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Abstract

Isotonic smoothing splines are introduced as a natural extension of ordinary isotonic estimates in the
estimation of a regression function p(x)=E{Y|X=x}. A constructive characterization for the isotonic
smoothing splines is given. Conditions are given for consistency under sequential designs, where the
observation points are random and the experimenter after observing X, may choose to observe or to skip
observing Y,.
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1. Introduction

Since they are necessarily step functions, isotonic regression estimates are not
entirely satisfactory when the experimenter is confident that the underlying regression
function is smooth. Neither can they provide good interpolations between observa-
tion points. A brief literature survey of approaches to resolve these difficulties may be
found in Chapter 9 of Robertson et al. (1988). These include the ideas of using moving
averages by Friedman and Tibshirani (1984) and of using kernel estimators by
Mukerjee (1988). But the method that seems most natural is the smoothing splines.
Isotonic smoothing splines can be viewed as a generalization of the isotonic estimates.
The isotonic estimates, step functions, may be regarded as isotonic smoothing splines
of the first order. But the problem of isotonic smoothing splines or restricted splines in
general is nonlinear and is difficult to solve. Utreras (1986) gives the existence,
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characterization and convergence rates for isotonic smoothing splines. But a satisfac-
tory algorithm to construct them is yet to be found. In this study, we will investigate
the simplest case: isotonic smoothing splines which are piecewise linear, seeking for
improvement over the method of ordinary isotonic estimates.

The estimators are presented in Section 2. The algorithm leaves one (real) variable
to be found numerically, but is otherwise explicit. The consistency of the estimators is
studied in Section 3 for the case in which data are gathered according to a sequential
design. The class of designs considered is motivated by the work of Sarkar(1991) and
Woodroofe (1979) on the one-armed bandit problem with covariates. For a detailed
study of these models, using ordinary isotonic estimators, see Tantiyaswasdikul
(1992).

2. Derivation

A Sobolev space. Let C=C[a, b] denote the space of continuous functions on
[a, b] endowed with the sup norm || ; let L,=L,[a, b] denote the space of
(Lebesgue) square integrable functions, endowed with its usual norm || - ||, and inner
product (-,-),; let H=H[a, b] denote the space of all absolutely continuous functions
f:[a, b]— R for which f'eL,, endowed with the norm

IS 1E=Lf @)+ f'13

and inner product

(f Pu=f(@)g(@+(f", 92

Let Hy ={feH: f'>0 ae.}. Then H is a Banach space and H, is a weakly closed
convex cone in H.

The criterion function. Let w#0 be a finite measure on the Borel sets of [a, b]. For
a given o >0 and gelL,(w), let

b
l//(f)=f(f~g)2 do+a J (f')dx,
for all fe H. The problem is to find a function fe H, which minimizes i in H, ; that is,

Y(f)=min y (h).
heH ;
Such an fis called an isotonic smoothing spline.

The existence of an fe H, which minimizes i may be easily verified by checking that
¥ is weakly lower semi continuous and that {h:y(h)<y(0)} is (norm) bounded and,
therefore, weakly compact. Existence then follows since lower semi-continuous
functions attain their minima on compact sets (cf. Wegman, 1984).
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Characterization. The algorithm is based on the following three elementary
lemmas.

Lemma 1. Iff, heH, then
Y(f+eh)—y(f)=2ey,(f, h)+O(e?), (1)

as ¢ = 0, where

b b

(f—g)hdw+ozjf’h’dx. 2)

a a

¥ilf, h)=j

Proof. For f, heH, ,

b b
l//(f+sh)—|l/(f)=2m//1(ﬁh)+82{J h2dw+ocJ (h’)zdx}. O

For each feH, , let
H ={heH:f+heH,}={heH:W>—f"}.

Lemma 2. feH, minimizes Y on H, if, and only if
vi(f,h)=0 VheH,, 3)

Proof. If f minimizes Y on H , then (3) follows since Y/ ( f+¢eh)—y(f)=0for all heH,
and O<g<1.

Conversely, suppose y,(f, h)=0 VheH,. If fieH ,, then h=f, —feH, and
Y([)—y(f)=¥1)-7(0),
where ¥(¢)=y(f+¢eh) V0<e<1. Here ¥ is a convex function for which

d
i ¥(e)

X =2y1(f, )20,

=0

by Lemma 1 and the assumption. So ¥'(e+)=¥'(0+)=0, YVO0<e<1 and therefore
Y(f1)=y(f) That is, f minimizes y on H,. O

Letting h= + 1 in (2) and appealing to Lemma 2 shows that if f minimizes yy on H ,,
then

b
J (f—9)dw=0. (4)

For a<x<b let

F(X)=J f(y)o(dy) and G(X)=rg(y)w(dy)
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Lemma 3. If feH satisfies (4), then for all heH,
b
Vil h)=J [of " —(F—G)]H dx
Proof. If f satisfies (4), then for all heH,

b b
Yl f, h)=j L/ (x)—g(x)] [h(x)—h(b)]w(dx)+ f fhdx
b b b
=—j [f(X)—g(x)]f h’(y)dyw(dX)ﬂf Jhdx
b y b
= —f {f [f(x)—g(X)]w(dx)}h’(y)dyﬂcJ fhdx
=fb [af —(F—G)]Wdx. O

Theorem 1. Necessary and sufficient conditions for fe H . to minimize W on H , are that
(4) holds and

af =(F—G)s ae., &}
where (F—G).=max{0, F—G}.

Proof. That (4) is necessary has already been observed. If f minimizes i on H ,, then
by Lemmas 2 and 3

0<l//1(f,h)=r[rxf’—(F—G)]h’dx, VheH .,

and, since ' may be any nonnegative square integrable function, it follows that
af' —(F—G)=0 a.e. (by letting /' be the indicator of the set where of ' —(F—G)<0).
Since f'>20 ae., it follows that af ' >(F—G); ae. So, it suffices to show that
af ' <(F—G),ae. For this, let

B={xe[a, b]: of '(x)>[F(x)—G(x)]+}.
Then f'>0 and af'—(F—G)>0 a.e. on B. As above, there is an he H, for which

h'=—%1f'Iy. Then
0y, (s h)<r [af —(F—G)]K dx
= —%f [af —(F—G)]f dx,

which is negative, unless B is of measure 0.
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Conversely, suppose (4) and (5) are satisfied. Then

b

yi(f h)=J [af —(F—G)]h'dx=0 VheH,,

a

using Lemma 3 for the equality and (5) for the inequality. It follows from
Lemma 2 that f Minimizes y on H,. O

A special case. Let a=xq<x;< - <X,<X,+1=>b; and suppose that w is the
counting measure on {x, ..., x,}. Then, letting

Se=f () ge=g(xi),
and
Fi=fit - +fi, Gi=g1+ - +q
for all k=0,...,n, where an empty sum is to be interpreted as zero (so that

Fy=Gy=0), one finds that F(x)— G(x)=F,—G, for all x,<x<x.,; and for all
k=0, ...,n Thus, for the minimizing f

O(f'(x)=(Fk—Gk)+ ka<x<xk+1 Vk=0,...,n.

So, f" is constant on each of the intervals [ x;, xx+1), k=0,...,n Let
fe=f"(x+) Vk=0,....n

Then

Se=f-1+ i1 (Xe—xi—1) Vk=1,...n,
and
Otf;‘=(Fk—Gk)+ Vk=0,,n

In particular, f5=0, so that f; =f,. This determines f;,..., f, in terms of f,; and
fo may be determined from

b b
Lemma 4.
G
1<k<n n

Proof. Iffo <min1 <k<n Gk/k, then Fl =f1 =f0 < Gl, SO thatfll =(F1 - G1)+/ot=0 and,
therefore, F,=f; + f,=2f, < G,. Continuing, one finds that F,=nf, <G, contradic-
ting (6). Therefore

. Gy
Jfo= min —.
1<k<n

Conversely, if f,> G,/n, then F,=f, +--- + f,=nfy, > G,, again contradicting (6). [
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Let fo be a guess for the value of f; and let

- o (Foi—Geoy)s
Si=tfeo1+ .

(X —xx-1),
for k=1, ...,n, where F0=0 and I':k=f1+---+fk, k=1,...,n
Lemma 5. Iff0 <fo then ﬁ,,<G,,, and y’ﬁ,>f0 then ﬁ,,>G,,.
Proof. Similar to that of Lemma 4. O
Lemma 4 provides lower and upper bounds for the value of f, and
Lemma 5 provides and indication of whether an estimate of f; is too low or too high.

The two lemmas justify a simple bisection method for determining the value of f;.

Example. Consider the model

Yi=u(Xy) + &,

+ + +
-1 -0.5 0.5 1

Nl

Fig. 1. The isotonic estimator.
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4

—
-1 -0.3 Q.5

14

Fig. 2. An isotonic smoothing spline.

where X,, k=1,2,...,are independent and uniformly distributed over (—1,1),
&, k=1,2,...,are independent standard normal random variables, and

pxy=3x—4x3, —l<x<l.

This function was chosen to be nearly flat near the endpoints of the interval. The
unsmoothed isotonic estimator has difficulty with such functions.
The unsmoothed isotonic estimator (x=0) and the isotonic smoothing spline with
=1 are compared in Figures 1 and 2.
Just a little smoothing (¢ =1) has a dramatic effect on the estimators.

3. Consistency under sequential designs

A covariate model. Let (X, Y,), k=1, 2, ..., be a sequence of independent bivariate
random variables identically distributed as {X, Y) where

1. X has a known distribution F with support [a, b],

2. the conditional distribution of ¥ given X =x has mean u(x)=E (Y| X =x) and
variance ¢2(x)=E{[ Y —u(x))?| X =x},
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3. uis continuous and nondecreasing on [a, b].

Suppose that after observing X, we may choose to observe or not to observe Y, for
all k=1, 2,.... This model is closely related to ones considered by Sarkar (1991) and
Woodroofe (1979) in their study of one-armed bandit problems with covariates.

By a decision rule, we mean a sequence of binary-valued functions
0={0,k=1,2,...} where §,=0 or 1 corresponds to the choice of not observing or
observing Y,, as a function of information available at stage k, i.e.,

g'_271=0'(Xj, d;, 5ij,j=1,...,k—1),

and the value of X,. An interesting class of decision rules are naturally those based on
the estimates of u constructed from the information contained in #§_,

For a fixed decision rule = {4, k=1, 2,... }, define the isotonic smoothing spline
for each n=1, 2, ... as the function m,e H, which minimizes

Valf)= Z AV AR AL f [/ ()12 dx

f(X.., Y, i 1*+a, J [ (x)]%dx,

il
||[\/]><

Jj

where X, ;<---< X, g, denote the ordered values of X,,....,X,,, Y, ,..., Yok,
denote the concomitant order statistics, and «,>0. For a<x<b, let

= }: 6kY1I{)(k§;x},
k=1

My9= Y. SuX0l{ X<},

k=1
Propeosition 1. Suppose that jz g2 (x)dF(x)< . If § is a decision rule, then

| Gult) — M, (1)] a-s.
P — ames O (7

a<t<bh

as n —oc for all §>0.
Proof. See Tantiyaswasdikul (1992). [
In the following theorem, O, denotes exact order.

Theorem 2. Let pcH , ; suppose that {* 6*(x)dF(x)<co; and let § be a fixed decision
rule. If there are p>%, and 1 —p<q < p for which K,>n? for almost every n w.p.I and
o, =0.(n?) as n »oc, then

n

Z [ (X)) — (X)) 1250 asn—o0,
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Proof. Since m, minimizes s, over H, and ueH .,

n b
Y alma(X)— Yk]2+0€..J‘ [m,(x)]%dx

k=1 a
n b
< Y Slp(Xy)— Yk]2+anj [w'(x)]*dx.
k=1 a

By simple rearrangements

Z M (X3} — ﬂ(Xk)]z'{'anf [m,(x)]*dx

n b
<2y 5k[mn(Xk)—u(Xk)][Yk—u(Xk)]+fx,.J [w'(x)]*dx.

k=1

Summation by parts yields

n Kn
Y Olmn(Xi) — (X)L Ye— (X = 3 [mn(X, )= (X )1 Y j—
k=1 =1
=An+Bm
where
Ap=[Gn(b)—M,(b)J[my(X s ) — (Xn k)]s
Kn—-1
Z LGn( X)) —Mu(X,, ;)]
X[ﬂ(Xn,j-F1)_“(Xn,j)—mn(Xn,j+1)+m"(X".j)]‘
Let

Dy= sup |Gu(x)—M,(x)|.

asx<b

83

(8)

.u(Xn,j)]

By Lemma 4, m,,(X,,,l)SZfQI Y, ;/K,; and since u is nondecreasing,

WX xa) 2350 (X, ;) Ky, s0 that

1 &
n(Xn 1) ﬂ(Xn K, ) e [Yn,j_ﬂ(Xn,j)]
nj=1
1 D,
<T<—" [Gn(b)—Mn(b)]SZ.

Therefore,

D,

mn(Xn,K,.)_ﬂ(Xn,K,.)<mn(Xn,Kn)_mn(Xn,l)‘*"I(_a
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and
|An|<D,.[m.,(xn,xn)—mn(xn,1)+&]
K,
=D, Lb m,(x) dx+i—'j.
Also
'BnlSDn[ﬂ(Xn,K")_u(Xn,1)+mn(Xn,Kn)_mn(Xn,l)]
sD,,l:fb y’(x)dx+fb my(x)dx].
So,
Z 5k[mn(Xk)—ﬂ(Xk)][Yk—H(Xk)]
k=1
b b DZ
<2D,,|:f u'(x)dx+f m;.(x)dx:|+2?"
b b
<2 b—aD,.[\/J [u'(X)]de+\/j [mi.(X)]zdx]
Therefore

n b
Y Slma(X)— u(X:)]* +a, f [m,]? dx
k=1 a

b b b 4D
<4 b—aD,,[\/J [u’]zdx+\/f [m;,]zdx]+oz,,J- [y’]zdx+?

] [ oapo o [ira]

b 4D2
’ 2d n
+a..L [w]1*dx+ K,
Rewrite the above inequality as
4./b—aD
L3<—%(L,,+R,,)+R§,
a'l
where
n b
Li=Y 5k[mn(Xk)_#(Xk)]2+anf [m,]* dx,
k=1 a
and

b DZ
R,%:rx,,f [u']? dx+4F".

D2
pRr
+ K,

2

n
n
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One finds that
b—aDb,

4
Ly~
< \/&;

or since (x +y)? <2x%+2y?

+R,

_ 2
Lfsé&o}_al.D_'i_FQR’%'
That is
1 32(b—a)D? 2a, D2
5 X Dm0 =) < f [W]dx+8—
32(b—a)D? 3 D,Z,
= 0™ +O(n"”") a[y] dx+38 K.

a.s

- 0,
by the proposition above. [

Uniform consistency. We can improve the results of the previous theorem to
uniform consistency of the isotonic splines, if the observation points become suffi-
ciently dense in {a, b] as n —c0.

Let 6 ={d;, k= 1} be a fixed decision rule. For each n=1, 2, ..., define for a<x <b,

Ky(x)=Kjx)= Y &I{X,<x}
k=1
and

K,=KS=KZ(b).

For notational simplicity, we will assume J as given and omit the superscript 8. K,,(-)
is a step function with jumps of magnitude 1 at X, ;,j=1,...,K,. Of course, if F is
continuous, then there is strict inequality with probability one. K,(-) is also used to
denote the counting measure on the set {X, ;. j=1, oKl

Theorem 3. Let ueH, and j Z o2 (x)dF(x) < oo; and let § be a decision rule. Suppose that
there are p>1% and 1 —p<q<p for which o, =0,(n%) and

K.(J
lim inf —"(E—)

n—raw n

>0 as.,

Jor any nondegenerate compact subinterval J of [a, b). Then for any ¢, d:a<c<d<b,

a.s.

sup |m,(x)—p(x)| -0,

esx<d

as n —aoo.
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Proof. From Theorem 2, we know that

1 b a.s.
;,J [ma(x)— p(x)1> dK,(x) = 0, 9)

as n —oo,
For a fixed x,:a <xq<b, suppose (9) holds but m,(x,) fails to converge to u(xo).
Then there are >0 and a subsequence Ny < {1, 2,...} such that for all neN,

My (xo)— p(Xo) > 2e.
By continuity of y, there exists #>0 such that for all x:xy—y<x<xy+7

| u(x)—u(xo)| <e.

Consequently, for all x:xy<x<xy+# and for all neN,

mn(x) —lu(x)> m,,(XO)'—,U(X()) —¢&

>é.
But then

L Inoo— 12 dR o > o2 Kol Lo o]

r b
J X0 h

for all neN,. Therefore
1 (fxo+n

n? [1(x) — u(x)]? K (x)

o X0

is bounded away from 0 as n —oc through Ny contradicting (9). Therefore for all
xa<x<b

lim sup m,(x)—u(x)<0 as.

Similarly, one can verify that for all x: a<x <b, lim inf,,_, , [ m,(x)— u(x)] =0 a.s. That
is for all x: a<x<b

lim |m,(x)—u(x)|=0 as.
Uniform convergence in any compact subinterval of [a, b] is provided by the mono-
tonicity and continuity of u (see Breiman, 1968, p. 160). [
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