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X-radiation has a wavelength A of about 1A
and offers a higher resolution than light; the
image resolution Ar = A/NA. At the present
time, the resolving power of the X-ray micro-
scope is no beiter than that of the light micro-
scope, viz. 0.3 1. We propose two new methods
of X-ray mieroscopy which should provide im-
proved resnlution; one method suggests a gain
of about 10 times. Both methods make use cf
two-warelength microscopy; X-radiation is used
to record the central portion of the Fourijer
transform of the object on film and optical recon-
struction is accomplished by a lens. Experiments
bhave not yet been performed to test the validity
of the new methods; our proposal is based on
thecretical considerations alone.

Coherent image formation by a lens makes
use of two successive Fourier transformations.
The Fourier transform of an object of trans-
mittance {(r} is denoted T(r*). A diffraction pat-
tern T(r*} representing a central portion of the
Fourier transform of the object, 1.e., finite r*,
is contained in the back focal plane of the lens.
In general, the diffraction obtained without using
a lens in Fresnel diffraction; the Fourier trans-
form is a special case of a more general Fresnel
transformation. Consider a simplified diffraction
eXperiment. A point source is at a distance p
from the object plane (r), and the amplitude
g(r) in the observation plane (r1), whichisata
distance ¢ from the object plane, is given by the
Fresnel-Kirchhoff relation. It is well-known that
the amplitude is complex and the detector in the
observation plane, i.e., afilm, inly records in-
tensities {g(ry)| 2 so that the phases are lost.

In the Gabor light microscope (1), a coherent
background wave is added and the resu'ting dif -
fraction pattern is recorded on the fili.. This
record (hologram) iacludes an interfersence term
which contains the phases, and after optical pro-
cessing (Fresnel transformation in this case) an
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image of the object results. The riethod of Leith
and Upatnieks (2) successfully removes the un-
wanted twin image. The Gabor microscope was
originally proposed for two-wavelength operation
using electrons and light, but the use of X-rays
and light has often been considered (3-5). Our
analysis (8) of the theoretical resolution of the
Gabor X-ray microscope tends to confirm Baez
(3) and it seems unlikely that this microscope
would have higher resolution than a lens.

Consider the operation of the Gabor micro-
scope with ¢ sufficiently large so that the far-
fieid Fresnel condition is met (if the radius of
the aperture is R then the far-field condition is
given by R2 « 2 q). The film records an inter-
ference term of the following form:

| 7(r*)| sin [ﬂg-lq(r*)2+a(r )] »

where T(r*) = | T(r*)| exp[ia(r*)], M is the sha-
dow magnification and is given by M = (p +q)/p.
The interference term has rapid variation with
increasing r* (which can be expressed in terms
of rq) and therefore the far-field hologram fails
to record the Fourier transform of the object
apart from a tiny central portion. Hence the far-
field Gabor X-ray microscope lacks resolution.

We propose two ways of recording the central
portion of the Fourier transform of an object
using X-radiation. Both methods have an inter-
ference term of the form

| T(r*)| cos[2aB.r*+a(r*)],

where 8 is an experimental parameter. This in-
tefer1ence term can be recorded on film, Optical
reconstruction using a lens then provides two
magnified images of the object separated by a
distance 2M 38 where My, is the overall magnifi-
cation.

Pinhole method. The source plane contains
an X-ray source of diameter d. The object plane
is opaque and contains a small pinhole and a
circular aperture of moderate radius; these are
separated by a center-to-center distance#. The
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object is placed over the circular aperture and
the diffraction recorded on film. The experi-
mental set-up is similar to a Young's interferen-
ce system of two pinholes, (in order to get visi-
ble fringes the size of the source d needs to be
small, a condition which can easily be met). We
note that this method also resembles that used
by Leith and Upatnieks (7) for the production of
Fourier holograms in light using a lens. Pa-
rallel may also be drawn with the heavy atom
method of X-ray crystal structure analysis.

The transmittance for the object plane #(r) is
glven by

¢(r) = to(r-2) + 14(r) ,

where the pinhole transmittance is £y(r- a) and
the unknown object is £4(r). The intensity re-
corded in the far-field is proportional to

[Totr®)| 24 | T(r)| 2 +

+2|To(r*)| |T1(r*)| cos[2ra-r+ + aj(r*) - ag(r*)],

where

To(r*) = |To(r*)| exp[iaglr*)]
and

T(r*) = [T(r*)| exp[iaz(re)] .

The optical reconstruction using a Iens has the
autocorrelation functions of the pinhole and the
object superimposed at the origin, and two cross
correlations of the pinhole and the object located
at +Mgya, i.e., a distance 2Mga apart.

The far-field condition for A ~ 14, g=~.1
meter requires a ~ 3 4 and it can be shown that
the aperture size (radius) is about 2 4. The re-
solution of the method &r = § where 8 is the dia-
meter of the pinhole; in order that ar ~ 500 &
weneed 5 ~ # 1. The small values of 8 and a
are obvious limitations and present day exposure
times would be enormous.

External reflection method. W an X-ray point
source is placed in the object plane and an op-
tical flat, i.e., a mirror, is positioned along ¢
8o that external reflection takes place, then in-
terference iringes are observed (8); this is the
X-ray analog of Lloyd's mirror experiment in
light.

The object plane is opaque and contains a cir-
cular aperture centered at ¥ =b. The aperture
has radius slightly less than 6. An incoherent
X-ray source is placed close to the aperture. A
one-dimensional object £(x) is placed over the
aperture. The intensity recorded contains the
interference term

|T(x*)| cos[2ab x* + a(x¥)),
where
T(x*) = |T(x*)| exp[La(x*)] .

However, only a half-plane recording is obtained,
i.e., x* = 0; a second copy is required before ob-
taining the optical reconstruction. The optical re-
construction contains a central peak and two mag-
nified images of the object at tMyb

The resolution is given by Ax = A/26,, where
0¢ is the maximum angle of external reflection.
The resolution 1s independent of wavelength: and
depends only on the material used for the mirror;
a value of Ax = 150 A is obtained using experi-
mental values of 6, and A (9).

Film resolving power and an experimental
set-up of A = 1A and ¢ = 1 meter restrict the
aperture size to about 50 u.

Comments. The pinhole method is directly
applicable to plane objects but information on the
third dimension is preserved (the analysis is
omitted). The external reflection method can be
extended to two dimensions by use Yof two mir-
rors at right angles, but the third dim&nsion is
not preserved.

The overall magnification M in the pinhole
method is given by Mp = \9¢3/214} (M,q1 refers
to the first stage using X-radiation; A9, gg re-
fers to the optical reconstruction), which is
identical to that of the two-wavelength Gabor
microscope (1). The magnification in the exter-
nal reflection method is given by My = 229g9/1141.

The X-ray source size in the pinhole method
has not been neglected; a finite incoherent sour-
ce gpreads the intensity pattern from a point
source by a convolution operation. The resuit of
this effect is not to limit resolution, but to re-
strict the object dimension (8).

In the external reflecting method there will
be some scattering from the mirror surface (10).
It 1s problematical to what extent the resolution
will be affected. Preliminary considerations
suggest that the resolution will be little changed
but, more correctly, this can only be answered
by experimeit. We note that the method has
some advantages in comparison to the X-ray re-
flection method. It avoids the troublesome aber-
rations, has a higher magnification, a larger
aperture size, and uses shorter exposure times.
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In the rare earth metals the ionic magnetic
moments are coupled via the conduction elec-
trons. This has often been studied for the solid
state [1-4]. In this work the effects of a liquid
structure and of a short mean iree path are eval-
uated. Although precise empirical data are lack-
ing. the resuits clearly show that at high temper-
atures the short mean free path drastically de-
creases the paramagnetic Curie temperature,
which, however, is larger in the liquid compared
to the solid state.

The coupling between two ion spins has the
form

Iij = (97 220%/4u)(g-1)% Fy(2hn Rij) Iy dj (1)

where Z is the valency, -iI’ the exchange inte-
gral between a 4f and a conduction electron, g
the Landé factor, (g-1) J; the component of the
spin directed along the angular momentum of the
ion i 1], and k,, the wave number corresponding
to the Fermi energy i£. For an infinite mean free
path A, F.ix) = x~4(x cos x - sin x) is the Ruder-
man-Kittel function. When A is finite, F) is the
integral expression given by T{aplan (ref. 5 equa-
tion 19 multiplied by (4ak Kr2)-1),

In solids the total mferactnon energy is a sum
of (1) over all lattice positions. In a liquid this
energy is obtained by integrating (1) over the ra-
dial distribution function. Thus in the presence
of a magnetic induction B along the z direction,

the energy per ion in the paramagnetic region
becomes

E - -guyBi; + (972212 /8u)g-12 w025 (2)

where uy is the Bohr magneton, and ¢...) the
statistical average. The structure factor is
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S = 2 Fx(2ky, Ryj) (3)
j#0
for solids, or
S=/ 4nr2p(r) Fx(2kmr) dr (4)

o

for liquids, p(r) being the atomic density at a
distance ~ from an ion. The paramagn.tic Curie
temperature in the Weiss approximation becomes

To=-31T2225(g-1)2 J(J +1)/(4kg )  (5)

(#pg is the Boltzmann constant).

(r) can be determined by X-ray or neutron
diffraction. For liquid rare earths, however,
these data are not available. We shall construct
a distribution function with the assumption that
two elements with the same crystal structure at
high temperatures have gimilar distribution func-
tioas in the liquid state. Thus, given 4nr pA(r)
the radial distribution function fog' a liquid A,
and a scale factor @ = {poa/ op)3 Where pg is
the atomic density, the proposed distribution in
the liquid B is 41:((11') a- pA(ar) As a test the
radial distributions proposed for Cs based on
the data of Li, Na, K and Rb [6] agree with the
empirical distribution better than 4 and 6% re-
garding the positions of the first and second
peaks, respegtively, while the heights show a
disagreement of 18% in the worst case. Since Gd
has a b.c.c. structure at high temperatures [7],
we use the data of Cs.

The mean free path varies slowly at high
temperatures. A value of A = 5 A has been quoted
for the solid phase {4]. Kaplan's expression
Fx (2%, R) has been evaluated with an electronic
computer.

The structure factors Sis an invariant of the



