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Abstract: The experimental data on the #*Na(d, p)?*Na reaction at E; = 7.8 MeV reported in a
previous paper !) (referred to as I) are used for a tentative interpretation of the even parity levels
of 24Na at low excitation. Comparison with the interpretation of the nuclear structure of Mg
leads to assignment of rotational bands in 2Na (table 5 and fig. 6). The spectroscopic data of the
(d, p) reaction on #Na and Mg and the position of the intrinsic states of the rotational bands
in 2*Na and Mg yield a reasonable fit to the unified model for § & 0.2 at « = 0.08, to be con-
trasted with a value of § &~ 0.4 to 0.5 at « = 0.08 deduced from the magnetic moment, the total
energy of the nucleus in the Nilsson model and the quadrupole moments of nuclei in this region.
The rotation-particle coupling distorts the rotational structure of *Na and Mg considerably.
The unified model alone and this model including a residual central two-body interaction between
the two odd nucleons predict a ground state spin 1+ instead of 4+ for 2Na. Taking into account a
two-body spin-orbit force and a tensor force may yield a correct prediction of the ground state
spin.

1. Introduction

The structure of several nuclei in the region around mass number 25 has been
described with more or less success in terms of the unified model. Therefore, we also
try to use this model for the description of the nucleus **Na. A calculation in terms
of the shell model is prohibited by the complexity of the problem viz. the construction
of a properly antisymmetric wave function which describes all possible configurations
of a system of eight particles, three protons and five neutrons, in the 1d-2s shell is
too difficult to be handled.

2. Useful Formulae

We summarize the formalism of the unified model in as far as necessary for the
present paper. The Hamiltonian is

H = Hsingle particle + Hcollective + Hinteraction + Hresidual ’ (1)
which in the case of 2*Na can be simplified to
H = HNilsson + Hrotational + Hrotation-partic]c coupling + Hresiclual . (2)

t On leave of absence from and now at the Instituut voor Kernphysisch Onderzoek, Amsterdam,
the Netherlands.
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In the case that the matrix elements of Hype and H,eqiquq1 Vanish, the basic set of wave
functions for odd-mass nuclei (**Na, 2°Mg) is .

27 +1\* iy
Y = (16712) > ¢joltieDux+(—1) 7 1;-aDu-x}
J
J=K K+1, K+2,..., (3)
and for odd nuclei (**Na)

2J+1\* s et ,
V= 167* Z €101 €120\ X2 X Dbaxc +(=1) Xii-01 Xiz-2.Pu-x}  (4)
Jiuj2

if K=Q,+Q,, J=K K+1,K+2,...,

27 +1\* J2=py I
¥ = = Y. €121 €0 Xinan Xi—0(— 1) T Dyx+(—1) Xjr—o
JiJj2
sz.QzDJM—K} (5)

fK=Q,—-Q,,J=|K|,|K|+1,|K|+2,.... Here, J is the spin of the nucleus, M
the projection of J on the space-fixed z axis, K the projection of J on the body-fixed
z' axis, the symmetry axis of the axially symmetric nucleus, j; is the spin of an odd
particle and €; the projection of j; on the 2z’ axis, x;,q, is a shell model wave function
for the state of an odd particle, Dy is the rotational wave function and c;,q, is the
expansion coefficient of the Nilsson wave functions in terms of shell model wave func-
tions. These coefficients are listed by Newton 2).
The spectroscopic factor *) of the (d, p) reaction in this model is

Si = ¥ S(), ©)

where
2J;+1
S(1j) = p*(fliY* = (47K QT K)*elyja - 7)
(17) = X l>2Jf+1( J ¢ K¢) )i (
A convenient quantity is
2J:+1 . .
! S, = Zp2<f|1>2(JiJKi Q|Jfo)ZC(Zt)jn > ®)
2J;+1 7

which is actually the number derived from the experiment as the ratio between the ex-
perimental differential cross section and the theoretical differential cross section for
capture of a neutron into a single particle state. We proposed to call this quantity the
spectroscopic ratio (see I egs. (5) and (7)). Further, J; and J; are the spins of the initial
and final nucleus with projections K; and K; on the z’ axis, ! is the orbital angular
momentum transferred by the neutron to the final nucleus, j = I+ 4, the total angular
momentum of the neutron in the final nucleus with projection Q on the z’ axis,
¢w)jq 18 the expansion coefficient of the Nilsson state, into which the neutron has been
captured, in terms of shell model wave functions, {f|i) is the core overlap as discussed
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by Macfarlane and French *). In many cases {f]i)* = 1 (see ref. *)). These authors
state that p = /2 if either K; or K, equals zero, and p = 1 otherwise. This rule applies
if either the initial or final nucleus is an even nucleus, for which K = 0. However, this
statement is not complete, because p = 1 also for an odd nucleus with K = 0 as can
be seen from the fact that states in odd nuclei with KX = 0 are not degenerate.

A convenient sum rule, assuming {f|i}? = 1, is

5 Mt
Je 2J‘+1

S(1j) = cfysa- )

This sum is over all J; of a rotational band. The rule is due to the normalization of the
Clebsch-Gordan coefficients. The sum over all / components of all members of a
rotational band is

5y 2Ji+1 S =7 2Je+1
2J,+1 Jeij 2J;+1
due to the normalization of the single particle wave functions, viz. th c(z,) o = L
From eqgs. (8)-(10) it is evident that the condition stated in eq. (8) of I is correct.

The energy eigenvalues of the Hamiltonian (2) for an odd nucleus are the following:
The expectation value of the single particle Hamiltonian has been tabulated by New-
ton 2) as a function of the deformation f. Newton’s table also lists the coefficients

ng.

S(1j) = 1, (10)

He) = 2;%:‘ ({(JU+1D)-2K*+20, 2,3+ 0+ D7) (11)
where
G =L ciai G +1)
Here, £ is the moment of inertia. For a rigid body *)
I eigia = 2mARY(1+0.31P), (12)
where Ry & 1.2x 4% fm. Actually J < £, The rotation-particle coupling *)

o . . . , .
Hgpc = 27[(J1+]2—+11—12+)—(J+11—+J—J1+)"(J+Jz—+J-Jz+)] (13)

has matrix elements between states of different K bands, e.g.,

IKE1Q,2, + 1| HypclJK 2,2,

[ - ;
=57 {(UFRYWLK+DP T cin,e1050,{02 F )22 2+ Doy, (14)
J'2i2
The matrix elements of H,. 4. are discussed in sect. 7.
The intrinsic quadrupole moment in the unified model *) is

Quue = o ZRIB(1+0.168 .. ), (15)

(5m)
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with Ry ~ 1.24* fm. The relation between Q,,., and the spectroscopic quadrupole
moment is

0. = 3KP-J(I+1)
¥ I+1)(2I4+3)

The magnetic dipole moment in the unified model ) is

Qintr . (16)

p= T (g DHa—a) DAadD (1)
J+ 1 odd particles
Here, j and s are total angular momentum and intrinsic spin of the odd particles, J is
the spin of the nucleus and g,, g, and gg are the gyromagnetic ratios for the intrinsic
motion and the orbital motion of the odd particles and for the motion of core, respec-
tively. The last is usually estimated to be gz ~ Z/A.

3. Comparison of Data on *Na and **Mg

Litherland, McManus, Paul, Bromley and Gove 7) have interpreted the structure
of 2°Mg and 2Al. They recognized rotational bands built on intrinsic states of the
odd neutron and proton, respectively, in Nilsson orbitals 5, 9 and 11. From the ex-
perimental data they derive values of #2/2# for these bands from 150 to 230 keV in
the case of 2°Mg. A reasonable fit to several data is obtained for a deformation
parameter n = 3-6 and a spin-orbit coupling parameter x = 0.08. These values cor-
respond to a deformation f ~ xn =~ 0.24 to 0.48.

Recent spectroscopic data on the 2*Mg(d, p)**Mg reaction at E; = 10.1 MeV have
been published by Middleton and Hinds ). We have made a crude DWBA analysis
of these data for those levels which are of interest for the comparison between Mg
and ?*Na, using the theoretical DWBA curves for ?*Na at E; = 7.8 MeV as presented
in I. The results of this analysis do not check completely with those of the DWBA
analysis by Buck and Hodgson °). These authors obtain the optical model parameters
from a best distorted wave fit to the (d, p) transition to the 0.581 MeV level. These
parameters do not give a best fit to the elastic scattering of 10.1 MeV deuterons on
24Mg. A best fit to these data is also reported in ref. ?). The difference in such sets of
optical model parameters and their fits has been discussed in sect. 6 of I. For the
23Na(d, p)**Na reaction Satchler has used the optical model parameters from a best
fit to the elastic scattering data. This difference in approach for the DWBA analysis
causes probably that both sets do not agree completely. In addition, the difference
between the two nuclei and the bombarding energies do have some effect. However,
the author thinks that using the same method of analysis of the data on both nuclei is
better for the present comparison of the data. Table 1 shows the result.

Information about the deformation of 2*Na can be obtained from the magnetic
moment and the quadrupole moment. The measured value ' !!) of the magnetic
moment is 1.688 n.m. Fig. 1 shows u as a function of § for x = 0.08 (from eq. (17)).
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The experimental value leads to an estimated f = 0.52. In this region of nuclei the
quadrupole moments of **Na and 27Al have been measured '2), Q,, = 0.10 b and
Q,, = 0.15 b, respectively. With eqs. (15) and (16) we obtain g = 0.48 for *Na
and B = 0.32 for 27Al These values of f indicate that 2*Na and Mg may have a
similar deformation. Anyway it is useful to look for similarities in the structure of
these nuclei as reflected in the spectroscopic ratios of the (d, p) transitions to levels
in these nuclei.

TABLE 1

A crude DWBA analysis of some transitions of the *Mg(d, p)*Mg reaction, analogous to the ana-
lysis of the **Na(d, p)*Na reaction!) (data from ref. 8))

Spectroscopic Theoretical #) spec-

Level ratio I Nilsson troscopic rato at $~0.20
MeV orbital

I=0 1=2 I =0Qb) =2
0.000 1.60 §+ 5 2.00
0.581 0.80 3+ 9 1.20
0.976 0.76 3+ 9 0.42
1.960 0.58 g+ 9 0.38
2.564 0.33 3+ 11 0.48
2.798 1.05 3) 11 1.48
3.901 1) 11 0.04

8) See fig. 4.

b) For a discussion of the transition to the 5.465 MeV level see sect. 3.
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Fig. 1. The magnetic dipole moment & of 2Na in the Nilsson model as a function of the deformation
B at = 0.08.

Fig. 2 shows the Nilsson diagram for positive values of the deformation using
k = 0.08. The occupation of levels by protons and neutrons is indicated for the case
of #*Na. 2*Mg should have an additional proton in orbital 7. For both nuclei the
neutron from the (d, p) reaction can be captured into the orbitals 5, 9, 11 and 8 of
the 1d-2s shell and into orbitals of higher shells. Table 2 shows the rotational bands
occurring in the 1d-2s shell for 24Na. Two rotational bands can be constructed upon
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each Nilsson state, i.e., one with K, = Q,+Q, and one with K_ = |Q,—Q,] (see
egs. (4) and (5)).
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Fig. 2. The Nilsson diagram and the assumed occupation of the Nilsson orbitals by protons and neu-

trons for #Na, , at «=0.08. The occupation schemes for Na and *Mg are that for 2Na with one

neutron in any of the unfilled orbitals and for 2Mg an additional proton in orbital 7 (N.o. means odd
neutron in Nilsson orbital).

TABLE 2
Intrinsic states and rotational bands of 2*¢Na in the (1d-2s) shell

Neutron in orbital 5 9 11 8
£, % 3 % 3

Intrinsic states &) J = 4 1 2 1 2 1 3 0

K bands K= 4 1 2 1 2 1 3 (1}

) Proton in orbital 7 with 2, = §.

The Nilsson model also provides an estimate of the deformation of the nucleus. The
value of f at the minimum in the total energy of the nucleus as a function of the de-
formation is defined as the equilibrium deformation ©). Fig. 3 shows the result which is
B =~ 0.4 to 0.5 if the odd neutron of 24Na occupies an orbital of the 1d-2s shell.
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Fig. 3. The total energy of 2Na in the Nilsson model for the configuration of fig. 2 with the additional
neutron in orbital B as a function of the deformation f at x = 0.08 (K, = £2,+2,, K_=[|2,—Q,).
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Fig. 4. The value of the spectroscopic ratio of the (d, p) reaction (eq. (8)) in the unified model for
the members of the rotational bands on the states in the (1d-2s) shell for 2*Mg as a function of the
deformation § at « = 0.08 (N. o. means odd neutron in Nilsson orbital).
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With the help of egs. (6) and (7) and the table of Newton 2) we can plot the spec-
troscopic ratio (8) of the (d, p) transition to levels of 2*Mg and ?*Na as a function of
the deformation. Figs. 4 and 5 show these plots for the capture of the odd neutron
into states of the 1d-2s shell. Again a value of k = 0.08 has been used. The figures show
that the spectroscopic ratio in the cases of orbitals 5 and 8 is independent or almost
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Fig. 5. The value of the spectroscopic ratio of the (d, p) reaction (eq. (8)) in the unified model for
the members of the rotational bands on the states in the (1d-2s) shell for 24Na as a function of the
deformation § at « = 0.08 (N.o. means odd neutron in Nilsson orbital).

independent of the deformation. Therefore, such cases can serve as a check either on
the assumption that the core overlap { f[i)? is complete or on the correct prediction of
the absolute value of the single particle cross section by the DWBA analysis. On the
other hand, the spectroscopic ratio in the cases of orbitals 9 and 11 is strongly depend-
ent on the deformation and it may then provide an estimate of the deformation in
addition to the information obtained from the magnetic moment and the quadrupole
moment.

If we use the identification of Litherland et al. 7) that the ground state of >*Mg is
the intrinsic state of the X = $ band on orbital 5, we see that the experimental value
of the spectroscopic ratio 1.60 (table 1) is only 0.8 of the theoretical value 2 (fig. 4).
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In the case of >*Na we are led to identify the 4% ground state and the 1* excited state
at 0.472 MeV as the intrinsic states of the K = 4 and the X = 1 band, respectively,
on orbital 5. Here, the experimental values of the spectroscopic ratio are 0.69 and
0.39 (table 4 of I), viz. 0.7 and 0.8 times the theoretical values of 1 and 0.5, respective-
ly. We may conclude that for 2>Mg as well as for 2*Na the core overlap or the DWBA
analysis or a mixture of both is responsible for this factor 0.7 to 0.8. We may expect
that the same will be the case for the transitions to other levels in 2>Mg and **Na.
On this basis we find for 2°Mg a fit to the spectroscopic ratios of the transitions to
the intrinsic states of the X = 1 bands on orbitals 9 and 11, viz. to the 0.581 MeV and
the 2.564 MeV level, respectively, at a deformation f =~ 0.20. At this value of § the
theoretical spectroscopic ratio is 1.20 for orbital 9 and 0.48 for orbital 11 to be com-
pared with the experimental values 0.80 and 0.33, respectively. In both cases the ex-
perimental values are again about 709 of the theoretical values. This value of 8 is
just below the lower limit of the range of values § & 0.24 to 0.48 of Litherland et
al. 7). We can give some suggestions for the understanding of this problem. E.g., the
deformation of the nucleus in states for which the last neutron is in orbitals 9 or 11,
may be smaller than for states for which the neutron is in orbital 5. Or, the strength of
the spin-orbit coupling parameter may be larger than 0.08, making f = xn larger.
However, we do not have an independent measurement of this parameter, and we
know from the analysis of nuclei in the 1p shell 1?) that this parameter is not unique
for all nuclei in this shell.

In this discussion we have neglected the existence of a strong / = 0 (d, p) transition
to the level at 5.465 MeV in 2°Mg, reported by Middleton and Hinds ). These au-
thors list a value (2J; + 1)62 for this transition which is 1.16 times that of the transition
to the 0.581 MeV level. Hinds, Middleton and Parry '3) have previously obtained a
value which is 2.22 times that for the latter transition at E; = 8.9 MeV., Finally,
Parkinson '#) can make a crude estimate from the comparison of the angular distri-
butions of these two transitions at 10°, 15° and 20° yielding a factor £+ 50 9/ between
the two at E; = 7.8 MeV.

Macfarlane and French 3) remark: “It is very hard to account for a very large 2s n
component as high as 5.5 MeV in 2*Mg. The Q value of the transition in question is
within 10 keV of that of the intense / = 0 transition to the first excited level of **C.
In separating these groups, Hinds et al. 1*) may have underestimated the C contri-
bution”.

Sheline and Harlan 6) think that the 5.465 MeV level might be the K = }* one
phonon gamma-vibrational state on the K = $* band. We agree with Middleton and
Hinds ®) that this interpretation is not favoured since the reduced width would be
unusually large for such a case of core excitation. Another possibility would be that
the 1* spin is determined by a hole in orbital 6 (see fig. 2), but again a poor core over-
lap (eq. (8)) would make the spectroscopic ratio small. Therefore, we agree with the
general remark of Macfarlane and French.

However, their argument that the Q values of the considered transitions differ by
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only 10 keV is not adequate. At an angle of 0° in the laboratory system the energies of
the protons corresponding to these transitions differ by 0.06 MeV at E; = 7.8 MeV
and E; = 8.9 MeV and by 0.08 MeV at E; = 10.1 MeV due to the kinematics of the
reaction. Table 3 shows these proton energies.

TABLE 3

The energy of the protons emerging from the (d, p) reaction at an angle of 0° in the laboratory sys-
tem for some (d, p) transitions in connection with the discussion on the 5.465 MeV level in *Mg

E; =178 MeV 8.9 MeV 10.1 MeV

T . @ value
ransition (MoV)
E,(MeV) E,(MeV) E,(MeV)
12C(d, p)**C3.000 MeV —0.37 7.32 8.41 9.59
1B3C(d, p)**Ce.091 MeV —0.14 1.55 8.64 9.82
#Na(d, p)*Nay, 94 MeV —0.21 7.54
#Mg(d, p)*Mgs.465 MeV —0.37 7.38 8.47 9.67

We suggest considering the possibility of the effect of another contaminant group.
In natural C a 1.11% admixture of *3C is present which gives rise to the **C(d, p)**C
transition to the level at 6.091 MeV in '*C. This contaminant caused trouble in the /
assignment of the (d, p) transition to the 4.94 MeV level in 2*Na. In a preliminary
examination ') we identified an s wave transition to this level. Closer investigation
revealed that the forward peak in the angular distribution was due to this contaminant
(see table 3). Its presence escapes observation at larger angles easily due to the fact
that a sharp forward peak is characteristic for an / = 0 stripping distribution.

Table 3 shows that the energy of the protons of the 13C(d, p)**Cs 001 Mev transition
differs by 0.18 MeV at E; = 7.8 MeV and E; = 8.9 MeV and by 0.15 MeV at E,
= 10.1 MeV from that of the protons of the 2*Mg(d, p)**Mgs 465 mev transition.
We think that the presence of this peak and that of the *2C(d, p)'*>C;. 00 mcv transi-
tion makes a background correction at small angles very uncertain yielding too high
points for the transition to 2°Mgs 465 mev- This uncertainty may explain the widely
differing values of the reduced width ® '3 %), We conclude that a closer examination
of the 5.465 MeV level of Mg may be necessary.

Turning our attention to 2*Na we find in table 4 of I, six levels, which are reached
by s wave transitions in the (d, p) reaction, viz. the levels at 0.564, 1.341, 1.844, 3.409,
3.582 and 4.16 MeV. In table 4 we list the spectroscopic ratios for these levels and a
tentative assignment of these levels to rotational bands. The spectroscopic ratios for
these levels are found in fig. 5 at a deformation 8 ~ 0.2. The question arises again, as
for 2°Mg, whether the states based on orbitals 9 and 11 are associated with a smaller
deformation of the nucleus than for the states on orbital 5, or whether the spin-orbit
coupling parameter should be chosen larger to make correspondence with the value
B = 0.5 previously obtained from the magnetic moment, the quadrupole moment of
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the nucleus in this region and the calculation of the equilibrium deformation in the
Nilsson model.

We have now recognized certain similarities between the structure of 2°Mg and
24Na. Another important point, which is also basic in table 4 for the assignment of
levels in 2*Na to rotational bands, is that the sum of all spectroscopic ratios with

TABLE 4
Analysis of (d, p) transitions with s wave components to members of rotational bands in 2*Na

Spectroscopic

Level . Nilsson
t
(MeV) Ira= 18 I K band orbital
0.564 0.10 )+ 2 9
1.341 0.62 1+ 1 9
1.844 0.20 )+ 1 9
Sum 0.928)
3.409 0.22 2)+ 2 11
3.582 0.027 (nH+ 1 11
4.16 0.007 ) 1 11
Sum 0.254v)

a) To be compared with 0.80 for 0.581 MeV level in 25Mg (see table 1).
b) To be compared with 0.33 for 2.564 MeV level in Mg (see table 1).

I = 0 for the 0.564, 1.341 and 1.844 levels is about equal to the spectroscopic ratio for
the 0.581 MeV level in 2°Mg, viz. 0.92 compared with 0.80. The same sum for the
3.409, 3.582 and 4.16 MeV levels is about equal to the spectroscopic ratio for the
2.564 MeV level in 2°Mg, viz. 0.254 compared with 0.33. This means that the amount
of s wave in orbitals 9 and 11 is similar for 2Mg and 2*Na, indicating that these
two nuclei have a similar deformation.

However, if we accept the interpretation of s wave levels of >*Na indicated in table
4, we notice that the values of the spectroscopic ratio (8) do not follow from egs. (6)
and (7) for a single value of the deformation for all bands. The ratio of the experi-
mental spectroscopic ratio for the J = 1 and J = 2 members of the K = 1 bands is
approximately 3 :1 as predicted by eqs. (6) and (7) due to the Clebsch-Gordan
coefficients. But, the ratio of the experimental spectroscopic ratios of the intrinsic
states of the K = | and the K = 2 band on orbitals 9 and 11 is 6.2 and 0.12, respec-
tively, instead of 0.75 for both as predicted by eq. (8), viz. the ratio is not as deter-
mined by the C. G. coefficient only. Other effects must be present if the above inter-
pretation is assumed to be correct, e.g. a two-body interaction between the odd proton
and the odd neutron. We shall come back to the possible influence of such an inter-
action in sect. 7. For further discussion of the similarities of 2> Mg and 2*Na the other
members of rotational bands in 2*Na will have to be identified.
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4. The Rotational Bands

Litherland et al.”) have already discussed the rotational structure of Mg in
detail. The new data of Middleton and Hinds ®) show a poor fit for the spectroscopic
ratios for the 3* state at 0.976 MeV and 3% state at 1.960 MeV of the X = 4 band on
orbital 9, viz. 0.76 and 0.58 experimentally compared with 0.43 and 0.39 theoretically
at f ~ 0.2 in fig. 3. On the other hand the choice of the 2.798 MeV level as the 3*
state of the K = % band on orbital 11 leads to good agreement between experiment and
theory for the spectroscopic ratio of 1.05, which is 70 % of the theoretical value of 1.48,
which percentage is the same as that for the intrinsic states on orbitals 9 and 11.

TABLE 5
Tentative interpretation of 2¢Na in terms of rotational bands

Spectroscopic ratio

Nissoh Kband Level ~ Jx ";/42{,”
orbita experiment #) theory at -~ fb) (MeV)
(MeV) I=0 I1=2 I=0 [=2
5 4 0.000 4+ 0.69 1.00 any 0.322
3.22 (5%)
5 1 0.472 1+ (0.014) 0.39 0.50 any 0.510
2.51 2)+ (0.08) 0.36
9 2 0.564 )+ 0.10 (0.30) 0.14 0.43 0.55 0.220
1.884 3)* 0.29 0.33
3.648 @)+ 0.13 0.10
9 1 1.341 1+ 0.62 0.37) 0.63 0.02 0.10 0.125
1.844 )+ 0.20 (0.39) 0.21 0.06
2.56 3)+ 0.068 0.05
11 2 3.409 )+ 0.22 0.24) 0.31 0.36 0.23
11 1 3.582 m+ 0.027 (0.09) 0.04 0.27 0.10 0.145
4.16 )t 0.007 (0.05) 0.013  0.47
8 3 2.99 3t 0.42 0.98 0.1-0.5
8 0 3.623 o)+ 0.27 0.27 0.1-0.5

8) See table 4 of 1.

v) See fig. 5.

¢) Rotation particle coupling and residual interactions have not been taken into account. For a
rigid rotator #%/25 44 &~ 0.150 MeV (from eq. (12)).

The comparison between the (d, p) data on 2>Mg and ?*Na leads to a tentative
interpretation of the rotational structure of 2*Na. Table 5 shows the result of the
analysis in terms of rotational bands. Fig. 6 shows the level diagram of *Na and these
rotational bands. Fig. 3 shows that a rotational band on orbital 5, 9, 13 or 14 will
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Fig. 6. A diagram of the tentative interpretation of the even parity levels of 2Na. Some of the y tran-

sitions of the (n, o) reaction have been fitted tentatively (see table 5 of I). A few of the most important

negative parity levels are also shown. The doublet at 2.51 MeV has been separated artifically. The
separation does not imply an indication of the relative order of the odd and even parity state.
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be the ground state band. Apparently, we have to identify the 4* ground state as the
intrinsic state of the X = 4 band on orbital 5. The experimental spectroscopic ratio of
the (d, p) transition to this state is 0.69 compared to 1.00 theoretically. The ratio of
these two numbers checks well with the ratio of 0.7 to 0.8 between experimental and
theoretical spectroscopic ratios for the intrinsic states of the rotational bands on
orbitals 5, 9 and 11 in 2°Mg (see previous section). In that section we identified some
members of the rotational bands on orbitals 9 and 11 (table 4).

The 1% level at 0.472 MeV is a likely candidate for the intrinsic state of the K = 1
band on orbital 5. The spectroscopic ratio of 0.39 for this level is about half of that
for the ground state as expected in the Nilsson model. The 0.472 MeV state is de-ex-
cited by a 0.472 MeV 1y transition of M3 character to the ground state and it has a life
time %) of 19.6 msec. This life time is in reasonable agreement with the Moszkowski
estimate '), ~ 11 msec, for a single particle transition of M3 type, viz. the relative
orientation of the angular momenta of the odd neutron and the odd proton is re-
versed involving a change in magnetic quantum number of the odd proton only.

We now try to find the next member of the K = 1 band on orbital 5 and the K = 2
band on orbital 9. The level at 1.884 MeV is a potential candidate for both bands.
The experimental spectroscopic ratio of 0.29 for this level agrees well with the theoret-
ical values of 0.36 and 0.33 for these possible assignments. If we choose this level to
be the 27 member of the K = 1 band on orbital 5, then both the 1.844 MeV and the
1.884 MeV level would have spin 2*. But residual interactions would probably not
allow two levels with the same spin only 40 keV apart. Therefore, we identify the
1.884 MeV level tentatively as the 3* member of the K = 2 band on orbital 9. The
4* member of this band is now identified with the level at 3.648 MeV. The experi-
mental spectroscopic ratio of 0.13 also agrees with the theoretical value of 0.10. This
combination of levels yields #2/2.# = 0.220 MeV. The gamma ray of 3.65 MeV
(table 5 of I; for all gamma rays we refer to this table; all gamma transitions are shown
in fig. 6) may be due to the de-excitation of this level to the ground state, supporting
this choice of the high spin of this state. The gamma ray of 3.09 MeV may be partly
due to the de-excitation of this state to the 0.564 MeV level, but which part of the in-
tensity of this gamma ray is due to this transition is not known. One should also ex-
pect to observe a 1.76 MeV y transition between the 3.65 MeV and the 1.884 MeV
states, a 1.32 MeV transition between the 1.884 MeV and the 0.564 MeV levels and
probably a 1.884 MeV and a 0.564 transition from the last two levels to the ground
state. However, the data on relative intensities and positioning of the gamma transitions
are too scarce for a check of the consistency of the present analysis with the (n, y)
data. We can only guess that a 1.32 MeV gamma ray may not have been observed in
the presence of the strong transition at 1.35 MeV following the 24Na(f~)**Mg decay.
The gamma ray at 1.88 MeV may de-excite the 1.884 MeV level to the ground state
supporting the choice of a spin 3* for this level.

The presence or absence of a gamma ray also depends on the feeding of the level
which it de-excites in the (n, y) reaction. Coincidence measurements between the gam-
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ma rays of this reaction or between protons and gamma ray(s) of the (d, py) reaction
would be very useful in this context.

Finally, about the 1.844 MeV and 1.884 MeV states, the spins 2* and 3™ of these
levels, respectively, are also in agreement with the absence of 8~ branches to these
levels in the 2*Ne(f~)**Na decay '*).

The next candidates for the 2* member of the K = 1 band on orbital 5 are the
levels at 2.51 MeV and 2.56 MeV. The gamma transition of 2.03 MeV leads to an
identification of the 2.51 MeV level as this member. Higher members of this band
are probably too weak to be observed among the strong/ = 1 transitions above 3 MeV
excitation. Coincidence measurements between the gamma rays from the (n, y) reaction
may reveal these states. The inertia parameter of this band is very high for this choice,
#%/2# = 0.510 MeV. On the other hand for the K = 1 band on orbit 9 we find
h?[2.# = 0.125 MeV, smaller than A2/2.7,; ;4 ~ 0.150 MeV (eq. (12)). The members
of these bands do not have matrix elements of the rotation-particle coupling between
them (eq. (14)), but these states may interact because of residual two-body interaction.
The 1* and 2* member of the K = 1 band on orbital 5 embrace the 1* and 2% mem-
bers of the K = 1 band on orbital 9. If there exists such an interaction, this will in-
crease the distance between the 1* and 2* members of the K = 1 band on orbital 5
and decrease that between the 1* and 2* members of the X = 1 band on orbital 9,
resulting in an increased value of #2/2.# for the first and a lowered value of #%/2.%
for the last band, compared to the values estimated from only the two lowest members
of the bands.

In addition the states of the K = 1 band on orbital 9 are affected by the rotation-
particle coupling to the K = 2 bands on orbitals 9 and 11 and to the X = 0 band on
orbital 8. Therefore, a detailed discussion of the moment of inertia is extremely
difficult.

We may assign now the 2,56 MeV level as the 3* member of the X = 1 band on
orbital 9. This choice is supported by the y ray of 0.710 MeV, which may be a transi-
tion between the 2.56 MeV level and the 1.844 MeV level.

The K = 4 band on orbital 5 may have the level at 3.22 MeV as 5% member, yielding
h?]2.# = 0.322 MeV for this band. Actually, one should expect to find a 5% state in
a shell model analysis from a (nd;)®(vdg)® configuration (cf. also the 5 ground state
of 26Al). In the Nilsson model such a state can only be found for a configuration with
the odd neutron and the odd proton both in orbital 5 (2 = %), which configuration
can only be reached by core excitation in the (d, p) reaction and moreover it can only
be reached by an [ = 4 (d, p) transition. The presence of a g wave function can only
be explained by coupling of the states in the N = 2 shell to those in the N = 4 shell,
which coupling has been ruled to be negligibly small in the Nilsson model. Therefore,
a closer identification of the tentative assignment of the 3.22 MeV level in the present
analysis is not possible.

From the K = 1 band on orbital 11 we have only identified the 1* and 2* members
at 3.582 MeV and 4.16 MeV, respectively, yielding #?/2.# = 0.145 MeV, smaller than
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h?[25 igia- The many possibilities of rotation-particle coupling of this band to other
bands may explain the low value of #?/2.#. Higher members of this band are probably
overshadowed by strong / = 1 transitions above 4 MeV. The same situation is prob-
ably the case for higher members of the K = 2 band on orbital 11.

The 2.99 MeV level may de-excite with the 2.99 MeV y ray to the ground state,
indicating that this level has a high spin. Therefore, this level may be the 3* intrinsic
state of the K = 3 band on orbital 8. The predicted spectroscopic ratio of the (d, p)
transition to this state is 0.98, more than twice as large as the measured value 0.42,
indicating that the core overlap is poor for this transition, or the reduction is due to
rotation-particle coupling. The 4* member of this band is too weak to be observed.

Finally, the 3.623 MeV level may be the 0% intrinsic state of the K = 0 band on
orbital 8. The experimental and theoretical spectroscopic ratio are both 0.27, suggest-
ing a complete core overlap. Unfortunately, we cannot identify higher members of this
band among the strong [/ = 1 transitions.

We may conclude that with the help of the information on Mg we can make a
tentative interpretation of the rotational structure of **Na. In the next section we
discuss the distortion of this structure by the rotation-particle coupling.

In view of the difficulties in the interpretation of the even parity states no effort has
been made to analyse the odd parity levels. Low lying p and f wave states are in agree-
ment with the general trend of the Nilsson model (see figs. 2 and 3).

5. The Reotation-Particle Coupling (RPC)

We have calculated the quantity indicated by the sum in eq. (14) for the RPC
between bands in the 1d-2s shell. Table 6 shows the results as a function of the de-
formation for values of ¥ = 0.05 and 0.08 and for p = 0 (u is the coefficient of the
I? term in the Nilsson Hamiltonian °)). This table also lists the decoupling parameter
for states in this shell.

For 23Mg coupling occurs between the K = } band on orbital 9 and the K = 4 band
on orbital 11, between the K = } band on orbital 9 and the K = % band on orbital 8
and between the K = § band on orbital 5 and the K = 4 band on orbital 8. In addi-
tion the decoupling parameters a for orbitals 9 and 11 are of interest. Only the first
RPC matrix elements can be checked with the present experimental data.

Table 6 shows that for a deformation larger than § ~ 0.2 the RPC matrix elements
between the K = 4 bands on orbitals 9 and 11 are approximately independent of the
deformation. Second order perturbation theory corrects the * states by about 0.030
MeV, the $* states by about 0.130 MeV and the 3% states by about 0.260 MeV. The
1% states exchange about 1.5% of the spectroscopic ratios, the 3* states about 6%
and the §* states about 129. Then, for the K = } band on orbital 9 we obtain
7%/2# = 0.180 MeV and a = —0.25 and for that on orbital 11 we find 4224 =
0.120 MeV and a = —0.61. Mottelson and Nilsson 8) list for the K = 4 band on
orbital 9 the values #%/2.# = 0.165 MeV and a = —0.20 and for that on orbital 11



C. DAUM

260

“paIst] oste St g, /(1 — ) +)¥of 7 = b 195uresed Sundnoosap sy,

sTo+

PP o+

e+

807T— &I+ €L0— 00— 91T+ T00+ €T+ SHI—  ss0+ €L1— oviI+  €L0—  s0—
PI00+ 090+  6£T+  80T— 6LT+ 190~ 900— 0TT+ 200+ 8TI+ THI— HLO+ 09T— ST+ 650—  pO—
9€'0—  $80+ TCI+  86T— pLT+ 00— OI'0— ITT+ P00+ PTI+  vEI— 0T+ 81— P14+ sho—  0—
60—  6I'l+ €LT+  €L1— 89T+  900— LI'0O— SIT+ 00+ LI'T+ 90T— IST+  L60— 00T+ I1£0— 70—
VOl—  OFI+ vTTh LOT— 891+ TTO+  L00— 9T+ £000— TOT+  950— 81T+ €40— o0TT+ 90— 10—
00Z— 00T+ 00€+ 000 €T+ 000 000 000 000 000 000 €87+ 000 zZTH 00 00
6V'1— 680+ $9T+ O+ I+ 080— TEO—  €01— $T0+ (80— OI0+ 097+ 9z0+ o0zz+ 9ot 1o+
£5°0—  6T0+ 6zTt LSI+  vII+ 91—  SL0—  SI'I— 810+ S8TI— 800+ I+ Tro+ 81T+  fe0+ 7o+
£00°0+  S0'0— 0T+ 91+ 680+ 65T— L60— S8I'I— OI'0+ 6¥I— 900+ €27+ S0+ 91T+ IS0+ g0+
LTo+  ST'0— 881+ 8T+ 690+ 89T~ 60'1— SI'I— 900+ 91— P00+ 97T+ 650+ PITH 890+ o+
E0+ 60— oL1t 8¢I+ 860+ SLT— OI'T— €I'l— p00+ 69T— €00+ 7T+ $90+ zTIT+ 980+  co+
I 6 9 I1I®6  1I®8  6W8  IIPL 6®L  II®9  6%9 8®9  L®Y  8WS  L®S 800 SO0
[enqio = =
woss[I 10§ {3110 WOsS|IN jo Suijdnod JoJ mIns oY) JO enjeA e —
800 =¥
PUE 00 = ¥ 3¢ ¢ uonEwIojep dy) Jo onduny & st fLog((1+—N(g+N)BT-BLl I 2 ((p1) *bs) syuowss Ximew Ay oY) UI WS oY) Jo on[eA
9 #¥18v],



THE NUCLEAR STRUCTURE OF 2!Na 261

the values #2/2.# = 0.150 MeV and a = —0.42, where they do not take the rotation-
particle coupling into account.

In the present analysis A#%/2.# = 0.120 MeV for the band on orbital 11 is too low
compared to the rigid rotator value of 0.150 MeV, indicating that other effects, e.g.
rotation-particle coupling with the not observed band on orbital 8 are probably not
negligible. We find the derived values of the decoupling parameter a for the bands on
orbital 9 and 11 at the same deformation if we take u = 0.5 (see ref. *%)), ie., n = 1.2
or for kx = 0.08 the deformation is about 0.1. However, in that case the orbitals 11
and 8 almost coincide. The rotation-particle coupling between the bands on orbitals
11 and 8 would destroy the result of the present analysis completely, so that the pre-
dicted values of @ would be different, if we start a new analysis for 4 = 0.5. Also the
fit to the spectroscopic ratios is poor for this value of u and the predicted deformation
is very small.

Independent information on the deformation of the nucleus in each state, e.g., by
measuring magnetic moments and quadrupole moments of excited states, may lead to
a closer analysis of the problem. We may conclude that it is still an open question
whether a rotational description of the nuclear structure of 2°Mg is really adequate.

In ?*Na the situation is more complicated than in 2Mg. The RPC is possible not
only to states in which the odd neutron is excited, but also to states in which the odd
proton is excited, which states can only be observed with great difficulty in the (d, p)
reaction and, in fact, were not observed by us. Therefore, we can only estimate those
RPC matrix elements, for which P stands for the odd neutron.

We calculate these matrix elements at a value of k = 0.08 and = 0.2. We present
the following typical examples. Table 6 shows immediately that the coupling is negli-
gible between the states of the K = 4 band on orbital 5 and the K = 3 band on orbital
8 and between those of the X' = 1 band on orbital 5 and the K = 0 band on orbital 8.
The RPC between the 2% states of the K = 1 band and the X = 2 band on orbital 9
(0.564 MeV and 1.844 MeV) shifts these states by about 0.070 MeV and exchanges
about 59, of the spectroscopic ratios. The RPC between the analogous states on or-
bital 11 (3.409 MeV and 4.16 MeV) is too strong to be estimated with second-order
perturbation theory. A more accurate calculation of this matrix element has no sense
in view of the uncertainties in the identification of rotational bands. The possible
presence of strong RPC matrix elements merely shows the weakness of this analysis.

The RPC between the 2* states of the K = 2 band on orbital 9 and the K = 1 band
on orbital 11 (0.564 MeV and 4.16 MeV) is negligibly weak. The coupling between the
2% states of the K = 1 band on orbital 9 and the K = 2 band on orbital 11 (1.844
MeV and 3.409 MeV) shifts the levels by about 0.150 MeV and exchanges about 109,
of the spectroscopic ratios. Incidentally, this result yields for the unperturbed K = 1
band on orbital 9 a value of #2/2.# = 0.163 MeV, larger than the rigid rotator value
(cf. table 5).

The RPC matrix elements between states of bands on orbitals 9 and 8 and for bands
on orbitals 11 and 8 are probably strong. We can make an estimate for only one case,
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i.e. the coupling between the 3* states of the K = 2 band on orbital 9 and the K = 3
band on orbital 8 (1.884 MeV and 2.99 MeV). The energy shift is about 0.320 MeV
and the exchange of spectroscopic ratios is about 309, from second-order perturba-
tion theory which, therefore, is not applicable in this case of strong coupling.

The conclusion is that the analysis in terms of rotational bands in the previous sec-
tion may be correct. However, the values of the moment of inertia, derived from that
analysis, do not have much meaning in view of these strong or unknown RPC matrix
elements. Only those values of the spectroscopic ratio of transitions to statcs of 24Na
can yield a reasonable comparison with the prediction by the unified model, if these
states are not or only weakly affected by the RPC as indicated in above examples.

6. The Intrinsic States

In sect. 4 we have identified the rotational bands on orbitals 5, 9, 11 and 8 in 2*Na.
We can now compare the position of the intrinsic states for 2*Na and 25Mg with those
predicted by the Nilsson model. For purposes of comparison we have first to correct
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Fig. 7. Value of the expectation value <{j*)(eq. (11)) as a function of the deformation f§ at « = 0.08.

for the rotational energy. For 2*Na the rotational energy is given by eq. (11). For
#3Mg we can apply the same formula minus the terms @, Q, and {j3>, but adding a
term a(—1)y ¥+ 1)k, 3, where a is the decoupling parameter. Fig. 7 shows the
value of {j2) as a function of deformation, again for a value of ¥ = 0.08. Because we
want to make only a crude estimate of the position of the intrinsic states with respect
to each other, we take for the moment of inertia and the decoupling parameter the
values used by Mottelson and Nilsson '8) for 2°Mg, i.e., for the rotational band on
orbital 5§ we take #2/2.# = 0.230 MeV, for that on orbital 9 we take #%/2.# = 0.150
MeV and @ = —0.20 and for that on orbital 11 we use #%/2.# = 0.150 MeV and a =
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—0.42. We use the same values for the corresponding bands in 24Na and for the
rotational bands on orbital 8 we take #2/2.# = 0.200 MeV. We neglect the effect of
the rotation-vibration interaction. We consider the energy differences between the
intrinsic states after correction for the rotational energy. In >*Na we have to do this
separately for the K, = @, +Q, bands and the K_ = |Q,—Q,] bands. Actually in
the Nilsson model the intrinsic states of a K, and K_ band on the same orbit are
degenerate, but we observe that additional terms in the Hamiltonian, e.g. residual
interactions, destroy this degeneracy. These interactions are discussed in the next
section.

TABLE 7

Relative position of the intrinsic states of rotational bands with respect to each other
for #Na and *Mg

2‘Na
Energy 3Mg Theory #)
diiference K,bands K_bands Average (MeV) MeV
(MeV) (MeV) (MeV)
Ey,—E;g 3.98 3.14 3.56 3.13 35
E, —E; 1.16 0.95 1.06 1.15 0.6
E,,—E, 2.82 2.19 2.51 1.98 2.9
E; —E; 3.49 3.58 3.54 5.2

) Prediction of Nilsson model at 8 a 0.20 for « = 0.08 and %, = 414-% MeV.

N.B. E, is obtained from the experimental level position after subtraction of the rotational energy
(eq. (11)). For %2 the experimental values 18) of the rotational bands in **Mg have been used for
both nuclei. For the rotational bands on orbital 8 a value %2/2.# = 0.200 MeV has been used.

For (j*> we have taken the value at § &~ 0.20. The flat dependence of {j®) on § makes the choice of
B fortunately uncritical (see fig. 7).

Table 7 shows these energy differences. The first two columns show the result for
the X, and K_ bands, respectively. The differences in the values may be due to resi-
dual interactions or to rotation-particle coupling. Therefore we list the average value
in the third column for comparison with the values for 2°Mg in the fourth column.
In the last column we list the prediction of the Nilsson model for these energy differ-
ences for k = 0.08, hdy = 4147F MeV, u = 0 and § = 0.2. We choose this value of
the deformation, because this value of 8 yields a reasonable fit to most spectroscopic
data of the (d, p) reaction in these two nuclei. The agreement is reasonable within the
accuracy of theapproximations. Itisimportant to notice that the order of orbital 9and11
isinterchanged above §~0.26 (see fig. 2). The largest deviation between experiment and
theory occurs for orbital 8. The experimental values suggest that orbital 11 and or-
bital 8 coincide. In sect. 4 we discussed that this situation occurs for x = 0.08 and
u = 0.5, but these parameters spoiled the agreement with the spectroscopic ratios.
In sect. 5 we have seen that strong RPC matrix elements are present for the rotational
bands on orbital 8 possibly explaining the disagreement between experiment and
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theory. The experimental value for orbital 8 should actually lead to a prediction for the
position of 2 K = % band on orbital 8 in 2*Mg. This prediction is that the intrinsic
state of this band should be expected to be at about 2.73 MeV excitation in 2Mg. In
this nucleus the 2.798 MeV level was identified as the 3* member of the K = 4 band
on orbital 11 (see table 1). Actually, the large value of the spectroscopic ratio for
this level, 1.05, also makes this level a likely candidate for the intrinsic state of the
K = 3% band on orbital 8 (see fig. 4). Up to now no 3" state at higher excitation has
been observed.

In ?3Al the 3* level at 2.74 MeV corresponds to the 2.798 MeV state of 2>Mg ac-
cording to the analysis in ref. 7). Another 37 level in 2°Al has been identified at 4.22
MeV, which level, however, has not been identified as the intrinsic state of the K = 3
band on orbital 8. Perhaps, we should assign this level to this rotational band and, of
course, consider the possibility of RPC between these two 3 states. A partner for the
4.22 MeV state may be present in >°Mg at a similar excitation energy.

Hence, we may consider the possibility that the 2.798 MeV level is the lower partner
of two 3+ states, viz. that of the K = 1 band on orbital 11 and that of the K = 3 band
on orbital 8, which positions have been influenced by strong rotation-particle coupling.
Such a possibility implies that the numerical value of the moment of inertia and the
decoupling parameter for the K = 4 band on orbital 11 are those of a perturbed band.
Therefore, these numbers are not reliable for comparison with a model, making the
interpretation of the structure of **Mg very tentative.

We can discuss again why the value of § ~ 0.2, which gives a reasonable fit to the
spectroscopic ratios and the energy differences between intrinsic states, differs so
much from the value § ~ 0.5 obtained from the magnetic moment, the equilibrium
deformation derived from the total energy and the quadrupole moment in this region
of nuclei. We can obtain a better agreement between the values of f by increasing the
value of k. For a value x’ this means multiplying horizontal and vertical scale in fig. 2
by approximately x'/0.08. However, the change in vertical scale makes the energy
differences in the last column of table 7 larger by the same factor, spoiling the agree-
ment between the experimental values in the first four columns. To counter this
effect one might reduce the value of i@, but such a change is not in agreement with
other estimates of i, (see ref. *)). Choosing individual values of g for each K band
would be rather arbitrary because of lack of experimental data, e.g. on magnetic
moments and quadrupole moments of the nucleus in excited states. A large § for
bands on orbital 5 and a small § for bands on orbitals 9 and 11 probably reverses the
order of states on orbitals 5 and 9.

The author has considered several different choices of h®y, ¥ and g, but no other
choice gives an appreciably better fit to the data than the present one, ik, = 414~
MeV,x = 0.08and u = 0.

We have already discussed in sect. 5 that the data on electromagnetic transitions in
24Na are scarce. These data are not available in a form which would be useful for
comparison with calculations ?) on branching ratios, etc., in 2°Mg.
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7. Residual Interactions

In the preceding discussions we have mentioned the possibility of a strong influence
of residual interactions. Particularly, we stated that in an odd nucleus the two-body
interaction between the odd proton and the odd neutron may be important. In the
following discussion we treat only this interaction, because the data on odd mass
nuclei indicate that the two-body interaction between the odd particle and the core
particles and that between the core particles themselves probably do not cause large
irregularities in the rotational structure of these nuclei.

Three types of two-body interactions can be considered: a central force along the
radius vector between the particles, a two-body spin-orbit force and a tensor force 12).
The first force acts as well in the singlet as in the triplet intrinsic spin state of the two
particles, the last two only in the triplet state.

In the subsequent discussion we follow the treatment of Elliot and Flowers 2°).
These authors use for the central force problem a potential

U12 = %Tl * 12(0.3+0.761 * Gz)Ve_rnzla/(rlz/a) = ATS Ve_'”/"/(ru/a). (18)

This potential has yielded good results in the explanation of several properties of low-
lying states of 1°N, 160, 180, 18F, 1°0, 1°F for V = 40 to 45 MeV and a = 1.4 fm
(the Compton wave length of the = meson, the range of the Yukawa force).

For a level occupation of 2*Na as in fig. 2 the isobaric spin is T = 1. The isobaric
spin is probably a reasonably good quantum number for the low excited states of this
light nucleus and it is determined by the two odd particles.

Two particles in shell model states |j;m,) and |j,m,) coupling to a state
[(J172)J12 My, are partly in a singlet and partly in a triplet intrinsic spin state. The
probability that the two particles are in a singlet state is

L 3V, .
A NS TR (19)

independent of the magnetic quantum numbers. The energy due to the two-body inter-
action of the two particles is

E\, = Ay, szo F(k)("l Liny L) fulji1i2d12)
o l . 2 . .
— (A — AV, FO(ny 1iny ) ol L1014 { ! Jll J% } (2j1+1)(2j,+1).  (20)
k=0 Ja by J12
Here, F® is the Slater integral defined as
F(k)(n1 Iinyly) = J‘O fo u:dl(pl)u:zlz(pZ)Vk(rl > rz)PfP% dp,dp,. (21)

Here p? = r?/b* and b = (h|mby)* = 1.7 fm for 24Na, characteristic for the har-
monic oscillator potential well which generates the single particle wave functions



266 C. DAUM

t,;(p). The potential ¥, (r,, r,) is defined by the expansion of the shape factor of the
two-body potential.

e-nz/a e—ln—rzl/a

= = Y, Vri—r2)Pycos »y,), (22)
risla lry—ralfa k=0

where @, is the angle between r; and r,.
Further, in the 1d-2s shell

flk = (—1)112+1(2j1+1)(2j2+1) (l(; ;1 '_;1) (IOc {; ]_;){‘;: le jl} 5k, even (23)

fu= 00RO (8 6 @) E ) T b @9

Let us consider only diagonal matrix elements of the two-body interaction. Then,
for a pair of 2s particles and a pair consisting of a 1d and a 2s particle only £ = 0
occurs, and for a pair of 1d particles only k£ = 0, 2 and 4 occur. Table 8 shows the
value of F® for these pairs of particles for an interaction of Yukawa type 2°).

TABLE 8

Values of the Slater integral F*' for a Yukawa well ) for particles in the 1d-2s shell in the case of
%Na (a/b = 0.82)

Pair of particles F'® F® FW
1d-1d 0.070 0.165 0.060
1d-2s 0.075
2s-2s 0.100

In the unified model the particle states are not shell model states, but linear com-
binations of shell model states (see egs. (3)-(5)). The energy due to the two-body
interaction has to be calculated for these Nilsson states. The first term in eq. (20),
common to both singlet and triplet intrinsic spin states of the two odd particles, yields
for all states of a K band

Ei (1) = Ay VZ > Z FOF (1722, 2, 12 K)ch,m cjz'znz . (25)

k Ji12 j1j2

The second term yields for all states of a K band

Bu® = ~34u-AVEL T P10} e

J12j1J2 j2 12 J12
X(j1J29212:|J,K 20}191"1?:91 - (26)

These terms are different for each K band. Therefore, the relative position of K
bands is changed and the degeneracy of K, and K_ bands on the same Nilsson orbital
is removed. In addition, it is interesting to note that these terms depend on the de-
formation because of the § dependence of the c;g's.
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In egs. (25) and (26) the factor (j,j, @, 2,|J;, K)? represents the probability that
the angular momenta of the two odd particles couple to J,, with a projection K on
the symmetry axis of the nucleus. Then, J,, couples with the angular momentum R
of the collective rotational motion yielding J the total angular momentum of the
nucleus. The projection of R on the symmetry axis is zero. The probability for the
coupling J—J, = R is (JJ,, K—K|R0)?. For each pair of numbers J and J,, the
sum of the probabilities over all possible values of R is Y g (JJ;, K—K|R0)? = 1.
This is the reason that a sum over R is not present in egs. (25) and (26).

Analogously we can calculate the contribution due to a two-body spin-orbit force
(61+062) ((ry—r2)x(p1—p2))V(r12) and a tensor force (((0'1 " r12)(02 112))—
1(a, - 0,))V,(ry;) which only contribute in the triplet intrinsic spin state of the two
particles. In principle, the matrix elements of these interactions can be calculated
using the results of Hope and Longdon ?!:2%), The energy due to each of these inter-
actions is

L3
En =P/ Yy > FOF32j, + )2+ DRL+1) {1, ¥ j,
k Ji2 j1J2 L1 le

X(J1J2821 2,7, K zclz'ln,clz'znz- (27)

Here, #® is the Slater integral for these interactions, f; is similar to f;,, ¥  is the
strength of the interaction including the exchange parameters (cf. Arg, eq. 18)).
The factor
ll % J 1 2
32+ D2+ DRLHD) {1 3 ), )
L1J,,

represents the probability that the two particles are in the triplet intrinsic spin state.

TABLE 9
Energy due to the two-body interaction of the two odd particles for a central force as a function of the
deformation (egs. (25) and (26); A;; = 0.33, 4;,, = —0.60, ¥ = 40 MeV, F* from table 8; odd pro-
ton in orbital 7; E;, in MeV; «x = 0.08)

Neutron in

orbital 5 5 9 9 11 11 8 8
K band 4 1 2 1 2 1 3 0

ﬂ Elﬂ EIZ Eli ElZ E12 EIS EIS EIS
0.00 0.59 0..28 0.71 —0.26 0.98 1.54 —0.41 1.09
0.16 0.60 0.42 0.88 0.14 1.10 1.23 —0.39 1.05
0.33 0.62 0.66 1.15 0.67 1.22 0.73 —0.35 0.99
0.51 0.64 0.85 1.38 0.92 1.33 0.48 —0.32 0.94
0.68 0.65 1.00 1.51 0.99 1.44 0.38 —0.29 0.91

0.86 0.65 1.14 1.61 1.04 1.50 0.33 —0.27 0.87
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For the central two-body interaction we can use the numbers of Elliot and Flow-
ers 2°), viz. 4;; = +0.33, 4,0 = —0.60 and ¥ = 40 MeV. For the other types of
interactions no numerical values are available. Table 9 shows E,, = E,(1)+E;,(2)
as a function of the deformation (eqs. (25) and (26)).

In sect. 3 we mentioned the influence of the two-body force on the spectroscopic
ratios for the members of the K = 1 and the K = 2 bands on orbitals 9 and 11 for the
neutron, in sect. 4 the influence on the position of the 0.472 MeV and 1.341 MeV
levels. We can correct the energy differences in table 7 for the two-body interaction
and we can discuss the influence on the relative position of the X, and the K_ band
on the same Nilsson orbital.

TABLE 10

Relative position of the intrinsic states of the X, band and the K. band on the same Nilsson orbital
for 2#Na (same conditions as in table 7)

Nilsson Eg, —Eg_ Theory &)
orbital (MeV) (MeV)
5 1.16 —0.13
0.95 —0.70
11 0.32 0.00
1.25 1.42

a) Prediction of central two-body interaction between the two odd particles (eqs. (25) and (26))
at B~ 0.2 for x = 0.08 (see table 9).

TaBLE 11

Relative position of the intrinsic states of rotational bands with respect to each other for 2Na and
Mg including a correction for the central two-body interaction between the two odd particles of
#Na at f ~ 0.2 (cf. table 7)

ilNa
Energy Mg Theory
difference K, bands K_bands Average (MeV) (MeV)
(MeV) (MeV) (MeV)

E,—E, 3.45 2.48 2.99 3.13 3.5
E, —E, 0.81 1.17 0.99 1.15 0.6
Ey—E, 2.64 1.29 1.97 1.98 2.9
E, —E, 4.47 3.51 3.99 5.2

We start with the last point. Table 10 shows the energy difference Ex_—Eg,,
which is the difference between the energies of the intrinsic states of the K_ and the
K, bands on a Nilsson orbital after correction for the rotational energy, using the
same parameters as in table 7. The agreement between theory and experiment is not
very good. In particular, the theory predicts the 17 intrinsic state of the K = 1 band
on orbital 5 to be the ground state of 2*Na instead of the 4" intrinsic state of the K=4
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band on this orbital. Apparently additional terms in the Hamiltonian have to be taken
into account to explain the 4% ground state of >*Na or we have to choose for the cen-
tral two-body force parameters which differ from those of Elliott and Flowers 2°),
The two-body spin-orbit force and the tensor force (eq. (27)) may be able to solve
this problem. However, the number of parameters in eq. (27) is too large that
these parameters can be determined even crudely from the present experimental
data.

Table 11 is an improved version of table 7, viz. the effect of the central two-body
interaction has been included. The agreement between the average energy differences
for 2*Na and the energy differences for 2>Mg is better than in table 7. The value of
Eg—Es = 3.99 MeV is now definitely larger than the value of E;; — E; = 2.99 MeV
(see discussion in sect. 6) and the number is closer to the theoretical value of 5.2 MeV.
This energy difference yields a prediction of the position of the 3* intrinsic state of the
K = % band on orbital 8 at 3.13 MeV in >>Mg instead of 2.73 MeV without the central
two-body interaction in sect. 6. Again, the RPC matrix elements affect probably the
position of such a level strongly (see sect. 6).

The third point is the coupling between the two 17 levels at 0.472 MeV and the
1.341 MeV. An off-diagonal matrix element of the two-body interaction may cause
the coupling. Indications for this coupling are the unexplainable values of #%/2.# for
the rotational bands on these states (see sect. 4), the presence of an s wave contribu-
tion in the (d, p) reaction to the 0.472 MeV level, and finally the 2*Ne(f~)2*Na
decay 2%) to both these levels. Both 8~ branches have log ft = 4.4. We expect for
24Ne in the Nilsson model that the last neutron pair is either in orbital 5 or in orbital
9 (see fig. 2). The Gamow-Teller operator converts one of the neutrons into a proton
in orbital 7 with Q = 3. If thelast neutron pairis completely in orbital 5 or in orbital
9 we expect a §~ transition to the 0.472 MeV or the 1.341 MeV level only, respectively.
The presence of both branches is an indication for coupling between these levels, but
it also indicates that the ground state of ??Ne is probably a mixture of the two (or
more) possible occupation schemes of the last neutron pair in the Nilsson model.
Such a mixture can again be explained by residual forces which couple particles in
Nilsson states.

The log ft values of the 2*Ne(87)?>*Na decay modes are within the range of the
values for allowed B~ transitions. Such low values occur for several §~ transitions
between states of nuclei in this region **). It is surprising that these transitions are not
retarded due to the apparent mixing of shell model states by the quadrupole force of
the Nilsson model or by the residual interactions.

Finally, table 9 shows that the energy due to the central two-body interaction is
deformation dependent. However, this dependence is not sufficiently strong to cause
an appreciable change of the equilibrium deformation (fig. 3). One may hope that the
other types of two-body interaction which operate only in triplet states cause such a
change, e.g., in particular a reduction of the deformation in the case of the intrinsic
state at 1.341 MeV of the K = 1 band on orbital 9 towards a value of 8 & 0.10 (sce
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table 5) where a better agreement can be obtained between the experimental and
theoretical spectroscopic ratio.

In this context a remark of Banerjee, Levinson and Meshkov 24) is interesting. These
authors calculate the spectra of 2°Ne and 2*Mg with SU3 group techniques and they
state: “One important conclusion is that the calculations of low-lying spectra using
zero-order SU3 wave functions alone, neglecting mixing of higher SU3 states, yields
moments of inertia which are larger than observed from experiment. Our physical
interpretation of this result is that the zero-order states are too deformed and that
less deformed states must be admixed into the wave functions in order to produce
agreement with experiment”. Although the wave functions in the unified model are
not the same as the SU3 wave functions, one may conclude from this discussion that
wave functions of lower symmetry, e.g., those of states of core excitation in terms of
the unified model, have to be mixed into the unified model wave functions (egs. (3)-
(5)) for the low-lying states. This mixing can be produced with two-body interactions.

We may conclude that the four discussed cases show qualitatively the need for
including a two-body interaction between the two odd particles. The central two-body
interaction alone is not sufficient to describe the deviations from the Nilsson model,
a two-body spin-orbit force and a tensor force may have to be included in the descrip-
tion.

8. Conclusion

In the present paper we have made a tentative interpretation in terms of rotational
bands (table 5) of the even parity levels of 2#Na at low excitation from the comparison
with the rotational structure of 2°Mg 7), particularly by comparing the s wave states
in both nuclei (tables 1 and 4). The data of the (d, p) reaction show a reasonable fit
with the unified model for a value of the deformation # &~ 0.2 for a spin-orbit coupling
constant ¥ = 0.08, whereas the magnetic dipole moment, the quadrupole moment of
nuclei in this region and the equilibrium deformation as derived from the total energy
(fig. 3) yield a value § & 0.4 to 0.5 at k = 0.08. The relative positions of the intrinsic
states of the rotational bands (table 7) on orbitals 5, 9 and 11 are in good agreement
with the prediction of the Nilsson model for 8 &~ 0.2 at k = 0.08, but this is not the
case for the position of the intrinsic state of the rotational bands on orbital 8 with
respect to the other states. Rotation-particle coupling matrix elements in 2*Mg and
24Na and residual interactions between the two odd particles in 2#Na seem to distort
the rotational bands considerably, making derivations of the inertial parameter
#?/2 and the decoupling parameter a from the experimental data (for 2*Mg in
refs. 7 '%)) difficult and unreliable (see the discussion about a K = 3 band on orbital
8 and the 2.798 MeV level in 2°Mg in sects. 6 and 7).

The unified model does not predict the 4™ intrinsic state of the X = 4 band on or-
bital 5 as the ground state of 2*Na. The central two-body interaction does not improve
this situation. A two-body spin-orbit force and a tensor force may be able to predict
the ground state spin correctly.
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One may consider the possibility that the residual forces are much stronger than
the quadrupole force of the Nilsson model. In that case it would be more appropriate
to take a shell model Hamiltonian and residual interactions for the zeroth order
problem and to add this quadrupole force as a perturbation. But, as stated in sect. 1,
such a shell model calculation is prohibited by its complexity. On the other hand, the
Nilsson model has the advantage of being a simple tool for the analysis of the nuclear
structure because of its small number of free parameters.

The tentative interpretation of the structure of >*Na in this paper differs from the
speculations about this structure in ref. 2°). This is because after the completion of the
latter paper the data of Middleton and Hinds ®) became available.
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Note added in proof: 1t is a pleasure to the author to communicate that Dr. Hinds has
pointed out to him, that they ®) have carefully considered the *Cg 991 Moy cOntami-
nation and other impurities, e.g. 2°Si, 2Mg and 2’Mg, in connection with the / = 0
assignment to the transition to the 5.465 MeV level in >*Mg. They still think to have a
genuine / = 0 distribution. The author still has the opinion that a careful investigation
of the angular distribution of this transition compared with those to the levels at 0.581
MeV and 2.564 MeV is necessary. He suggests to measure the energy dependence of
the spectroscopic ratios of these transitions in the considered energy region of the
deuterons in order to see, whether the strongly different values (see sect. 3) of the
spectroscopio ratio of the transition to the 5.465 MeV level can be reproduced. The
result of such an investigation is of extreme importance for the understanding of the
single particle character of nuclear structure. A strong s-wave level at 5.465 MeV in
25Mg in addition to those at 0.581 MeV and 2.564 MeV is in disagreement with our
present understanding of the nuclear shell model and related models.
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