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SUMMARY

A method for calculating the position of the first normal shock, or Mach
disc, in the jet behind a highly underexpanded nozzle is presented. In the
calculation for a sonic orifice, the axial pressure distribution on the center-
line of the flow behind the orifice, calculated by the method of characteris-
tics, is used to define a fictitious nozzle extension, and the shock is then
assumed to exist at that point where atmospheric pressure would be attained
behind the shock, i.e., the shock is assumed to exist at the end of the fic-
titious nozzle extension. Physical arguments are then employed to extend this
calculation to nozzles with supersonic exit Mach numbers. The results compare
favorably with experimental data.

An spproximate method for computing the jet boundary up to the point of
maximum jet area is given, and the results are compared both with photographs
of actual jets and with jet boundaries calculated by the method of character-

isties. Favorable agreement exists at relatively low nozzle pressure ratios.
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SYMBOLS

A area

d diameter of jet

M Mach number

P pressure

P dimensionless static to total pressure ratio, P/Pt

r radius of Jet

b4 axial coordinate

o total divergence angle of jet boundary at nozzle exit

o) divérgence half angle of nozzle

3 dimensionless axial coordinate, x/dN

U] angle made by Jjet boundary with axis of flow

=] total angle between the tangent to the jet boundary at any point and
the original Jjet flow direction, V-V,

" Mach angle, sin™t (1/M)

v Prandtl-Meyer turning angle

Y ratio of specific heats

Subscripts

t total or stagnation conditions

S conditions in atmosphere into which nozzle is exhausting

N nozzle exit conditions

e conditions at Jjet boundary immediately after expansion to atmospheric

pressure -

conditions at Mach disc locgtion



INTRODUCTION

The increased use of jet and rocket engines and recoilless rifles has
caused a great deal of attention to be focused on the jet flow behind sonic
and supersonic nozzles. In particular, the flow behind highly underexpanded
nozzles is of great interest. A recent research program conducted by Love and
Grigsby at the NACA Langley Aeronautical Laboratory,l for example, includes
comprehensive experimental and tﬁeoretical studies of the structure of the
jet flow behind nozzles of various tonfigurations.

Fig. 1 is a sketch of the repeating flow picture generally observed be-
hind an underexpanded axisymmetric nozzle. As the gas émerges from the exit,
it goes through an expansion fan, expanding to the ambient pressure~§tAthe Jjet
boundary, and then the condition of constant pressure along the jet boundary
causes this boundary to be bent back toward the axis of flow. As the flow
changes direction, along this boundary, many compression waves, formed at the
intersectidn of expansion waves with the jet boundary, are sent back into the
flow; these waves coalesce to form the intercepting shock indicated in the
sketch. For slightly underexpanded nozzles, these intercepting shocks meet
at the axis, forming the familiar diamond configuration. As the pressure ra-
tio across the nozzle is increased, however, these intercepting shocks -no longer
meet at the axis, but are connected with a normal shock, or Mach disc, as pic-
tured in Fig. 1. In both cases, reflected shocks are formed, which intersect
with the jet boundary, reflecting as expansion waves, and the whole process is
repeated. The repetition is continued until viscous effects become preaominant
and this structure is no longer observed.

The study'of the underexpanded jet, then, involves calculations of the jet

boundary, the intercepting shock, the position of the first normal shock, and
1



the wavelength of the repeating structure. Experiment has indicated that, for
a Jjet exhausting into a static atmosphere, the important parameters are the
pressure ratio across the nozzle, the Mach number at the nozzle exit, and to a
very slight degree, the divergence angle of the nozzle. The pressure ratio,
in particular, has been used in several empirical relations for the wavelength

2,3
In this paper,

and the distance between the nozzle exit and the Mach disc.
only the downstream distances to the normal shock and the jet boundary are dis-
cussed. Furthermore, simple approximate methods of analysis are presented which

allow these calculations to be made quite rapidly.

__CATION OF THE FIRST MACH DISC

The downstream location of the first normal shock, or Mach disc, depends
essentially on the pressureﬁratio across the nozzle and the exit Mach number,
changing only slightly with the divergence angle of the nozzle for total diver-
gence angles as high as ho°;h’5 This indicates that the viscous effects must
be rather insignificant for this calculationj otherwise, the angle at which
the flow enters the atmosphere would be an important parameter, since the
overall mixing area up to any downstreaﬁ location increases with the initial
boundary angle. Assuming viscous effects to be negligible, then, and noting
that the main effects are dué to the dynamic parameters, with no geometric
complications, one is led to the conclusion that a simple quasi-one-dimensional
calculation should give accurate results. In this event the problem is simi-
lar to the calculation of the shock position in a given nozzle, where isentrop=-
ic, quasi-one-dimensional flow is assumed up to and beyond the shock. This
idea is also strengthened by a consideration of the picture usually observed
when a shock is located within a nozzle. The normal shock does not extend from
surface to surface, but extends only to an intersection where a lambda config-

uration results; also, the flow separates from the wall slightly. However, in

2



spite of this fact, the location of the shock is fairly well predicted by dis-
regarding the lambda configuration, and assuming the shock to be simply normal,
extending across the whole fluid. Since the shock configuration occurring in
the underexpanded jet is similar, although stretched out, it seems logical that
there is a possibility of predicting the location of the normal shock without
the necessity of calculating the whole shock structure. For the above reasons,
then, the free jet was assumed to be simply an exténsion of the actual nozzle,
bounded by a fictitious surface with an area distribution corresponding to the
actual pressure distribution of the center, or core flow, up to the normal
shock. The fictitious boundary extends only to the axial position bf the
shock wave, so as the total-to-atmospheric-pressure ratio changes, the length
of the extension changes. Finally, since the pressure to which this fictitious
nozzle is exhausting is atmospheric, the axial position of the shock is that
point at which a shock has sufficient strength to bring the static pressure to
atmospheric. In summary, the flow 1s assumed to be that through a nozzle with
a shock at the exit. It is assumed to exhaust to atmospheric pressure at the
exit. The nozzle configuration is that which corresponds to a given axial
pressure distributioh,in the center or core of the actual flow. Of course,

the above description is simply a way of picturing the flow; it is not neces-
sary to calculate the fictitious boundary to locate the shock, since the axial
pressure distribution along the centerline can be computed. The method of cal-

culating the shock position is outlined in the following sections.

SONIC ORIFICE

Consider an underexpanded flow issuing from & convergent nozzle, i.e.,
My = 1. The problem of exit Mach numbers other than one can be solved by a
generalization of this case. The pressure variation along the centerline of
such a flow has been calculated by Owen and Thornhill6 for a total-pressure-

to-atmospheric~pressure ratio, Pt/Pw, of infinity. However, as pointed out by
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Owen and Thornhill, the pressure variation thus calculated should hold for all
Pt/Pm ratios "in that region bounded by the orifice and the first wave front
which registers the existence of an external pressure outside the jet." Thus,
for a considerable distance downstream, the pressure variation P/PN, where P
is the static pressure at a given point along the centerline and Py is the
static pressure at the nozzle exit, should be the same for all nozzle pressure
ratios,uPt/Pm, and as this.pressure ratio increases, the region of similarity
increases in size. Owen :and Thornhill plotted P/PN VS, x/dN, where x is the
distance downstream from the nozzle exit, and dy is the exit diameter of the
sonic nozzle (Fig.-2). They also plotted the Mach number at the centerline
VS, x/dN (Figf 3). Using these graphs, a curve of Pg/PN VS, x/dN was plotted
where P, is the pressure behind a shock, occurring at é Mach number correspond-
ing to the given x/d (Fig. 2). It should be noted that the P/Py curve calcu-
lated by Owen and Thornhill was continued past their maximum x/dN of 3.85 so
that P2/PN could be calculated. Since the curve of M vs. .x/dN (Fig. 3) was
given up to x/dy = 10, this could be done simply by finding the P/Py corre-
sponding to the Mach number at a given x/dN, However, since the P/PN curve
is so close to a straight line for x/dN > 1.2, and in view of the inaccuracies
inherent in reading the original curves, a straight line extension was used,
checking very well with calculations made from the Mach number curve.

The pressure behind the shock, Py, was taken to be atmospheric (Pw)°
Fig. 4 shows the results of such calculations for a range of 2 £ PN/Poo £ 70, -~
This corresponds to a range of 3.8 £ Pt/Pw < 133 and a maximum total pressure
of approximately.ZOOO psi if P is standard seg-level pressure. On the same
graph, the experimental results obtained both ét the NACA Langley Field lLab-
oratories and at the Aircraft Propulsion Laboratory of The University of ‘Mich-

igan are plotted.® The error in x/dN between the theoretical and the NACA

*The circles on the A.P.L. curve are actual experimental points; the NACA re-
sults are taken from curves drawn through their experimental points.
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experimental curves is of the order of 12% to 14%, while the error between the
A.P.L. experimental and the theoretical curve is less. The experimental setup
for both laboratories is.described in other reports,7’8 so they will not be
repeated in this paper, except to note that, at the NACA, Love and Grigsby took
schlieren photographs while at the A.P.L., shadowgraphs were taken. This could
certainly account for the difference between the two experimental curves. Fur-
thermore, the absolute error between experimental and theoretical Qalues of x,
the distance from the nozzle to the Mach disc, is of the order 0.07 in., which
is certainly of the order of the experimental error, the distances being meas-
ured on photographs. Therefore, the agreement between the theoretical and ex-

perimental curves appears to be most satisfactory, for the Mach one nozzle.

SUPERSONIC NOZZIES

For convergent-divergent nozzles with exit Mach numbers different from one,
it is necessary to find the pressure distribution, if the same method is to be
used. To visualize better the following arguments concerning the pressure dis-
tributions, a sketch of the flow out of an axisymmetric convergent-divergent
nozzle is given in Fig. 5. For simplicity in this figure and succeeding fig-
ures, only half the flow field is shown, and none of the intersection waves is
drawn, although their effect is pictured through the curvature of the waves
shown. The lines a-b, a-c, eﬁc,, are the wave fronts emanating from the expan-
sion around the nozzle lip. a=b, in particular is the Mach line defined by the
wave angle, p = sin™t l/MN, inei, it is the.first wave in the expansion fan.

It is apparent, from this picture, that, along the centerline, the fluid- can

be outside the nozzle, and still be.at My, the exit Mach number of the nozzle.
That is, until the centerline fluid reaches b, no expansion signals reach it.
However, after b, the centerline receives signals from a, which correspond to

various Mach numbers at a, as the flow turns the corner. Again, the structure




along the centerline should be the same for all total-pressure-to-atmospheric-
pressure ratios until the wave front signaling the exterior pressure reaches
the centerline. That is, the same argument holds for the centerline flow
downstream from point b for the nozzle where My > 1 as holds for the center-
line flow downstream from the nozzle edge for the nozzle where My = 1. However,
as My changes, the distance from the nozzle to b changes and must be accounted
for. Thus the problem is essentially that of finding the pressure distribution
downstream from point b. However, it is hypothesized that the desired pressure
distribution can be found from the pressure distribution behind a My =1 nozzle
(sonic orifice). The arguments supporting this hypothesis are as follows.
Consider again the flow behind a MN = 1 nozzle (Fig. 6). As the expan-
sion waves from the corner at a; intersect the centerline, the flow is expanded
so that a variation of Mach number exists. In fact, at a point b, say, the
Mach number is the same as the Mach number in the flow behind a My > 1 noz-
zle, at point b. Furthermore, at point a;, as the flow turns through an an-
gle greater than that corresponding to the expansion wave a;-b;, it expands
through the same Mach numbers, and thus passes through the same expansion waves
as does the flow in Fig. 5, expanding beyond the liné a-b. These waves propa-
gate to the centerline in both cases, causing a variation in pressure and Mach
number, etc. This means that, as shown in Figs. 5 and 6, there is a region on
the centerline of both flows (bl-dl and b-d, say) where the same expansion takes
. place. The lengths bj-d; and b-d are very nearly the same, unless the Mach num-
ber of the nozzle, My, in the case where My is different from one, is very high,
when the initial angles of inclination of the lines a-b and a;-b;, ®w and w,,
respectively, are very small. Then a small difference in starting angle, at a,
and a;, for any later expansion wave, means a large difference in distance tra-
versed on the centerline. The starting angles at a and a; for any of the expan-

sion waves are different, of course, because in the My > 1 nozzle the flow cor-



responding to the line a-b is parallel to the axis, while in the My = 1 case,
the flow corresponding to line a;-b; is at an angle to the axis, depending on
the value of the Mach number associated with this line.

The result of the above arguments is, then, that it is assumed that, for
MN.> 1, the pressure distribution for x > Xy is the same as the pressure dis-
tribution for the My =1 nozzle flow fér X > Xp,;. For a flow behind a nozzle
with exit Mach number of MN = 2, for example, b; is located at that point
where the centerline Mach number is 2. Furthermore, since the assumption is
again made that the shock occurs so that the static pressure behind it is at-
mospheric, the distance from by to the Mach disc in My = 1 flow is the same as
the distance from b to the Mach disc in My = 2 flow, fér the same total=to-
atmospheric-pressure ratio, Pt/Pwo

To describe analytically the above arguments, the following dimensionless

notation is used:

]

€1 (xm/dN)

MN=l
b, = (Xbl/dN)MN=l

Ay = [(Xm“xbl)/dN]MN=l

(L)
3 = (Xm/dN)MN

& = (Xb/dN)

My

Ag [(xmfxb)/dN]MN

where x, is the distance from the nozzle to the Mach disc, and xy and Xp, are
the distances between the nozzles and the points b and b;, respectively.
dN is the exit diameter of either the sonic or supersonic nozzle depending on

whether it is used in &, or ¢. Point b is the point in the supersonic nozzle
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flow where the first wave of the expansion fan intersects the centerline, and
point by is the point on the sonic nozzle flow centerline where the Mach.num—
ber reaches the value of the exit Mach number of the supersonic nozzle in ques-.
tion. For any given Pt/Pm’ gy is a known quantity, found by the use of Fig. 2.
Furthermore, for a given éupersonic nozzle, i.e., for a given My, gbl can be

found from Fig. 3. Finally, knowing £; and gbl one. can find AE,, since
AEy = E1 - &p, o (2)
Next, &y depends on p, the Mach angle associated with My.
=1
E"b = [2 tan IJ] ' (3)

The value of Xp-Xy, is the same as Xy =Xp, but to compute Ag, Agbl must be cor-
rected to the exit diameter equivalent to the My of the supersonic nozzle.

Thus,

(o D=1

(@

Then, one can write the equation for £ as

1/2
f = bh, [(g_)MN] T )

where Af, and ¢ are calculated at the same B, /Py-

A, Ao,

"

Eqg. (5) was used to calculate the curves shown in Figs. Ta, b, c, and d,
and the experimental values were also plotted for comparison. As in the case
of My = 1, the comparison with experiment is qﬁite good. Of course, the com-
parison between theory and experiment is made better by the fact that at low

exit Mach numBers the theoretical curve predicts values which are larger than

experimental, while as the Mach number increases, the difference becomes less
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at first and then increases so that the theoretical curve predicts values less
than experimental curves. If the experimental values at My = 1 were used for
1, the error at higher Mach numbers- would be considerably greater.

It should be mentioned that several tests were carried out with various
nozzle divergence half angles (SN), but the effect of nozzle divergence on
the position of the first Mach disc was negligible, except perhaps at the

higher nozzle Mach numbers where the effects were still relatively quite

small.

CALCULATION OF THE JET BOUNDARY

The ideal fluid jet boundary can be calculated using characteristic the-
ory.9’lo This gives a good approximation to the real jet boundary, although
there is actually a viscous mixing region along the boundary. However, the
work involved for each nozzle and pressure ratio is considerable and is still
only approximate for the above reason and because there is some question about
continuation of the characteristic net beyond the intercepting shock. There-
fore, the following method is presented as a relatively quickly calculated ap-
proximation to the initial jet boundary. It does not agree with experimental
photographs as well as the solutions obtained by the method of characteristics.
However, the difference betweén the two becomes significant only at the higher
Jjet expansion angles. At relatively low expansion angles, the agreement is
quite good.

Consider the flow at the lip of a nozzle (Fig. 8) with half angle Oy. At
the nozzle lip, before expansion, the Mach number is My, and the corresponding
Prandtl-Meyer angle is VN After expanding to atmospheric pressure, the Mach
number is M, with a corresponding Prandtl-Meyer angle of Ve© Thus, the flow

at the nozzle lip turns through an angle of ve-v relative to the nozzle wall,

N

and the overall flow expansion angle with respect to the flow axis is @, where
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@ = vy -yt By - (6)

The flow is turned from this initial expansion angle by the intersection of ex-
pansion waves with the boundary, reflecting as compression waves, so that the
condition of constant pressure on the boundary is satisfied at every point.
However, the present approximation depends on replacing the effects of expan-
sion waves intersecting the flow near the boundary, by the effects of a quasi-
one~dimensional area increase. That is, just as in one-dimensional nozzle
flow, it is assumed that one can find the average Mach number and pressure at
any axial position in an expanding flow from the area ratio at the given point,
instead of going through a characteristic calculation.

Immediately after leaving the nozzle exit, then, the flow at the lip has
turned through the total angle . However, as it follows this new direction,
it is continually expanding. Hence, in an incremental distance downstream,
dx, there is an increase in area, dA, with a corresponding decrease in pres-
sure, OP/0A « dA. OP/dA can be calculated from quasi-one-dimensional rela-
tions if one considers a stream tube along the boundary of the jet to be the
channel in question. ©Since a change in pressure along the Jjet boundary cannot
be tolerated, this decrease in pressure must be balanced by an equivalent in-
crease in pressure which can only .be gained by turning the flow through an in-
cremental angle, de, thus fofming a weak compression wave. This process of
expansion and compression holds at any point on the boundary where at x, with
a given r, and a given direction of flow, © (Fig. 9), the gas in expanding in
this given direction to r + dr at x + dx would undergo a decrease in pres-
sure so that a further change in direction, de, results, keeping the pressure
at a constant level at r + dr.

The equation for the pressure along the jet boundary may then be written

as follows:

10



@ =0 = Pa+faw . (7)

oA 09
Since a change in area, dA, is equivalent to a change in Mach number, dM,

Eq. (7) can be written in terms of M and ©. Thus,

oP am + oP i = 0 , (8)

oM 20

where OP/OM is calculated from isentropic flow relation.
Next, if p = P/Ptﬁwhere Py is the total pressure for the flow along the

jet boundary, then Eq. (8) becomes

B s P oo -
S M+ 5530 = 0 . (9)

Pt is assumed constant along the boundary, since the waves are of infini-
tesimal strength.

For isentropic flow, p is related to M as follows:
\ -y/(r-1
p = [1+ (y-1)M%/2] 7/(r-1) (10)

so that

(11)

(3p/aM) aM = (p/af) A = - 7/2 T j_?? I
Y=

From linearized theory, the change in pressure due to a small change in

direction is

AP 7y P M
= ;GF?TTE.AG . (12)

Hence, in terms of a vanishingly small change in pressure and direction,

y p M

/% = [Fo - (13)

Substituting Eqs. (11) and (13) in (9), one obtains the following relation
between ©, the angle measured from the original direction of boundary flow at

11



the nozzle exit, and M, the Mach number at any point along the boundary:

yp M2

1Y
- y/2 (l+2';—lM2> dM2+md9 = 0 . (14)

Substituting B =~NM2-1 into Eq. (14) and rearranging, one obtains

=1
2 p2 y+1 2
de = (7-1) (B=T1) (7‘_1 + B) ap . (15)

Eq. (15) can be integrated now, from the nozzle-exit conditions after ex-
pansion, to any point on the boundary. vAt the nozzle exit, B = By M= M)

and @ = O. Thus,

o = ,\/-%_tan'l (/\/%B) - tan”t B -{\/%_%_ tan']'(,\/ﬁEiBe) - tan~! B,
(16)
Hence, with the given approximations, Eq. (16) indicates that for the condition
of constant pressure to hold, the turning angle, ©, at any point, is simply the
difference between the Prandtl-Meyer angle associated with the Mach number cor-
responding to the area ratio at that point and the Prandtl-Meyer angle associ;
ated with the Mach number, M,.
With © known, one can calculate the jet boundary in terms of r and x,

since if ¥ is the angle made by the tangent to the jet boundary with the axis,

then (Fig. 9)

tan ¥ = %E . (17)
But
vV = a=-06 , (18)

and if one defines a dimensionless r and x, in terms of the radius of the exit

section of the nozzle, then Eq. (17) can be written as,

a(x/ry) = &r/rw) (19)
tan (@-0)

12



Hence, x/rN at any point (where x = O at the nozzle exit) is as follows:

r/r
x "N g (r/ry) (20)
ry 1 tan (a=0) °

The integral in Eq. (20) may be calculated numerically, using Simpson's rule
of integration. At any}r.'_,the corresponding area ratio (A /A*) mgy be calcu-
N

lated, using as (A/A*)r lthe value which corresponds to M,. Thus,
o
T
(A/8x) r = <’f‘§7 (8/A% )M=Me
T
N

Knowing the area ratio, the Mach number and © can be found from compressible

flow tables. For any given set of nozzle parameters, & can be calculated us-
ing Eq. (6).

In Figs. 1l0a, b, and c, plots of r vs. x are given for nozzle angles
of 8y.= 0 for various PN/PW, when My = 1, 2, and 3. On the same graphs are
plotted the characteristic solutions reported by Love and Grigsbyoll

It is clear that this approximation is good only when the angle which the
jet boundary makes with the axis at the nozzle lip is relatively small, i.e.,
at relatively low pressure ratios, PN/PMQ Furthermore a nozzle Mach number
effect exists. At Mach number, My = 1.0, for example, the maximum percentage
difference, based on the characteristic solution, goes from 5% at PN/Pm = 2,
where Py/P, = 3.8, to 9% at Py/P_ = 20, when P, /P, ¥ 80. At My = 3, however,
this percentage difference is 16% at Py/P, = 2, where Py/P, T Th, and 29% even
at PN/Poo = 10, where Pt/Pm'g 370. Hence, the approximation is limited by pres-
sure ratio and nozzle Mach number, depending on the accuracy desired.

To give some idea of the comparison between these calculations and exper-
iment, the calculated curves have been drawn on the experimental photographs
in Figs. lla through e. In each case the pressure ratios of both the exper-
iment and the theoretical calculations agreed within a few percent. Again, at

relatively low pressure ratios, the agreement is quite good, while at very high
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pressure ratios it is quite inaccurate.

It should be noted that, with the approximate method of calculating the
inviscid jet boundary, only the diverging part of the flow can be considered.
Thus, as ¥ '+ 0, i.e., as the jet bounfary tends to become parallel to the axis,
x + o, ginece l/tan + o, This restriction was pointed out also by Lovel? in g
recent note in which he used a similar method to calculate the boundary be-

tween two supersonic streams with different Mach numbers and pressures.

CONCLUSIONS

A method for calculating the position of the first normal shock in the
jet flow behind highly underexpanded nozzles has been found. It gives good
results when compared to experimental results, for a range of pressure ratios
of 5 £ Pt/Pm £ 140 and for range of nozzle exit Mach numbers of 1 4 MN < 3,

The approximate method presented for calculating the boundary of a super=-
sonic jet exhausting into an atmosphere at rest is much easier to apply than a
characteristic solution. However, its validity is limited by the accuracy de-
sired to relatively low nozzle-exit-to-atmospheric-pressure ratios, and rela-

tively low supersonic Mach numbers at the nozzle exit.
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Fig. 2. Variation of the pressure, and the pressure behind a normal shock
at the same- axial position, along the centerline of the flow from a sonic
orifice into a vacuum (axial pressure distribution after Owen and Thornhill,
reference 6).
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Fig. 3. Axial variation,of Mach number along the»centerline of the flow
from a sonic orifice into a vacuum (after Owen and Thornhill, reference 6).
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Fig. 7. 'Variation of the distance between the nozzle exit and
the first normal shock (Mach disc) with the pressure-at the
nozzle exit for nozzles with supersonic exit Mach numbers.
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a. My =1, Py/P, =18.5, Py/Py = 9.77

b. My =2, 8y =10°, Py/P, =24.6, Py/Py = 3.14

c. My =2, dy=10° Py/P, =62.2, Py/P,=17.95

Fig. 11. Comparison of approximate Jet boundaries
with the boundaries seen on a shadowgraph.
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Fig. 11. Concluded.
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