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Abstract: Explicit algebraic expressions have been calculated for both the SU, Wigner coefficients
and the SU; Racah coefficients which are of particular interest in the recoupling problem in-
volving 2s-1d shell nucleons and basis functions of SU, symmetry involving the SU,; - SU,
chain. The Wigner coefficients are those for the Kronecker products (4;u4,) X (4;1,), where
(4 14,) is arbitrary and (d,u,) is the six-dimesional representation (20) of a single 2s—1d shell
nucleon or one of the representations (02), (40), (21) for two coupled 2s-1d shell nucleons or
the basic eight-dimensional representation (11). The Racah coefficients are those involved in
the coupling of two 2s-1d shell nucleons to a function of arbitrary (4u). Calculations of SU,
fractional parentage coefficients are illustrated by a few examples which have been evaluated
without recourse to a full chain calculation for representations with large values of 1 and .
The SU; fractional parentage coefficients are used to give expressions for single-particle spec-
troscopic factors for 2s—-1d shell nuclei.

1. Introduction

Although. shell model calculations using Elliott’s projection technique and in-
trinsic wave functions of SU; symmetry ! 2)'* have so far been carried out 27322)
without the use of fractional parentage coefficients, expressions for spectroscopic
factors may be given in convenient form in terms of such fractional parentage coef-
ficients, and the energy calculations may be simplified if the needed {n{|n—2) c.f.p.
for the intrinsic states can be calculated. The states of interest (the intrinsic states
from which the angular momentum eigenfunctions are constructed by the projec-
tion technique) are the harmonic oscillator states which form a basis for irreducible
representations of SU; in which its subgroup SU, is explicitly reduced. For the
normal parity states of 2s-1d shell nuclei, in particular, the n-particle wave functions
are characterized by the group chain SUg = SU,; o SU,, where the irreducible
representations of SUg, characterized by partitions of n, describe the symmetry of
the wave functions under permutations of the n particles, while the irreducible rep-
resentations of SUj, characterized by partitions of N, the number of oscillator
quanta (which is 27 in this case), describe the symmetry of the wave function under
permutation of these quanta.
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2 K. T. HECHT

The task of constructing a complete table of c.f.p. for these intrinsic states of s-d
shell nuclei is out of the question. The total number of states is very large, and no
convenient set of operators which commute with the Casimir operators and the
additive infinitesimal operators of the subgroups SU,; and SU, has as yet been
constructed to give a full specification of the states. However, a complete table of
c.f.p. is not needed since the states of greatest interest in those cases in which SUj;
is a good tool are those which transform according to the leading representations
of SU, or the next few representations, (those representations with large values of
the Casimir operator), for which the quantum numbers of SUj; itself are in most
cases sufficient to completely specify the states. It is the purpose of this note to show
that c.f.p. involving such states can be calculated by developing the machinery for
the computation of SUj; reduction coefficients. Explicit algebraic expressions are
given for both the SU, Wigner coefficients and the SU; recoupling (Racah) coeffi-
cients which are needed in the computation of the (n{|jn—1) and {n{|n—2) c.f.p.
Calculations of the fractional parentage coefficients, which can be carried out without
recourse to a full chain calculation, are illustrated by a few examples. Finally, the
c.f.p. are used to give expressions for single-particle spectroscopic factors for 2s-1d
shell nuclei. More detailed tables of c.f.p. and a fuller discussion of the calculation
of matrix elements of the Hamiltonian between intrinsic states will be presented in
a subsequent paper. In order to express the latter in most convenient form the tables
of SU,; Wigner and Racah coefficients must be extended.

2. Notation. Review of Some Properties of the Infinitesimal Operators of SU;

The irreducible representations of SU; are characterized by (Ap), where A = h; —h,
and u = h, —h5. The three-rowed Young tableaux are characterized by the partition
[~y h,hy] of the N oscillator quanta. The infinitesimal operators of Uj are denoted
by A;; with i,j = x,y, or z, and commutators [4;;, 4] = 6;3A;—6,14;;. The
commuting infinitesimal operators for SU; are further chosen as

QO = 2Azz - A-xx - Ayy s AO = %(Axx - AYY)’

where A, together with A, = 4,, and A_ = A,, form the subgroup SU, which is
singled out. The basis states of an irreducible representation of SU; are characterized
by the eigenvalues of @, 4, and A2, the Casimir operator of SU,. These eigenvalues
are specified by the quantum numbers &, v and 4

Qo0 ((Aw)edv) = ep((Ap)edv),
Aop((Ap)edv) = I(e(Ap)edy), ~ (1a)
A2p((Aw)edv) = A(A+1)p((Ap)eAv).
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The possible values of ¢ and A4 can be enumerated through the integers p and ¢

€= 2A+u—3p—3q = eg—3p—3q,
H—2p—2q9 H q (1b)
A= 4ut+ip—3iq9 = Axy+ip—1iq,

where p and g range over the values p=10,1,2,...,Aandg=20,1,..., 4, and
where the subscript H is used to characterize the state of highest weight %), the state
with highest possible ¢ and for this ¢ highest possible v.
Irreducible tensor operators ®7) under SU; can be denoted by T}%. They can
be defined through the commutation relations
[Qo, T&] = e T2, [4o, TA] = T,

) g . (2)
[Aija Te(/ﬁl)] = Z <('1#)8 A'v IA:,-I(l#)SAV>T§ﬁ‘53f > (’ # J)-
e

Matrix elements of the infinitesimal operators of SU; have been derived by several
authors 8). They also follow at once from the work of Elliott and Harvey, who
have shown explicitly how to construct a state with arbitrary ¢, A and v from the
state of highest weight through step-down operations. (See appendix).

Matrix elements of the infinitesimal operators 4,, and 4,, are the well-known ones
of SU,, for example,

CAmeA(v+2)| 45| (p)edvy = [(A=1v)(A+3v+ DI (3)

Matrix elements of A, 4,,, 4,, and 4,,, the e-lowering and raising operators, can
be expressed in terms of a single algebraic function f

A (Aedv)y = fI(Awedv] (Au)(e—3)(A+ D +1))

+ /14w, — (A+1][(Au)e—-3)(A-H(v+1)),
Ay (Ap)eavy = fI(Ap)ed, —v)|(A)(e—3)(A+3)(v—1))

—f1(Aw)e, —(A4+1), =v]I(Apw)(e—3)(A-DH-1)), @
Az (A)eAvy = fI(Ap)(e+3), —(4+H(v—D](Ap)(e+3)(A+H(v—1))

+ /1A +3)(A-D - D]+ 3)(A-HDE - 1)),

AL l(Aedvy = — fI(Ap)(e+3), —(A+3), —(+DI(Gp)e+3)(A+H+1))
+fI(Awe+3)(A-1), — v+ D] (A (e+3)(A-Hv+1)),

where

ST(Aw)eav]

_ [(/1+%V+1)(A+1+%(l—u—%8))(/1+2+%(l+2u—%8))(%(2/1+u+%8)—/1)}*
(2A+1)(24+2) )
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It is also convenient to express fin terms of the integers p and g of eq. (1b). In terms
of these parameters
A+3v+ D)(p+ DA—-p)u+2+p)?
flAweAv] = [( W+ 1)(p+1)(A—~p)(n P)]
(24+1)(24+2)

b

while

fl(Ap)e, —(A+1),v] = [(A —3)(q +21/)1((;; ; j_)g tutl- q)] %.

According to eq. (2), the infinitesimal operators Qq, A, 4;;, (i # j), themselves
are SUj; tensor operators which transform according to the eight-dimensional ir-
reducible representation, (1g) = (11). Since the phases and normalization factors
are of some importance, the SU; tensor character of the infinitesimal operators is
exhibited explicitly in table 1. The overall phase is chosen so that the operators

TaBLE 1
The SU, tensor character of the infinitesimal operators

1 1
T — _ — A, TAD A,
333 \/2 y 3% \/2
1 1
N (2Azz_Axx—Ayy) - A Axy
T8y = B T = 2
1 1
- 5729 —-—4
23" V2
1
%(Axx—Ayy) ‘_2‘ yx
T = T =
Ao 1.
J2
1 1
TOD, — — =4 7o = L 4
343 72 35-% 7 v
SU, tensor operators are denoted by T&‘;}v

Ay, Ag are related to the tensor operators with A = 1, 4v = +1, 0 according to the
standard phases for SU,. It should be noted that the relation between the operator
Q, and T§EE involves an ““unnatural” minus sign. In the elementary particle applica-
tions of SUj; (see, e.g. refs. > 1°)), the operator —1Q, is identified with the hyper-
charge (Y), while A and its third component }v are the usual isospin quantum
numbers. '

t Because of the opposite sign in the definition of ¥, Elliott’s state with lowest possible ¢, ef =
—(A+2u), and with 4 = }v = %2 would be identified as the ““highest weight™ state in the elementary
particle applications. We choose to retain Elliott’s notation, including 4, for the eigenvalue of A,
and do not introduce some new quantum number such as M, for the “third component™ of the
“spin’’ A, although this choice introduces unfamiliar factors of % in the ordinary Wigner coefficients.
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3. The SU; Wigner and Racah Coefficients

Moshinsky *1) has published a general expression (involving several summations)
for the SU, Wigner coefficients for one class of simply reducible products of SU;,
the products (A, 4y)% (4,0) = Y (An). Similar expressions for the general case
(Aq pty) % (A, 11;) have recently been given by Resnikoff '?). Although very elegant,
these expressions are not very useful for actual calculations such as those involving
the recoupling and fractional parentage coefficients for s-d shell nuclei. It is the aim
of the present work to give explicit algebraic expressions somewhat in the format of
the familiar tables from Condon and Shortley ' !*) for the relatively simple Wigner
coefficients needed for s-d shell calculations. For this purpose it is useful to employ
the standard technique of generating the Wigner coefficients through recursion
formulae derived from the matrix elements of the infinitesimal operators of the group.
In s-d shell calculations the Kronecker products which arise are those in which a
single s—d shell nucleon, for which (Ax) = (20), is coupled to an n-particle function
of arbitrary (Au)-symmetry, or those in which two s—d shell nucleons, each with
(Ap) = (20), are coupled to an (n—2)-particle function with arbitrary (). The SU;
quantum numbers of the two-particle functions follow from the Kronecker product
(20) x (20) = (40)+(02)+(21). The Wigner coefficients which are of particular
interest in the recoupling problem involving s—d shell nucleons are therefore the
products (g pt;) X (A 05) = D (Au) with (A,4,) equal to (20), (40), (02) or (21).
The possible (ig) values in these products can be read off from table 2. All but the
last of these products are simply reducible. In the product (Ax) x (21) only the three
irreducible representations, (A+1, u), (A4, pu—1) and (A—1, p+1), occur more than
once. Because of the central role played by the eight-dimensional representation,
(11), explicit expressions for the Wigner coefficients of the Kronecker product
(Ag) x (11) will also be of interest *.

State vectors for the coupled system ¢[(A, p)(A,u;); (Au)p, eAv] are given in
terms of the state vectors of the representations (4, u;) and (4,p,) by a unitary
transformation whose coefficients are the SU, Wigner coefficients

ol(A 1) (A2 12); (A)p, €AV]
= Z ¢(()~1 ﬂl)sx Ay Vl)(P((lz llz)ﬁz 4, Vz)((il #1)81 Ayvys ('12 #2)82 A, v,

£141v1

8242v2 : (Ap)edvy,, (5)
subject to the restrictions & = g, +¢&,, v =v,+v, and 4 = A;+A4,, ..., |4, —A4,].
The notation for the Wigner coefficients is an obvious extension of that for the
rotation group. Since the number of independent coupled functions of given (1u)
may be greater than one, an additional quantum number or label (denoted by p)
is needed in those cases (such as (A,u,) = (21), (Au) = (A;+1, u,), for example)
in which a given (iy) occurs more than once in the Kronecker product (A,4,) X (A,4,).

t Numerical values for the Wigner coefficients involving the simple irreducible representations
of interest in elementary particle physics have recently been given by Edmonds '?) and by deSwart °).
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Matrix elements of the components of SUj; tensor operators can be factored through
the generalized Wigner-Eckart theorem 7) into an SU; Wigner coefficient and a
reduced matrix element. However, in those cases in which a given (Au) occurs more
than once in the Kronecker product (41 44) % (A3 1,), matrix elements of SUj; tensor
operators will involve more than one reduced matrix element (one for each independ-
ent mode of coupling)

<(}~Il)3/1"| Tfﬁfgl(@ Ih)sx Ayvy)
= Z <('{1 #1)81 Ayvy; (12 Hz)sz A, Vz'(}-ll)SA")p((/lﬂ)l l Tuw)l |(}~1 #1)),; . (6)
p

The quantum number p which labels the independent modes of coupling could be
defined by a special choice of tensor operators '°) with non-zero reduced matrix
elements for only one state p. In the product (4, p,)x (11), for example, the two
independent coupled states with (Ap) = (A, u,) are most naturally chosen such that
the reduced matrix elements of the infinitesimal operators 4;; are non-zero only for
one of the states, the state p = 1. (In particular (see egs. (4) and tables 1 and 4),
OMNAGIARY 1 = B+ 42+ Au+31+3p)]F while COWNAH (A, = 0).

A more general technique for distinguishing the independent coupled functions
of the same irreducible representation has been given by Moshinsky '5), This in-
volves the explicit construction of an operator '*) (X), which together with the
Casimir invariants ' for the separate systems 1 and 2, the Casimir invariants of the
coupled system, and the operators Qo, Ao and A?, again for the coupled system,
gives a complete specification of the coupled functions @([4, u,)(A, p1); (A)p, eAv].
That is, the latter are simultaneously eigenfunctions of the operators C,(1), C5(1),
C2(2), C3(2), C,(1,2), C5(1,2), Q,, Ao and A2, as well as X, where the quantum
number g can be related to the eigenvalue of X. Except for terms which are functions
only of operators of type C; and C5, Moshinsky’s operator X can be expressed in
terms of the infinitesimal operators as

X = a; u(Aﬁu(l)Aua(l) +Ana(1)Aﬂu(1))Aaﬁ(z)’ (7)

that is, it is an SU, invariant of third degree which is unsymmetrical in the coordi-
nates of systems 1 and 2 which make up the coupled state.

Recursion formulae for the Wigner coefficients follow from the matrix elements
of the infinitesimal operators. By operating with the operator 4,, = A, (D+A4,.02)
on a wave function of the coupled system, €q. (5), a recursion relation is obtained for
the Wigner coefficients in the usual way. Since the operator A4,,, the e-lowering,
v-raising operator, couples the states A to both the states (A+4) and (A4—1), the
recursion formula for the Wigner coefficients has just double the complexity of the

t Both the Casimir invariants of second and third degree, that is, C, = ZaﬁAapApa and
Cs = Zopy Agg (Apgy Aygt Ay, Apy) are needed to specify the quantum numbers A and u, see
Biedenharn 1¢).
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analogous recursion formula for the rotation group:

Sl(Am)eAvKey Ay vy 82 4,5 (Ap)(e—=3)(A+ (v + 1))
+ (A, &,— (A+1), vKey Ay vy 5 8, 42v2|(Ap)(e—3) (A=) +1))
= fl(A 1) (61 +3)(A =D = D] (e +3)(A; — D (v1 = 1); 8, 4, v, (Ap)edv)
+ 1A p1)(E1 +3)— (41 + (v — 1)]
X (&1 +3)(Ay + 1) (v —1); £4,v,|(An)edv)
+ (A2 12) (62 +3)(A2 = H)(v2 — 1D]<e1 Ay vy 5 (62 + 3) (A, — 1) (v, — DI (Ap)eAv)
+ 1Az u)(E2+3)— (A2 +3) (v, —1)]
x<ey Ay vy (€24 3)( A+ 1) (v — DI(An)edv). (8a)
A similar recursion formula is obtained by application of 4,

SO E+3)A—H - DKey A1 vy ; 8,452 (Apn)(e+3)(A-D(v—1))
+ (A (e+3)— (A+ 3 —DKeg 41 vy 5 8, 45 V2| (Ap)(e+3)(A+ (v — 1))

= fI(A e A1y (e = 3) (A + 3 (v +1); €3 4,75 (Ap)eAv)
+fI(A p1)es — (A+ Dy (e = 3)(A; —3)(vi + 1); &, 4, v, (Ap)edv)

+fI(Aau5)e2 A, v, K61 Ay V15 (82— 3) (A, +3)(v2 + DI(Ap)edv)
+ 1Az p2)e — (A + 1), Koy Ay vy 5 (63— 3)(A, = 1) (v2 + D] (Ap)edv). (8b)

A more complicated recursion formula follows from application of the Casimir
invariant C, of the coupled system.

In the actual calculations the recursion formulae may become very simple. The
first step in the calculation may involve the coefficients with highest e(= &y = 244 ).
These are also the ones of greatest physical interest in the present application, since
the full set of angular momentum eigenfunctions for a given irreducible representation
of SU; can be constructed by projection from the intrinsic function of highest
weight 2). With & = & the first two Wigner coefficients in eq. (8b) vanish. Since the
v-dependence of the coefficients is known from the properties of SU,, further Wigner
coefficients in eq. (8) can be eliminated by proper choice of v, such as v, = 24,.

The v-dependence may be factored out by expressing the full SU, Wigner coeffi-
cient as a product of an ordinary SU, Wigner coefficient which carries the v-depend-
ence and a v-independent factor denoted by a double bar, the *‘isoscalar factor”
introduced by Edmonds '7)

(A pg)eg Ay vy (Agpip)es Ay v,y (Aw)eavy,
= (A1 4y A 3v,| A3V (A e Ay 5 (Aa p2)e A1 (Au)edy, . ®)

Since both the full SU; coefficients and the SU, coefficients form unitary matrices,
the double-barred SU, coefficients also form unitary matrices. In some cases it may
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be simpler to deal with the full SU; coefficients, in others with the double-barred
ones.

The factoring of eq. (9) makes it possible to carry out the v-summations in ex-
pressions for the SU; recoupling or Racah coefficients 7). The SU; Racah coefficient
can thus be expressed in terms of summations involving ordinary Racah coefficients
and the double-barred coefficients of eq. (9). (The recoupling coefficients which will
actually be used are the generalizations of the unitary U-coefficients rather than the
Racah coefficients)

U(('h p)(Ag 2 )(Au) (A3 p13); ()-121112).012912,3()-23H23)P2391,23)
= Z {U(A1 Ay Ady; Ay, A23)<31 Ay e /12”(}-12%2)812 A12>p12

£182(£3)
A14243412423

x<&yp A12; &3 Asll('lﬂ)EA%u_ L& 4;5 85 /13”()&23 IJ23)323 A23>p23
x (e Ay 823 Azs”(ll‘)EA%,,zs}, (10)

where

‘P{[[Uq 1) (A2 u2)1(A12 012)P125 (A3 lv‘s)](lﬂ)/’m, 38/1"}
= Z U((4s #1)(Az #2)(A)(As 13); (A2 2)P12 P12, (423 123)P23 P, 23)

(A23u23)p1, 23

X @{[(A1 £ )[(A2 2)(A3 #3)](A23 H23)P2 3J(A)p1, 23 eAvy. (11)

In the s—d shell recoupling problem most of the quantum numbers p are redundant
labels and therefore not needed. The problem involves the coupling of two particles
of (20) symmetry to an (n—2)-particle system of arbitrary (Au) symmetry. If (1, u,)
and (A;u3) can be identified with (20), for example, all of the Kronecker products
implied by the recoupling coefficient of eq. (11) are simply reducible and no labels
p are needed. If, on the other hand, (4, u,) and (1;i3) are identified with (20), the
product (4, ;) x (4,3 it,3) may require the quantum number p,, 55 if (433 4,3) = (21).
Whenever the label p is not needed it will be omitted from the expressions for the
U- and Wigner-coefficients. Relations involving the SU; recoupling coefficients and
sums over products of two or three Wigner coefficients are again straightforward
generalizations of those for the rotation group. In particular, the relation

z <(2-1 ﬂ1)31 Ay ('123 st)ﬁzs Ayl |(Aﬂ)5/1>p1_ 23 U(()q I‘l)()‘Z l‘z)(}»ﬂ)(}bs #3);

01,23

(112ﬂ12)P12P12,3('123#23)1023/’1,23)
= Z <32A2;83/13”(}-231123)323A23>pzs<81A1;32A2||(/112ﬂ12)312/112>p12

e2(23)(e12)
A243412

X812 Ay23 €3 A3”(A”)EA>P12,,3U(A1 Ay AAz; Ay; Ays) (12)

may be useful in generating further recursion formulae for the double-barred Wigner
coefficients, although such formulae may be complicated by the summation over
P1.23 in cases such as (1,3 4,3) = (21).
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3.1. WIGNER COEFFICIENTS FOR THE PRODUCTS (4,u;) X (1,0).

Wigner coefficients with ¢ = gy = 21+ (and Ay = 4p) may be the most useful
ones in shell model calculations with functions of SU, symmetry since the full set
of angular momentum eigenfunctions for given (iu) can be constructed by projection
from the intrinsic function of highest weight ?). These Wigner coefficients also form
a natural starting point for the calculation. Repeated application of the recursion
formula (8b) yields the following relation for the double-barred SU; coefficient:

(A p)(en—3a—=3B)(Au+30—1B); (4,0)e, = exp—30+3a+3p,
A, = Yo —30—1Bl|(An)en Auy

i

(A =)Wy =By + 14+ 0= B A+ uy + 1= (A — o+ o+ f)! =
A+ — A=) (A+pu—A—A,+o+a)!
At By 1+ )W (A +u + DA —0) (A + A, —A— o —a)!
(A+u—Ai;j—2,+0)!

y |: A+t —A+1—0) (A + A, — A+ u, —pu—o)! j|’}
(ll+12+ﬂ1—}-‘*‘1—G—ﬂ)!(ll+}.2_A+ﬂ1—'ﬂ_o—ﬂ)'
X (A1 11)e1u Ain; (A20)e2n—30, A, = Soll(An)en Ax), (13)

where e;y = 24, +uy, Ajg = Jpg; &(a = B =0) = gy—ey = QA+p)— 241 +py)
= g,g—306 = 24,—30. The last equation defines the fixed integer . (Note that
&, = &yu— 30 implies 4, = 30; A, is uniquely specified by &, in the representation
(2,0).) The integers « and f can range over the values 0 < o < 3(A;+ 4, —A+p—py)
and 0B <3(4;+ 4, — A+2p, —2p). The magnitude of {(4; py)e g Ain; (A,0)e,4— 30,
1ol|(An)eg Ay)y can be obtained from the unitary property of the double-barred
Wigner coefficients

%[((/11#1)(81}1—3““3/3)(/11}14‘%0‘—%/3); ('120)32 AZH(AN)SHAHNZ = 1.

= (-1y

No techniques have been discovered for performing the needed sums over o and B
in general closed form. For the actual cases needed the sums can easily be carried
out explicitly. Expressions for the Wigner coefficients with both ¢ = g; and &, = ¢4
are given in table 2. Algebraic expressions for those with g, < &, follow from eq. (13).
Because of the central role played in s—d shell calculations by the (20) representation
the complete table of SU; double-barred Wigner coefficients for the product (1u) x
(20) is given as table 3. The phase of the coefficient {(4, e nA1uVin; (A2 13)€, A5V,
(Ap)ey Ay vy must be chosen. By straightforward generalization of the Condon and
Shortley phase convention % 1#), the coefficients with both & = gy, v = vy; &; = &1y
and v; = v,y are chosen positive (and real). In the case (l,u,) = (4,0) there is
only one coefficient of this type and this convention uniquely specifies the phases of
the Wigner coefficients. In the general case with both 1, # 0 and u, # 0, there will be
more than one coefficient with both e = ggand e, = &, in all those cases in which there
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is more than one independent coupled function of (du) symmetry in the product
(A1 11) % (A2 112). In this case there is more than one possible value of A, in the state
with &, = gg—&;4. The phases of the Wigner coefficients can then be uniquely
specified by the additional phase convention that the Wigner coefficient with the largest
value of 4, and v,, (and & = ey, &, = &y, v = Vy, v, = V;y) is positive '

From eqgs. (13) and (9) it can be seen that the coefficient {(4; #,)e; A1 v;; (A,0)e,4
= 2,5, Ag = vog = 0|(Ap)eg Ay vy) differs in sign from the coefficient
(A )i dinvin; (A20)e, 4, v, (Ap)eg Agvyy by the factor (—1)* (=(—1)*%)
with 3¢ = 2; +4,—A+pu—p, which leads to the symmetry property 't
LAy p1)ey Ay vy (A,0)8, 45 v,[(Ap)edv)

= (- 1)/11 H'z—“"_m«'lz 0)e2 A, v;5 (A1 11y)ey Ay vyl (ApeAv). (14a)
Using the analogous symmetry property of the ordinary Wigner coefficient, the
symmetry property for the double-barred SU; coefficient becomes

(A1 1)1 415 (A,0)e, 4,1 (Ap)ed)
= (—Dthmirumnt it dam Ao 0Ve, Ay (A sy)ey Ayl(Ap)ed).  (14b)
3.2. WIGNER COEFFICIENTS FOR THE PRODUCTS (4,x,) X (Ou,).

Wigner coefficients of this type can be obtained from those for the product
(A1 141) %X (1,0) through a further symmetry property of the Wigner coefficients (see
ref. 1%) and appendix)

{(Aypydeg Ay (A pr)es Axl1(A3 pa)es A3
= (= 1) mm At b= g f 4= [(d?m (A3 pa))(24, + 1)} *
(dim (4, py))245+1)
x {(Azua)es As; (2 d2)—ez Aoll(A1 1)1 A1), (15)
where dim(Ay) = 3HA+ D+ 1)(A+u+2).
3.3. WIGNER COEFFICIENTS FOR THE PRODUCTS (4,4,) X (4;1).

The coefficients of greatest interest in the present work, that is those with
€ =gy = 2A+u and Ay = }u but arbitrary ¢, and A, can again be expressed in

t Unfortunately this phase convention differs from that employed by other authors 19-1%17),
Because of the ‘“‘unnatural” minus sign in the relation between the operator Q, and the SUj, tensor
operator T§% it might have been preferable to fix the phases in terms of the coefficients involving
the lowest rather than the highest values of ¢. This change would not affect the sign of coefficients
with (A,4,) = (20) and would not bring our phases into agerement with those of others. Since there
is as yet no unanimity as to the choice of phases, and since the state with ¢ = &; plays the preferred
role in Elliott’s approach, the above phase convention has been retained in this work. The choice
made by deSwart, for example, involves the “highest” weight state for (Au) (¢ = —(2+2u) in
Elliott’s notation), but the state with largest A, to fix the phases 1°).

tt Symmetry properties of the Wigner coefficients have been discussed by deSwart ') and Resni-
koff '%). The phase factor in eq. (14a) is an explicit evaluation of deSwart’s phase factor of type &,;
however, subject to the above rather than deSwart’s phase convention.
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terms of those with both ¢ = gy and ¢, = ¢,y by repeated application of the recursion
formulae. There are now two coefficients of this type corresponding to the two pos-
sibilities A, = 46'+% for &, = ¢;5—30’ = 24,+1—30, but explicit algebraic
expressions (involving no summations) can again be given to relate both types of
coefficients to those with &, = &4, and e = gy

(A1 a)(ern—30=3p)(Am+3x—1B); (A2 1)(e2n—30 +3x+3p)4,
= 3o —3—3a—3BlI(A)en And

(A =)Wy =B +1+a—=B)(A +p +1-B) (A + 1~ +a+p)! *
= (=1 X (A +d,—A—0)(A+pu—A;— Ay +o+a)!
alpA Wy +1+a) (A +p + D)2+ 1—0) (A + A, —A—0—a)!
x(A+pu—2;—2+0o)!
" [ A+ +u—A+1=0) (A + A, —A+u —u—0a)l(c+1) :l*
A+ 2+ p—A+1— = A + A=A+ pu —p—o~P)(c+1—a—p)

X (A p1)eru Arws (A2 1)(e2n—30)42 = Jo—1|(An)ey An), (16a)

(A i Xesn—30—3B)( A+ 30 —18); (A2 1)(e2u— 30+ 30+ 38)4,
= }o+1—Ja—3pll(A)en And

(s — ) (s — B) !y +1+a—B)Ay + g + 1= B) (A, — o +a+B)! ¥
X(A+p—Ai—A—1+o+o)(c+1—a—p)
= (=1 | !B, Wy + 1+ (A + o1 + DA + 4, — A+ 1— 5 —a)!
XA+ —A+pu —pu+1—c—PBA +i,—A+p, +2—0—B)!
N {[(/11+22—ﬂ.+1—0')!(11+/12—/1+,u1+2—a)!(/11+/12—l+u1—u+1—0')!:|’}
(A=) (A+p—A1—2—1+0)(c+1)

X (g #1)ery Arms (22 1)(e20—30) (30 + DI (Ap)ey Axd

[+, = A=) (A + Ay — A+ py +1=0) (A + Ay — A+ py —pu—0) (A, +2)]*
(c+1—a)o+1—a—B)(c+1)(A+1—0)(A+pu—2i,— A, +0)!]F

X FupCs e v Oz Do —30) 30— D0 A (16b)
where, in (16b),
Fo=alc+l—a=B) A +A,—A+pu+2—0)A1+ A —A+py—p+1—0)
+Pe+ 1A+ —A+l—0o—a)( A+ A, —A—p—0c—a).

Cocfficients with both &, = g,;; and & = g4 can be evaluated through the unitary
property of the Wigner coefficients. They are shown in table 2 for the case (4,u;)
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= (21). Note that there is only one coefficient of this type in all those cases in which
the representation (A'u’) occurs only once in the Kronecker product. In these cases
the unitary property is sufficient to determine the one coefficient. In those cases in
which the quantum number p is needed, that is for (A'u") = (A+1, p), (A—1, u+1)
and (4, u—1), two independent linear combinations of {e;ud u; &x—36, 4,
= 36— 3|[(A)en Ay and {eyu Au; €25 —30,4; = Yo +3||(Ap)ea 4y> can be found
such that the coupled functions are eigenfunctions of Moshinsky’s operator X (see
eq. (7)). In practice, the resultant algebraic expressions for these coefficients have been
found to be rather complicated and an alternate approach has been used. For one of
the coupled states, the Wigner coefficients with both &; = &, and &€ = g4 have been
chosen arbitrarily. The choice {(g;y44; €u— 30, A, = $0—3||(An)egAg>, = 0 has
proved convenient. By making the coefficients with p = 2 orthogonal to those with
p =1, all of the unitary (orthogonal) properties of the transformation coefficients
have been preserved so that this technique for making the distinction between the
two independent coupled functions does not suffer the worst faults of an arbitrary
labelling.

Because of the central role played by the eight-dimensional irreducible represen-
tation (4,4,) = (11), the complete table of SU; Wigner coeflicients for the product
(Ap) x (11) is given as table 4. Coefficients in adjacent columns of the table are related
through the symmetry relation (15).

3.4. THE U-COEFFICIENTS.

With the Wigner coefficients given in tables 2 and 3, and through eqs. (13) and
(16), the U-coefficients needed for s—d shell calculations can now be computed. These
are the coefficients

U((lu)(20)(/1’u')(20); (A12812)(A23 p23)P1, 23)’

which are needed in the recoupling transformation

o([11,2,. .., (m—=2)(An), (n—1)(20)1(A12 11,), n(20)](A'p')e’ A'v")
= Z U(('lﬂ)(20)(l’ﬂ')(20)§ (A12212)(A23 123)P1 . 23)

(A23p23)p1, 23
xo([1,2,. .. (n=2)(An), [(n—1)(20), n(20)] (223 123)J(A W )p1, 238’ AV).  (17)

The summation over the states in the coupled scheme, involving (4,3 fi,3), includes
a sum over the two independent functions p; ,3 = 1 and 2, which can be constructed
with the representation (21) for three of the final states (A’y’). The full U-matrix
divides into three unit matrices, six (2 x 2), three (3 x 3) and three (4 x 4) real, unitary
(orthogonal) matrices. These are tabulated as table 5. The U-coefficients of the form

U((ZO) (Ap)(A' 1" )(20); (Agap12)(A23 ﬂzs))

may also be needed. They can be obtained through a composition of recoupling
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transformations which gives
U((20)0(A)(A'w')(20); (Arz 12)(Ays py3)) = (=) T4 T H2mhiemumitbunatus
X Z (=1 U((i,u)(ZO)(/l'/,t')(ZO); (A12012)(A23 123)p1, 23)

(423423)p1, 23
x U((A)(20)(2' )(20); (A13 113)(A23 123)P1, 23 ) (18)

a straightforward generalization of the analogous formula for ordinary Racah coef-
ficients in which repeated use has been made of the symmetry relation (14a). The
behaviour of the coupled functions of eq. (17) under permutation of the (n— 1)th and
nth particles is given by these U-coefficients

P(n—l)nq)([[l’ 2,... (” "'2)('1,“), (”" 1)(20)](1121112)’ n(20)]( Iﬂ/)“:’A’V')
= (=TT AT BT (TR U((20)(Au) (A 1)(20); (Ar 2 2 )(Aas By 3))

(A13p13)

xo([[1,2,...(n=2)(Au), (n—1)(20)](A13 113), n(20)J(A'w)e' A'Y").

4. The SU; Fractional Parentage Coefficients

The {n{ln—1) fractional parentage coefficients are factored into orbital and charge-
spin c.f.p., using the technique of Jahn and van Wieringen *®). For the states of high
orbital symmetry which are the most interesting for the s—d shell calculations the Jahn
and van Wieringen tables of charge-spin c.f.p. will suffice for nuclei with » < 10.
The orbital c.f.p. of interest here are not those involving the angular momentum
eigenfuactions but the intrinsic oscillator functions of SU; symmetry in the SU;> SU,
chain. These are also characterized by the partitions [ f] which specify the irreducible
representations of SUg and the symmetry properties of the wave functions under
permutation of the n particles. The latter can further be made explicit by the Ya-
manouchi symbols '#), but these are omitted here for short-hand purposes so that the
parentage expansion for the intrinsic orbital states can be written

@(n[f1(Aweay) = ( ZZ“,)@[f 1G{i(n—1)(X)>
xo([L, ..., (n=DLfI(A'w), n(20)](Ap)eAv), (19)

where the coupling of the (n—1)-particle function of (1'w’) symmetry to the nth
particle of (20) symmetry to give an n-particle function of (Ax) symmetry is effected
through the SU,; Wigner coefficients of table 3:

o([L, . . .. =D/ IAw), n(20)](Au)eAv)
= ; K(l’u’)a'A’v'; (20)e; A, v, [(Aedvyo(l, . . ., (n=1D)[f YA 1) A'V)

x @(n(20)e, A, v,). (20)



14 K. T. HECHT

Additional labels may be needed to fully specify the states if a function of definite
[£] contains a representation (u) more than once. With the U-functions of table 5,
the full set of {(n{ln—1) c.f.p. could, in principle, be computed through a chain
calcylation starting with #» = 2, similar to that used by Jahn and van Wieringen.
Such a calculation, however, would involve not only a large number of physically
uninteresting states but also a large number of states for which the quantum numbers
of SU, do not give a full labelling of the wave functions. Although partial chains of
this type may be an aid in the calculation they are not needed. For the states of greatest
physical interest, states of high SU; symmetry (that is large values of A and p, there-
for large values of the Casimir operator), the {n{|n—1) c.f.p. for particular values of
n can be computed without recourse to a chain calculation. The method involves a
direct comparison of explicit expressions for both the n-particle and the (n—1)-
particle functions, the coupling of the latter to the nth particle being effected through
the SU; Wigner coefficients. The technique is illustrated through a simple example,
the calculation of the {9{|8) c.f.p. of the type {[4411(66){|[431]1(A'x')> for which
there are two possible representations (4'y’), namely (46) and (65), see ref. 1y, The
parentage expansion eq. (19) is then specifically

@([441](66); ey Ay vn) = <[4411(66){|[4311(46)>¢((46); &y A vir)@((20); 400)
+{[4411(66){1 [4311(65)> [4/30((65); &1 Aii vir)e((20); 141) Qe
~10((65); (eif —3) (A + 1) (vt + 1))o((20); 400)],

in which the 9th particle of (20) symmetry is coupled to the 8-particle functions of
(46) and (65) symmetry through the SU; Wigner coefficients whose numerical
values have been obtained from table 3. A (66)-function of highest weight can be
chosen since the c.f.p. are independent of &, A and v. The parent state is thus the
intrinsic state used by Elliott and Harvey. Explicit expressions for the various func-
tions of eq. (21) can be given in the following highly abbreviated notation:

@([4411(66); eu Ay ver) = ¢{440100},
@([4311(65); ey A} vi) = 9{430100}, (22)

o([4311(65); (e — ) (s + Dk +1)) = —/30{420200} — 31—3 (340100},
@([431](46); £ A Vi) = \715 ¢{420200} — /3¢ {340100}.

The numbers in the curly brackets are the occupation numbers of the six single-
particle states of (20) symmetry which are listed in the following specific order.
If the six single-particle states are described by the harmonic oscillator quantum
numbers n,, n, and n,, then the order of the single-particle states which has been
chosen is ¢(n,, ny, n,) = ©(200), ¢(110), ¢(101), ¢(020), ¢(011), ©(002). In terms
of the quantum numbers & A and v, these same functions are ¢(400), ¢(141), (13— 1),
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o(—212),9(—210)and (-2 1 —2), in the above order. The occupation numbers
in the 9-particle function of (66) SU, symmetry are {440100}. By uncoupling the
9th particle from such a wave function it is possible only to obtain wave functions
with occupation numbers {440000}, {430100} and {340100} but not {420200}. If
the explicit expressions for the various wave functions are substituted into eq. (21)
the coefficient of ¢{420200} must therefore vanish, giving a relation between the two
c.fp.:

([441](66){|431](46)>1/3 +([441](66){|[4311(65)>%./6 = O.

This together with the normalization determines the coefficients

([4411(66){I[4311(46)> = —1./3, ([441](66){|[431](65)) = /3.

States with occupation number {420200} can of course also occur in the 8-particle
states with [f'] = [44], the other possible daughter of [f] = [441]. Since [f'] = [44]
impliesT = 0, S = 0, while T = 1, S = 1 are possible isospin-spin values of [431],
there can be no cancellation of the {420200} states of [431] with those of [44]. In
particular, the total wave function ¢{420200} with 7T =1, S =1, My =1, Mg =1
can be written in terms of Slater determinants as

%\/,’—Zl (20077 )(2007~)(200p*)(200p ~)(11012*)(11077)(020n* }(020p *)|
—-i\/il(200n+)(200n")(200p+)(200p‘)(1 10n*)(110p™)(020n™ (0202 7)),

in which the first single-particle quantum numbers are, for example, (n, = 2, n, = 0,
n, = 0, neutron, spin up). This cannot be a daughter of the parent state with
T=8S=4Mr=M;=1%:

o([441]T = S = 4, My = M5 =4, (66)ey Ay vy)
= |(200n™ )(200n~)(200p* )(200p ~)(110n* )(110~7)(110p* )(110p~)(020n™7)|.

By uncoupling the 9th particle in the p~ or m, = m, = —% state from this wave
function, we get the only possible T =1, § = 1, My = 1, Mg = 1 total wave func-
tions, which are of type {340100} and {430100} each with a coefficient 3/9. (The
remaining 8 x 8 Slater determinants have a normalization constant 1/,/8! rather than
the 1/\/ 9! of the parent wave function). By writing the analogue of eq. (21) for the
total wave function and again substituting the explicit expressions of eq. (22) into
this equation, we could now use the coefficients of ¢{340100} and ¢{430100} directly
to evaluate the c.f.p. The coefficient of ¢{430100}, for example, becomes

C[441166)T = S = ${|[4311(65)T = S = D3/31L 3~ 4 HAL 343 H

and this must be equal to %\/ 9. (The ordinary Wigner coeflicients describe the coupling
of the isospin and spin functions of the 9th particle to the T = | and § = 1 8-paricle
functions to form resultant 7 = % and § = 4 wave functions). The full c.f.p. can
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be written in terms of orbital and spin-charge coefficients (Jahn and van Wieringen)

LACWTS{LSNA TS = Vﬁﬂ AL, XL ITS{L1T'S">. (23)
nf

The spin-charge c.f.p. can be taken from the tables of Jahn and van Wieringen. The
ratio ny./n, of the dimensions of the irreducible representations [f’] and [ f] of the
symmetric group are alsc tabulated by Jahn and van Wieringen. The above relation
can therefore be used to evaluate the orbital c.f.p.

Although these methods may be very inelegant, they are relatively simple for states
of large A and u. Explicit expressions are needed only for wave functions which are
at most two steps removed from the function of highest weight (p+¢g+r < 2 in the
notation of eq. (A.1) of the appendix). These are easy to calculate by the methods
of Elliott and Harvey. A few examples of SU; c.f.p. are illustrated in table 6. It is
seen that the quantum numbers of SU; are not sufficient to completely specify all
of the states, so that some additional arbitrary labels are needed. (Thus the two
types of (73) and (53) functions of [431] and [43] symmetry, respectively, are chosen
arbitrarily but orthogonal to each other.) It should be noted that these c.f.p. have
orthogonality properties identical with those of the c.f.p. for orbital angular momen-
tum functions '®). The {(n{ln—2) c.f.p. can be calculated by standard techniques
using the U-coefficients of table 5.

5. Single-Particle Spectroscopic Factors for 2s-ld Shell Nuclei

Expressions for single-particle spectroscopic factors may be given in convenient
form in terms of the (n{|n— 1) c.f.p. for the intrinsic states. The total n-particle wave
function is assumed to be a known linear combination of projected angular momentum
eigenfunctions of the Elliott form

Yy =N OJ‘ daQ DﬁJOKJO(Q)(PQ(" ToSol fol(Ao Ho)uMr,Zo)- (24)

The subscript zero is used to denote the n-particle parent state, and J,, is the total
angular momentum, K, and X, are the z-components of the total and spin angular
momenta in the rotated system (denoted by the subscript @), while M, gives the
projection of J along the space-fixed z direction. The subscript H on (4, 41,) indicates
the intrinsic SU state of highest weight. (The symbol ¢ is used for intrinsic functions,
Y for angular momentum eigenfunctions.) The normalization constant N, involves
a sum over the possible orbital angular momentum quantum numbers L,

_ 2J,+1 1 (25)
8 L Z [(a(Lo Ko)<Lo Ko, SoZolJo KJ0>|2]*
Lo

0o

in which K, = K, ,—Z, and the a(L, K,) are the expansion coefficients which give the



SU; RECOUPLING AND FRACTIONAL PARENTAGE 17

intrinsic function in terms of orbital angular momentum eigenfunctions
(Ao tto)u = KZL a(Lo Ko)¥((Ao 10)K o, Lo Ko). (26)
oL0

Using the parentage expansion for the n-particle intrinsic state, @,

V=3 )<n[fo](lo#o)ToSo{l(n—1)[f](/1#)TS>

TS[fXAu
X Z (TMy, %(MTO—MT)lTOMTo><SZIs %(Zo—z')lsoZ'o)

MrX

X Z (Ap)eAv; (20)e, A, v5](Ao Ko)eor AonVon)

edv

X No f dQ DK?JOKJO(Q)(DQ((" —D)TS[f](Au)edv, M Z ')‘Pn((20)32 Ayv;,
(Mg,—Mq)(Zo—2")). (27)

The intrinsic space function for the nth particle is written in terms of angular mo-
mentum eigenfunctions

©o((20), edv) = Y a((l, k)eAv)yo(l, k), (28a)

1k

in which k is the z-component of / in the rotated system. Explicitly, using the Elliott
and Harvey phase conventions,

¢((20), 400) = \% ¥(0, 0)+/3¥(2, 0),

1 i
0((0)141) = - V(2. ~D=¥(2. D} (@0 13-1) = 7 . ~)+u2 D),
0((20), ~21+2) = 2% 200, 0)~ V202, )£ 32 ~D+¥(2 2]}, (28b)

¢((20), —210) = 72 {¥(2, -2)—4(2,2)}.

The intrinsic space functions @((lu)edv) with & < gy which arise through the
parentage expansion of eq. (27) can be expressed in terms of the function of highest
weight by the technique of Elliott and Harvey 2). A function with & < ¢y is first
expressed in terms of SU, step-down operators acting on the function of highest
weight (eq. (A.1) of the appendix). The step-down operators when acting on a function
of highest weight can then be replaced by functions of the angular momentum oper-
ators L,, L_ and L,. Thus 2),

(D((Aﬂ)’ EAV) = F((,l/,t), SAV, L+ ] L— ’ LO)(p((Au))H (29)

Expanding (p((ly))ﬂ in terms of angular momentum functions, as in eq. (26), and
using the matrix elements of L., L_ and L, in the angular momentum scheme, the
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intrinsic states of the (n— 1)-particle daughter can be expressed as
0a((An), e4v) = K; a(LK)f(An, eAv, LKYWo((AWK; L(K +7)), (30)
14

where the label K in the angular momentum eigenfunction ¥, plays the role of the
band quantum number, while (K+7) gives the z-component of L in the rotated
coordinate system. As a specific simple example, consider ¢((Ap), ey —3, Ay+1%, vy +1)
which is equal to

1 —~i 1
A o(AM)y = — (A — A, )My = —— (Le~L_
7i o(A)y 7 ( Yo(Ap)u 2\//1( + )
so that in this case
F((Ag), =3, Au+3, va+1; Ly, L_, Lo) = i\%(L+ ~L.), (31a)

SOty 6a—3, A+, v+ 1, KLy = +1) = + ﬁ[@m)(uxu)]*. (31b)

By transforming the orbital and spin angular momentum functions ¥, back to the
space-fixed reference frame (e.g. Yo(L, K+79) = ¥y Diyx+ (@)W (L, M)), the in-
tegral of eq. (27) becomes

fdQ Dy 1 Ko Deo((n—1)TS[f1(Ap)eAv, M1 2 Vpa((20)e; A, v, (M, — Mp)(Zo—Z))

e S S (LR, & A53,) s v, KL)
2Jo+ 11Ky & 7i
X CL(K +7)SZ'[TK ) lkd(Zo — ) j(K 5o — Ks)><{IK; j(K5o— K)o K>

x L; CIMy jmlT oM > ¥ (LA J(Aw)KE'; LSIM ;5 TMz)y(I4jm; tm,), (32)

in which ¥ is an L-S coupled wave function with band quantum number K, and ¢
is the single-particle angular momentum function for the nth particle, in a state of
definite / and j. With this value of the integral the wave function of eq. (27) is now
in a form from which an overlap integral can be calculated. For this purpose the
(n—1)-particle daughter wave function, which is also assumed to be of the form of
eq. (24), is expanded out in LS coupled wave functions

N [ 40 Dl (@pul(n~TSLA 13100, Mr2)

= Nf dQ DLJK,(Q)LZ;, a(LK)Dyx(R)* Diy:(Q)* ([ f1(A)KZ; LM, SMs, TMy),

a(LK)XLKSZ|JK,>

= L S @RI RSTK S S AMOKE: LSIM;, T 7). (33)




SUz RECOUPLING AND FRACTIONAL PARENTAGE 19

The computation of the overlap integrals is somewhat complicated by the fact that
wave functions of the form Y ([fI(Au)KZ; LSIM;) with different band quantum
numbers K are not orthogonal to each other. Their overlap is most conveniently
expressed in terms of the integrals 4 (KLK’) evaluated by Elliott and Harvey 2)

A(KLK") = a(LK)a(LK"XY(K'; LM)|Y/(K; LM)). 34

We are finally in a position to evaluate the overlap integrals #(Jj) from which the
single-particle spectroscopic factors 2%) can be calculated. In particular

FU) = {nToSolfo1(Ao 1)Ko 20, JoM; My,
x|[(n=DTS[fIARKZ; J; tsljlTo My, ToMy >  (35)
becomes
J(lf) = <"[fo]()~ol‘o)To So{|(" - 1)[f]('1ﬂ)TS> AZXKSE'%(ZO _E,)|S020>
X <(lﬂ)ﬁAV; (20)32 A3 v21(A0 o)eon Aon V0H>kzl:‘ “((lk)§ g4, Vz)A(Ko —k—19, LK)

x f(a, edv, (Ko—k—y)L, Pk (Zo—Z)j(Zo— 2 +k))
X (Ko—k+2)j(Zo—2" +k)|Jo(Ko+2Z0)>
 (L(Ko—K)SZ'J(Ko—k+2)> (LKSZ|J(K+Z)>

. (36)
[ X 1a(LK)XLKSZIKDIPTF [ la(Lo Ko)XLo KoSoZolJo KJo)IZP
L’ Lo
In terms of coefficients f(Jk; e, 4, v, ; L) defined as
Bllk;e,4,v,5 L) = Z oc((lk), g4, Vz)
XkFHZ o= Z)j(Eo—2"+ kDI (Ko —k+2);(Zo— 2"+ k) Jo (Ko +20)>
x<nlfol(Ao o) To So{l(n—1[f I TS IS E'F(E 6~ 2")So Zo)
{L(Ko—k)SZ'|J(Ky—k+Z')> {LKSZ|J(K+X)) (37)
[ X 1a(Lo Ko)(Lo Ko SoZolJo Ks)I"T* [ 3, 1a(L K)XLKSZK DT
the overlap integrals can be written
(1)) = ,;Z; ; B(lks; &5 A3 v5 LY (A)eAv; (20)e; A5 v2](Ao #o)eon Aonvon)
7. eAv
(e242v2)
Xf(Ap, eAv,L(Ko—k—7), )A(Ko—k—y, LK). (38)

The summations have been carried out explicitly for the six possible representations
(Aouto) of the s—d shell. The results are presented in table 7. Since the n-particle
parent and (n— 1)-particle daughter wave functions are in general linear combinations
of wave functions of the form of eq. (24), the overlap integrals involving these states
and an nth particle of definite / and j will in general involve linear combinations of
the #(Jj) given in table 7.
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Appendix
Al. MATRIX ELEMENTS OF THE INFINITESIMAL OPERATORS

The matrix elements of the infinitesimal operators follow at once from the expli-
cit construction of the SU; basis functions given by Elliott and Harvey. A function
with arbitrary eAv is given in terms of stepdown operators acting on the function
of highest weight by (see refs. 2 21),

(p((ﬂ,ﬂ)&AV) = N('lll, pq r)A;x ng Agz (0(('1”)8]—{ AH vH)s (A 1)
with
e =¢gq—3p—-3q, A=Ax+3ip—3q, v=A-r, (A2)

where O,, = A, A,,— A, (4,,—A,,+1) and where the normalization constant has
the value 2)

_ [G=p(e—@)!(A+p+1—g)(u+p—g—r)(u+tp—q+1)]?
N, pr g 1) = [ Apl(A+p+1)(u+p+1)!plgtr! ] - (A3)

To determine the matrix element of A4,,, for example, it is necessary only to act with
A,, on a function of arbitrary eéAv and commute the operator A, through to the
right in eq. (A.1). Using the commutator properties

[sz s Oyz] = 0, [sz * A;x] = - rA;; 1‘Ayz ’
and recplacing 4,, ¢(p, g, r = 0) by

(Ayx sz - Oyz)

,q, 1 = 0),
“a.r —0r) 2" =9

we get

Ax,¢(p,q,r)=(A+%v+1) N(p, g, 7) ¢(p+1’q’r)+(/1—%v) N(p,q,7)

(24+1) N(p+1,4,7) (24+1) N(p, q+1,7r—1)
xo(p,g+1,r-1), (A4)

which is another form of the first of egs. (4) of the text.



SU; RECOUPLING AND FRACTIONAL PARENTAGE 21

A2. THE ADJOINT IRREDUCIBLE REPRESENTATION

By expanding the operator O,, in eq. (A.1), a basis function of (4u) symmetry and

arbitrary eAv can also be expressed in the following form:

q Yu+p+1)!
q(ﬂ p 1) —a 4r+a —a +a
o((Ap)edv) = N(Aupgr —1)17AL AT AL
((u)ey) ( )ag() a!(q—-a)!(u+p+1—q+a)!( ) o

X(p(()“#)BHAHVH)' (A.5)
By using step-up operators acting on the function of lowest weight, to be denoted

by the subscript L, a similar expression can be derived. In particular, for functions
of (u4) symmetry,

L ! !
q'(#+p+1)' rt+a ~-a +a
o((ui)—e, A, —v) = N(Aupqr A Ly L
((k2) ) )a;o al(g—a)l(u+p+l—q+a)t > 7

X ‘P((/M)SL Ay VL)a (A-6)

where the magnitudes of €, A and v are the same in eqs. (A.5) and (A.6) for identical
P, q, and r. By expressing the infinitesimal operators of the group in terms of harmonic
oscillator creation and annihilation operators ' and by expressing the function of
highest weight in terms of creation operators of type @, and a; acting on a “closed
shell” state of 3N oscillator quanta coupled to (4g) = (00) (Moshinsky '!)), the
relation (A.5) can be expressed as a polynomial in the creation operators '!) acting
on the closed shell state |¢)

o(wetv) = P(a?, at, a})le. (A7)

Similarly, the function of lowest weight can be expressed in terms of annijhilation
operators of type a, and a, acting on a closed shell state of 3N oscillator quanta
coupled to (Au) = (00), so that the relation (A.6) can be expressed as a polynomial
in the oscillator quanta annihilation operators acting on a closed shell state |¢'>

o((ud)—e, 4, —v) = (=1P*"P(a,, a,, a,)|c’>, (A.8)

where the polynomial functions & of egs. (A.7) and (A.8) are identical. Comparing
the two relations we see that the basis functions of the adjoint representation (ud)
are related to those of the irreducible representation (1u) by the relation

o((Ap)eav)* = (=1 p((ul)—e, A, —v), (A.92)

where the phase factor can be expressed also in terms of the quantum numbers &
and v through eq. (A.2)

o((Apedv)* = (=1} G- mtd-dp(ua)—e, A, —v). (A.9b)

t See refs. 12) or ref. ¥): A,; = X.a;"(k)a;(k), i, j = x,y,2z, k= particle index =1,..., n.
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A3. A SYMMETRY PROPERTY OF THE SU; WIGNER COEFFICIENTS, Eq. (15)

Using eq. (A.9) and the techniques employed by de Swart '°) to derive the sym-
metry properties of the SU; Wigner coefficients, we obtain the relation

C(Agp)er A vy (Aapa)er A3 v, (A3 u3)e3 A3 vs)

i +
= C(li ﬂl)( — 1)%(3-2 —p2)+iva—ie2 ‘:(}%fi)}
dim ('11 I~‘1)

X (A3 p3)es A3 vs; (U Aa) —&a, Ay —V,|(Ag p1)es A1 i), (A.10)
where c(4; ;) is a phase factor which is independent of the quantum numbers g;, 4;, v;;
fc} = 1. The phase factor ¢(4; u;) can be determined by setting both ¢; = &,4, v; = V1g,
and &; = &3y, V3 = V3y, and letting A, have its largest possible value. For these
values of the quantum numbers our phase convention for the SU; Wigner coefficients
implies that both SU; Wigner coefficients in eq. (A.10) are positive. Hence
c('liﬂi) — (_1)‘3‘(#1"’#2—#3‘11-12‘*13)' ' (A.ll)
The symmetry relation for the double-barred SU; Wigner coefficient, eq. (15) of the
text, is obtained by combining (A.10) with the analogous symmetry relation for the
ordinary (SU;) Wigner coefficient.
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TABLE 2

AH; (lzﬂz)é'z/lz”(l'ﬂl)a'“/l >

— 2}'I+II‘”A/H — %"I

’yr 2 AH; Aatra)esdly I 2 Ay (A A
G | Gy | OO Gl ) |y | ety
A—1)(A+
0 | Gtz 1 02 | (=2, (/1(+ 1 )(31(+ui)2)
A% A(A+p+1) )
4, p+1) [FZ:I @ p=1) (A+2)(l+,u+2):|
Ap+1d MA+p+1) %
G+1,u—1) Z-l—,u+3] (A—Lu+1) I:m
A—17%
(A=2,u+2) = (t+2,u—2) 1
AA+p+1) *
=1 [(1+1)(/1+u+2)] A+t !
Atn 4
o p—2) H”:‘_Z] (A, 4+2) 1
AA+mGtp+1) T4
40 -
“0) | (i+4,u) 1 @0) | (-1 I:(A+2)(A+,u—|—2)(l+,u+3):|
A4 G+wUtp—1) 3
(A+2,u+1) yw) (A+1,u-3) [(A+,u+2)(}.+,u+3):|
Apt1+
(A+3,p—1) 1+Z+5 (A—4,u+4) [/1+1
AA—1) % (A—2)(A+p+1)]%
(4, p-+2) [m (=3, u+2) [m-]
AMAtut1) 4 G—D@+p T*
(A+1, ) [(/1+3)(/1+u+4)] =21 I:(A+1)(l+,u+2)]
() (A+p+1) Arp—D) 4
(A+2,u—2) I:(l+u+3)(/1+.u+4) (A—-1,u—2) [m{)
(A—1)(A—2)74 (A+u—2)]*
(A—=2,u+3) m (4, u—4) (]»-HAH'Z)
AGA—1)(A 3
Ge1Lp+1) [ ( )J(A+p+-1) :I

A+2)(A+1)(A+p+3)

where &, = &' —¢, = QA +us—30)

Ay =40ifpy = 0, Ay = }uy—140 if 1, = 0.
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TABLE 6

Examples of fractional parentage
coefficients <{nlf1(Au){{n—1)[F'1(A'u’')>

[44] [431]
(84) 73) (46) 92) (65) (3 (73);  (46)
5 —1 111 1v/7
Wil OGN T T “iv2 ~3v3
V6 —1 V2 1
1 % VE V3
[43]
(83) (64) (72) 45) (80) (53 (53): 26)
/5 V3
[44] (84) V3 V3
—4/15 5¢/5 \/195 —V13  —y/13
N W) 8v/22 8v/7 2410 /385
1 Wz V7
“6) V5 2v/2 24/10
V35 -1
“31] 02| Yo -
34/5 —/5 —24/2
63} 3714 6v2 377
5413 154/39 —17 V3 V3
| 2714 8yisa 168 V7 VZT
/65 —/65 5410 2 —9y/3
B 77 4v/231 28 V105 74/110
—V1 V7 1
@6) R 6v2 22
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TaBLE 7
The overlap integrals, # (), eq. (38)

() = 5 A(K,, LK)B(I0; 400; L)
L

2. Uape) = (A p+1)

1 _
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1 1
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42 ’ > 0. 0 }»\/2 ) > i »

1
+A4(K+2, LK) {[(L+Ko+2)(L—Ko—1)]* (ﬁ B(I0; 400; L)[(L— K,)(L+ K, + D ]#
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TABLE 7
(continued)
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X (L= KL+ K+ D)L~ K — )L+ K, +2)|F

+v280, —1; 1315 L) (A+p) B(Ko+2)*+ (Ko +-2) + 3+ + DL+ Ky +2)(L— Ky~ D I
—B0, —2; —212; L)[(Ky+2)*+2(u— (Ko +2) +a@u—2) 1} ]




