalues of the Xth mode as

N N
an+t Y afayht Y Bifbiye=—0f,
j=2 ji=2

N N
Y aylay+ B+ Y, Bi(by ) = =28y, k=1,...,N, (A9)
i j=2

and equations (8) and (A8) become identical. Thus, the use of invariant subspace ideas
results in the same linear normal modes as those found by transforming the solution of
the standard eigenvalue problem to oscillator form and utilizing a special normalization.

APPENDIX B: EQUATIONS FOR THE COEFFICIENTS OF THE NORMAL MODES

In all cases, j=2,..., N.
u term, first equation:

—@dy 0k + by — aybi i =0. (B1)
v term, first equation:
Al — diil o — BubyB+ by =0. (B2)
u term, second equation:
—a1;— Ao @i+ by — axba 1 =0. (B3)
v term, second equation:
Any — byy— axu by — baybufri+ buPu = 0. (B4)

#* term, first equation:
—ay@n® i+ by — @byt as{ —ane i — b1Pi)
—alkalma2j51mk - alma2;blk£lmk h ﬂzjblkbleLmk =0, (B5)
uv term, first equation:
=2ay— a4 @it by — aZJbMﬁlk +as(—2ay 01— 20y B i)
tagf —aud i — bufii) + (— A28~ Q1:02002) 6 1k
F(—atamb i1k — A1 @202) 8 1k + (— 2D 1mb2x — A2511b2m) ¥ 1k = 0. (B6)
v* term, first equation:
—ay— @+ by — abafict+ as(—2aua— 263 i)

—azﬂzkﬂzm51mk - azjﬂzmbzrc Eimke ™ az,bubbu?’mk =0. (B7)
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u* term, second equation:

aylo;—a Ikb2j) + b4,{_a1kﬂ e — biucBi)
Fhu(—byBu+ Bi) — Ariimb20 1kt B121 6 ke

—almblkajalmk + almblké‘jmk - blkblmejylmk + blkblejmk =0. (B8)
uv term, second equation:

a2 — by ) — 203+ b5 —2a3.00 — 261 P 1x)
tha(— ot 1 — buefri) + ba{—byBu + Bu)
+(— by — A1a@amby; ) 6 ok + (@121 + @1ic820) 6 sk
H~apmbiebsi— @1k 2D2) €1k + (B2 + A1) E i

+(—bimbobo — Bribobrom) Vimk + (Drmbzc + b1ibam) ¥ i = 0. (B9)
® term, second equation

sl — @by ) = byt bs( ~2ano ~ 2bu i)
+osi(—buf 1k + Bir) — Qrttamb2S 1k
+ Aok @om k. — D222k E i + A2enD 20k

—bybabom ¥ 1k + Dby ¥ i = 0. (B10)
u® term, first equation:

Aailafl 1+ A6k 1 — Do+ Aabafric + aaber Bk
+ar(autit+ bific) + (@imto s + 0160203, + 015810848 1k
H(azmb i+ @1 mabin + 12} €1mi
A 1ubim + Arbimbas + @2 1683 )Y 1k T A1e@1 1 021 kg
+a]kalma21‘blqvlmkq + almaZjblkb]qplmkq + aZjblkblmblqélmkq =0. (B11)

v term, first equation:

36— QuarC 1k — 203050 1k — Aoyt by~ 20505 e
~aabuBix— arbuB it asd —2a1ut i — 2b P i) + ar{ —autt i — by i)
H(—Bofomsp — Qofaam — BimB2ulay — A1 Goma;— Q) 2o — Q2B — 20160157 )G 1k
H{—@omaDri — GofamP i — 21misib i — Gattzdia, — a\pllahan — daiombae — Qiml2Bar) €1k
H(—2asb1ib 1 — Qabrnbae — s ikDom ~ QD rmb 3 — ArDob3m — Gaib 1D = A2P1ibam) ¥ 1k
H{— @11 8202k ~ Q11012820 — Q1B T2g )} ok
H( a1t @udy — A2 omb 1, — Q11202 )V 1 iig
F(—ay@ambich, — Bima D1 2 — @1tz 11D2,) Primicq
(=@ imbi b — azbihrm ~ Q2D 11010 25) E1rnicg = 0. {B12)
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uv” term, first equation:
—2a7— 2a4k05jf11k — Qs — Aoy Qi+ ij - 2ﬂ5jb4k;3|k
—aabsiBix— axbufin + as{ 3@y — 3P ) +ag(—2ana e — 202 i)
+H( ~—oxamis; — Foptlamak — Grflax@am ™ 201mB2idds; — 20 4iam3s; — A\l s — & |kazﬂ5m)5 1mk
+{—2a2mshik — Aoflsmb 16~ Gamtiabon — Aotlamboi — 28\ msPo — Baambar — @1tz Prsk) €k
+(_2aijblmb2k - zaﬁ_}blkam - a4fb2kb2m - a2jb2mb4k - a2jb2kb4m - a2jbtmb5k - ﬂz,blkbsm)?’lmk
H{a1,8200000m — Qo Totlyy — alkazﬂzrna2q)ﬂ kg
+(— @t @rmb s — Q2 0dr2g — 1B 20 D2) V kg
F(—aytombi b — A2z ib2g — A1 B2b2D2g) Piimicq
F{(—ayb1p2ubom — aybrmbaubr, — A3 1b2mb2) € 1picg = 0. (B13)

v* term, first equation:

ay;+ 2asas. i+ Gyaat — by + 2asdhsi B+ aabo B+ ag3aua i + 302 1)
+(2a% 8285+ Ayplomlsi + 2205 )0 1k + (22mttsbon + Qosmbos + oD sk ) €1k
T (2a5hubrn + ar2mbsi + Q202D 50 ) ¥ 1k + 22 Coma gl 1mig F A28 20V \ micy
F @ 02mb 2P tmkg t Qab2ib D2, g = 0. (B14)

w term, second equation:

Qo — Qhz) — Guttihay— babyf 1o+ br{—a et — Biefi)
+hee(—byf i+ Bi) + (—aimzihzy — @1illsmbzi— @111y ) 61k
(@13t A1k 300) B jork
H—@amb by — Qimbaba — @imb 1k ) Ervmic + (@ambric + @1 nb3i) Epric
H—D1nbab3c — b1ibobsm — B16D1mba; )V 1ok + (B1mb3ie + Brabsen) ¥ jakc
— QU1 m1gD3l 1mkg T @A gl kg — ALiB1mD 1L D2V 1k
F 118 1m0 14V imkq — DB 16D1 gD 2P 1 kg T A1 D 1D 1 g Py
=D 11 D2 E vmkg T D111 E iy = 0. (B15)
#*v term, second equation:
A Qr — T 14cby ) — Qaicll 1ibay— 230 11B5;,— 3byg
—babarfin— 263D B + by —2a 11~ 201 B11)
+h(—aua i — bufi} +bu(—byP i+ Bi)
F(—azmttsiby — Qoilsmbis; — @1 mllasDz — G ltambyy— @rltouba; — A1 02mbay— 201121,,55; ) 8 1ot
H{@om@3i + A2i3m + Arnlar + Q1604 6 i
F(—amb1xby — GamboPor — @rnbobar — Gombiibs; — @b b — A1babar — 2610 16bs5s) E1mk
+(Qamb i+ Qambor + Qzbai + Q1D aic) €k
F(—bybombax — bob2ibsm — b1mb2ba;— Bribrmbs; — bimbobax — b1abodam — 281b1mbs; Y ¥ 1ok
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H{Bambar + baebsm + Bimbar+ Bipbam) ¥ imi

H(— @11 32xb2 — Q140 B2D 2y — Q141 @202 Yl 11micg
(A1 B2t A1 + A1 B20) ik
H(—Qum2ub1ghy — @12l gB2y — @11 B2 P2) Viicq
Haimubrg + Aiuamd g + Q1@ind2g) Vimkg
H—a2d b1 by — 11 babor — B1mb16D23D2) Proig
F(@2mbrichig+ @1mbr Do+ Q1D 1 2g) P
H—bimbigb2br = b1ib1gbabom = brubimbb2y) E kg
H{B1mb1gbrc + Bribigham + Bubipdag) Eimu, = 0.

ut” term, second equation:

GSk(ijk - f11ksz) - askalkb4j_ 2au.0 Ikaj_ 2b‘7j

~2bsbs;B i — babsiBu+ bof ~3anais~3bi i)
+bg(—2au 01k — 200 B 1) + bu(—by Bk + Bu)

(= Gomtahy — Aruambyi— 1miasihsi— aritismb;
—Auambaj~ 201 m@21bs) ~ 281020 5) 8 1 i

H{@onlar + doxlam + ipddse + &1@5m) 8 ot
+H(—asmbribzy— Qambrbo — ombubay— Gambobas
=23, 1b5;— 2a1mbouchs; — Qimbybsic) €1k

F(Asnbik + Aabon + Grnbae + A1bsi) Ep
H{(—bubrmbsi— brbrmbak — byprbam — 201 by
—2b1drambrs — Bimbarse — Brehybsm) Vimk

+(bzmbar + brubam+ brpmbsi + bribsm) ¥ jme

+(—a1 @autzmby — @G by — Q1uB2m2402; Y 1micq
+(@18080m + Qindulzg + Giclm@2g) M jmicg
+(—auauabibay— @1manbybr, — a18mb2b20) Vimky
H(A2utt2mb g+ Qrptloihzg + 01020mB25) Vimiq

+(—aumb lqbz_ink - aZmblkaijq - almeijkaq)lekq
+(damb1gba + Gamb1ibag + Qimbaichag) Pimicq
+(—bihobudom — Bindabudiaog— brbobnmbog) £ imig
+(brDubamt Bimbaubzy + Bubombag) Emig =0.

(B16)

(B17)
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v* term, second equation::
Qo @y — @by} — 2asu et vibs;— by — 2bsbsiBir+ bod —3au a1 — 3buB 1)
Fhoe(~ by + Bi) + (—aaptsiba— aszSmsz - 2ﬁ‘2ka2mb5j)51mk
H(@amttsi + G1cttsm) O jonie T { —Asmbaboe — 2t0mbaihs;— dambaPsi) E1nm
F(asmba + rmbsi) Eime + (—2b2ubombs; — bobombse — byb2ibsm) Y 1k
H(bambsi T bribsm) ¥ jmk — Qrulam@2gbritt 1mig + Aotom2gh jmicq
— A2 @by 2y V imicq + AkB2mD 2V jmicg — Q22D 21D2P 1 micg

Fa2mb2ub2Dimkg — B2024D2mD20E 1 mkg + D2D2mb20E g = 0. (BIB)

APPENDIX C: THE INVERSE OF THE MODAL TRANSFORMATION

Index notation and the implicit summation notation are employed for deriving the
inverse of the modal transformation. This is helpful since we will encounter a fourth order
tensor along the way. The inverse is derived using series expansions.

The forward transformation is written as

Zp= M|kjo+ Mij,.WjW,- + M3kj,-ijWer +- - R (Cl)
and its inverse is expressed as
Wy = errmzn + QZmrwznzo + Q3mnoqznzozq +- e (CZ)

The method in section 4 provides the coefficients in transformation (C1), and the task here
is to derive the cocfficients for the inverse (C2) in terms of them. Substitution of equation
(C1) into (C2) and expanding out to order three in the w/s yields

Wp, = lenM]njwj + lenManrijr + QimannjraijrWa
+ QMananl orijr + QZmnoMlan2amijrwa (C3)
+ QZmqulajMZuraijrwa + Q}mnquianloerqaijrwa +e

Like powers of w are now gathered together on the right side and are equated to the left
side. The linear terms yield

leannj = 6mja (C4)

the expected result, which says that the linearized inverse must be the inverse of the
linarized transformation. The quadratic terms must satisfy

Q2mnananlar= _lenMijs (CS)

which can be solved for Q- by utilizing the transpose of (C4) and post-multiplying twice
by (, to eliminate the M, terms on the left side of (C5). The result is

Q2rm'q = _lenMZ.nerquQIji - (C6)
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The cubic terms in w must satisfy

QrrnogM 1M 10-M4a = —[Q1mnMnjra + Q2mnoM1niMaora+ QromoM10jM2ura], (C7
which can be solved by three post-multiplications of @ to vield

Qsmicn =~ QoM snjra + Qzrana M 1niM2ora + Qoo M0 M 20ra] [ Q106011 O] (C8)

This entire process will involve the inverse of one matrix and extensive use of that inverse
in the higher order terms. Note that the equations can be solved sequentially, and that
after the initial inverse is taken, only tensor multiplications, and no further inverses, are
required.



