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ABSTRACT

Several advantages of multiple-frequency nonlinear reactance
circuits are described in this paper. In particuler, a circuit is con-
sidered in which & nonlinear reactance couples four basic frequencies:
g, Wy, Wp, and w3 which are so related that wp = wy + w) and w3 =

- w;. Here, ay is taken to be the power source or pump. It is
found to be desirable to allow for the possible presence of the pump
harmonic, 2uy,, and individual cases are characterized accordingly
as 20y is present or not. The major results are:

1) Unlimited amplification gain is theoretically possible
at frequencies higher than the pump, by reflecting negative input re-
sistance at w,, but without relying on any effects due to the pump harmonic.

(2)" Unlimited up- or down-conversion gains between w; and
wo are theoretically possible in the presence of the pump harmonic,
but without reflecting negative input or output resistance. :

(5) Unlimited amplification gain is theoretically possible
at frequencies both lower and higher than the pump fundamental, with-
out reflecting negative input resistance.

vi



SOME CONSIDERATIONS OF FOUR-FREQUENCY NONLINEAR REACTANCE CIRCUITS

1. INTRODUCTION

In recent years considerable attention has been given to the
unusual properties of nonlinesr reactance modulators. The basic attribute
of these circuits that has been exploited thus far is frequency-conversion
with power gain. Since nonlinear reactance conversion gain can be obtained
in the presence of a signal (or reference frequency), a local oscillator
(or "pump"), and just one of their sidebands, emphasis to date has been on
three-frequency circuits. It has been demonstrated, however, that remark-
ably different modulator characteristics arise, depending upon the parti-
cular choice of sideband (Ref. 1). In the upper-sideband case, the magni-
tude of conversion gain is limited to the ratio of the output frequency to
the input frequency. 1In the lower-sideband case, arbitrary conversion gain
is possible through regenerative action, which reflects negative resistance
into both the input and output terminals. Such negative resistance also
enhances the input signal; this -effect is known as parametric amplification.

In view of the striking differences between the two cases cited,
the simultaneous presence of both sidebands causes the anticipation of
interesting effects. Several of these effects will be investigated in
this paper, and the following major results will be demonstrated:

(1) Parametric amplification is possible at frequencies higher
than the pump frequency with no reliance upon effects due to pump harmonics.

(2) 1In the presence of the first pump harmonic, arbitrary up-

or down-conversion gain is possible between the reference frequency and the
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upper-sideband with no reflection of negative resistance at either frequency.
Furthermore, the reflected input and output resistences can be made rela-
tively insensitive to gain.

With nonlinear reactance elements possessing strong nonlineari-
ties and good high-frequency response, the value of the first result lies
primarily in its contribution to the general understanding of nonlinear
reactance circuits. However, the second result has considerable potential
value in spite of its dependence on the presence of the first pump harmonic.
As a consequence of statement (2), up- or down-converters of arbitrary
gain can be cascaded. In the special case in which an up=-converter of the
type mentioned above is followed by & similar down-converter, & nonlinear
reactance amplifier can be constructed which does not rely on the reflec-
tion of negative resistance at the input terminals. Therefore, unlike
conventional parametric amplifiers and ne%ativé-input-resistance converters,
the full potential of this improved converter circuit can be obtained

without the use of circulators.

2. GENERAL ENERGY CONSIDERATIONS

The basic problem to be considered in the following analysis
is that of a lossless, nonlinear reactance in the presence of signals at

ab, wi, and at their upper and lower sidebands: Wy = Wy +®,, and u)5 =

wb - wl. In general, the signal at wb will be considered as the power

source or pump and will be assumed to have arbitrarily-large available
power. It is practical to allow also for the possible presence of the
pump harmonic, Eub
in some cases. A circuit model for this problem is suggested in Fig. 1,

; Since it will be shown to provide valueble effects

in which a nonlinear capacitor has been chosen to represent the nonlinear

-3-



reactive element, and ideal filters have been assumed (1) to short circuit
all frequencies except those chosen above, and (2) to allow these frequencies
to be coupled only by the nonlinear capacitor. While the assumption of
ideal filters seems to be very restricting, the external circuits will
ultimately be constrained to be resonant with fairly high Q's. Thus, the
ideal filters can eventually be removed without seriously affecting circuit
operation.

Although small-signal analysis will be the primary medium employed,
a general foundation for the results previously cited is suggested by the
general properties of nonlinear reactances. It has been shown by Manley
and Rowe (Ref. 1) that the following general statements can be made about loss-
less, nonlinear reactances in the presence of sinusoidal signals with fre-

quencies from the set O = + mo + ., where myn =0, 1, 2, ...

1

[¢4]
® o

—— T O
z ® (1a)
m=0 n=-x
) o
5 Wan
n =
n=0 m=ew 0 (1)

Here, wmn is the average power entering the nonlinear reactance at whn’

W

"

ana Wﬁn The only restrictions on Egs. L are that wl/wo be

-m, -n’

irrational, and that the nonlinear reactive element have a single=valued

characteristic. For application to the problem of interest here, Egs. 1

reduce to
W, + W W W
-ELZ;—EQ + 5§ + 52 =0 (2a)
0 2 3
W W %)
1 2 _ 3
= 4+ == .=t=0 (2b)
o) Wy a)5



where the double subscript notation has been dropped, except in the case

of average power at the first pump harmonic, W2O‘

It is important to note that the artifice of restricting the
Manley-Rowe relations to a particular set of desired frequencies does not
necessarily mean that & predicted result will be generally realizable
without the presence of certain of the eliminated frequencies. For example,
if the external circuitry reactively terminates a particular frequency,
it would be eliminated from Egs. 1. However, through internal conversion
this frequency may be a hidden mechanism behind effects that seem, from
Egs. 1, to be independent of such frequency. This situation arises in
this problem in connection with the first pump harmonic. Equation la
suggests nothing about the relaﬁive importance of the pump and its har-
monic, and, in fact, falsely suggests that they are interchangeable. Since
it 1s the reactive power of the pump harmonic that is important in this

case, W., will be ignored henceforth.

20
Purther study of Egs. 2 will be divided into two parts.

Consider first the application of signals at ®, and wo, with wé and m3

seeing passive loads only. Thus, W, and W3 are nonpositive,and Eq. 2b

2

yields the following expressions for up-conversion power gains from wl

to w2 or wi,

(3a)

2
w.

Lo}
=
o
[
-
t\)‘z ]
me

&
N

A T s I (50)
oo



| 1]

Wo 0 —, W, Wy W, AR

Wi |

Fig. 2. Sketches of Egs. (3) showing the regions of positive and

negative conversion gains from o) to w2 and w3 vs. the ratio of

output powers at cu3 and wg. Pump power is applied at a)o , and

wo/wl is the ratio of pump to signal power.



W w W
-—9. = -—Q- -——-——-?—l (5c)
Wl a)l W w2
1-7%
23

To illustrate the remarks to follow, sketches of Egs. 3 are shown in

Fig. 2. In the limit where w_ is short circuited (W3 = 0), Gp has the

3
well-known value aé/wi. However, Gpl2 increases as (w2W3/w3w2) is
increased, and arbitrarily-large positive values of G can be achieved

p
12
in the vicinity of (w§w2/Wéw5) < 1. This suggests that large conversion

gain is possible without reflecting negative input conductance at wl.

For (wﬁwé/wéb3) >1, Gpl2 and GPl} are negative. Hence, this condition
defines a general region of potential instability in which parametric
amplification is possible at o, - It is important to note that negative
conversion gains do not necessarily imply the reflection of negative
conductance at the input frequency terminals, although this has been the
case in previous nonlinear reactance circuits. Equations 1 would also
predict negative conversion gains if the input signal were completely
absorbed at one terminal pair, amplified, and then expelled at the same
frequency (along with other conversion frequencies) at another terminal
pair. The realization of this effect (without using circulators) is

one goal of this paper.

The second case of interest is with signals applied at w.  and

0
w2, and with only passive loads for wi and mé. In this case Egs. 2 yield
9 1
G-P =-W-=(.1-)— -—-—-W-—&-)-— ()43-)
21 2 2 1 - w%»l
173
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Fig. 3. Sketches of Egs. (4) showing the regions of positive and

negative conversion gains from cu2 to wl end w., vs. the ratio of

3

output powers at w3 and wg. Pump power is applied at Wy and

wo/Wl is the ratio of pump to signal power.
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which are sketched in Fig. 3. For (ijl/an§) < 1/2, G, and 623 are

positive, but WO/W2 is negative. Therefore, the pump circuit is unstable

in this region and the signal at wé will act as the power source. For

(mb/we) < (wﬁml/wfwB) <1, Gpal is greater than unity. Therefore, this
is a region of arbitrary down-conversion gain with positive input

conductance. For (ijl/an3) > 1; Gpal, and Wb/we are negative. Thus,
a region of potential instebility exists at w,, which suggests that
parametric amplification is possible at this frequency.l

Again it should be noted that Egs. 1 in no way guarantee that
Just any nonlinear reactance will yleld the results above. For a particular
nonlinear reactance, Eqs. 1 may have only the trivial solution, Wﬁn = 0,
For example, it can be noted from Fig. 3 that parametric amplification
at , is predicted even in the limit where ®; 1s short circuited (Wl = O).2
However, with the nonlinear reactance model employed in small-signal

analysis (a model which satisfies the Manley-Rowe equations), it can be

1. The possibility of parametric amplification at wp, using w) and ws
as so-called "idler" frequencies, was originally proposed by Hogan
et al (Ref. 2). Since this vork seems to be based on purely qualitative
arguments, parametric amplification at w, will be treated in more
detail here. It will be shown that rather unobvious circuit adjust-
ments are required to realize this effect at a small-signal level.

2. This special case has been previously treated through small-signal
analysis by Bloom and Chang (Ref. 3).

-9~



shown that the pump harmonic (amo) is necessary for parametric amplifica-

tion at w2, if Wl = 0.

3. SMALL-SIGNAL THEORY

Although the Manley-Rowe equations provide a basis for predict-
ing general properties of nonlinear reactance circuits, they yield no
specific information on impedance levels, bandwidth, or the importance
of extraneous frejuencies. Such information requires further knowledge
of the element in gquestion plus mathematical techniques for handling
the associated nonlinear circuits. Fortunately, several approximate
characterizations of nonlinear elements lend themselves to standard
analytical methods. 1In general, these involve some form of small-
signal analysis, the most basic of which neglects responses of the
nonlinear element to all signals except the power source and its harmonics.
Small signals at all other frequenéies then see essentially a periodically
varying circuit element at fundamental frequency @y (Refs. 4, 5).

In this sectbn, a nonlinear capacitor will be assumed to be
driven by a power source at wo. To employ the small-signal model
outlinred above, the power source and nonlinesr capacitor will be immediate-
ly replaced by a periodically varying capacitor for which the following

Fourier representation applies.

©0

c(t) = X Cne‘jn%t (5)

==

% -
where Cn = C_nJL Now, assuming the external circuitry essentially

short-circuits all small-signal frequencies except w. , w., and w_, the

1’ 72 3

l. % indicates complex conjugate.

«10-
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small-signal voltage

given by

V(t)

I(t)

and current &cross the time-varying capacitor will be

0
™M W

* - t
Ve n
n
-jw_t
*
I e n
n

) (6a)

(6p)

) + (terms representing
short circuit currents
at other frequencies)

In Eq. 6b, it is necessary to consider only terms in w., wg, and m3, since

1

these are the only current components accessible to external terminals.

By combining Egs. 5 and 6, the following admittance relation is found

between the currents and voltages across the time-varying capacitor at

each of the small-signal frequencies (Ref. 4).

1

It is important to note, due to the terms in C
signal effects on w5 ®

the pump and its first harmonic.

-

Jo, C

0

050

- 3o c¥

3

2’

1

C*
Jml 1

0,0

050

- - -

2

V2 (7)

in Eq. 7, that small-

and w_ will generally include effects of both

3

of this problem, terms in 02 will be included.

Thus, for a more general formulation

Equation 7 suggests the linear circuit in Fig. 4 as a small-

signal model for this problem.

The external admittances present in Fig. 4

are now easily included with Eq. 7 to yield the complete admittance

relationship shown below.

-12-
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In general, two basic phenomena will be investigated with the
aid of Eq. 8: (1) power conversion from w_ to wn;.and (2) parametric
amplification at mm; vhere m, n = 1, 2 or 2, 1, respectively. Referring

to Fig. 5, if G is the ratio of the output power at ®, to the avail-

t
mn

able generator power from a souxce at w then

bg, (ngN - &)
Gtmn = .IYm |2 X Gpmn (9)
IN
vhere Y =g + Jb is the driving point admittance at terminals
m m m
IN IN IN
(m), g is the internal admittance of the input generator, and G is
mn
given by Eys. %a or ka. Since G can be alternately expressed by
mn
2
v g
n n
p | T - &)
mn m my m
Eg. 9 becomes
4g g V |2
s°n n
o gl [T o)
IN

Ultimately, conditions will be sought under which Gt is arbitrarily
mn
large. As will be shown shortly, this condition usually arises only when

Y approaches zero. Since the vanishing of |Y is also a sufficient
"IN "IN
condition for parametric amplification at‘wm, first attention will be

directed toward this yuantity.
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Considerable simplification of the ensuing analysis results if

the following normalized admittances are introduced.

Y
_ Yl+$DlCo C2 . lI C2
T T el Ny T e, |2 (122)
Cl IN 1 bl
Y
7, = 2% 7, = il (12b)
= ; =
2 w[C] 2y 9plGl
* Y*
Y. -jw_C 3
ot el s T aTol (12¢)
3 2 1N 3172
The notations 7, = q + jB, and 7 = o 4+ B (k =1, 2, and 3)
k k k k
IN IN IN

will also be adopted. The input admittances now take the following

normalized forms.

V5 = Vo + 230 (138)
4 =7, t . 3a
lIN 1 7275 1
Y, =7, +2J0
S TA"
Yy =V, - (13D)
EIN 2 7173 1
7, +7,- 20
172
7 = 7 - (l}C)
‘w2 ettt
Here, %
Re(Ci C,)
0= —5— (14)

2
N

and hence is a function of only the relative phases or Cl and 02.
Equations 13 are assumed to apply simultaneously, and express both

the normalized input admittances presented to an ideal generator at any



terminal, or the normalized output aamittances presented to an iaeal
voltmeter at any terminal. Therefore, whenever real sources and meters
are applied, their internal admittances wili be assumed to be lumped with
each Y, or 7, (k =1, 2, 3), as in Fig. 5.

The form of each of Egs. 13 readily identifies the physical
significance of each term. The first term in each expression for 7kIN is
the normalized load admittance at terminals k (k = 1, 2, 3), while the
second term is the corresponding reflected admittance at terminals k.
Inspection of Egqs. 13 reveals that many sets of passive loads exist
for which one or more of the 7kIN have negative real parts. This situation
will be interpreted as complete instability, and hence Egs. 13 will be
considered physically significant only when the real parts of leN’ 721N’
and 7y are simultaneously positive. In other words, a negative reflected
conducigﬁce at any terminal pair will be considered useful only when the
external conductance at that terminal has the greater magnitude of the two.

Since circuit adjustments are desired that yield large values of

- and the poles of |vn / vm| will be of

immediate interest. It follows, from the inversion of Eq. 8, that the

G in Eq. 11, the zeros of IY
"IN

poles of |Vn / le occur when |7m73 - ll =0 (m =1, 2). However, by Egs.

12 and 13, this condition usually yields a pole for Yh (m=1, 2).
IN

(and hence

When this is the case, then, the zeros of |Y y ) are the
N 1N

only infinite gain points. The only exception to this observation occurs

when Egs. 13a and 13b are made independent of 73, which is treated in

the section marked Case 2.

-16-



Case 1. |[C,| = ©

ol

The first application of Eqs. 13 will be to the true four-
frequency problem in which all effects of the pump harmonics are assumed
negligible. This corresponds to letting |02| approach zero, whereupon

Egs. 13 reduce to the following limiting forms:

Y2 =7
7, + (152)

7
1y 7073

y
—_

7, + - (15b)

N 2 77yt

n

y a2 (15¢)
31N 3 7172+l

Note that |02| cancels identically from each of the above expressions.
Therefore, it will be required that Egs. 15, and those to follow in
this case, have solutions other than the trivial one, |02| = 0.

Since Egs. 1l5a and 15b cannot be made independent of 73

in this case, only arbitrarily small values of [7m | (m=1or 2) will
IN

allow unlimited conversion gains from w, to we, or vice versa. Therefore,

1
when l02| = 0, the possible advantages of four-frequency circuits over

conventional three-frequency circuits are: (1) the reflection of useful

in the presence of w., and (2) the reflection

2
Since the latter result is the more

negative conductance at wl

of useful n€gative conductance at @y
novel of the two, in that it provides parametric amplification at a
frequency higher than the true pump frequency (i.e., ) since lCel = 0),

primary consideration will be given to statement (2). This study will

-17-



be done under two constraints: (1) a, , a. , and must be positive

Iy 2y 3IN

for stability; and (2) BlIN, BQIN, and B o must be small (preferably zero)
at the center operating frequency. The latter condition makes all three
terminals nearly resonant, which is desirable as a practical means of
eliminating the ideal filters that are tacit to this analysis. Only
approximate resonance is required at the external terminals in this case,
because it will be shown that some detuning is necessary for parametric
amplification at ab to occur.

For purposes of introduction, a special case of four-freyuency
operation will be described first. One technique for resonating the

external terminals is to make Bl = 52 = B_ = 0, which means physically

3
that external reactances are chosen to resonate C0 independently at each
terminal. This choice of external reactance, which has been generally
satisfactory in conventional three-frequency circuits, is attractive
from the practical point of view because it allows circuit adjustments

in the "cold" condition (i.e., with the pump turned off). However, this

tuning procedure will be shown to be unproductive in this case.

Case la. |02| = 0; B, =B, = B, = 0.

Under these conditions, Egs. 15 become

- 3 2 (
a = o, + 16a)
lIN 1 aBQé
5 (16b)
o = Q. + 16b
EIN 2 aEal-l

-18-



e T — - (16¢)

Inspection of Egs. 16 shows the condition for stability to be ala5>1.

Therefore, no useful region of negative reflected conductance exists at

m2 and the minimum value of al is limited by circuit stability to l/ag.
IN

Thus, perametric amplification at wé is not possible in this case, and

the presence of w, limits the gain by paremetric amplification at w

2 1
It also follows that little practical improvement of conversion gain
results over that possible in conventional three-frequency circuits.
Thus, from the point of view of gain, little reward is offered by four-
frequency circuits whose external terminals are independently resonant.

It will now be shown, through a more general investigation of
Eqs. 15, that the desired negative reflected conductences at o, and w,
can be obtained with more arbitrary tuning techniques. These techniques
are based on the following general theorems, which pertain to the four-
frequency time-varying reactance circuit under consideration here.
Theorem 1: If l02| = Oanda , 0 a, >0, then B, #0,

IN IN IN IN

Bl # 0, or 55 # 0, is a necessary condition for parametric amplifi-

IN IN

cation at mb.

Proof: See Appendix.

Theorem 2: If |02| = 0, the necessary and sufficient conditions for

O 0% »% So0anap, = p, = O (i.e., a stable circuit with
IN SIN IN - -
resonent terminals at o and w5) are:
By = O (17a)
B, = B |7,l% (170)
2 1172



2
a - => T;;T§' . lesser of (1, ) (17¢)

(\)Q l\)' I\)mf\)

ol

Proof: See Appendix.

It should be noted that Theorem 2 can be applied to conventional parametric
amplifiers in the case where the upper sideband 092) is not completely
shorted, but where the pump harmonic is supressed., In this case, Eq. 17b
indicates that "cold" tuning is not sufficient and some retuning must
accompany changes in pump level.

In view of Theorem 1, parametric amplification a @, will be

approachéd by only requiring the terwinals at wa to be resonant (62 = 0),
IN

for then !Yé | approaches zero as g, approaches zero. The additional

IN 2N

assumption that B, = O will be shown below to lead to useful solutions.

3
Case 1b: !CQI = 0; Bs = 0; By £ 0, Bo $# 0. Equations 15 now yield

-}

—2 < q - <o (18)
2 17 a

17, 3

as the condition tor: (1) stability at ®, ana ws} and (2) the reflection

of negative conductance at wé. It Eq. 1Y is satistied, the condition
r'or resonance &t . then becomes:

2
1.2 1l .2 1 2
(o - a;) + (B, - 55;) = (555 (19)

If Eq. 19 is satisfied, the condition for stability at w2 is

2
|

By < B l7, (20)

1. If Bz = 0, 1t can be shown, as a3 decreases, that ws never becomes unsteble
before w) becomes unstable. Thus Eq. 18 only explicitly defines the region

of stability at ml.

-20-



These conditions are made clearer in Fig. 6, which is a plot of Eq. 19 for

adg%‘< 1. Here, Bl is considered to be the independent variable determining
the magnitude of negative reflected conductance at wb. Point A is the

threshold of parametric amplification at wé, point B marks the threshold

of circuit instability at wl (Eq. 18), while infinite gain at wé corresponds
to the point C (Eq. 20). Therefore, useful parametric amplification at

wé may be limited to the finite gains corresponding to the range between

points A and B on the tuning curve in Fig. 6. This limitation on gain can be
overcome by choosing ag = Bg, which makes the points B and C coincide.

In this case, the negative conductances reflected at both @y and w2 allow

arbitrary gain et either frequency. It can be shown that a similar result is

possible if the terminals at wi are constrained to be resonant while those

at m2 are detuned.

Thus, in the notation of Fig. 4, sufficient conditions for arbitrary

gain by parametric amplification at wb (and at wi), with ICEI = 0, are:

b, +w.C = 0 2la
2
g, = by (21n)
b.b
.]é'.< _.._1.-...2...._é.< 1 (Qlc)
00, [Cy |

8, -(;0_2 . bl _ w22 ) ~u->?_2 (214)

2 g 2 2b 2b

wlCl 3 wlCl 2 2

It is important to note that conditions 20 or 2lc satisfy Theorem 2 only
at the point of infinite gain (6162 = %). Thus, as previously mentioned,
1

at center frequency by an amount given by:
2]~

the terminsls at w. and w3 are not resonant in this case and suffer detuning
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2
o[ |

b = (22a)
- 1 2,
2 2
20, w.w_|C. |“(2b.b, - ww,|C |)
b } 2510517 12 " %%l (220)

3 2,2 2\2
IN (Egl'b2 +'wjgblcl| )¢+ (le'b2 - wimalcll )

Equations 22 indicate that the amount of detuning at o and wj is

very small when the gains at mé (or at ml) are large.
Therefore, if |C2| = 0, the operation described in Fig. 6 (with
points B and C coincident) allows: (1) arbitrary gain by parametric

amplification at either w, or w,; end (2) arbitrary up- or down=-conversion

gain between ®, and mz. Both these effects arise through the reflection

of negative conductance at the input terminals and are accompanied by some

detuning of the terminals either at wi or wa.

Case 2: |02| $0

It has been shown previously that the design of idealized,
three- or four-frequency, nonlinear reactance converters for large, small-
signal, conversion gains (i.e., small-signal gains considerably greater
than the ratio of output frequency to input frequency) must invariébly rely
on the reflection of negative resistance at the input terminals. Consequently,
such devices frequently employ circulators as auxiliary equipment in an
effort to reduce noise figures and to increase gain-bandwidth products.
It will now be shown, when |02| $ 0, that arbitrarily large conversion
and w_. without reflecting negative resistance

1 2
at either frequency. Thus, the importance of circulators in high-gain,

gains are possible between w

nonlinear reactance converters can be eliminated.

~2%-



The technique for achieving the result cited above is to choose
external circuit components that allow |Vn / le to be arbitrarily large
(see Eq. 11) without producing a similar effect on YmIN (my n=1, 2 or
2, 1, respectively). It has been previously remarked that this condition
can be achieved by meking Egs. 13a and 13b independent of 73, which can
be accomplished only if

o= Y = Vi + o (23)

Obviously, only the positive square root is permitted here, as will be the
case henceforth unless (t) signs are specifically indicated. Substitution

of Eq. 23 into Egqs. 1% and 13b yields

7o = 2¥lx (2ke)

y
Loy IN

Thus, when Eq. 23 1is satisfied, the terminals at oy and w, are conju-

2

gately matched for all y Similaerly, Eq. l3%c reduces to

- V19 ¢+ Yo (2kv)

5

sy '3

which indicates that a constant negative conductance is reflected at wi.
Consequently, o, > Jla@e must be required for stability.

3
Although 7 (m = 1, 2) has been made independent of Y52 it
IN
can be shown that Gt still has a useful pole as a function of 75. By

m
solving Eq. 8 for |V, / le’ and using Egs. 12 , Eq. 11 yields the

following gain expressions:

w, -(ozj + *Jl-cpz)e

G. = — —

Yo @ (o J1-09)2

Lo legr 19 e Gy vo) (o50)
21 2| (o, - V1 )2 (83 + CP)2 i

+

(B3 + O

(258)

+

(85 +0)°

-

Q
1
-+

+

)



Here, the (i) signs arise because ¢ specifies only the magnitude of the

relative phase angle between Cl and C2 and not its sign. In each of Egs.
25 the upper sign corresponds to Im (Cic;) > 0 while the lower sign

corresponds to Im (C§02)<(). Thus, for a given value of ¢, there are

two possible up-conversion gains and two possible down-conversion gains.

In the case of negative square roots, both Gt and Gt reduce to the ratio

12 21
of output to input frequency, independently of 73; while with the positive
square roots both Gt and Gt become arbitrarily large as 75 approaches
21

- 12

the value JE:;§ + jo (assuming, for stability, that it does so with
o:3 > Jq:;ﬁ). Within a single converter stage, however, Eqs. 25 can
not be simultaneously satisfied with positive square roots, which yields
the useful result that each converter stage is semi-directional. The
directivity is dependent on both the forward gain and the relative
magnitudes of the frequencies employed.

Perhaps the most practical operating condition is with the

terminals at w5 resonant (i.e., 55 = -p), whereupon Eqs. 25 reduce to:

/ 2 |2
o, |a, + N1-0
¢, = &|—r—p (268)
12 Loy - N1-p
o |a /-'l"_cp"‘z 2
G‘t = o 5 (26b)
21 2|a, - Vi

In the positive square root cases, the conversion gains now depend

entirely on o, which means physically that variation of the external

3

circuit Q at wB controls conversion gain without changing the input or

output admittance at any terminal peir.



The fact that two completely different conversion characteristics
arise according to the sign of Im (CiCZ) is somewhat surprising, since the
input and output admittances at all three terminals are independent of this
sign. From Figs. 2 and 3 it is evident that the fixed gain cases of Egs.

25 and 26 must correspond to W, = O, which can be verified by solving

3

Eq. 8 for V3 . With sources first at wl and then at Wy 'V l is found

to vanish independently of 75 whenever the negative square roots occur in

the or Gtel, respectively. However, in the positive square root cases,

|V5| increases with G and G, , for sources at w, and w,,respectively,

t t 1 2>

12 21
which is again in agreement with Figs. 2 and 3.

It is interesting to also assume a source at w, and to evaluate

3

5I. It can be shown that wB couples

only to the Wy terminals when Gt employs the positive square root, and
12

that wB couples only to the Wy terminals with the positive square root in

C-t . Thus,the sign of Im (C 02) determines the coupling between w ®s
21

and w, once the source frequency is specified. In each case, coupling to

3
the external terminals takes place for only two of the three possible

the quantities |V1 / v3| and |v2 /v

frequency pairs. This qualitatively accounts for the two types of up- and
down-conversion found in this case.
In summary, for a given magnitude of phase angle between the pump

and its harmonic, the results above require the following external circuit

ad justments:
C C
At o, : b, +®.C. = @ Q = | (27a)
1 1 ¥ % =9 1 /-=l_®202
1
C
At Wy b2 + wQCO = @; IC lvf_-T? (21v)
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At wB: b3 + wBCO = Q; Q, < Q2 (27¢)

It can be seen from Egqs. 27 that each external terminal will be detuned
in the absence of the pump, unless ¢ = O. Also, the necessary external Q's
increase as ¢ approaches unity. Therefore,the condition ¢ = O appears to be
the preferable operating condition, since it calls for minimum Q circuits and
permits circuit tuning prior to the application of the pump signals.

Since the results of this section have led to & small-signal
converter with: (1) arbitrary power gain, and (2) conjugately matched
input and output terminals, several applications immediately suggest
themselves. The first application, which is shown in Fig. 7, is to cascaded
up-converters. Here, the gain of each stage can be individually controlled
at the respective lower sidebands without requiring any adjustments of the
interstage networks. Since each stage of this cascade is an up-converter,
it is necessary that Im (CiCZ) > 0 for each stage, which makes the maximum
gain in the reverse direction the ratio of input frequency to output
frequency. A similar result follows if the sign of Im (CiCZ) is reversed
in each stage, to make the cascade a high gain down-converter.

A modification of this application is shown in Fig 8, where
an up-converter and a down-converter are placed "back-to-back," such that
the input and output frequencies are the same. In this configuration
the only basic difference between the two stages is in the sign of Im (CiCZ).
Therefore, this circuit yields a nonlinear reactance amplifier with:
(1) positive input and output conductance, (2) arbitrary forward gain,
and (3) a maximum reverse gain of unity.

It is interesting to apply the Manley-Rowe equations to the
circuit in Fig. 8. Since only'wl and w_, appear at the external terminals,

3

-2
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this circuit is described by the same special case of Egs. 1 as is the

conventional nonlinear reactance amplifier, where (by Eq. 3b , with W2 = 0)
W w
R (28)
13 1 1

In this case, however, W, has components at two separate terminals and

1
hence can be negative even though the input is conjugately matched.

Although the circuits described above may have desirable gain
and control aspects, their noise characteristics will serve as the ulti-
mate test of their value. The primary sources of noise are associated with
the external resistances and with internal resistance that is inherently
present in any real nonlinear reactance element. In practice, the noise
temperature of the output load will generally be fixed and may be large,
which is one reason for the use of circulators in conventional negative-
input resistance amplifiers and converters. However, with the possibility
for conjugate-match offered in this case, output noise that is fed back
to the input (due to the semi-directional nature of the circuits under
consideration) can be largely absorbed. In addition, the decoupling of
sources at w_, from the output terminals suggests that the noise contribution

)
of g, should be small. Thus,the so-called idler noise that is present in con-

5
ventional nonlinear reactance circuits should be considerably reduced in
this circuit. It can be proposed, therefore, even without the use of cir-
culators, that the noise figure of this circuit should be improved over

that of conventional negative-input-resistance amplifiers and converters,

even when these latter circuits employ circulators. However, a more precise
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estimate of noise figure has not been made at this time, because the
original formulation of this problem (i.e., Eq. 7) does not permit the

accurate inclusion of losses internal to the nonlinear reactance element.

L. CONCLUSION

A detailed analysis of Eg. 8, or equivalently, Fig. k4, has
demonstrated several useful extensions of conventional nonlinear reactance
circuits. It has been shown that parametric amplification at a frequency
higher than the pump can, from the point of view of the nonlinear reactance
element, be the same order of effect as conventional parametric amplification
at a frequency lower than the pump. Also, a nonlinear reactance circuit
has been developed that is capable of unlimited up- or down-conversion
gain without reflecting negative resistance at either the input or output
terminals. The latter result suggests a means by which a nonlinear
reactance amplifier can be obtained which does not require a circulator
for optimum performance. A more detailed summary of the results of this
analysis is given in Teble I. Within the limits of approximation provided
by the circuit model in Fig. 4, Table I contains a compilation of the more
important conclusions regarding three- and four-frequency, nonlinear

) 1
reactance circuits.

1. The term "four-frequency has been employed throughout this paper even
though a fifth frequency, in the form of the pump harmonic, has frequently
been included. This choice of nomenclature has been made because only
one of the two pump components need be applied externally and hence only
four frequencies need be observed at external terminals.
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TABLE I

A SUMMARY OF THE MAJOR EFFECTS OBTAINABLE FROM THE NONLINEAR REACTANCE
CIRCUIT MODEL OF FIG. 4.

In entries where one or more frequencies or time-varying
capacity components are omitted, they are assumed to be short circuited.

Key: C.G. = conversion gain; P.A, = gain by parametric amplification;
I.R. = input resistance; and T = tuning conditions.
Frequencies Pump Components
(a) ¢, only (v) C, only (e) C, end C,
(1)
@), C.G.: Limited No effects Same as (la)
P.A.: None
I.R.: Positive
T: Gain independent
(2)
w0, C.G.: Unlimited No effects Seme as (2a)
P.A.: Unlimited
I.R.: DNegative
T: Gain independent
(3)
@y w5 No effects Same as (2a) Seme as (2a)
(&)
ml,wg,t% C.G.: Unlimited - Same as (%b) C.G.: Unlimited
P.A.: Unlimited P.A.: Unlimited
I.R.: Positive I.R.: -Positive at
wl and w2
T: ~Gain dependent Negative at
-Tuning impossible at -hegative at oy
all three freguencies
T: Gain independent
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APPENDIX

Proofs of Theorems 1 and 2 can be obtained from Egs. 15 by the
following considerations. Recalling that 7y = aK + JB (X = 1, 2,
K Koy T
%), the conditions for resonance at each pair of terminals in Fig. 4 (with

Ic,| = 0) become

B

B
at w,: B =B, + S, 2 = 0 (29a)
1 lIN 1 l I2 ‘ 12
B, + By |7 2
at @, 62 =B, - —2-—————%~— = 0 (29b)
IN |7175-1|
2
B, - B,17,]
at w3: 55 = 53 - _2_.__3__5__ = 0 (29¢)
IN ]7172+l\
Similarly, the conditions for circuit stability are
o, 0y
at o, : alIN =a + | ]2 - | 12 >0 (%0a)
72 75
2
allyl - a
at .t O, =0, + - >0 (300)
2 2 2 |y RIE
,13
O‘2*"‘1I7z_>|2
at e Y- >0 (30c)
N A ey

Therefore, Eqs. 30 are explicit expressions for the basic conditions under
which Theorems 1 and 2 apply.
The proot of Theorems 1 and 2 will now be divided into the trollow-

ing steps:



Step A. It is easily seen that there are two possible conaitions under

which Egs. 29a and 29c¢c can be satisfied simultaneously; namely,

By = O (312)
or
7. 12
72 = -_._}___5 (3lb)
2 |7172+l|

However, for Egs. 30a and 30c to be satisfied simultaneously it is

necessary that

1 < _.__gé____ < Zﬁ ° (32)
5
2 2
7,7+ aytey |7,] 72

Therefore, of the two possible conditions described in Egs. 31, only Eq.

3la will yield both stability and resonance at ®y and m}.

Step B. If 53 = 0, the condition for resonance at o, and wz becomes
‘31|7e|2 = B,, which, with the aid of Eq. 29b, reduces Eq. 30b to the

following expression

BB 1 B 1
272 = 2 =
o, = 0y 20y |1+ — I )2 1- —EIH 2> 0 (33)
IN Q, 2

However, for parametric amplification at Wy Eq. 33 must be satisfied in

such a way that the second term takes on the negative sign. Clearly, this

is not possible if 62 = 0. Consequently, if al = 53 = 0, then
IN IN IN

B + 0 is necessary for parametric amplification at w.. B = 0 can

21N 2 2y

occur only if 0y . equals QGé or 2zero (i.e., only under conditions of

I
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conjugate match or infinite gain at we).

Step C. This step amounts simply to recalling that, under Case lb of the

text, 62 =0 and B, = O were shown to y;eld Bl
IN 5 IN
region of parametric amplification at wb.

Therefore, under the conditions stated in Theorem 1, 63 =0
1 =55 = 0 and B =|=O(stepB),orBE =0, B; ¥ 0,
IN IN IN IN IN
and B % 0 (step C). Similarly, with g_ % O, B, andp cannot vanish
S1n 5 IN IN
simultaneously (step A). Therefore, stable parametric amplification at

$0and B, # 0 in the
SN

yields either B

wé, with |02| = 0, requires at least one of the three quantities, Bl P
IN
B, s or B_ , to not vanish, which proves Theorem 1.
21N SIN
Now consider Theorem 2. By steps A and B above, the necessary

and sufficient conditions for wl and w3 to be both resonant and stable

(see Footnote p. 20) are

- ke,
By 0 (3ka)
2
By = B17,l (340)
1 ~O
5 |yl

If Eqs. 34 are satisfied, Eq. %0b yields

1
1 -1 2.2\ =
== > ot [1 - (1-ha2B1)] 2 (35)
3 2
to be necessary and sufficient for stability at Wye However, by Eq. 3kb
2 2
22 |% -5
1-baB;y =|5—5 (36)
271 a? + B2
2 "2



whereupon Eq. 35 yields

2
(0
o - (-J;- > - 22 lesser of (1, --g_— ) (37)

as the necessary and sufficient condition for stability at ma. Since Eq. 37

is also sufficient for stebility at w, and m}, the proof of Theorem 2 is

1
completed.
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