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ABSTRACT

The compressible flow of a viscous heat-conducting gas around a corner is con-
sidered. The solutions are written in terms of asymptotic expansions, valid in the
region far, compared to a viscous length, from the corner, so that the zeroth-order
solutions are the classical Prandtl-Meyer solutions. The method of inner and outer
expansions is used where the inner region encloses the first Mach line emanating
from the corner. Boundary-layer effects are minimized to the extent that the initial
flow is assumed to be uniform. The first corrections due to viscosity and heat con-
duction are calculated, and it is shown that the tangential velocity component can be
calculated only to within an unknown function of the turning angle, which must be
found by matching with a still-unknown boundary-layer solution. Although the text
deals with the case where the initial flow is sonic, corresponding calculations for
the case where the initial velocity is supersonic are given in an appendix.
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THE EFFECT OF TRANSPORT PROPERTIES ON SUPERSONIC

EXPANSION AROUND A CORNER
1

INTRODUCTION

The Prandtl-Meyer solution [1] for the steady supersonic flow of a compressible inviscid
gas around a corner is well known and has been used extensively. In this solution, viscous and
heat-transfer effects are ignored; since there is then no physical characteristic length associ-
ated with the problem, the flow variables are independent of the radial length, depending only
on the angle of turning. Although it is clear that such assumptions are justified for a large
class of problems, the extent of the approximation involved by the use of the inviscid equation
is not known. More precisely, in terms of an approximate solution the zeroth-order term of
which is the Prandtl-Meyer solution, the magnitude and functional form of the first-order terms

due to the inclusion of transport effects are unknown.

The general problem of the supersonic flow of a compressible viscous heat-conducting gas
around a corner should include the effects of the wall before, at, and beyond the corner, unless
the wall ends at the corner, in which case a mixing region exists downstream of the endpoint
(nozzle problem). Since it is impossible to obtain a solution for the overall problem, and thus
it is necessary to consider various regions of interest separately, a boundary-layer solution
should be found which can be joined with the solution of the expanding flow outside the boundary
layer. The solution for the compressible boundary layer under the conditions involved in turning
a sharp corner is not known; the problem appears to be most difficult. However, it is possible
to study the effects of the transport properties on the expansion wave alone, and it is this prob-
lem which is considered in this paper. Since the complete boundary layer solution is unknown,
the effect of the boundary layer is minimized by assuming that the flow upstream of the expan-
sion wave is uniform, although a brief discussion is given of the manner in which upstream
boundary-layer terms could be included. Although it might be argued that the solutions obtained
hold for the physically realizable problem of an upstream flow with boundary-layer suction,
such arguments are sioecious; the solution which follows is simply one part of the complete so-
lution to the flow of a gas around a corner. In order to emphasize and clarify the important

aspects of the expanding flow, boundary-layer effects are m\inimized as much as is possible.

The solutions for the various flow variables are found in the form of expansions, with the
zeroth-order term being the Prandtl-Meyer solution; the subsequent terms introduce the cor-

rections due to viscosity and heat conduction as well as the radial distance. The problem is
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obviously a singular perturbation problem; the technique employed in the solution is the so-
called method of inner and outer expansions developed by Kaplum, Lagerstrom, and Cole [2, 3,
4] and described in detail by Van Dyke [5]. Thus, the expansion wave is pictured as consisting
of two separate regions; the first consists of a relatively thin region which contains the first
Mach line and the second consists of the remainder of the expansion-wave region. Hereafter,
the first will be referred to as the inner region and the second as the outer region. In the inner
region the first effects of viscosity are felt in smoothing the discontinuity in second derivatives
given by the Prandtl-Meyer solution. In the outer region, where the first-order effects of vis-
cosity and heat conduction are less pronounced, the expansions are quite different. The expan-
sions are matched asymptotically in the overlap region common to both the inner and outer

regions.

It should be noted that there is a fundamental difference between the Prandtl-Meyer problem
where the initial flow velocity is sonic and the problem where the initial flow is supersonic. In
the former, which is the problem studied here, the above-mentioned discontinuities appear in

the second derivatives; in the latter, they appear in the first derivatives (app. II).

2
FORMULATION OF THE PROBLEM

2.1, FLOW DESCRIPTION

Consider the steady flow of a compressible viscous heat-conducting gas around a corner.
In direct analogy to the Prandtl-Meyer problem, the flow upstream of the expansion wave is
assumed to be sonic; a discussion of the case where the initial flow Mach number is supersonic
is given in appendix II. In addition, the flow upstream of the expansion wave is assumed to be
uniform, with conditions denoted by the subscript 1 in the dimensional variables. In the absence
of any boundary-layer effects, the characteristic length is the viscous length 7/1 /5,1, where v
and a are the kinematic viscosity and sound speed respectively, and the bar indicates a dimen-
sional quantity. In this problem, then, a solution is sought for the flow far (compared to the
viscous length) from the corner. Thus, ?/(7/1 /51) >> 1, Since it is somewhat simpler to work
with parameter rather than coordinate expansions, and since this solution must ultimately be
joined with a boundary-layer region, a length, L, is introduced to make the coordinates dimen-
sionless. For the present problem, L is a fictitious, length which scales the independent vari-
ables such that the dimensionless distance from the corner to a point in question is of order
unity, and L/(T/1 /51) >> 1. All flow variables and fluid properties are made dimensionless with
respect to their values in the original undisturbed flow, with the exception of the total enthalpy;
thus,
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T’ — —_ h - = - =
P==, p-£ 1-Z ht=—;, q=—£—; X=3-If- 1)
P P Ty EN 1

where the symbols stand for pressure, density, temperature, total enthalpy, velocity vector,
and position vector, in the order given. Figure 1 is a sketch of the flow field and the coordinate
systems employed. Note that both a Cartesian and a polar coordinate system are indicated,
with velocity components U, V, and u, v, respectively. The equations relating the velocity com-
ponents of each coordinate system are simply

u=Usin¢+ V cos ¢

(2)
v=Ucos ¢ - Vsin¢
In general, it is assumed that the specific heats and the Prandtl number are constant. Bulk
viscosity is neglected, and the coefficients of viscosity and thermal conductivity are related to
the temperature by a simple power law. Finally, the gas is assumed to follow the perfect gas

law.

y v
| .
|
|
l ®
U=l V=0 r
P=l, p=1, T=1 ’ A v
h =..[_
t 21"2 ’ —

/////////////////}"\—‘;:\:;:__-’x

FIGURE 1. COORDINATE SYSTEMS
AND BOUNDARY CONDITIONS

2.2, DIMENSIONLESS EQUATIONS

The equations expressing the conservation of mass, momentum, and energy are written
below in polar coordinates. A similar set of equations written in Cartesian coordinates (app. I)
is necessary for the inner region, but since they are relativély familiar they will not be repro-
duced here. In the following, subscripts r and ¢ indicate the partial derivative taken with re-
spect to the indicated independent variable. The conservation equations, the equation of state,

and the relation defining the total enthalpy are, then,
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(@) (pur), + (pv), = O
(b) +& o +1p - Llg
g Y s T r TRe Mu
pr, jow, lp 1
(C) pllvr+TV¢+—r—+'yr (I)-Re v
(3)
pv L
(e) P=pT
u2 v2
() ht= BT t Tty

where the various R functions, which represent the effects of viscosity and heat conduction are
given by the following equations:

(a) ]Ru = {u[%ur - % (v¢ + u)j]} +%{u[r(¥)r +%u¢]} + %f—‘[r(%)r - %Vq;]

r

o == (e rol o ey - Sl

In the above equations, p and A are the dimensionless coefficients of viscosity and thermal
conductivity, respectively, Pr = Cpu/k is the Prandtl number, Re = LEI/ ;1 is the Reynolds

number, and B8 = (y - 1)'1 where y = Cp/CV is the ratio of specific heats.

2.3. STRETCHING FACTOR FOR INNER REGION

The inner region has been defined as that region where the effects of viscosity are first
felt in smoothing the discontinuity in the second derivatives of the Prandtl-Meyer solution for
the velocity. This region contains the first Mach line, and its thickness is small compared to
the scale length, L. As is usual in this method of solution, the inner independent variable meas-
uring the thickness is stretched in order to make it of order unity. It is not immediately appar-

ent, in any given problem, as to what the stretching factor should be. In the present problem,
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it is possible to infer the proper form for this stretching factor from the equations and the

zeroth-order matching condition.

First, the momentum equation in the x direction is written in Cartesian coordinates. Thus,

PP e W0 3V [0y 0]
pUUx+pVUy+'ny—Re {[u 53U, - 3Vy X+ u(Uy+VX)y (5)

where subscripts x and y indicate partial differentiation. It is clear that the solutions in the
inner region must join the values of the flow variables in the uniform stream to their corres-
ponding outer values found from the Prandtl-Meyer solution for vanishing turning angle. Now,

the derivatives in (5) may be ordered by considering the total change in the functions across
the inner region, so that the equation effectively is used as a jump condition across the inner

region. Then any excess momentum flux or pressure forces (terms on left-hand side of equa-
tion 5) must be balanced by viscous forces (right-hand side). That is, the existence of the dif-
ferences found in evaluating the dependent variables on either side of the inner region is due to

the effects of viscosity and heat conduction.

The Prandtl-Meyer solutions are as follows:

sin IT'¢ Vo = cos I'p

o T
p -y 2 p -y 2P+2 (6)
o o o o
T-v, .ht=’lT
© 2T

_(r -1
where 1"2 = (——y " 1).
¥ u and v, are substituted in (2), U and V may be found in terms of ¢. These two equations
and the thermodynamic functions given in (6) may then be expanded for small ¢. Finally, since

for ¢ small compared to one, ¢ is approximately equal to x/y, the following expansions result

for x/y << 1:
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oo [

3
21 2\/x
s -3(1-r)(§>+...

R
p~1- (1 -21“2>(;§<>2 ..

2+pU2 ~u+ O[(l{)]
Y Y y

Hence, if x is ordered by some function of the Reynolds number, say & (Re), and since y is of

order unity because the region considered is far from the boundary layer.

x—
=00

Then, for example, the terms on the left-hand side of (5) may be ordered as follows, if AU =
U(x, y) - U(-w, y), Ax = O(3), AY = O(1), etc.,

pUUX = 0(5)

5
VU _ =0(5
VU, (6%)

. -1,
If the order of each term of (5) is found in the same manner, then it appears that 6=Re " is

the proper order for x, if the largest viscous term is to balance the largest excess momentum
flux term. However if the continuity equation is used to rearrange the left-hand side of (5), it

may be rewritten in terms of the stream force in the x direction; i.e.,

1 P 2)
Zp = (= - U(pU)_ - pVU 8
pUU, + pVU_ + 2P, (y+pU - UpU), - PV (8)
This grouping is suggested by the small variation in stream force indicated by the last of (7).
Thus
<—P " pUz)x - 0(6%)
Y
When the grouping of terms indicated in (8) is employed, the largest terms are of order 63, and
hence, from (5) again
5 =Re /3 ©)
That is, since U(pU)x =0(6 ), and pVUy = 0(65), the momentum equation indicates that the vis-
cous forces balance the first two terms on the right-hand side of (8). Since this combination of

terms results in a change of smaller order, it is clear that the proper valuefor 6 isthatgiven in(9).

6
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The fact that the thickness of the inner region is of order Re_l/ 3 is notable in that the thickness
of a weak discontinuity generally is considered to be of order Re_l/ 2 (e.g., [6]). This difference
arises because in the present problem the velocity of the gas entering the discontinuity is sonic.
This is evidenced by the fact that with the & given in (9), the relative orders of AU, AV, Ax, etc.,
are consistent with those fbund in investigations of transonic similarity [7]. When the initial
velocity is supersonic, it c?in be shown that the thickness is of order Re_l/ 2 as expected (6).

For this problem, then, the stretched inner variables are defined as follows:

1/3

Xx=Re ’x=x/6

~ (10)
y=y
so that in terms of the stretched coordinates, both x and y are of order unity in the inner region.
Finally, the governing inner equations may be written in terms of the stretched variables, in

Cartesian form:

(a) (pU) + a(pv)y~= 0
(b) pUU~ + 6pVU~ + 1 P~-= Lm
X y v x Re U
1 1 1
(c) _GPUV;'Z + pVV;; + p Pg; *TRe llRV
(11)
(4]
(d) pU(ht)~ + f)pV(ht)N =Re ]RH
X y
(e) P=pT
2 2
- u_ v
(f) ht =BT + 5+ 5
where
1 4 2_° 1
@ By=3 [“ <§5U§ - §V§)]~ * [“ (Uy +3Vi>~
X y
1 1 4 2
b)  By-=3 [“ (wg + 5"})]% * [“(3‘% "% Uﬁ)l
(12)

Bl1 1 4 2.

3]+ [wolog + $v5) » wv (g - )
+uV(U§+6V§ ;{+[uUU§+6V§ + UV 3V§' 36U§ :
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In order to simplify later calculations, it is necessary, at this point, to make use of a re-
sult which was found only after the approximate solutions had been found by straightforward
methods. In order to find solutions to (11) and (12), the six unknown functions are expanded in
appropriate forms, for Re >> 1. These expansions are substituted into the governing relations,
and terms of like order are equated. In this manner, sets of equations for the zeroth order,
first order, etc., approximation functions are found. Now, when the first-order equations are
solved, it is found that, although there are six unknowns and six equations, one of the equations
is redundant. Hence, it is necessary to go to the second-order equations, rearrange them, and
find, finally, a relation between first-order functions only. This equation completes the set for
the first-order equations, but now the third-order equations must be considered to find the
missing second-order equation, etc. Such an occurrence is not uncommon,; it is found in the
weak, non-Hugoniot shock structure problem [8], for example. However, a considerable amount
of work is involved, and it can be shown that, for this problem at least, a general equation can
be derived from the governing conservation equations such that when the expansions are in-
serted and equations of various orders are found, the "missing'" equation for each order of ap-

proximation results.

The redundancy arises, in the set of equations which holds for any order of approximation,
because the equation of state gives the same relationships between the pressure, temperature,
and density corrections as are found from the remaining equations. Hence, one can find the
thermodynamic functions in terms of the velocity, but the velocity cannot be found as a function
of the independent variables. It was found that, if the Eulerian derivative of the equation of
state was taken, and the momentum, energy, and continuity equations were used to eliminate
the resulting derivatives of pressure, temperature, and density, the resulting equation supplied
the "missing'" equation for the velocity to each order of approximation. Thus, in the following

form, this equation removes the redundancy. It is written in terms of the stretched inner vari-

ables.
2 h
6 1 1 y+1\.2 Vo %
ﬁ‘(URU“LVRU'B_yRH)'?{pUi[( 2 )U T B]
2 h
7+1) 2,0 _ ¢t
+pUV(5U§+V}~{)+ GpVyl:( )Vt 35 3 (13)

2.4. BOUNDARY AND MATCHING CONDITIONS
A sketch of the various regions of flow discussed so far is shown in figure 2. As mentioned
previously, boundary-layer effects are minimized to the point where the-initial flow is considered

to be uniform. Hence no detail of the interaction between the expansion wave and boundary layer
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Uniform
flow

FIGURE 2. FLOW REGIONS

is shown. An additional point, which has not been discussed as yet, is that, for a given angle of
deflection of the wall, a final Mach line would exist. Evidently another "inner' region would
exist, about this final Mach line, bringing the flow to the final desired condition. This region
is not considered in this report, the emphasis being on the relationship between the indicated

uniform flow and the inner and outer regions.

In the inner region, the Navier-Stokes equations are to be satisfied. In general, because
the unknown functions appear in the second-order derivatives which occur in the viscous terms,
two boundary conditions are required. They are supplied by the uniform flow conditions as
% - -, for all ¥ = O(1), and by the matching conditions between the inner and outer solutions
as ¥ - +o, for all §¥ = O(1). In the outer region, because the solution is a perturbation from the
inviscid solutions, the viscous terms are always calculated from known functions. Hence only
first-order differential equations must be solved for the unknown functions. As a result only
the initial conditions, supplied by the matching conditions, suffice for all first-order perturba-
tion quantities and for two of the second-order perturbation quantities. For the remainder of
the second-order perturbation quantities, additional information must be supplied by a matching
condition between the boundary-layer region and the outer region. Since the solution for the
boundary-layer flow is unknown, these quantities may be written only in terms of an unknown

function of the turning angle, ¢.

2.5. OUTER AND INNER EXPANSIONS

The outer solution is desired in the form which indicates the first-order effects of the
transport properties for the condition LEI/EJI = Re >> 1, Thus, we wish to write the flow vari-
ables in the form of asymptotic expansions valid in the limit as Re - . Hence, for example,

the expansion for the radial flow variable u is of the following form:
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u ~Z e (Reu (x, ¢) (14)

n

wheree =1
o

u, = u(O)(¢) = Prandtl-Meyer solution

and

n+1 -0

lim
Re—+o n

Upon examination of (3b, ¢, and d), it appears, at first glance, that since the viscous terms are
of order Re_l, €= Re'1 should give the proper order to the first-order terms. . Then, employ-
ing the principle of eliminability [9], which simply states that since L is a fictitious variable
Re and r must appear in a form such that L. may be eliminated from any term, the resulting
expansion would be of the form

(1)
u ~u(0)(¢) +R_1eur_(w+ .. (15)

(0)

where in (15) and hereafter, the superscript notation for the outer flow variables (e.g., u" /,

(1))

used in (3) and (4), solutions of the resulting first-order equations lead to conflicting results.

u indicates that they are functions of ¢ alone. If expansions of the form shown in (15) are
Hence, it is clear that the expansion form given in (15) is not valid. Moreover, if we substitute
such an expansion form for pv in the continuity (3a), and integrate over r, it is seen that a
{nr/r term results. Hence, it appears that a proper form of expansion for the outer variables

is

u-~u

1) )
©), ﬂnRI;e ur +_§15 <21;ru(1)+ur >+ ce (16)

where, again, the principle of eliminability has been employed.

It should be noted that, if r*=Re r = ?51/ Pi, equation (7) can be written as follows:

u~ u(o) + gl—;—,;?* u(l) +r—1*-u(2) +... 1)

i.e., a coordinate expansion in r* appears to be of silmpler form. However, in view of the com-
plexities of the matching procedure which will become apparent later, the parameter expansion
proves to be better suited to this problem. In addition, the final form of the solution is such

that matching with a boundary-layer solution, when one is available, will be simpler.

10
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1) (2)

second-order solutions for the radial velocity, they are in reality associated with terms of or-

It should be noted that, whereas u*’ and u*’, for example, are referred to as first- and
der {n Re/Re and Re_l. Generally, such terms are considered to be essentially of the same
order, since large differences between them become apparent only at the limit Re - . How-
ever, since different functions of ¢ are necessary, this simple notation and terminology is used

throughout this paper.

The inner expansions have the same general construction as the outer. However, in this
case, the zeroth-order functions correspond to the uniform flow. Thus, if we choose the velocity

component in the x direction, for example,

U~ Z € ®Re)T &, ) (18)
n
where € =1and U = 1, and
[o] (o]
Lim nel_
Re-~w0 €

In problems involving inner and outer expansions, the forms of the various functions of the
parameters (e.g., gn and en) are found for each order by careful examination of the differential
equations, boundary conditions, and matching conditions for each order. For example, in this
case, the zeroth-order outer solutions (Prandtl-Meyer solution) are matched by the zeroth- and
first-order inner solutions, the second-order inner by the first-order outer, etc. Although
this construction could be demonstrated step by step, and the functions en and En derived, con-
siderable algebraic manipulation is involved both because of the number of functions involved
and by the fact that two different coordinate systems are employed. Hence, the final forms of
the various expansions will be shown immediately. Their validity will be demonstrated in the
matching conditions. In the following equations, both the inner and outer expansions are shown
for the thermodynamic functions. Since different coordinate systems are involved, separate
expansions are given for the inner and outer velocity components. The zeroth-order outer func-

tions have been given in (6).

11
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u -~ —_— — —_—

Re r Rel\ r r

(0, e 1 <inru(1)+u(2)> .

V~V

—_— = + —

(0)+£nRe_\L1) 1 <lnr 1) V(2)>+...
Re r Re\ r

vors L 0 mme §® 1 [my @), g®)
ne2/3 5278 Y L A/3 478 L aT| ars AB)T

1 ¥ mme ¥® 1 (znyv(z) V(3)>+

Vese——"+ + +
Re y Re5/3 3~75/3 Re5/3 ?5/3 375/3
o L (1) 1 o b @) (19)
N {nRe 't 1 {imr. (1 t
ht ht * Re r * Re\ r ht * r /-
~ (1) ~(2) =~ (3)
h h ~ h
1 1 t {n Re _t 1 In§~(2)  _t
~—+ + + h "7+ +..
21_,2 Re2/3 372/3 Re4/3 ?4/3 Re4/3 ?4/3 t ?4/3
1) (2)
5 (0) fnRe A( 1 (fnr (1) A
A~A +——_Re = +Re - AV 4 " + .

1ot A mme k® 4 (mgse) A9
— A { .
Re2/3 2 g M AT L a7s\ a5 R a7

where A represents either P, p, or T.

It should be noted that, in the inner expansions above, the principle of eliminability has
been invoked in each term. Thus, since Re ac L and § ac L_l, the product Re ¥ is independent
of L. As a result, when Re appears with a negative fractional exponent in any given term, y
must appear in this term with the same negative fractional exponent. By the same token the

various order functions must also be independent of L. Hence, for example,

ﬁ(n) = ﬁ(n)(t)

where t = t(%, ¥) is a similarity variable independent of L. In general, then, each of the various-
order inner functions, identified by a tilde, is a function of t. The superscript notation used for

these inner functions in (19) and hereafter indicates that they are functions of t alone.

In view of the fact that t must be independent of L, and is a function of both X and ¥, it must

be of the form X 5 . Now

12
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1
§- 1+m
%5 ™ - Rel/3 v ML
Hence m= %
and
X
to 273 (20)
y

It will be shown later that, when fJ(n), \7’(“), etc., are assumed to be functions of the variable t

as defined in (20), the governing partial differential equations are reduced to ordinary differential
equations, so t is a similarity variable and the expansions and arguments presented above are

consistent.

3
SOLUTIONS
If the outer expansions given in (20) are substituted in (3) and (4) and terms of like order
in Re are gathered, the governing equations for the various functions of each order approxima-
tion are obtained. The zeroth-order outer equations are the inviscid-conservation equations

with no r dependence, and the solutions are the well known Prandtl-Meyer solutions.

3.1. INNER SOLUTIONS
The inner expansions given in (20) are substituted into (11), (12), and (13) in order to find
the necessary equation for each order. The zeroth-order functions, being constant, satisfy

their equations identically. The first-order function must satisfy the following set of equations:

(a) (51 + 'ﬁl)ﬁ_ =0
X
(b) (G)_+2 (@) =0
X X
(@) (Fp)_+ By =0
X y
) (21)
(@) X =0
(),
(e) §1=51+’f1
f) Ht1=31“~1+ﬁ1
ove,-
4l o~ 18] = A 1 ~ oo <
@ a0 | - P Fp | +3l @ | t=1<le+ 1T, - @) - F)
3\:0 1);52 vB PrI:o 1;{];{ 3[0 I}N;L v L 1 B li 1}7

13
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where the number subscript notation is used to indicate all variable parts of a given order

function. For example, for this and following orders,

(22)

_my @), 5%
377473 A7

U
Since the zeroth-order functions satisfy the uniform flow conditions exactly, the boundary con-
ditions for (20) are simply that all first-order functions tend to zero as X - -, for all § =

O(1). Hence the solutions to (21a, b, d, and e) and the resulting form of (21c) are

(a) Py =-Uy
(b) B =T
(c) (V) - @) =0 (23)
X y
(@) ht1 =0
(e) T, =-U,/8
Since h, = 0, it is obvious that (21f) simply repeats the solution for i‘l’ equation 23e. Thus, as

t
1
mentioned previously, a redundancy occurs when the original governing equations are used, and

so the new equation, (21g), must be employed. However, before it can be solved, the viscosity
and thermal conductivity must be considered.
In view of the assumptions concerning constant Prandtl number and constant specific heats,

it is clear that

A= (24)

Furthermore, if a power-law dependence on temperature is assumed, the viscosity may be

written in terms of inner variables as follows:

W W~ w {n Re =~
p=T  ~(1+ T, + T+...> (25)
( Re2/3 1 Re4/3 2

14
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Hence,
AO = W= 1
7\1 =Wy = le (26)
Ay = Hg = wTy
When the above results for ’f‘l, Ht , 1L o’ and Xo are substituted into (21g), the result is as follows:
1
b®,) = (—25)5,@,) - &) (27)
10 271071, 1/~
xx \1-T X y
where
4 1 3
b= 5ot -5 (t - 7)) (28)

Equation 27 is to be solved simultaneously with (23c), which is an irrotationality condition.

Hence, a velocity potential function CPI may be defined such that

2
~ _b(l-T%
v =_'—2_((1’1)~

1
(29)
2
V. - bl-T )( 3,
1 2 1/~
y
and (23c) is satisfied identically. Finally, if new variables X and Y are defined as follows:
x =5 /3
~ (30)
Y=y
then equations 29 become
2
~ .2/3(1-T7)
Up=b 7 (Pylg
(31)

- @1-T1?

Vi=b =@y

and (27) may be written in terms of the potential function and the new variables X and Y as

follows:

15
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(® & (32)

e = = (@yy + (2x (P )xx

Equation 32 is the so-called viscous-transonic equation. It has been studied recently by
Sichel [10] in connection with his work on shock-wave structure and nozzle flow, and by n-

Szaniawski [11], with reference, again, to nozzle flow.

If a new dimensionless potential function, Fl’ is defined as follows:

2 (X, Y) = Fy(t) (33)
where t is defined as

(X
Y2/ 3
then (32) may be written in terms of Fl' Thus,

4.2 10
1y [ 1 X v
F,"' - F)'F" +5t7F "+ JtF,' =0 (35)

where the primes indicate differention with respect to t. Hence, similarity solutions of (32)
in terms of t, the similarity variable which holds for the present problem, evidently do exist.

Finally, if the obvious substitution

— ]
g,(t) = F,'(t) (36)
is made in (35), the resulting equation is
(X} ' 4.2 [ _1_9 _
B 818 *pt 8 Tgie =0 (1)
and
5,230 r?) 8t
1 2 Y2/3

2, tg, (t)
~ _(1-r9"%
Vl"b——3_ T

Equation 37 is in exactly the same form as that studied by Sichel [10]. However, he was
interested in solutions which are bounded as t — £, In the present problem, interest lies in
solutions which are bounded and in fact tend to zero as t - -c. However, as t - +o, the so-
lutions must match with the outer solution, and it will be shown that the desired solution is un-

bounded as t = +c0.

16
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In (7), the Prandtl-Meyer solutions for U and V are shown for x/y << 1, and y fixed. It is
these forms of U and V which must be matched by the inner solutions for t >> 1. Now, U and

V may be written in terms of t by using (10), (30), (34), and (7). Thus,

2. .2
2/3 p -2/3(1-T%) t

U~1+D —_—mt ...
2 Y2/3

(39)

A comparison of (39) with the inner velocity expansions, (19), and the forms of U1 and V1 shown

in (38) indicate that the matching condition on gl(t) is
2
g ) ~t"+. .. (40)

That is, it is desired to find an asymptotic solution to (37) for t >> 1, where the first term is

tz. Hence, the solution is of the form
2
gy (t) ~t° + h(t) (41)

where h << t2 for t >> 1.

If (41) is substituted in (37) under the above conditions, the resulting equation for h is

h'' - hh' - -gtzh' - gth+ 2=0 (42)

It is clear that, if h is to be small compared to t2, the last three terms in (42) are dominant

and hence

h~%+... (43)

It can be shown that, if the next term in h is desired, the nonlinear term in (42) must be taken

into account, and this term is -36t_4. Thus, the desired asymptotic solution for gl(t) is
2 6 36
gt)~t" g -7+ .. (44)
t .

The asymptotic form of all the first-order inner variables may then be found by substituting
(44) into (38), and the resulting equation for U1 into (23). They match with the corresponding

zeroth-order terms at least in the first term of each expansion, of course, since this matching

17
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condition was used to find the first term of gl(t). The next terms will be matched with higher

order outer solutions later.

The boundary conditions on the first-order inner functions are simply that they all must
tend to zero as t - -o. This condition will be satisfied by the condition tgl(t) —~0ast —-ow.
Hence it is necessary to examine the behavior of g for large negative values of t. It has been

shown by Sichel [10] that the asymptotic solution of (37) may have one of the two forms below:

g -0

t—-o
(45)

gr ~ ()2 exp [(4/27)(-t)°]
t—=-

i.e., as indicated by the first of the above equations, a solution for which tg1 tends to zero as

t - -0 does exist.

The last inner terms to be considered are those of order Re_4/ 3 tn Re and Re” 4 3, desig-
nated here as the second- and third-order terms.
The equations which hold for the second-order terms are
(a) (pz + Uz))'“{ =0
(b) (@) +2 (B,) = 0
2’x y 2%
(c) (T )e+ 2 (o) =0
2’x "y V2%
(d) (Ht )ﬁ: 0
2
(46)
(e) P= p2 + T2
(t) h, =BTy +U,
2
4 1~ o= 1B~ = 4~ =~ }
® 37 1)l - 5 for P Balgls + 3 o Byl
h " ‘ h

t t
~ ~ . 2 ~ ~ 1 ~
The boundary conditions for (46) state that all second-order functions tend to zero as x = -
for all y = O(1). Hence,

18
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~

(a) 52 = 'U2

(b) P, = -T,

(c) (Vg - (Uy)z= 0 (47)
(d) th =0

(e) "f‘z = 'ﬁz/ﬁ

Again, a velocity potential function, <I>2, may be defined, satisfying (47c) identically. If this
potential function is introduced into (46g), and the independent variables are transformed ac-

cording to (30), the resulting equation for <I>2 is

(Pohoxx = (B)x(P)yx * (@x(Palyx - (plyy (48)
where
62 _pl 3(®,)
_ (49)
Vo= (2y)y

Just as in the first-order calculations, it can be shown that a similarity solution exists if

in this case

<1>2(x, Y) = Y’z/ 3F2(t) (50)
Then (48) becomes,
42 10
1y = - " _ 1 t , =Y =
F2 +(9t g1>F2 + (2t g, )F2 + 9F2 0 (51)
and
~ -1/3_-4/3_ ,
U2 =b Y F2
(52)

T 2 [} -5/3

It can be shown readily that the solution to (51) which exhibits the highest order allowable terms

(i.e., nonexponential) for t >> 1, is

Fylt) = A,g; () (53)

where A1 is a constant.
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Hence, the asymptotic expansions (t >> 1) for each of the second-order terms may be found
to within an unknown constant, Al’ by using (53) and (49) in (52) and (47). Standard methods

may be used to show that, in the limit as t - -, the three asymptotic solutions for F, are:

2

-1
(Fy), ~ (-t)

-5/2
(Fyly ~ (-7 %+ (54)
-5/2 3
(Fy)g ~ ()7 exp [(4/27)(-1)"]
Hence, solutions do exist [i.e., )1, (F )2] such that F ', F2, and th all tend to zero as
t - -, thus satisfying the boundary conditions that both U, and V,, vanish in this limit.

2 2
The only third-order inner term which must be calculated is Ht3’ if matching with the outer
expansions is to be made only up to terms of order (r Re)-l. The reasoning behind this state-

ment is as follows.

Consider the expansion for the inner velocity component, U, up to third-order terms. The
only orders which could lead to terms of order (Re r)-1 in terms of the outer variables are the

first- and third-order terms. Thus, since gl(t) has a term in it which varies as t -1 , a term of
-2/35-2/350y) 4

—2/3)2-1

order (Re~ -1 r) arises from the term Re~

= Const. Re'l(rqb)'1

Re %/ 3§'2/ 31 _ Const. Re

1/3

sion for 6(3)(1;) is to result in a term of order (Re_1 r), when written in the outer variables, then

since X = Re '’ "x, and x = r¢ for ¢ << 1, By the same token, if a term of the asymptotic expan-

must contain a term which varies as t. Thus,

Re-¥/35-4/3 -4/35-2 ¢

t = Const. Re” X = Const. (Re r)'1¢

However, since matching is to be accomplished for ¢ << 1, it is apparent that the dominant
term should arise from the first-order functions. This is indeed the case for all second-order

functions except for h,. Since Ht =0, H‘t must be calculated. From the above discussion, it is

t’
evident that, if matching is to occur, the f1rst term of the asymptotic expansion for H (3) will be
proportional to t.
The equation for Ht3 is
B )+ By O(R, ) = [Fo @il + 3[BTz (55)
t3:~< Py 1 tli Pr|o' "1'x|x 3| 0 1'x|x
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with boundary condition

h, -0 as X - -, y=0(1)

(3)

The solution, written now for ht , is simply

ﬁt(3)(t) = b-l/s(g - %)(U(l))l (56)

Before we proceed to the outer solutions, we will write the inner solutions in a form which
facilitates the matching procedure. Of course, one matching condition has been used already,
in choosing the proper form of the asymptotic solution for gl(t). This matching condition may

be written, formally, as follows, where the x velocity component has been chosen for an example:
1+ ——I——ﬁ + ~(sin ¢)u_ + (cos ¢)v_ + (57)
Rez/s 1 o o o o o o o .

t>> 1, Y fixed

That is, the outer solutions are written in terms of the inner variables since information con-
cerning the inner solutions is desired. Then for the next-order terms, the matching condition
is written in terms of the outer variables. Thus, if the radial velocity component, u, is chosen

for example,

/n Re 1 . 1 =~ In Re ~ 1 ~
+=—u, +=-Uu, + ... ~(s1n¢)<1+ U, + U, + U, + >
Re 1 Re 2 Re2/3 1 Re4/3 2 Re4/3 3
1 ~ /n Re ~ 1 =~
+ (cos ¢)<—V + Vo+ —(—7aV,+... (58)
Re 'l Re5/3 2 Re5/3 3 >

¢ << 1, r fixed

Similar expressions may be written for the remaining variables. A summary of the most im-
portant asymptotic inner solutions follows. The remaining functions may be constructed easily

from them. They are written in terms of the outer variables, using the transformation given

previously.
2.3 2
r¢- 1. (1-1T7)
(a) u~o- 3 +Reb m + .
2
1 r2¢2,fane 2A1Lp+l 241 ¢mr 3bA-T7)| (59)
(o) vol-TE *"Re 2/3r "Re| 237 r - ré
A 14/ 3 2\ ¢
(c) ht~2r2+Re§(1'4Pr>(1_ Iy

¢ << 1, r fixed
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Thus, (59a) is the right-hand side of (58), having been formed from the various inner solutions
mentioned previously. Equations 59b and c¢ are the corresponding equations for v and ht’ to
which the outer solutions must be matched. Terms of order Re_1 £n Re have been omitted
from the expansion for u, since the largest of these terms is proportional to ¢2. As we will

show later, it follows that uy is zero.

3.2. OUTER SOLUTIONS
The terms to be considered here are those in the outer expansions which are of order
In Re/Re and Re'l. In the given notation, they are the first- and second-order outer terms.

The equations which result for the first-order outer variables are as follows:
0 |
@ % =0

' 1)
(b) (T](O)u(l)) _ U(O)V(l) P 0

@ @O D) o) o

@ (n(o)ht(l )>' _ o (60)

00,1 @ty -

© p o 0p®, 150

© 1,0 =pr®) O, O)
where the prime denotes differentiation with respect to ¢ and where

n=pv (61)

©_ 0,0 @) _ 00, 00

so that 7 =p

The solutions to equations 60 are:

@ oo 0,00, 1), (0

pl=-p v + 1

(b) oY - -n(l)u(o)/n(o)

© 2 < O, 1))
(62)

(@) ht(l) = Hl/n(o), H1 = constant

ey 2

(e) =-T Hl

2
(f) T(l) = -v(o)v(l)/B + Hy /Bn(o) + n(l)u(o) /ﬁn(o)
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Thus, again a redundancy exists in that (59¢) gives only a relationship between two con-
stants which already appear in other equations. As a result, the remainder of the first-order
functions are given in terms of v(l), and it is necessary to find V(l) from solutions of the second-
order equations. Note that it is not possible to remove this redundancy, in general, as was done
for the inner equations by deriving a new governing relation, since in this case it can be demon-

strated that the redundancy exists only in the first- and second-order equations.

Before we proceed to the second-order equations, we may evaluate the constants appearing
in (62) by employing the matching condition (58) and the inner form (59a). Equation 59a shows
that no term proport1ona1 to ¢ {n Re/Re appears in the expansion for u. Hence, uy = u( ) /r

must be identically zero; i.e., (eq. 62b, e, and d),

A g
H =0 (63)
ht(l) = ‘U.(l) =0

As a result, the first-order solutions given in (62) and the second-order equations are simpli-

fied considerably.

The following equations hold for the so-called second-order outer variables. The known

first-order solutions have been employed so that the only first-order variable which appears

()

is the unknown, v

@ @) - OO, (0

©  O@N . 0.0 00 @), _ (0

© @O 4 B3y, (OO @) (O, (0, 0),@)_ Ol (64)
(d) (n(o)ht(2)>' ) <1 2 > MORON
(e) p(®) _ (0 @), ()70

© @) pr® (O, O,@)
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where

04,01 0 O

and 7 has been defined by (61).

It is possible to integrate the differential equations in (64). However, because of the re-

1)

dundancy and because v’ ’ is an unknown, all second-order terms cannot be found. From the

1) @, @

six governing equations, solutions can be found for v~ /, u'"’/, ¢ (P(z)/y + ,n(o)v(z)), and 77(
2) (2)
» P

2)

)

in terms of ¢. Thus, P , and T(z) are given on_ly in terms of v(z), which is unknown. A
consideration of higher order terms (up to order Re_z) leads to the conclusion that the redun-
) were known these higher order solutions could be found. It

(2) @ @ L q1®)

ing with a boundary-layer solution near the wall, as discussed previously. For this calculation

dancy disappears, so that if v

seems clear that the unknown v' ’, (and hence P must be found from a match-
then, the solutions are given only up to an unknown function of ¢. It is interesting to note that,
although we might expect the correction due to a boundary layer to be evident first in the dis-
placement velocity component (e.g., the radial velocity component, u, in this case) it is in the

streamwise velocity component, v, that this correction appears.

The solutions to (64) may be written in terms of the known zeroth-order functions.

(@) ht(z) = 1;(1 - Z%) @ - 20400, co/n(o)
(b) u® = e+ @/ant? - N/ @
(c) @), 4 0,2 _ . (O 0@, (O )
@) 0,2, @)(0)_ (0
(e) ) ' /p(O)u(O) + 2N /n(O))
where

1/2 (¢ -1/2 '
N = OO [ GO OO (6 3) 4 a0ty

66
OO (1 - r20 40, g yan} - u(O)G/zv(0)>d¢ + cz} )
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b
G = -(3b/a)t - T2 f @O0 1244 4 ¢
' (67)

= v(o)[c1 + oot - A ¢)]

for a linear viscosity-temperature relationship.

Again, the prime indicates differentiation with respect to ¢, and Co’ Cl, and C2 are con-

@)

stants of integration. T’ can be found in terms of v(2) from (64e).

In order to evaluate the constants, the matching conditions (e.g., eq. 58) must be employed.
That is, if the outer solutions are written for ¢ << 1, r fixed, and substituted in the outer ex-
pansions, the results must agree with the corresponding equations, (59). If the expansions of
the zeroth-order functions, for ¢ << 1, are substituted into (65a), (66), and (67), and the resulting
expansions for N and G substituted into (65b and e), it can be shown that, for a linear u-T re-

lationship,

2 ~CO+%<1 _%Pr>(1 ST+
W@ e b - 1%+ 00) + .

(68)
VW e 2o - ¢ er?/sea + vact - 277/

+C.T2(1+ (68 + 1)/12)6Y/% - (2/5)T%b(1 - T

2
@ ana o
with the corresponding terms of (59), it can be seen that

2)6 - vB)b + . . .

Now when the above expansions for and u'"’ are multiplied by (r Re )-1 and then matched

C =Cy=0 . (89)

)

Likewise, if v* ’ is multiplied by (r Re)-1 /n Re and matched with the corresponding term in

the v expansion in (59), then,

C1=0

Ay = 2”211 - T - y8)/5

Although matching has been demonstrated only for the velocity components and total enthalpy, it

is easily shown from (62) (outer) and (23) and (47) (inner) that all known functions match prop-

erly with no other constants arising. It is of interest to note that, as ¢ = 0, u(z) - constant # 0.
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That is, in the matching region, the perturbations do not necessarily tend toward zero as the
turning angle tends toward zero. In fact, while the ¢ variation of the outer velocity component,

(2)

v/, is unknown, it must behave as ¢"1 for ¢ << 1, as indicated in (59). Thus, in the outer co-

()

ordinate system v' ' has a singularity at ¢ = 0.

DISCUSSION4OF RESULTS

The outer solutions for the velocities, pressure, temperature, density, and total enthalpy
may be written up to order Re_l, within an unknown function of ¢, by substituting the solutions
found above (eqs. 62, 63, 64, 69, and 70) into the outer expansions (eq. 19). One of the more
interesting aspects of the solution is the fact that logarithmic terms occur immediately, rather
than in higher order terms as is generally the case. Thus, the first-order terms, those which
indicate the order of magnitude of the error involved where viscous terms are ignored, are of
order Re_1 In Re. Further calculations (app. II) for the case where the initial uniform stream
Mach number is arbitrary indicate that, although the stretching factor for the inner region

1/3 to Re1/2

changes from Re , the same form of expansion for the outer flow exists, i.e., the

first viscous terms are of order Re_1 fn Re.

The change in entropy due to the viscous and heat-conduction effects may be calculated
since it involves only the known functions. Since the entropy of the zeroth-order inviscid ex-

pansion is a constant, the change in entropy can be written with respect to S(O). Thus,

88=5-59 2t (/7 - [ - 1)) (@2

~ (Re r)-1[<ht(2) . u(0)u(2)>/.1.(0) ) 17(2)/77(0)] . (71)

where, in the second equation, the asymptotic expansions have been employed and simple sub-
stitutions made in order to include only known terms. The fact that there is no entropy change
in the terms of order Re_1 fn Re is consistent with the result that in the inner expansion, up to

terms of this order, the flow was irrotational.

A physical picture of the changes in the flow caused by the inclusion of viscosity and heat
transfer can be gained by a consideration of the signs of the various corrections. These are
indicated for the velocities and total enthalpy for ¢ << 1, for example by the expansions given

in (59). Since A, < 0, it is seen that the radial velocity component, u, is increased, while the

1
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angular velocity component, v, is decreased. The magnitude of the velocity is decreased, as
expected, since the highest order correction is u(o)v(l)(Re r)_1 {n Re, and v(l) is negative. In
figure 3 a sketch of the differences in velocity and streamline pattern between the viscous and
inviscid flows is shown. As indicated, the result of the given changes in velocity is that at a
given turning angle, ¢, and radius, r, the viscous heat-conducting flow has turned less than the

corresponding inviscid flow.

VISCOUS velocity

Uniform | INVISCID velocity
flow
N VISCOUS streamline
TTTTTTTITTTT 7777777,

INVISCID streamline

FIGURE 3. PRANDTL-MEYER FLOW VARIATIONS
DUE TO EFFECTS OF VISCOSITY AND THERMAL
CONDUCTIVITY

The total enthalpy corrections may be positive or negative, depending on the Prandtl number.
From (59) or (65), it can be seen that for Pr < 3/4 the total enthalpy is decreased, and for
Pr > 3/4 it is increased. Further, in view of the fact that ht(l) = 0, the first correction is of
order Re-l. Since the uniform flow and the expansive flow for r — « are at the same total en-
thalpy, the change in total enthalpy must be balanced by an energy exchange with the boundary
layer. As mentioned previously, this means that the asymptotic expansion for the total enthalpy

(outer) must be matched by a corresponding expansion from the boundary-layer solution.

Examination of the highest order correction terms (eq. 62) in the solution for the pressure,
density, and temperature, indicates that they all increase ox;er their zeroth order (Prandtl-
Meyer) solutions. This means that the effect of the transport properties is to decrease the pres-
sure drop at a given point, for example, so that for a given pressure drop, the flow must turn

through a greater angle.
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The inclusion of boundary-layer effects in the initial flow would result in additional terms

1/2

uniform, but instead have terms of order Re

in both the inner and outer expansions. That is, the initial flow would not be

1/2

solution would include terms of the same order which would be carried through to the outer ex-

of order Re

. In order to match this condition, the inner

pansions. These terms would also have to match with corresponding terms in the downstream
boundary-layer solution. Finally, it should be noted that the existence of terms of order Re” 1/2

-1
means that there would be new additions to the existing terms of order Re .
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Appendix |
GOVERNING EQUATIONS IN CARTESIAN FORM (Ml =1)

The conservation equations are written below in terms of Cartesian coordinates. The inde-
pendent and dependent variables are nondimensionalized as described in the text. Subscripts x

and y indicate partial differentiation.
Continuity:

(pU), + (pV), = 0

Momentum, x direction:

1 1
pUUX + pVUy + p Px = TRe mU (1-1)
Momentum, y direction:
UV_ + pVV_ + lP ——L]R
PEVy TP y 'y Re V
Energy:
pUM,). + pV(h,). =B
t'x ty Re H
The R functions are as follows:
R, = (EU gV)]+ (U_+V)
v *MBEYx "3 By * Vi
X y
_ 4y, .2 )]
RV = [u(Uy + Vx)] + [“(3 Vy - 3Ux
X y
, (I-2)
B (é 2 )
]RH = Pr[(th)x + (ATy)y} + {u [U 3Ux - 3Vy
+V(U_+V )] +1ulu(U_+V )+V(2V —EU)]
y X y X 3'y 3°x v
The state equation and the equation defining total enthalpy are, again,
P=pT
(I-3)
2 2
v, Vo
ht =BT + 5 + 5
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and the additional equation, necessary to remove the redundancy discussed in the text, is

2 h
1n _1 @+1),2 V° "t
URU+VRV-By]RH—y{pUx|: 5 U +gg- B}
2 h
y+1).2 U t
+pUV(Uy +Vx)+pVy{ 5V + o B‘:\} (1-4)

Appendix Il
EFFECTS OF TRANSPORT PROPERTIES ON SUPERSONIC EXPANSION
AROUND A CORNER WHEN THE INITIAL FLOW IS SUPERSONIC
The problem when the initial uniform flow is supersonic differs in several important as-
pects from the case where it is sonic, as was mentioned in the text. In the following, the prob-
lem is formulated briefly, and the inner and outer solutions for the velocity components and

total enthalpy are found and matched.

The initial stream is again assumed to be uniform, with a velocity q, and a Mach number
M, , and with properties 7)1, _Pl’ Tl’ and l_ltl, where the notation is that used in the text, and the

bar indicates a dimensional quantity. The variables are nondimensionalized as follows.

U=_U—, V=_l,— P=% p==L5 T=:'I—%
q q P
1 1 1 1 1 (@-1)
3 3 h . X pyay L
u -"-——‘__u 3 V= __v—, ht = _—-—tz 3 X :——i(, Re = 1—1
9 4 ay H

i.e., the nondimensionalization is carried out using ?11 for the velocities and energy. This is,

of course, exactly the same procedure used in the text, where 51 = 51.

A sketch of the coordinate systems employed and the boundary conditions is shown in fig-
ure 4. Just as in the problem considered in the text, Cartesian and polar coordinate systems
are constructed relative to the first Mach line of the expansion. That is, the y coordinate,

which corresponds to the r coordinate for ¢ = 0, lies along the first Mach line of the expansion.

In terms of the above variables, and from figure 4, it is clear that, in the uniform stream,

. 1
Up=sinpy=q—
1
(I1-2)
\‘Mz-l
V, =cos Uy = v S
1 1 M
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where By = sin'l(Ml-l) is the Mach angle associated with Ml' The values attained by the rest

of the variables, in the uniform stream, are shown in figure 4.

Ist Mach Line

AR T
ﬁ

T A0
" L " "

n
-3

FIGURE 4. COORDINATE SYSTEMS
AND BOUNDARY CONDITIONS FOR
THE CASE M 1> 1

The zeroth-order outer solutions (Prandtl-Meyer) can be written as follows:
M .
u =7 sin T(¢+ 91)

Vo= M cos I'(¢ + 91)

a2 2 2/. 2
To—Mlvo-vo, sin - py

o o
Py = T
MZ
hy ==
o 2T
where
, 1+020a2-1)
M = 2 (I1-4)
My

and where 91 is the Prandtl-Meyer turning angle associated with M,. Thus,

1
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1 sinu1
cosI‘91=1\—41—-= ™
(I1-5)
2
sinT'9 L Ml-l—Los
1M M =08 Hy

Hence, as M1 -1, Mz -1, and 91 - 0, so that all the zeroth-order functions given in (II- 3) re-

duce to the forms given in the text, where the M1 = 1 case was considered.
The relationships between the Cartesian and polar coordinate velocity components is, again,

u=Usin¢ + Vcos¢
(11-6)
v=Ucos¢ - Vsing
The general considerations mentioned in the introduction hold for this case. That is, the
expansion flow field is divided into two regions: the inner region, which contains the first Mach

line, and the outer region, which includes the main part of the expansion.

If we calculate the derivatives of the velocity components given in (II-3) (Prandtl-Meyer
solution), evaluate these derivatives at ¢ = 0, and compare them with the corresponding values
1 and V1 from (II-2)] we
see that discontinuities exist in the first derivatives. This differs from the M1 =1 case con-

of the derivatives found from the uniform flow relations [(II-6) with U

sidered in the text, where discontinuities do not appear until the second derivatives. Hence, in
this case, the inner region is a thin region containing the first Mach line, in which the effects
of viscosity and heat conduction are to smooth discontinuities which arise in the first derivatives

of the isentropic Prandtl-Meyer solution, at ¢ = 0.

II.1. ORDER OF THE THICKNESS OF THE INNER REGION

The method by which the order of the thickness of the inner region is calculated is that
used previously in the M1 = 1 case. Briefly: the various zeroth-order outer functions necessary
to evaluate the terms in the x-direction momentum equation used as a jump condition across the
inner region are expanded for ¢ << 1. Since for ¢ << 1, ¢ =x/y, and since in the inner region,

y = O(1) and x = O(8), where § is the order of the thickness, the derivatives in the momentum
equation may be ordered in terms of 8. Finally, by balancing the changes in the momentum

flux and pressure forces by the viscous forces, § may be found in terms of the Reynolds number.

First, the zeroth-order outer functions are expanded for ¢ << 1. The expansions are found
from the zeroth order solutions given in (II-3). The Cartesian velocity components are found

from (II-6), written for ¢ << 1. The resulting equations are:
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4
- - 3
U ~sinpy + (cospy)(1 - ) + (Si““1)<1 2r )¢2 - (°°S“1)<1 6r )"’

2, 4

1-T oo+ ...

- (sin u1)<——24—2)(3 +T

1-I‘2 2

V ~cos IJ‘l - (COS u.l) (——2———>¢2 - (Slnul)(l "3F ¢3

2
- 2. .4
+ (cosu1)<—‘—1 2: )(1 +3T% ...

4
T~1- 2(cotu1)1"z¢ - (1 - I‘zcotzul)l"2¢2 + %(cot ul)l‘4¢3 + (1 - cmotzul)'%—¢a4 +...

2
P~1- (cot ul)(l + 1"2)¢ - (1 - cotzul)(l +21" qbz + (cotul)lg3 + I‘2

2
-(1- I‘z)cotzul](l +6F )¢3 + Es +T2_ 203 - Fz)cotzul

2
+(1- T - 21 cot? ul](“z—f)qﬂ ... (I1-7)

p~1- (cotyu)(1 - T3¢ - [1 (- 2r2>cot2u1}(1 '2P2)¢2

2
+ (cotul)[3 25020 (1 - 203 - 372 cot? MJ(I—'GI—“—)¢3

2) 4

2 (- 3% - ar¥cott p L6t

" [3 -572. (3-57%)3- 71"2)cot2u1 £ (1-21%

sin2 ulP

2
2 (y+1y_. 2 . 2 3 )(1 ) 3
y + pU ( v )sm My - (s1nu1)(cosu1)(1+51" + cot e\ 3 ¢

i <sin2 “1){6 -[6- 8T - (3+5T%)7 - 11F2)]cot2u1

y
- 6(1 - 2I‘2)cot4u1} (lﬁ-r—)cp‘l

In the above equations the functions have been expanded up to terms of order ¢4 so that they
may be used for the case M1 =1, My =7—27 as well, thus illustrating the change in order which

—~ 1. This change in order is, of course, the reason for the change in 6 as M, - 1.

occurs as M 1

1
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Equations II-7 represent the various functions on the downstream side of the inner region.
On the upstream side they are given by (II-2) and the boundary conditions shown in figure 4.
Hence, the differences, which are used to calculate the orders of the derivatives, may be found

easily. Thus, since for ¢ << 1,
¢ =3 =00 (II-8)

then
Ux =0(1), Uy = 0(d)

[(sinz u1)$ + pUZ] - 0(6%), (pV), = O(5) (I1-9)
X

Px = 0(1)

The momentum equation, written in Cartesian coordinates, for the x direction, may be used
to illustrate the calculation of 6. It should be noted that just as in the case M1 = 1, the inviscid
terms in the equation must be rearranged so as to emphasize the group of terms P/ny + pU2.

The x-direction momentum equation is, then, in dimensionless form,

7.2 2 1 4
[(sm “1)2 + pU ] - U(pU)x + pVU_= Eé{[“(ﬁ Ux - %V )] +(U_+ Vx) }
Y . y vig Ty y
(I1-10)
2 1 { 1 }
3} o 4} Te 3 0 15} 0

The order of each term appears beneath it. Although the terms involving By do not appear in
the order estimates, it is clear that Hq cannot approach too closely to 7/2, if the given orders
are to remain valid. If the various trigonometric functions of M, are included in the order es-

timates, the omitted terms are small compared with terms retained provided that
1
cos py >> g (I1-11)
With this condition, then, it can be seen from (II-10) that

o= Re‘l/2 (11-12)

gives the proper order to the thickness of the inner region. Hence the inner variables are

stretched according to the following transformation:

% = Rel/%x =3§ (11-13)
y=y
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I1.2. GOVERNING EQUATIONS

The dimensionless governing equations are written in Cartesian form for the inner region.

In the following equations, the stretched coordinates are employed. Thus,

(a) (pU)g + G(pV)g; =0
.2
sin” 5
(b) pUU + épVU? + ” Pe=qo By
sin2 i
pU 1) L
(c) s Vg + pVV? + v pg’, By
(d) Ulh, s + SpV(h, )~ =
PU I ty Re H
(e) P = pT
2 2
.2 U Vv
(f) ht = (sm /J.I)BT +5 +—;
2 h
' 1 _1 Y + 1) 2 vi Tt
(g) G(UmU+vmV- B_y]RH)—y{pUx[( )0 -

2 h
y+1\,2 Ut
+6pV§;[( 5 )V t 2" Bi|+pUV(6V§+V}~{)}

where }RU and ]RV are given in (12) of the text, and

(s \E[L lofdv, -2
]RH = (sm u1>;’|:52 (AT;()E + (AT§)§}+ 5{u [U % Ug - 3V§)

1 1 4 2

y

(11-14)

(I1I-15)

Again, (II-14g) is a relation derived from the other governing equations. In the form given,

this equation removes the redundancy which arises when the six original equations are em-

ployed.

The dimensionless equations which hold in the outer region are similar to those employed

in the M1 =1 case.
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(a) (pur) . + (pV)¢ =0
2
sin u R
pv ol 1, __u
(b) pud, + T8 -t Y Pr Re
ov puv sin2 My ]RV
(c) puv +?v¢> =t oy P¢ = Re (I1-16)
B
(d) puthy)  + %(ht)q, =Re
(e) P=pT
2 u2 v2
(f) ht = (Sil’l ‘,Ll)ﬁT +T + 5

where ]Ru and mv are given by (4a and b) and
R, - BS%—“—I [%(rxrr)r +r—12(xr¢)¢;\
+%<m{ugur - Z vy ]+ o[y, + 30, - v)mr (11-17)
+—11;<u{u[vr +%(u¢ - v)]+ V[ﬁ%(vq) +u) - %uI]D

I1.3. INNER AND OUTER EXPANSIONS

¢

The inner asymptotic expansions for the six unknown functions are somewhat different in
form, from the corresponding expansions for the M; =1 case. This difference arises as a re-
sult of the fact that, in the present case, 6 = O(Re'l/z), whereas for My =1, 6 = O(Re'l/s).
Thus,

1 fj(l) In Re 5(2) 1 /ﬂn y U(Z) + 46(3)) ..

U~sinpu, + + — + =~ -
1 Re1/2 §1/2 Re y Re\y 7
vocosn s LT mRe ¥ 1 [y V<2)+_1_~<3)>+
~ na ~ ~ ~3 2 ~3 2 . o o
1"Re § = p.3/2 y3/2 Re3/2 \y / . 7
(I1-18)
2 'fl (1) fl (2) .
M 1t MmRe t 1 (tnys(2) 1&@))
hy~——* 17Ba/2" Re & ‘Rels %t TN
2" Re y y y y
5(1) ~(2) o .
1 A {n Re A 1 (ny3(2) 1 (3)>
A=1+ + — — A +:A +...
Rel/2 §1/2 Re § Re < § §
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where A represents P, p, or T. In (II-18), the superscript notation is used to indicate that
these functions depend on t alone, where t is a similarity variable. From the principle of elim-

inability, it is seen that in this case

"

tac (I1-19)

<

if t is to be independent of L.

The outer expansions are of the same form as those used in the M1 = 1 case and hence are

given in (19).

II.4. SOLUTIONS

If the inner expansions (II-18) are substituted in the inner equations, (II-14), and terms of
like order in Reynolds number are equated, the governing equations for each order of approxi-
mation are obtained. The first-order equations are similar to (21), and if the boundary condi-
tions (that all first-order functions tend to zero as X - -oo for ¥ fixed) are applied to those

equations which are immediately integrable, the resulting solutions are:

~

U

~ U
Py = -sinul
~ AY
Py = “sinp
1

. (11-20)

oo 1
1 Bsinu1

h, =0
Y

where the number subscript notation again indicates all variable parts of a given order func-

tion; e.g., 61 = §-1/2 ﬁ(l)(t), '\7(1) = §_1\~I(1)(t), etc. In addition, the folloWing equations are

found:
(V].)f{' = (Ul)v =0
1[~ ~ . = -
LBt + DTy sin sy + (sin g Neos ) (T + 7 )]
sinpu ~
4, o 108~ . 4
=g(sinpy)Uyeg - 55— [Fr (Ty)gg sinpty + §‘U1)§§]
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Hence, a potential function, <I>1(X, Y), may be defined such that

2
1-T
U1 = <2——>Vbcos By (<I>1)X

9 (I1-22)
1-T
V1 = ( 5 >b(<I>l)Y
where
oS 1y
X = p % Y= y
(I1-23)

oo -]

and where the X and Y subscripts indicate partial differentiation. Then, the second of equations

1I1-21 may be written in terms of <I>1 as follows:

Just as in the M1

(II-24) is reduced to an ordinary differential equation. Thus, in this case, if

=1 case, tI>1(X, Y) may be written in terms of a similarity variable, and

o(X, Y) = Fy(t) (11-25)
and
dF1
[ S, ]
hO = =T
then (II-24) becomes
f1" - (fl - t)fl' + f1 =0 (II-26)

and

f

2
~ 1-T 1
U1 = < 5 >\/bcos “1 Y—1/2

2\ tf
G . _(1_—_2_>b__1

(11-27)

1 4 Y

Ast - -, it can be shown that the two solutions for f1 are
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£, ~ Const, t’l

(11-28)

2
~ Const. t e't /2

Thus, the second solution is the one with which both boundary conditions, £, = 0 and tf1 -0,

may be satisfied.

In order that the velocity components will match with their counterparts in the outer solu-
tion, it is clear that ﬁl and \71 must be proportional to ¢ and ¢2, respectively (see eqs. II-T).
Hence, f must be proportional to t, as t - . Then, the next term must be small compared to t.

In fact, it can be shown that the asymptotic form of the solution for f1 is

D

~ 2t +—1+ “ .o D, = Const. (I1-29)

£ ¥ 1

The first term, when substituted in (II-27), results in perfect matching with the corresponding
terms in the zeroth-order outer expansion (II-7). However, there is a significant difference
between the above solution and the corresponding one for M1 =1, Inthe M1 = 1 case, there

was no undetermined constant in the first-order inner solution. In fact, the inner solution was
employed through the matching conditions, to find the unknown constants in the outer solution.
This will not be possible in the present case, because D1 is at present, unknown. The difference
between the two cases arises as a result of the order of the first terms in the inner expansions

in each case. In the present case, where M1 is arbitrary, the first terms are of order Re” 1/ 2.

1/2

clear that the unknown constant in (II-29) must be found by matching with the boundary-layer

Now, the first-order terms in a boundary-layer solution are also of order Re ’“, so it seems

solution. This situation does not arise in the M, = 1 case, where the first-order inner terms

2/3

the My = 1 case, the initial effects of the boundary layer may be eliminated by ignoring the

1

are of order Re~ and no matching with the boundary layer is necessary. It is seen that, in

O(Re” 1/ 2) terms that would be necessary, were a boundary layer considered. In the M1 #1

case, it is impossible to ignore the initial boundary-layer effects since the first-order terms

are, themselves, of order Re_l/z.

The second-order inner solutions are found in a similar fashion. Thus,
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(11-30)

(Uz);{(-y + 1)U1 sinpg + (U1)§(7 + 1)U2 sinp, + 2(sin ul)(cos “1)(U2)37 = b(sin pl)(Uz);&

Again, a potential function <I>2(X, Y), is defined such that

. cos i
Up= VT (B
Vo= (29)y

and the last of equations II-30 becomes

Finally, if
_o-1/2
2,(X,Y)=Y F,(t)
and
dF
2
fo=t -T2

equations II-32 and II- 31 reduce to the following:

£y

. cos [, £

6o/
2 b Y

\s

1
= - —7(F, + tF,")
27 y3/2 2T 2

40
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My 1)) + (2= £,7)= 0

(11-31)

®) (11-32)

XY

(11- 33)

(11-34)
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It can be shown that as t — - a solution exists such that fz, F2, and th' all tend to zero. Also,
as t - +w, the proper asymptotic solution is
D, )
fo~b [1-—5+... (I1-35)
2 o 2t2

where bo is an unknown constant.

Again, there is a difference between the M1 = 1 case and the present case in that the unknown

b0 appears in the latter. Although the first £n Re term which appears in the semi-infinite flat-

3/2

in the present case, where the boundary layer turns a corner, the first term involving {n Re is

plate boundary layer is the term of order Re fn Re (e.g., ref. [5]) it may very well be that
of order Re'1 In Re. However, this is only conjecture and cannot be proved, since the boundary-
layer solution is not known. In any event, the above solution shows that another unknown constant

arises in the inner solutions.

The only third-order term that is necessary is ﬂt 3’ for the same reasons given in the text

for the M1 =1 case. The equation is

4 1
(By)gg = (§ - E) (U) )z (II-36)

Hence, integrating, and applying the boundary condition that ﬁts - 0as X - -, for ¥ fixed,
~ (4 1 ) ~
ht3 - (§ - or)Uylg (II-37)

If the inner solutions are written in the outer variables, the resulting expansions for u, v,
and ht are:
2

2
: . r 2 1 1-T%p
u~cos py + (sinpy)é - =5 (cos py)¢” + 2=Dy <T—>? +

b
; 2 L. 2 ¢ Re,/‘ms“l o
v ~ sin p.l + I'"(cos u1)¢ - -Z-(Sm “_1)4, + Illie ——

(I1- 38)
+ 1 E \’.cos ulb +D (—1 ~ 1"2)b +
Re| r b (6) 1 2r¢ v

2
w1 4 1
hy ~ o2 * Re (c°s“1)(§ - Pr) @-r

2,1
R

$p<<1 r=0(1)

Just as in the M1 = 1 case, the fact that there is no term of order Re"1 fn Re in the expansion

for U indicates that, within this term, terms of order ¢ canceled, so that at least to order ¢2
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this term is zero. As it turns out, the corresponding term in the outer expansion has a con-
stant as its first term; so this constant is zero. Equations II-38, then, are the expansions to

which the outer solutions must be matched term by term.

The outer solutions may be found more simply than the inner solutions. If we compare
(II-16) with the corresponding Ml = 1 equations, (3), it is clear that, if P and T in the M1 =1
equations are replaced by P sin? Hys and T sin2 oy the general M1 # 1 equations result. Hence,
since the expansions have exactly the same form in each case, the general solutions for each

order approximation must be the same, if the above substitutions are made for P and T.

The zeroth-order solutions are the Prandtl-Meyer solutions and have been given in (II-3).

The first-order equations may be written immediately, in view of the above argument, and are

as follows:
(0) (1)
_ p " 1), 1
P =yt
MOMIMN(
@ D0
©
P @ @O
(sin u1>-7— nv -y (I1- 39)
H
1) 1
h = —
t n(O)
(émz I O RONONY)
Bn
where
77(1) = constant
H1 = constant (11-40)
n=pv

¥ u(o), p(o), and v(o) (see eqs. II-3), are expanded for ¢ << 1 and the results substituted in
(I1- 39), the first-order terms, of order Re'1 fn Re, may be compared with the corresponding

terms from the inner solutions, equations II-38. From this matching, it is seen that
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so that

(11-41)

Again, the first-ord.. oo.uu.os 1S contain a redundant equation, so that, although u(l) and h (1)

@ ta)

. In order to obtain v'"

the second-order equations must be solved. The solutions yield h (2), u( ) , and v(l) but P(z)
wh1ch must be found from matching with a

(2) @) )

p ,and T
boundary-layer solution. The second-order solutions are, then,

may be found, P(l), p( ) and T( ) may be found only in terms of v

may be found only in terms of v

(0),(0) ®
@ (4 1 i 2
hy _(3'_Pr>(1- r¥) " 0
P n

u® = [y + 37269 - n7/0 0@

(2)
(sm ”1>%_ + 0@ g p(O)u(O)u(Z) + 10 (I1-42)

H0,@), (@0) (0

+p\ Ny

o - 1,040, 12 ,(0)
(0)

where H, is a constant, N is given in (66), G is given in (67), and £* ’ is given following (64).
If the solutions for ht(z), u(z), and v(l) are expanded for ¢ << 1, the following expressions
result:
@) _ 2 1/2
u b(1-T%)- than Byt -yBltan Hy+
B B
v(l) ~-2b(1 - I‘Z)I‘zcotu +—g(tan1/2u )(tan'p. -(1- 21"2)cotu )- y—ltanu (I1-43)
1 2 1 1 1 2 1
H
@) . (é L) 2 2
ht 3™ Pr @-r )cosul+sinu1

In the above equations, B1 and B2 are constants, replacing C1 and C2 respectively in (66) and
(67) for this case, where definite integral between 0 and ¢ were written for G and N. Equations

II-43 are to be compared with the terms multiplied by Re"1 in (II-38). Thus it is seen that
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H2= 0
D (1-1"2)b_b(1 r2) - B, tanY2 )0, + 4B, t (II-44)
y R S - Bolan ©fy +yBytanily -
CcOoS U B vB
1, 2.2 2(, 1/2 )[ 2 ] 1
\/ B bo--2b(1- ror cotul+—2 (tan e tanul- (1-2r )cotu1 -—5 tanu1

As mentioned previously, there are four constants and two equations. However, the inner so-
lutions are to be matched with boundary-layer solution as yet unknown, which will set D1 and
b, Then By and B, the outer constants, may be found from (I1-44). In any event, there is a
functional matching which does exist, validating the general problem formulation and expansion

forms.
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ATTN. MC DONALD, RICHARD
cop

=

Y NO. 165

BURRDUGHS CORPORAT ION
POST OFFICE BOX 892
PAOLI, PENNSYLVANIA
ATTN. LOHSE, EDWARD
COPY NO. 166

CALIFORNIA INSTITUTE OF TECHNOLOGY

JET PROPULSION LABORATORY
4800 OAK GROVE DRIVE
PASADENA 3, CALIFORNIA
ATTN. LIBRARY (TDS)
DENSLOW, H.
COPY NO. 167

CALIFORNIA, UNIVERSITY OF
LAWRENCE RADIATION LABORATORY
TECH. INFO. DIV., P. O. BOX 808
LIVERMORE, CALIFORNIA
ATTN. CRAIG, CLOVIS G.

’ COPY NO. 168

CHRYSLER CORPORATION

MISSILE DIVISION

P. 0. BOX 2628

DETROIT 31, MICHIGAN

ATTN. ERICKSON, ROBERT P.
COPY NO. 169

CHRYSLER CORPORATION
MISSILE DIVISION
P.. 0. BOX 2628
DETROIT 31, MICHIGAN
ATTN. SAHSy JOHN H.
TECH. INFORMATION CENTER
COPY NO. 170

COLUMBIA UNIVERSITY
ELECTRONICS RESEARCH LAB.
632 WEST 125TH STREET
NEW YORK 27, NEW YORK
ATTN. CRESSMAN, HELEN
COPY NO. 171

COLUMBIA UNIVERSITY
ELECTRONICS RESEARCH LAB.
632 WEST 125TH STREET
NEW YORK 27, NEW YORK
ATTN. SECURITY OFFICER
COPY NO. 172

CONDUCTRON CORPORATION
343 S. MAIN STREET
ANN ARBOR, MICHIGAN
ATTN. RITT, ROBERT K.
LIBRARY
COPY NO. 173

CORNELL AERONAUTICAL LAB., INC.

P. 0. BOX 235 4455 GENESEE ST.

BUFFALO, NEW YORK 14221

ATTN. CHAPMAN, SEVILLE

DIRECTOR, PHYSICS DIVISION
COPY NO. 174

LIBRARIAN
CORNELL AERONAUTICAL LAB., INC.
4455 GENESEE STREET
BUFFALD 21, NEW YORK
ATTN. DESMOND, JOSEPH
. COPY NO. 175

CORNELL AERONAUTICAL LAB., INC.

4455 GENESEE STREET, P.D. BOX 235

BUFFALO, NEW YORK 14221
ATTN. KAUSHAGEN, W. MAURICE
VIA. LIBRARY

COPY NO. 176

CORNELL AERONAUTICAL LAB.s INC.

P. 0. BOX 235
BUFFALO, NEW YORK 14221
ATTN. KELL, ROBERT E.
VIA. LIBRARY
COPY NO. 177

CORNELL AERONAUTICAL LAB., INC.
4455 GENESEE STREET P. 0. BOX 235

BUFFALO, NEW YORK 14221
ATTN. WURSTER, DR. WALTER H.
VIA. SECURITY OFFICER

COPY NO. 178

WILLOW RUN LABORATORIES

DEFENSE RESEARCH CORPORATION

6300 HOLLISTER AVENUE

GOLETA, CALIFORNIA

ATTN. TECHNICAL INFORMATION OFFICE
coPY NO. 179

DIKEWOOD CORPORATION
4805 MENAUL BOULEVARD, N. E.
ALBUQUERQUE, NEW MEXICO
ATTN. CARLSON, CARL R.
COPY NO. 180

DOUGLAS AIRCRAFT COMPANY, INC.

3000 OCEAN PARK BLVD.

SANTA MONICA, CALIFORNIA

ATTN. ARNQUIST, DR. WARREN N, G-25
COPY NO. 181

DOUGLAS AIRCRAFT COMPANY, INC.
3000 OCEAN PARK BOULEVARD
SANTA MONICA, CALIFORNIA
ATTN. AVIONICS SECTION

' COPY NO. 182

DOUGLAS AIRCRAFT COMPANY, INC.
3000 OCEAN PARK BDULEVARD
SANTA MONICA, CALIFORNIA
ATTN. TECHNICAL LIBRARY

COPY NO. 183

DYNAMICS RESEARCH CORPORATION
38 MONTVALE AVENUE
STONEHAM, MASSACHUSETTS
ATTN. TECHNICAL LIBRARY
COPY NO. 184

EASTMAN KODAK COMPANY
APPARATUS + OPTICAL DIVISION
400 PLYMOUTH AVENUE NORTH
ROCHESTER 4y NEW YORK
ATTN. GODZE, IRVING

COPY NO. 185

EDGERTON, GERMESHAUSEN + GRIER INC

P. 0. BOX 384, KENMORE STATION

BOSTON, MASSACHUSETTS 02215

ATTN. DOCUMENT CONTROL CENTER
COPY NO. 186

ELECTROMAGNETIC RESEARCH CORP.
5001 COLLEGE AVENUE
COLLEGE PARK, MARYLAND
ATTN. LIBRARIAN
COPY NO. 187

ELECTRD-DOPTICAL SYSTEMS, INC.
300 N. HALSTEAD STREET
PASADENA, CALIFORNIA
ATTN. LIBRARIAN

COPY NO. 188

EMERSON ELECTRIC MANUFACTURING CO.
STAR DIVISION
322 PALM AVENUE
SANTA BARBARA, CALIFORNIA
ATTN. COURTNEY, HOWARD
COPY NO. 189

FAIRCHILD-STRATOS CORPORATION
AIRCRAFT MISSILE DIVISION
HAGERSTOWN 10, MARYLAND
ATTN. ENGINEERING LIBRARY
TABISH, BERNARD S.
COPY NO. 119G

FEDERAL SCIENTIFIC CORPORATION
615 WEST 131ST STREET
NEW YORK, NEW YORK 10027
ATTN. LIBRARY
COPY NO. 191

FLORIDA, UNIVERSITY OF

DEPARTMENT OF PHYSICS

GAINESVILLE, FLORIDA

ATTN. BALLARD, DR. STANLEY
COPY NO. 192

GENERAL APPLIED SCIENCE LAB., INC.
MERRICK + STEWART AVENUES
WESTBURY, NEW YORK 11591
ATTN. BYRNE, ROBERT W.
VIA. MASTER CONTROL STATION

COPY NO. 193

GENERAL DYNAMICS CORPORATION
POMONA DIVISION
P. 0. BOX 1011
POMONA, CALIFORNIA
ATTN. DIVISION LIBRARY
COPY NO. 194

GENERAL DYNAMICS CORPORATION
THERMO-MECHANICS SECTION
DEPT. 6, SECTION 332
MAIL ZONE 6-51 P. O. BOX 2507
POMONA, CALIFORNIA
ATTN. POLICHs DR. W.
VIA. ECC-INTRA-PLANT ZONE 6-11
COPY NO. 195

GENERAL DYNAMICS CORPORATION
ASTRONAUTICS DIVISION
BOX 1128
SAN DIEGO 124 CALIFORNIA
ATTN. ENGINEERING LIBRARY

Y NDO. 196

GENERAL DYNAMICS CORPORATION
ASTRONAUTICS DIVISION

P. 0. BOX 1128 MAIL ZONE 596-04-1

SAN DIEGD 12, CALIFORNIA
ATTN. THOMSON, JAMES A. L.
COPY NO. 197

GENERAL DYNAMICS CORPORATION
GENERAL ATOMIC DIVISION
P. 0. BOX 608
SAN DIEGD, CALIFORNIA 92112
ATTN. HAYS, STANLEY D.

COPY NO. 198

GENERAL DYNAMICS CORPORATION
P. 0. BOX 748
FORT WORTH, TEXAS
ATTN. DE TONNANCOUR, P. R.
CHIEF, LIBRARIAN
COPY NO. - 199

GENERAL ELECTRIC COMPANY
TEMPO OIVISION
735 STATE STREET, DRAWER QQ
SANTA BARBARA, CALIFORNIA
ATTN. DOCUMENT CONTROL
HERRMANN, RICHARD G.
COPY NO. 200

GENERAL ELECTRIC COMPANY
TEMPO DIVISION
735 STATE ST., P. O. DRAWER QQ
SANTA BARBARA, CALIFORNIA
ATTN. LIEBHOLD, KLAUS
DIRECTOR, DASA DATA CEN.
COPY NO. 201

GENERAL ELECTRIC COMPANY
BLDG. 3, ROOM 143-1
SYRACUSEs NEW YORK
ATTN. BURKEs YOLANDA
DOC. LIBRARIAN
COPY NO. 202

GENERAL ELECTRIC COMPANY
LIGHT MILITARY ELECTS. DEPT.
901 BROAD STREET
UTICA, NEW YORK
ATTN. LIBRARY

COPY NO. 203

RE-ENTRY PHYSICS LIBRARY
GENERAL ELECTRIC COMPANY
MISSILE + SPACE VEHICLE DEPT.

SPACE TECHNOLOGY LIBRARY RM. 1343L

VALLEY FORGE, PENNSYLVANIA
ATTN. LIBRARIAN
COPY NO. 204

GENERAL ELECTRIC COMPANY
RE-ENTRY SYSTEMS DEPT.
3198 CHESTNUT STREET
PHILADELPHIA, PA. 19104
ATTN. BOTJE, JACOBUS M.

COPY NO. 205

GENERAL ELECTRIC COMPANY
MISSILE + SPACE DIVISION
SPACE TECH. CENTER P.O. BOX 8555
PHILADELPHIA, PA. 19101
ATTN. FARBERy JOSEPH
ROOM M9539
COPY NO. 206

GENERAL ELECTRIC COMPANY
MISSILE + SPACE DIVISION
P+ 0. BOX 8555
PHILADELPHIA, PA. 19101
ATTN. FRIEL, PATRICK J.
ROOM V7216
COPY NO. 207

GENERAL ELECTRIC COMPANY
MISSILE + SPACE DIVISION
SPACE TECH. CENTER P. D. BOX 8555
PHILADELPHIA, PA. 19101
ATTN. GUTTMAN, ANDREW
COPY NO. 208

GENERAL ELECTRIC COMPANY
MISSILE + SPACE DIVISION
SPACE TECH. CENTER P.0. BOX 8555
PHILADELPHIA 1, PENNSYLVANIA
ATTN. LEW, HENRY G.
RM. 9167-L
COPY NO. 209

GENERAL ELECTRIC COMPANY
MISSILE + SPACE DIVISION
P. 0. BOX 8555
PHILADELPHIA, PA. 19101
ATTN. RAYL, GEORGE J.
COPY NO. 210

47



SENERAL ELECTRIC COMPANY

MISSILE + SPACE DIVISION

SPACE TECH. CENTER P. 0. BOX 8555

PHILADELPHIA, PA. 19101

ATTN. RIETHOF, THOMAS R.

VIA. RE-ENTRY PHYSICS LIBRARY
COPY NO. 211

GENERAL ELECTRIC COMPANY
MISSILE + SPACE DIVISION
P. 0. BOX 8555, SPC, RM. M9539
PHILADCLPHIA, PA. 19101
ATTN. SCALA, SINCLAIRE M.

COPY NO. - 212

GENERAL ELECTRIC COMPANY
MISSILE + SPACE DIVISION
SPACE TECH. CENTER P.D. BDX 8555
PHILADELPHIA 1, PENNSYLVANIA
ATTN. DOCUMENTS LIBRARY, RM 1343L
THORKELSONy WILLIAM L.
CoPY NO. 213

GENERAL MOTORS CORPORATION

DCFENSE RESEARCH LABORATORIES

5767 HOLLISTER AVENUE

SULETA, CALIFORNIA 93017

ATTN. PRIMICH, ROBIN 1.

VIA. CENTRAL DOCUMENT CONTROL
COPY NO. 214

SENERAL MOTORS CORPORATION

DEFENSE RESEARCH LABORATDRIES

6767 HOLLISTER AVENUE

GULETA, CALIFORNIA 93017

ATTN. SHAAR, CAMILLE M.

VIA. CENTRAL DOCUMENT CONTROL
COPY NO. 215

GENERAL MOTORS CORPURATION

DEFENSE RESEARCH LABORATORIES

6767 HOLLISTER AVENUE

GOLETA, CALIFORNIA 93017

ATTN. STEINBERG, MARTIN

VIA. CENTRAL DOCUMENT CONTROL
COPY NO. 216

GENERAL MOTORS CORPORATION
DEFENSE SYSTEMS DIVISION
BOX T
SANTA BARBARA, CALIFORNIA
ATTN. BURT, ROBERT T.
LIbRARIAN
COPY NO. 217

GENERAL MOVORS CORPORATION
DEFENSE RESEARCH LABORATORIES
BOX T
SANTA BARBARA, CALIFORNIA
ATTN. MAIDEN, COLIN J.

COPY NO. 218

GENERAL PRECISION, INCORPORATED
LIBRASCUPE DIVISION
808 WESTERN AVENUE
GLENDALE 1y CALIFORNIA
ATTN. SANDS, NATHAN J.
SUPERVISOR LIBRARY SERV.
Y NO. 219

SEOPHYSICS CORPORATION OF AMERICA
BURLINGTON ROAD
BEDFORL, MASSACHUSETTS
ATTN. TECHNICAL LIBRARY
NAZZARO, L.
CoPY NO. 222

GEUPHYSICS CORPORATION OF AMERICA
PHYSICS RESEARCH DIVISION
BURLINGTON ROAD
BEDFORD, MASSACHUSETTS
ATTN. PRESSMAN, JEROME

COPY NO. 221

HELIODYNC CORPORATION
BSD/BMRS DATA CORRELATION FAC.
NORTON AIR FORCE BASE
CALIFORNIA 92409
ATTN. FELDMAN, SAUL

CoPY NO. 222

HELIDODYNE CORPORATION

BSD/DMRS DATA CORRELATION FAC.

NORTON AIR FORCE BASE

CALIFORNIA 92409

ATTN. HARSHBARGER, DR« F. C.
COPY NO. 223

HUGHES AIRCRAFT COMPANY

MAIL STATION B-108

FLORENCC AVENUE + TEALE STREET

CULVER CITY, CALIFORNIA

ATTN. CRAVEN, WILLIAM A., JR.
COPY NO. 224

HUGHES AIRCRAFT COMPANY
CENTINELA + TEALE STREET
CULVER CITY, CALIFORNIA
ATTN. STROUP, RICHARD E.

COPY NO. 225
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HUGHES AIRCRAFT COMPANY
GROUND SYSTEMS GROUP
FULLERTON, CALIFORNIA
ATTN. HAIRE, MARY LOU
TECHNICAL LIBRARY
COPY NO. 226

INSTITUTE FOR DEFENSE ANALYSES
400 ARMY-NAVY DRIVE
ARLINGTON, VIRGINIA 22202
ATTN. BIBERMAN, LUCIEN M.

COPY NO. 227

INSTITUTE FOR DEFENSE ANALYSES

400 ARMY-NAVY DRIVE

ARLINGTON, VIRGINIA 22202

ATTN. CRISLERs DRe. EARL H.

VIA. DOCUMENT CONTROL CLERK
COPY NO. 228

INSTITUTE FOR DEFENSEC ANALYSES
400 ARMY-NAVY DRIVE
ARLINGTON, VIRGINIA 22202
ATTN. FOOTE, EUGENE W.

COPY NO. 229

INSTITUTE FOR DEFENSE ANALYSES
400  ARMY-NAVY DRIVE
ARLINGTON, VIRGINIA 22202
ATTN. HOCHSTIM, ADOLF R.
VIA. DOCUMENT CONTROL

COPY NO. 230

INSTITUTE FOR DEFENSE ANALYSCS

430 ARMY-NAVY DRIVE

ARLINGTON, VIRGINIA 22202

ATTN. TECH. INFORMATION OFFICE
COPY NO. 231

INSTITUTE FOR DEFENSE ANALYSES
400 ARMY-NAVY DRIVE
ARLINGTON, VIRGINIA 22202
ATTN. MAYERy HARRIS L.

COPY NO. 232

INSTITUTE FOR DEFFNSE ANALYSES
400 ARMY-NAVY DRIVE
ARLINGTONy VIRGINIA 22202
ATTNs MENKES, JOSHUA
VIA. DOCUMENT CONTROL

COPY NO. 233

INSTITUTE FOR DEFENSC ANALYSECS
450 ARMY-NAVY DRIVE
ARLINGTON, VIRGINIA 22202
ATTN. WOLFHARC, HANS G.
VIA. DUCUMENT CONTROL

COPY NO. 234

INSTITUTE OF NAVAL STUDIES
545 TECHNOLOGY SQUARC
CAMBRIDGL 39, MASSACHUSETTS
ATTN. LIBRARY

COPY ND. 235

ITEK CORPORATION
VIDYA DIVISON
145G PAGE MILL RDAD
PALO ALTO, CALIFORNIA
ATTN. OODCUMENT CONTROL
RAGENT, BORIS
COPY NG. 236

ITT FEDERAL LABORATCRIES
390 WASHINGTON AVENUE
NUTLEY 10y NEW JERSEY
ATTN. LIBRARY
COPY NO. 237

JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY
8021 GEORGIA AVENUE
SILVER SPRING, MARYLAND, 20910
ATTN. FOLLIN, DR. JAMES Wa.y JR.
VIA. DOCUMENTS LIBRARY

COPY NO. 238

JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY
8021 GEUKGIA AVENUE
STLVER SPRINGS, MARYLAND
ATTN. LIBRARIAN

COPY NO. 239

KAMAN AIRCRAFT CORPORATION

NUCLEAR DIVISION

GARDEN OF THE GODS ROAD

COLORADO SPRINGS, COLORADO

ATTN. CLASSIFIED DOCUMENT BRANCH
COPY NO. 240

LING-TEMCO-VDUGHT, INC.
P. 0. BOX 404
WARREN, MICHIGAN 48090
ATTN. LIBRARY
COPY NO. 241

LOCKHEED-CALIFORNIA COMPANY

P. 0. BOX 551

BURBANK, CALIFORNIA 91503

ATTN. KUTZSCHER, DR. EDGAR W.
COPY NO. 242

WILLOW RUN LABORATORIES -

LOCKHEED-CALIFORNIA COMPANY
DEPT. 77-14, BLDG. 170, PLANT B-1
BURBANK, CALIFORNIA 91503
ATTN. CENTRAL LIBRARY
COPY NO. 243

LOCKHEED AIRCRAFT CORPORATION
MISSILE + SPACE DIVISION
3251 HANOVER STREET
PALO ALTO, CALIFORNIA
ATTN. KOZUMPLIK, DR. WM. A. (L1B)
TECH. INFORMATION CENTER
COPY NO. 244

LOCKHEED AIRCRAFT CORPORATION
MISSILE SPACE DIVISION
3251 HANDVER STREET
PALO ALTD, CALIFDRNIA
ATTN. DCS-R FOR
MEYEROTT, ROLAND E.
COPY NO. 245

LOCKHEED MISSILES + SPACE CO.
DEPT. 51-32, BLDG. 518, PLT. 5
1111 LOCKHEED WAY
SUNNYVALE, CALIFDRNIA 94088
ATTN. DAHL; MILTON R.

COPY NO. 246

LOCKHEED AIRCRAFT CORPORATION
GEORGIA DIVISION
86 SOUTH COBB DRIVE
MARIETTA, GEORGIA
ATTN. BAUERy C. K.
MANAGER
COPY NO. 247

LIBRARIAN

LOCKHEED ELECTRUNICS COMPANY

Jo So HIGHWAY 22

PLAINFIELDy NEW JERSEY

ATTN. GREINLING, RICHARD C.
COPY NO. 248

LOWELL TECHNOLOGICAL INSTITUTE
RESEARCH FOUNDATION
450 AIKEN STREET
LOWELL, MASSACHUSETTS 351853
ATIN. MIRANDA, HENRY A.y JR,
VIA. SECURITY OFFICER

COPY NO. 249

MARTIN COMPANY

DCNVER DIVISION

P. 0. BOX 1176

DENVER 1, COLCRADD

ATTN. ADVANCED TECHNOLOGY LIBRARY
COPY NO. 250

MASSACHUSETTS INST. OF TECHNOLOGY
LINCOLN LABORATORY
Ps 0. BOX 73
LEXINGTON, MASSACHUSETTS 02173
ATTN. BALSER, MARTIN

COPY NO. 251

MASSACHUSETTS INST. OF TECHNOLOGY
LINCOLN LABORATCRY
LEXINGTON 73, MASSACHUSETTS
ATTN. BILLUPS, ROBERT R.
OPY NO. 252

MASSACHUSETTS INST. OF TECHNOLOGY
LINCOLN LABORATUORY
P. 0. BOX 73
LEXINGTON 73, MASSACHUSETTS
ATTN. CHATTERTON, EDWARD J.
OPY NO. 253

MASSACHUSETTS INST. OF TECHNOLOGY
LINCOLN LABORATORY
P. 0. BOX 73
LEXINGTON, MASSACHUSETTS 02173
ATTN. CLARK) DONALD L.

COPY NO. 254

MASSACHUSETTS INST. OF TECHNOLOGY
LINCOLN LABORATORY
244 WOOD STREET - P. 0. BOX 73
LEXINGTON, MASSACHUSETTS 062173
ATTN. EDELBERG, SEYMOUR

COPY NO. 255

MASSACHUSETTS INST. OF TECHNOLOGY
LINCOLN LABORATORY
POST OFFICE BOX 73
LEXINGTON, MASSACHUSETTS
ATTN. GRAMESE, MARY A.
DOCUMENTS LIBRARIAN
Y NO. 256

MASSACHUSETTS INST. OF TECHNOLOGY
LINCOLN LABORATORY
P. D. BOX 73
LEXINGTON 73, MASSACHUSCTTS
ATTN. MC NAMARA, FRANK L.
. COPY NO. 257

MASSACHUSETTS INST. OF TECHNOLOGY
LINCOLN LABORATORY
P. 0. BOX 73
LEXINGTON, MASSACHUSETTS 02173
ATTNe. PIPPERT, DR. GLEN F.

COPY NO. 258

MASSACHUSETTS INST. OF TECHNDLOGY
LINCOLN LABORATORY
244 WOOD STREET
LEXINGTON, MASSACHUSETTS 02173
ATTN. SLATTERY, RICHARD E.

COPY NO. 259

MELPAR, INCORPORATED

3000 ARLINGTON BOULEVARD

FALLS CHURCH, VIRGINIA 22046

ATTNe TECHNICAL INFO. CENTER
OPY NO. 260

MELPAR, INCORPORATED

ADVANCED PROGRAMS ANALYSIS

3000 ARLINGTON BOULEVARD

FALLS CHURCH, VIRGINIA

ATTN. WAKEFORD, RONALD C.
COPY NO. 261

MINNEAPOLIS-HONEYWELL REG. CO.
MILITARY PRODUCTS GROUP
2600 RIDGWAY ROAD
MINNEAPOLIS, MINNESOTA
ATTN. SLADKY, M. A.
COPY NO. 262

MITHRAS, INCDRPORATED
701 CONCORD AVENUE
CAMBRIDGE, MASSACHUSETTS 02138
ATTN. LIBRARY
COPY NO. 263

MITHRAS, INCORPORATED
MICROWAVE + THERMAL RADIATION
701 CONCORD AVENUE
CAMBRIDGE, MASSACHUSETTS
ATTN. LORAH, LAWRENCE

COPY NO. 264

LIBRARY SERVICES
MITRE CORPORATION
POST OFFICE BOX 208
BEDFORDy MASSACHUSETTS
ATTN. CLAFLIN, JEAN E.
LIBRARIAN
COPY NO. 265

MITRE CORPORATION
BEDFORD, MASSACHUSETTS
ATTN. LIBRARY
MCNAUGHT, JOAN E. (LIB)
COPY NO. 266

NATIONAL COMPANY, INC.

111 WASHINGTON STREET

MELROSE, MASSACHUSETTS

ATTNe HUTCHINS, WILLIAM R.
COPY NO. 267

NATIONAL ENGINEERING SCIENCE CO.
711 S. FAIR DAKS AVENUE
PASADENA, CALIFORNIA 91105
ATTN. GEANAKDS, JAMES J.
VIA., SECURITY OFFICE

COPY NO. 268

NORTH AMERICAN AVIATION

AUTONETICS DIVISION

P. 0. BOX R-3

ANAHEIM, CALIFORNIA

ATTN. RESEARCH AND DEV. LIBRARY
COPY NO. 269

NORTH AMERICAN AVIATION, INC.
ROCKETDYNE DIVISION
P. 0. BOX 552
CANOGA PARK, CALIFORNIA 91304
ATTN. DEBCLLs ARTHUR G.

COPY NO. 270

NORTH AMERICAN AVIATION, INC.
ROCKETDYNE DIVISION
6633 CAMOGA AVENUE
CANOGA PARK, CALIFORNIA 91324
ATTN. GOLUEN, DR. STANLEY A,
C/591-351, Z-11
COPY NO. 271

NURTH AMERICAN AVIATION, INC.
RUCKETDYNE DIVISION
5633 CANCGA AVENUE
CANOGA PARK, CALIFORNIA
ATTN. LIBRARIAN
COPY NO. 272

NORTH AMERICAN AVIATION, INC.
AUTONETICS DIVISION
9150 E. IMPERIAL HIGHWAY
DOWNELY, CALIFORNIA
ATTN. TECHNICAL LIBRARY

COPY NO. 273

NORTH AMERICAN AVIATION, INC.

SYSTEMS RESEARCH

12214 LAKEWOOD BLVD.

DOWNEY, CALIFORNIA

ATTN. CLARY, WILLIAM T., JR.
COPY NO. 274



NORTH AMERICAN AVIATION, INC.
COLUMBUS DIVISION
4300 EAST FIFTH AVENUE
COLUMBUS 16, OHID
ATTN. REAGAN, JAMES F.

COPY NO. 275

NORTHROP SPACE LABORATORIES
3401 W. BROADWAY
HAWTHORNE, CALIFORNIA 90250
ATTN. LANDRUM, BOBBY L.

COPY NO. 276

PAA/GMRD
MAIL UNIT 841, BLDG. 989
PATRICK AIR FORCE BASE, FLA.
ATTN. MARQUIS, DENNIS C.

COPY NO. 277

PERKIN-ELMER CORPORATION
ELECTRO7OPTICAL DIVISION
MAIN AVENUE
NORWALK, CONNECTICUT
ATTN. WODD, MARGARET D. (LIB)
CENTRAL LIBRARY
COPY NO. 278

PHILCO CORPORATION

WESTERN DEVELOPMENT LABS.

3785 FABIAN WAY

PALO ALTO, CALIFORNIA

ATTN. HARTBAUM, HELMUT K.
COPY NO. 279

E. He PLESSET ASSDCIATES, INC.
2444 WILSHIRE BOULEVARD,
SANTA MONICA, CALIFORNIA
ATTN. SECURITY LIBRARIAN
COPY ND. 280

E. He PLESSETT ASSOCIATES, INC.
2444 WILSHIRE BOULEVARD
SANTA MONICA, CALIFORNIA
ATTN. STEWART, HAROLD
COPY NO. 281

RCA MATHEMATICAL SERVICES
RCA SERVICE COMPANY
PATRICK AFB, FLORIDA
ATTN. ROLLINS, JOHN
COPY NO. 282

LIBRARTAN

RADIO CORPORATION OF AMERICA

‘AEROSPACE COM. + CONTROLS DIV.

POST OFFICE BOX 588

BURLINGTON, MASSACHUSETTS

ATTN. SMITH, SYLVIA A. (LIB)
COPY NO. 283

RADIO CORPORATION OF AMERICA
BORTON LANDING ROAD
MOORESTOWN, NEW JERSEY
ATTN. BACHINSKY, ROBERT D.
VIA. TECHNICAL LIBRARY

COPY NO. 284

RADIO CORPORATION OF AMERICA
SYSTEMS ENGINEERING
BORTON LANDING RDAD
MOORESTOWN, NEW JERSEY
AVTN. CONANT, LUTHER C.

COPY NO. 285

RADIO CORPORATION OF AMERICA
BORTON LANDING ROAD
MOORESTOWNy NEW JERSEY
ATTN. GOLD, ARCHIE
VIA. TECHNICAL LIBRARY

COPY NO. 286

LIBRARIAN

RADIO CORPORATION OF AMERICA

MISSILE + SURFACE RADAR DIV.

BUILDING 127-223

MOORESTOWN, NEW JERSEY

ATTN. PUSHNER, GERTRUDE P.
ENGINEERING LIBRARY

COPY NO. 287

RAND CORPORATION
1700 MAIN STREET
SANTA MONICA, CALIFORNIA
ATTN. ANDERSON, MARGARET
CHIEF LIBRARIAN
COPY NO. 288

RAND CORPORATION
1700 MAIN STREET
SANTA MONICA, CALIFORNIA
ATTN. ARDESTY, JAMES
COPY NO. 289

RAND CORPORATION
AERO-ASTRONAUTICS
1700 MAIN STREET
SANTA MONICA, CALIFORNIA
ATTN. SAZLEY, CARL, JR.

COPY NO. 290

RAND CORPORATION

AERO-ASTRONAUTICS

1700 MAIN STREET

SANTA MONICA, CALIFORNIA 90406

ATTN. GROSSs DR. JOSEPH F.
COPY NO. 291

RAND CORPORATION

1700 MAIN STREET

SANTA MONICA, CALIFORNIA 90406

ATTN. HUNDLEY, DR. RICHARD O.
COPY NO. 292

RAND CORPORATION
AERO-ASTRONAUTICS
1700 MAIN STREET
SANTA MONICA, CALIFORNIA
ATTN. KRASE, WILLIAM H.

COPY NO. 293

RAND CORPORATION
1700 MAIN STREET
SANTA MONICA, CALIFORNIA
ATTN. ROMIG, MARY F.
COPY NO. 294

LIBRARIAN

RAYTHEON COMPANY

MISSILE + SPACE DIVISION

HARTHWELL ROAD

BEDFORD, MASSACHUSETTS

ATTN. BRITTON, ISABELL N.
COPY NO. 295

RAYTHEON COMPANY
EQUIPMENT DIVISION
1415 BOSTON-PROVIDENCE TURNPIKE
NORWOOD, MASSACHUSETTS
ATTN. HIGGINS, H. M., LIBRARIAN
CADPO
COPY NO. 296

RESEARCH ANALYSIS CORPORATION

MC LEAN, VIRGINIA 22101

ATTN. STERNE, DR. THEODORE E.
COPY NO. 297

SANDIA CORPORATION
LIVERMORE LABORATORY
P. 0. BOX 969
LIVERMORE, CALIFORNIA
ATTN. TECHNICAL LIBRARY
HINRICKSEN, P. (LIB)
COPY NO. 298

SANDIA CORPORATION
P. 0. BOX 5800
ALBUQUERQUE, NEW MEXICO
ATTN. LIBRARY
COPY NO. 299

WILLOW RUN LABORATORIES

SPERRY GYROSCOPE COMPANY

GREAT NECK\NEW YORK

ATTN. DAGOSTINO, JACK V. /D40
COPY NO. 300

ENGINEERING LIBRARY
SPERRY GYROSCOPE COMPANY
MARCUS AVENUE
GREAT NECK, NEW YORK
ATTN. MRS. TURNBULL
COPY NO. 301

STANFORD RESEARCH INSTITUTE

333 RAVENSWOOD AVENUE

MENLO PARK, CALIFORNIA 94025

ATTN. DOLPHIN, LAMBERT T., JR.
COPY NO. 302

STANFORD RESEARCH INSTITUTE

333 RAVENSWOOD AVENUE

MENLO PARK, CALIFORNIA 94025

ATTN. JOHNSON, DR. DAVID A.
COPY NO. 303

STANFORD RESEARCH INSTITUTE
WEAPONS SYSTEM LABORATORY
333 RAVENSWODD AVENUE
MENLO PARK, CALIFORNIA
ATTN. LIBRARY
COPY NO. 304

STANFORD RESEARCH INSTITUTE
DOCUMENTS CENTER
333 RAVENSWODD AVENUE
MENLO PARK, CALIFORNIA
ATTN. ACQUISITIONS
COPY NO. 305

STANFORD UNIVERSITY

ELECTRONICS LABORATORIES

STANFORDy CALIFORNIA

ATTN. DOCUMENTS LIBRARIAN
COPY NO. 306

SYLVANIA ELECTRONIC SYSTEMS WEST
ELECTRONIC DEFENSE LABS.
P. 0. BOX 188, 500 EVELYN AVE.
MOUNTAIN VIEW, CALIFORNIA
ATTN. NICODEMUS, FRED E.

COPY NO. 307

SYLVANIA ELECTRONIC SYSTEMS
EASTERN DPERATION
130 FIRST AVENUE
WALTHAM 54, MASSACHUSETTS
ATTN. TECHNICAL LIBRARY
MCGILLIVRAY, E.
COPY NO. 308

SYLVANIA ELECTRONIC PRODUCTS, INC.

WALTHAM LABORATORY
100 FIRST AVENUE
WALTHAM 54, MASSACHUSETTS
ATTN. TILLEY, FLORENCE
LIBRARIAN
COPY NO. 309

LIBRARIAN

SYLVANIA ELECTRONIC PRODUCTS, INC.

APPLIED RESEARCH LABORATORY
40 SYLVAN ROAD
WALTHAM 54, MASSACHUSETTS
ATTN. BUFKA, MARY

COPY NO. 310

SYLVANIA ELECTRONIC SYSTEMS
APPLIED RESEARCH LABORATORY
40 SYLVAN ROAD
WALTHAM 54, MASSACHUSETTS
ATTN. ROW, DR. RONALD V.

COPY NO. 311

LIBRARIAN
SYSTEMS DEVELOPMENT CORPORATION
TECHNICAL LIBRARY
2500 COLORADD AVENUE
SANTA MONICA, CALIFORNIA
ATTN. HELGESON, DUANE M.
COPY NO. 312

TE COMPANY
415 E. MONTECITO STREET
SANTA BARBARA, CALIFORNIA
ATTN. GROVER, MERLE F.
COPY NO. 313

TEXAS INSTRUMENTS, INCORPORATED
MISSILE + SPACE
POST OFFICE BOX 6015
DALLAS 22, TEXAS
ATTN. WEAVER, THOMAS H.
COPY NO. 314

TEXASy UNIVERSITY OF
MILITARY PHYSICS RESEARGH LAB
BOX Ry, UNIVERSITY STATION
AUSTIN 12, TEXAS
ATTN. SECURITY OFFICER

COPY NO. 315

TECHNICAL LIBRARY
THIOKOL CHEMICAL CORPORATION
ALPHA DIVISION
HUNTSVILLE, ALABAMA
ATTN. GALLOWAY, JOSEPH B.
VIA. BROOKSHIRE, LED A.
SECURITY OFFICER
COPY NO. 316

THIOKOL CHEMICAL CORPORATION
REACTION MOTORS DIVISION
DENVILLE, NEW JERSEY
ATTN. LIBRARY
BURGESS, DAVID S,
COPY NO. 317

TRWy INC.
1 SPACE PARK
REDONDO BEACH, CALIFORNIA
ATTN. HROMAS, LESLIE A.
COPY NO. 318

TRW, INC.
1 SPACE PARK
REDONDO BEACH, CALIFORNIA
ATTN. SLOANE, M. M.
CHIEF LIBRARIAN
COPY NO. 319

UNITED TECHNOLOGY CENTER
1050 E. ARGUES AVE, P. 0. B. 358
SUNNYVALE, CALIFORNIA
ATTN. TECHNICAL LIBRARY
PETRU, WILLIAM C.
COPY NO. 320

UNITED TECHNOLOGY CORPORATION
POST OFFICE BOX 358
SUNNYVALE, CALIFORNIA
ATTN. FELIX, BERNARD R.

COPY NO. 321

UTAH, UNIVERSITY OF
308 PARK BUILDING
SALT LAKE CITY 12, UTAH
ATTN. SECURITY OFFICER FOR
HAYCOCK, PROFESSOR 0. C.
COPY NO. 322

WARNER + SWASEY
CONTROL INSTRUMENT DIVISION
32-16 DOWNING STREET
FLUSHING,NEW YORK 11354
ATTN. TOURIN, RICHARD H.

COPY NO. 323

WESTINGHOUSE ELECTRIC CORPORATION
WESTINGHOUSE DEFENSE CENTER
FRIENDSHIP INT. P. 0. BOX 746
BALTIMORE 3, MARYLAND
ATTN. LIBRARY

COPY NO. 324

49






UNCLASSIFIED
Security Classification

DOCUMENT CONTROL DATA - R&D

(Security classitication of title, body of abstract and indexing annotation must be entered when the overall report is classified)

1. ORIGINATING ACTIVITY (Corporate author) 2a REPORT SECURITY C LASSIFICATION
Willow Run Laboratories, Institute: of Science and Technology, Unclassified

The University of Michigan, Ann Arbor

2b GROUP

3 REPORT TITLE

THE EFFECT OF TRANSPORT PROPERTIES ON SUPERSONIC EXPANSION AROUND A CORNER

4. DESCRIPTIVE NOTES (Type of report and inclusive dates)
Technical report

S. AUTHOR(S) (Last name, first name, initial)

Adamson, Thomas C., Jr.

6. REPORT DATE 74 TOTAL NO. OF PAGES 7b. NO. OF REFS
March 1966 v+ 49 11
8a CONTRACT OR GRANT NO. 94a. ORIGINATOR'S REPORT NUMBER(S)
SD-91 4613-120-T

b. PROJECT NO.

c. 9b. OTHER REPORT NO(S) (Any other numbers that may be assigned
this report)

d.

10. AVAILABILITY/LIMITATION NOTICES

Qualified requesters may obtain copies of this report from DDC.

11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

Advanced Research Projects Agency
Washington, D. C.

13. ABSTRACT

The compressible flow of a viscous heat-conducting gas around a corner is considered. The solutions
are written in terms of asymptotic expansions, valid in the region far, compared to a viscous length, from
the corner, so that the zeroth-order solutions are the classical Prandtl-Meyer solutions. The method of
inner and outer expansions is used where the inner region encloses the first Mach line emanating from the
corner. Boundary-layer effects are minimized to the extent that the initial flow is assumed to be uniform.
The first corrections due to viscosity and heat conduction are calculated, and it is shown that the tangential
velocity component can be calculated only to within an unknown function of the turning angle, which must be
found by matching with a still-unknown boundary-layer solution. Although the text deals with the case where
the initial flow is sonic, corresponding calculations for the case where the initial velocity is supersonic
are given in appendix,

DD "o, 1473 UNCLASSIFIED

Security Classification




UNCLASSIFIED
Security Classification

I

39

KEY WORDS

IR

. A LINK B LINK C

ROLE ROLE ROLE wT

Gas flow
Gas expansion

INSTRUCTIONS

1. ORIGINATING ACTIVITY: Enter the name and address
of the contractor, subcontractor, grantee, Department of De-
fense activity or other organization (corporate author) issuing
the report.

2a. REPORT SECURTY CLASSIFICATION: Enter the over-
all security classification of the report. Indicate whether
‘“‘Restricted Data’’ is included. Marking is to be in accord-
ance with appropriate security regulations.

2b. GROUP: Automatic downgrading is specified in DoD Di-
rective 5200. 10 and Armed Forces Industrial Manual, Enter
the group number. Also, when applicable, show that optional
markings bave been used for Group 3 and Group 4 as author-
ized.

3. REPORT TITLE: Enter the complete report title in all
capital letters. Titles in all cases should be unclassified.
If a meaningful title cannot be selected without classifica-
tion, show title classification in all capitals in parenthesis
immediately following the title.

4, DESCRIPTIVE NOTES: If appropriate, enter the type of
report, e.g., interim, progress, summary, annual, or final.
Give the inclusive dates when a specific reporting period is
covered. )

5. AUTHOR(S): Enter the name(s) of author(s) as shown on
or in the report. Enter last name, first name, middle initial.
If military, show rank and branch of service. The name of
the principal author is an absolute minimum requirement.

6. REPORT DATZ: Enter the date of the report as day,
month, year; or month, year. If more than one date appears
on the report, use date of publication.

7a. TOTAL NUMBER OF PAGES: The total page count
should follow normal pagination procedures, i.e., enter the
number of pages containing information.

7b. NUMBER OF REFERENCES: Enter the total number of
references cited in the report.

8a. CONTRACT OR GRANT NUMBER: If appropriate, enter
the applicable number of the contract or grant under which
the report was written.

8b, 8, & 8d. PROJECT NUMBER: Enter the appropriate
military department identification, such as project number,
subproject number, system numbers, task number, etc.

9a. ORIGINATOR’S REPORT NUMBER(S): Enter the offi-
cial report number by which the document will be identified

and controlled by the originating activity., This number must
be unique to this report.

95. OTHER REPORT NUMBER(S): If the report has been
assigned any other repcrt numbers (either by the originator

or by the sponsor), also enter this number(s).

10. AVAILABILITY/LIMITATION NOTICES: Enter any lim-
itations on further dissemination of the report, other than those

imposed by security classification, using standard statements
such as:

(1) ‘‘Qualified requesters may obtain copies of this
report from DDC.’’

(2) ‘“Foreign announcement and dissemination of this
report by DDC is not authorized.”’

(3) ““U. S. Government agencies may obtain copies of
this report directly from DDC. Other qualified DDC
users shall request through

. "

(4) *‘U. S. military agencies may obtain copies of this
report directly from DDC, Other qualified users
shall request through

. ”

(5) *“All distribution of this report is controlled. Qual-

ified DDC users shall request through

”»
»

If the report has been furnished to the Office of Technical
Services, Department of Commerce, for sale to the public, indi-
cate this fact and enter the price, if known.

11. SUPPLEMENTARY NOTES: Use for additional explana-
tory notes.

12, SPONSORING MILITARY ACTIVITY: Enter the name of
the departmental project office or laboratory sponsoring (pay-
ing for) the research and development. Include address.

13. ABSTRACT: Enter an abstract giving a brief and factual
summary of the document indicative of the report, even though
it may also appear elsewhere in the body of the technical re-
port. If additional space is required, a continuation sheet shall
be attached.

It is highly desirable that the abstract of classified reports
be unclassified. Each paragraph of the abstract shall end with
an indication of the military security classification of the in-
formation in the paragraph, represented as (TS), (S), (C), or (U).

There is no limitation on the length of the abstract. How-

ever, the suggested length is from 150 to 225 words.

14. KEY WORDS: Key words are technically meaningful terms
or short phrases that characterize a report and may be used as
index entries for cataloging the report. Key words must be
selected so that no security classification is required. Identi-
fiers, such as equipment model designation, trade name, military
project code name, geographic location, may be used as key
words but will be followed by an indication of technical con-
text. The assignment of links, rules, and weights is optional.

UNCLASSIFIED

Security Classification



