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Rotation Spectrum of Methyl Alcohol* 
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The rotation spectrum of methanol vapor has been measured from 50 to 457 
cm-i. Combining these data with the work of Borden and Barker provides an 

accurate map of the spectrum to 625 cm-i together with some provisional ob- 
servations between 695 and 860 cm-i. The primary purpose of the theoretical 
discussion is to identify the observed lines and subsequently, through combi- 
nation relations, to establish the rotational energy levels of the molecule. 
These levels may be labeled by the quantum number n, 7, K, and J. n corre- 
sponds roughly to a vibration in the hindering potential field and 7 designates 
the three types of levels resulting from the threefold potential. J gives the 
total angular momentum and K its component along the molecular symmetry 
axis. 

The method of analysis consisted first in calculating the rotational levels 
using the barrier height and the moments of inertia established through earlier 
investigations of the microwave spectrum. The intensities of the lines occurring 
within the region of experimental observation were calculated. The resulting 
predicted spectrum when compared with the observed spectrum allowed a con- 
siderable number of identifications to be made but revealed deviations due to 
centrifugal force effects. These latter were then calculated and ultimately a 
very satisfactory fit was obtained. The rotational levels were then determined 
for n = 0, 1, 2, and 3 and for K = 0 through 10. The accuracy is estimated to 
be of the order of a few tenths of a wave per centimeter. The small discrepancies 
between these observed levels and the calculated levels (taking account of 
centrifugal distortion) are discussed and it is concluded t,hat the hindering 
potential must be sinusoidal in form with an accuracy of better than one per- 

cent. 

INTRODUCTION 

The rotation spectrum of methanol is one of the most complex, intense and 
extensive spectra which has been studied. Its complexity arises from the phe- 
nomenon of internal rotation and from the fact that the hindering barrier is 
comparable with the thermal energy kT. It is intense since the molecule possesses 
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a relatively large component of permanent electric moment in a direction per- 
pendicular to the symmetry axis, namely, pLI = 1 .W X 10P” csu. l+~ally it is 
very extensive since the moment, of inert,ia of one of t,he rotnt,ing components, 
namely t,hat of the hydroxyl group, is small, thus allowing the existence of high 
rotational frequencies. 

The early observations of the rotnt’ion spect’rum mere made by Borden and 
Barker (1) who measured t.he absorption from 380 cm-’ to 6% cm-’ and from 
695 cm-’ t,o 860 cm-‘. The exclusion of the middle region was due to presence 
of the strong carbon dioxide band at 667 cm-‘. At t’he higher frequencies Borden 
and Barker found the spectrum t’o be relatively simple and to consist of groups 
of lines with a spacing of around 40 cm-’ which they somewhat correctly nttrib- 
uted to a free rotation of the hydroxyl group although t,he connection is not as 
simple as originally supposed. As they proceeded towards longer wavelengt.hs 
t.hey observed that t,he lines became more numerous and their spacing highly 
irregular, a feature which is fully corroborat,ed by the present investigation 
which ext,ends t.he measurement to 50 cm-‘. In the region from 150 bo 300 cm-’ 
the lines are so intense and HO crowded together that it has proved difficult to 
fully resolve them. Below 150 cm-’ their intensity diminishes somewhat although 
the general complexity of t.he spectrum remains high. 

A theory of the rotational spectrum of methanol was developed by Koehler 
and Dennison (2) using a simplified model to represent the molecule. This 
theory predicted a highly irregular and intense spectrum in accord with observa- 
tion but it was not possible to identify the individual rotational lines and hence 
t’o calculate the height of the potential barrier. Xo further progress was made 
until 1947 when a series of related lines was found by Hershberger and Turkevich 
(3) in the microwave spectrum of methanol. These lines were later observed 
with great accuracy by Hughes et al. (4) who measured their Stark effect. This 
allowed a unique identification of the lines and the subsequenC analyses of Burk- 
hard et cd. (5, 6) led to a convincing number of internal checks together with a 
det,ermination of a barrier height of 373.8 cm-‘. 

The present paper consists of two parts: (a) an experimental measurement of 
the methanol spectrum out to 50 cm-’ and (b) an attempt to identify the lines 
and to obtain the rotational energy levels of the molecule. In carrying out the 
identification, difficulties were encountered similar t)o those found in analyzing 
the complex spectrum of water vapor and due essentially t,o t,he same causes. 
Since the moment of inertia of the hydroxyl group is small and the potential 
barrier relatively low, t.he resulting rotational frequencies are high. The centrifu- 
gal forces are correspondingly large and produce distort.ions in the molecule 
which may shift the lines by as much as several waves per centimeter. Shifts of 
t,his magnitude in a crowded spectrum often make the identifications ambiguous. 
The methods which were employed in making the analysis contained the fol- 
lowing elements: (1) a calculation of t.he rotational energy levels of the molecule 
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neglecting centrifugal distortion; (2) an approximate calculation of the effect of 
centrifugal distortion; (3) a calculation of the intensities of the lines and (4) 
the use of combination relations to confirm provisional identifications. It will 

be considered that a given energy level has been established only when it satis- 

fies the following two criteria. First, all principal transitions to previously estnb- 

lished levels must correspond to observed spectral lines. The predicted and meas- 

ured intensities must be in good qualitative agreement and the discrepancies 

between their predicted and measured positions must not exceed a few tenths 

of a wave per centimeter. This figure arises partly from experimental and partly 

from theoretical considerations and will be discussed later. The second criterion 
is that the given level, when allowance is made for centrifugal distortion, must 

fit into the pattern of energy levels predicted by the theory of hindered rotation. 

2. EXPERIMENTAL 

The large grating spectrometer designed by Randall and Firestone (7) was 

used for the infrared measurements. In order to cover the complete range from 

22,~ to 200~ the following gratings were used in the regions indicated. 

50 cm-’ to 106 cm-’ 87 lines per inch 

91 cm-l to 148 cm-l 133 lines per inch 

122 cm-’ to 225 cm-’ 360 lines per inch 

180 cm-’ to 323 cm-’ 600 lines per inch 

297 cm-’ to 457 cm-’ 900 lines per inch. 

Filtering and restrahlen combinations were essentially the same as those recom- 

mended by Fuson (8). In general it seemed to be possible to get pure records 
in the far infrared region with less quartz and wax than Fuson found necessary. 

It appears likely that the temperature of the source used in the present work 

was lower than the temperature of the source used by Fuson. 
Grating constants were obtained by calibrat,ing the instrument against water 

lines (9). Water lines were also used as a constant check on the degree of resolu- 

tion and purity. Resolution was very good at all times. The spectrometer was 

refocused at the time the work was started. 
Each region was run at least three times with different pressures and slit 

widths, and one continuous run was made over the whole region using methyl 
alcohol at a constant pressure. 

In order to utilize all available energy and eliminate the energy losses which 
would occur if a cell were used, the methyl alcohol was introduced directly into 
the main body of the spectrometer. The vapor was kept out of the source box 
by a thin film of polythene (approximately 1~ thickness), while studying the 
region from 22~ to 40~. This material was found to be very durable, unaffected 
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by methyl alcohol and highly transparent in this region. It transmitted eight,y- 

five to ninety percent of the radiation. From 40~ to 200~ a quartz window was 

placed between the grating chamber and the source box. 

As a precaution against explosion due to possible contamination of the alcohol 

through air leaks and contact of the vapor air mixture with the hot wire source, 

two optical level manometers were mounted on the instrument. One indicated 

the source box pressure and the other the grating box pressure to within approxi- 
mately 10e3 mm of mercury. In this way leaks in either chamber could be de- 
tected quickly before a run was made. The manometers, also, provided a check 

on vacuum conditions throughout a run. 
To obtain some information of the explosion threshold for methyl alcohol, a 

small explosion flask was designed. This was a vacuum-tight glass container 
which had a hot wire source sealed into it. Alcohol was introduced in small 

amount,s up to 2 cm of mercury. For a given quantity of alcohol, air was intro- 

duced in varying amounts. Each time this was done the wire was heated. Al- 

though the control of the amount of vapor and air used in this experiment was 

not as perfect as one would like it to be, the fact that no ignition took place 

indicated that the explosion threshold was very likely below two centimeters of 
mercury pressure, no matter how much air was present. 

The amount of vapor pressure introduced into the chamber in this work 

varied from 2 mm to 16 mm of mercury. The path length was about twelve feet,. 
After the completion of our experiment,al work a new spectrometer for the far 

infrared was constructed at t.he Ohio State University and Professor R. Oetjen 

and Dr. E. Palik very kindly offered to run that portion of the methanol spec- 

trum where the lines are most crowded together, namely from 100 to 350 cm-‘. 
Their results were of great value to us in making some of the more difficult 

identifications and we wish to express our appreciation for their help. 
Figures 11 and 12 show the result of combining into a single curve the average 

of t’he various runs made by us, by Oetjen and Palik and, at the short wave- 

length end, by Borden and Barker (1) . The experimental error in the determina- 
tion of lines is of the order of 0.2 cm-’ although for individual sharp lines it may 
be as small as 0.1 cm-‘. Relative intensities of neighboring lines should be rea- 
sonably correct. although the accidental piling up of weak background lines may 
introduce falsifications. The intensities of lines in more widely separated regions 
of the spectrum have less significance due t,o the fact that various gas pressures 
of methanol were employed. 

3. METHOD OF ANALYSIS 

The first step consists in the calculation of the rotational energy levels neglect- 
ing centrifugal distortion, that is, under the assumption that the hydroxyl and 
methyl groups are individually rigid structures. It is further assumed that the 
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hydroxyl group may rotate about the symmetry axis of the methyl group sub- 
ject to a hindering potential %H( 1 - cos 32). Here x = 91 - & and is equal to 
the relative rotation angle between the two groups. 41 and 42 are the azimuthal 
angles specifying respectively the rotations of the hydroxyl and methyl groups 
about the symmet,ry axis of the molecule. H is the height of the hindering poten- 
tial. In Ref. 5 the matrix elements of the Hamiltonian are calculated, using as 
a basis wave functions which would be appropriate for a model in which both 
the hydroxyl and methyl groups are taken to have coinciding axes of inertial 
symmetry, that is, both groups may be represented by symmetrical tops having 
a common axis. These wave functions have the form 

where 13, 4, and # are Eulerian angles with 4 = C&/C + C&,/C. The quantity 
eiKdeiM’OJKM is the usual symmetric top wave function and describes the overall 
or external rotation of both of the groups forming the molecule. M(z) relates 
to the internal or hindered rotation and is equal to exp( -iCIKs/C)P&,‘X, where 

While it is true that the methyl group may be represented by a symmetrical 
top, the hydroxyl group is asymmetric and, relative to the symmetry axis of 
the methyl group, will possess a product of inertia differing from zero. Since the 
basis wave functions are therefore not energy eigenfunctions, the Hamiltonian 
matrix of Ref. 5 contains both diagonal and nondiagonal elements, the latter 
depending upon the asymmetry. The energy levels can be found in the usual 
manner by solving bhe energy determinant (diagonalizing the Hamiltonian). 
In methanol the asymmetry of the hydroxyl group is slight and consequently 
the nondiagonal elements are small and it will be shown later that, for the most 
part, they can be ignored. 

The diagonal elements of the Hamiltonian may be divided into the sum of 
three terms. The first of these corresponds to the rotation of the entire molecule 
and is given by the expression 

E_,K = ?i2[(AC1 + BC1 - 0’) (J’ + J - K2)/4A(BCI - D2) + K2/2C]. 

A, B, C, Cl , and D are the moments and products of inertia defined in Ref. 5 
while J and K are the quantum numbers describing the total angular momentum 
and its component along the symmetry axis of the methyl group. An evaluation 
of these constants is made in Ref. 6’ by means of the experimentally observed 
microwave spectrum. The result for methanol expressed in waves per centimeter 
is, 

EJ,/hc = 0.8066(J2 + J - K2) + 4.2544K’. 
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The second term in the diagonal elements, E,L,x , denot’es the internal or hin- 
dered rotation energy. This may he calculated by the methods described in 
Ref. 2 and depends upon the moments of inertia C1 and C and upon H the height 
of the potential barrier. The microwave spectrum when analyzed yielded (6) 
Cl = 1.245 X 10P4’ g cm2, C = 6.578 X 1O-4o and H = :3ia.82 cm-‘. Using 

these constants EnrR together with the associated Fourier coefficients a,, giving 
the internal rotational wave fun&on M(z), have been calculated for K = 0 

through 10 and for n = 0, 1, 2, and 3. A somewhat condensed table of the up 

is given in the Appendix. The internal rotation energy levels through n = 2 

are plotted in Fig. 1 where the hindering potential is also shown to scale as a 

dotted curve. The quantum number 7 may assume the values 1, 2, or 3 and is 
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FIG. 1. Internal rotation levels of methyl alcohol 
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intimately connected with the tunnelling process through which the hydroxyl 
group may penetrate the three equal barriers presented by the three hydrogens 

of the methyl group. The Enrg are grouped according to the quantum number n. 

For levels far below the barrier height, n corresponds to the vibrational quantum 

number in one of the potential minima. For any given 7, EnrK is periodic in UK 
were g = C,/C = 0.189275 for methanol. 

From Fig. 1 it will be noted that the levels of 1~ = 0 lie far below the potential 

barrier and consequently t,he tunnelling frequency is low. The maximum split- 

t’ing between the various levels is only about 10 cm-‘. The splitting is much 
larger for 1~ = 1 while the n = 2 levels lie above the barrier and may be reason- 
ably well approximated by a free rotation of the hydroxyl relative to the met.hyl 

group. 
The third and last of the terms in the diagonal elements of the Hamiltonian 

arises from the asymmetry of the hydroxyl group. It is equal to g2D2/2C1( BCI - 
0’) times an imegral involving the hindered rotation part of the wave function. 

Substituting the values of moments and product of inertia for methanol one 
obtains that the first factor expressed in waves per centimeter is 0.006 cm-‘. 

The second factor may be calculated from the wave functions. It is found to he 

quite small for most of the levels to be considered and has its greatest value of 
about 50 for certain of the n = 3 levels. The maximum contribution of the term 

is t’herefore 0.3 cm’. Both this term as well as the contributions from the off- 
diagonal terms will be neglected for the present but will be reexamined somewhat 

later. 

The selection rules for radiative transitions between rotational levels are 

known (2) and have the following form. 

(a) For the component of the permanent electric moment lying along the 

symmetry axis, AJ = f 1, 0, AK = 0, An = 0, and T + 7. These transitions 

give rise to t.he series of lines v = hJ(ACI + BCI - D2)/8?r2A(BC~ - 0’) or 

using the methanol constants v/c = 1.61 J. The intensities of these lines closely 

follow t,he rules for t)hose of a symmetrical rotator and at room temperature the 

intensity maximum occurs for .J = 20 where v/c = 32.3 cm-‘. At the beginning 

of the present experimental range, namely 50 cm-‘, their intensity has markedly 

fallen off and at shorter wavelengths they become negligible in comparison with 

the & branch lines about t,o be described. Hence although they are plotted in 

Fig. 11 no unique identifications with experimental lines have been possible. 

(b) For the component of electric moment of the hydroxyl group perpendicu- 

lar to the symmetry axis, A J = f 1, 0 and AK = f 1. For the transitions where 

K --f K - 1, 7 goes from 1 + 2, 2 + 3, or 3 - 1, while if K -+ K + 1, T goes 

2 --P 1, 3 --+ 2, or 1 + 3. An may have any value. 

Consider a transition J”, nN, T”, K -+ ?J’, n’, T’, K - 1. The frequencies, using 
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the expressions for the external and internal energies of methanol already given 
and remembering that J > K, may be written, 

(v/c)_,++1 = v’,‘c + 1.61323 J = K, K + 1, K + 2, . . . . 

(V/C)M = Y’ c I 

(v/c).,-_I+J = v’/c - 1.6132J J = K + 1, K + 2, . . . , 

where 

v’,‘c = (3.4478)(2K - 1) + (EWR - E’,,,~R_-l)/hc. 

These lines may be said to form a sub band of P, Q, and R branches with Q 
branch at d/c. The other possible transition in which K - 1 + K will of course 
have a similar structure. 

The spacing of the lines in the P and R branches is constant and for methanol 
has the approximate value of 1.6 cm-‘. The relative intensities within a given 
sub band are equal to those in any sub band associated with a perpendicular 
vibration of a symmetrical rotator. As is well known (10) the integrated inten- 
sity of the Q branch, which is composed of many superimposed lines, is approxi- 
mately equal to the sum of the intensities of all the lines of t,he P and R branches. 
This fact gives the key to the general appearance of the spectrum. In those 
regions where the sub bands fall close to each other-and this is the situation 
for most of the spectrum-the Q branches will stand out as individual lines 
which by reason of the hindered rotation contributions will be irregularly distrib- 
uted both in position and intensity. The P and R branch lines associated with 
these Q branches form an intermingling pattern of background lines which in 
general will not be resolved, at least with the present spectrometer. However in 
a region where the sub bands are more widely spaced one may expect to find 
evidence of the P and R branch lines particularly where by chance the P branch 
lines of one sub band coincide with the R branch lines of some ot,her sub band. 
This appears t.o be the origin of the series of uniformly spaced lines occurring 
near 560 em-l, for example, and indeed it is possible t.o identify the particular 
sub bands responsible for this series and to verify that t,hey have approximately 
the predicted intensity distribution. For the most part, however, the sub bands 
are so crowded together that it is not possible to identify or even to observe 
the individual P and R lines. Consequently in what follows they will be ignored 
and attention will be paid exclusively to the Q branch lines. 

The int,ensities of the Q branches are to be found through the usual procedure 
of calculating the matrix elements of the electric moment and combining these 
with the distribution of the molecules in the various energy st’ates. Just as the 
wave function may be divided into factors describing a symmetrical rotator and 
a hindered rotator, so also t’he resulting intensit,y may be similarly divided. It 



ROTATION SPECTRUM OF METHYL ALCOHOL 307 

will be convenient to use the following expression for the intensity of the Q 
branch resulting from a transition from the lower energy state E’ to a higher 
state E”. 

I El-E" = L4vf,~K9FK~K~(~‘~‘K’ 1 3l 1 n”C’K”)‘(l - e--h”‘kT) exp( - E’,,,/kT.) 

In this formula 9 is a constant, v the frequency of the line, and frtKf is a weight 
factor arising from spins of the protons in the methyl group which must of course 
obey Fermi-Dirac statistics. As in other molecules having threefold symmetry 
(for example, the methyl halides) one third of the states have an enhancement 
factor of 2. Using the symmetry species of the states described by Ivash and 
Dennison (6), it is readily shown that frR = 2 for 7 = 1, K = 0, 3, 6, . . . for 
7 = 2, K = 2, 5, 8, ... and for 7 = 3, K = 1, 4, 7, . . . while for all other 
values frK = 1. 

FKrRfl is the intensity of a Q branch for a symmetrical rotator where the transi- 
tion is one where K’ + K” and J -+ J. K” must of course be equal to K’ f 1 
and J is equal to or greater than K’ or KN whichever is the larger. FKpKe contains 
the square of the matrix element associated with the transition, the number of 
molecules in the initial state and finally a sum over all values of J. In the case 
of methyl alcohol at room temperature the difference in the energy levels occur- 
ring in the sum is small compared with kT, the thermal energy, and consequently 
the sum may be replaced by an integral as was done by Gerhard and Dennison 
(10) in calculat,ing the envelopes of symmetrical top bands. The final formula 
is, 

where CT = ?/2AkT = 0.00387 at room temperature and fi = C/A - 1 = 4.37. 
The factor (1 - e--h”‘kT ) takes care of the effect of the induced inverse transi- 

tions. Although it has been included in the present calculation, clearly it has 
little significance in identifying the lines since it can not affect the relative in- 
tensities of neighbors. E’,,K is the internal or hindered rotation energy of the 
lower state. The portion of the Boltzmann factor depending upon the external 
or overall rotation has been taken account of in FKtp. (n’#K’ / %?i ( n”/‘K”) 
is that contribution to the matrix element of the electric moment coming from 
the internal rotation wave function M(z) as shown in Ref. 2, p. 1016, and is 
equal to 

a,‘~& for K --+ K - 1 or t)o E CL~‘~:+~ for K -+ K + 1. 
--m 

Using the Fourier coefficients a, already evaluated for methanol (n’#K’ 1 %I 1 
n”$‘K”) has been calculated and its absolute value is plotted in Figs. 2 through 
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FIG. 2. Internal rotation intensity factor, n = 0 4 1 

10 for the various values of 12’ and n” which might give rise to lines in the ob- 
served region of the spectrum. The curves for n = 0 + 0 have been omitted 
since they are virtually straight horizontal lines of height unity. 

In these figures the two possibilities K + K + 1 and K --f K - 1 are differ- 
entiated by bracketing the labels for the latter transitions. It will be noted that 
the K scale goes from left to right for the K --+ K + 1 transit’ions and from 
right to left for the K --$ K - 1. For example in the transition n = 0 + 2 and 
K=3-+4,~312~for7=2-+1,3 + 2, and 1 ----f 3 has t*he respective values 
0.010, 0.053 and 0.109. If K = 3 -+ 2 however 7 = 1 + 2, 2 --) 3, and 3 --+ 1 
and the corresponding values of 1 ‘3’K 1 are 0.046, 0.011 and 0.105. 

At this point the energy levels as calculated from the molecular constants as 
well as expressions giving the intensities of the lines are available. An attempt 
was made to compare the calculated and observed lines for t.he transit,ions be- 
louging to n = 0 + 2. The reason for selecting these transitions was that t,he 
resulting lines fall, for the most part, between 350 and 600 cn-I. Here t,he density 
of lines is much smaller than it is in the longer wavelength region and conse- 
quently there is a greater certainty of making unambiguous identificat.ions. 
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A study of this portion of the calculated and observed spectrum showed that 
it was indeed possible to identify most of the lines but that the calculated lines 
were shifted from the observed ones by amounts varying up to as much as 10 
or 12 cm-‘. The magnitudes of the shifts for any particular 7 transition, say 
K + K - 1, 7 = 1 - 2 were found to depend in a regular fashion upon K but 
this dependence varied for the different 7 transitions. From the direction and 
order of magnitude of the shifts it seemed probable that they must be due to 
centrifugal distortions and an attempt was made to estimate the magnitude of 
the effect. It may be helpful to present the calculation initially from a semiclsssi- 
cal viewpoint and later to give the formulas arising from a quantum theory 
treatment. 

The levels of n = 2 in methyl alcohol lie well above the potent,ial barrier and 
consequently may be approximated with very fair accuracy by a model where 
the methyl and hydroxyl groups perform free rotations with respect to each 
other. The free rotation case has been studied by Koehler and Dennison (2) 
and the energies and wave functions may be described by the quantum numbers 
J, K and m representing respectively the t.otal angular momentum, the com- 
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ponent of total angular momentum along the symmetry axis and the axial 

component of the angular momentum due to the hydroxyl group alone. The 
energy has the expected form 

E = (5’ + J - K2)fi2/2A + m%“/2C1 + (K - m)“li”/2Cg . 

Koehler and Dennison show that a given level may be described either by the 
numbers J, K, m appropriate for the free rotation, or by the numbers J, K, T, n 
appropriate for the hindered rotat.or, and rules are given for obtaining one set 
of numbers from the other set. 

The centrifugal distortion contributions to the energy will be, as usual, yuartic 
in the angular momenta and, in fact, depend upon the quadratic combinations 
of ( J2 + J), m*, and (K - m)“. The rotational frequencies (classically speaking 
for the moment) corresponding to the rotations of either the hydroxyl or the 
methyl groups about the symmetry axis are much higher than precessional fre- 
quency associated with J. This of course arises from the fact that the moment 
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of inertia A is very much larger t’han either C1 or C2 . Since the centrifugal dis- 
tortion contributions are quartic in the frequencies, it follows that bhe terms 
involving (J’ + J) are much smaller than those containing only K or m. A 

reasonable estimate of the centrifugal effect may be made therefore by choosing 
any particular value of J. The work will be made much simpler by letting J = K 
since this means that the motion consists only of rotations about bhe symmetry 
axis. 

Consider first the centrifugal distortion caused by the rotation of the hydroxyl 
group. The change in energy is quartic in m and a standard calculation shows it 
to be 

AE1 = - xi (h”/8&) ( C:i/C:o)2m4, 

where ki is the elastic force constant associated with the ith normal vibration 
and is equal to 4*‘biv? where pi is the reduced mass associated with this vibra- 
tion. Cl0 is the equilibrium value of the moment of inertia of the hydroxyl group 
and Cl!,’ is the derivative of C1 with respect to the ith normal coordinate, Cl:’ = 
(aCJdqi)o . These terms have already been evaluated by Hecht and Dennison 
(11) using valence coordinates as an approximation of normal coordinates. The 
deformation of the HOC angle and the stretching of the OH distance give con- 
tributions 4.2 X lo@ cm-’ and 2.9 X 10e3 cm-‘, respectively. 

The change in energy due to the centrifugal distortion of the methyl group is 
given by a similar formula and is proportional to the fourth power of the angular 
momentum of that group, namely fi(m - K). The coefficient of (m - K)4 

might be evaluated through the elastic force constants of the methyl group. At 
this point however we are mainly interested in its approximate value and we 
shall use the value calculated by Chang (12)’ for methyl chloride, namely 0.86 X 
10M4 cm-‘. The classical treatment of the centrifugal distortion terms has there- 
fore yielded, 

AE/hc = -7.1 X 10P3m4 - 0.86 X 10e4(m - K)4. 

A substitution of the appropriate values of m and m - K for the levels of n = 2 
(where m is a relatively good quantum number) markedly closed the gaps be- 
t,ween the calculated and observed positions of the lines n = 0 --+ 2 although it 
was clear that further adjustments would be necessary t)o obtain exact agree- 
ment. 

The problem of the centrifugal distortion effects was now reexamined using 
the quantum mechanical treatment employed by Hecht and Dennison (II). 
The results were as follows. 

(1) The dominant terms are identical with those obtained using classical 
methods except that m4 and (m - K)4 are to be replaced by their expectation 

1 The quantity in question is DKR = 2587 kc/set = 0.86 X IOW cm-‘. 
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values. These are expressable as functions of the Fourier coefficients appearing 
in the internal rotation wave functions. Thus (m”) = c ~“a,,’ and ((m - I()“) = 

c (P - W40,2. 
(2) Terms appear which arise from the change of barrier height with the 

centrifugal distortion of the molecule. One of these is proportional to the expec- 
tation value of m2, namely C p2aP2, times the diagonal matrix element of t,he 
potential energy function (1 - cos 32). The interpretation of this term is evi- 
dent. (m’) is proportional to the centrifugal force acting upon the hydrogen 
nucIeus of the hydroxyl group and gives rise to a distortion of the molecule whose 
magnitude depends upon the elastic constants. It is to be expected that such a 
distortion will raise or lower the barrier height by a small amount and that its 
influence upon the energy levels will be proportional to the average value of 
the potential energy function. 

The coefficient of (m”) (1 - cos 32) can not be calculated without a much 
deeper knowledge of the nature of the hindering potential than we now possess. 
It is however possible to make a very rough estimate of its order of magnitude. 
Consider those levels which lie above the barrier and which may be approxi- 
mated by a free rotation. The change in energy will be approximately equal t.o 
the change in t’he average potential caused by the centrifugal distortion, that is, 
to $sAH(l - cos 32). For these levels (1 - cos 32) E 1. In rough order of mag- 
nitude one could expect that AH - f 1 Ar/ro 1 H f 1 A8 1 H where Ar/ro is the 
relative change in the OH distance, A0 the change in the COH angle and H is 
the height of the potential barrier. By balancing the centrifugal force against 
the elastic potential forces (the OH and COH potential constants were taken as 
7.5 x lo5 and 0.62 X lo5 dynes/cm, respectively) one readily obtains (AT/TO) H = 
(0.05) (m’) cm-’ and HA0 = 0.17(m2) cm-‘. Thus the coefficient of (m”) (1 - 
cos 32) could well be of the order of a few tenths of a wave per centimeter but 
clearly neither its true magnitude nor even its sign can be calculated with any 
certainty. 

In addition to t,he term just discussed there are further terms which may be 
associated with the dependence of barrier height on the normal coordinates. 
Most of these are small but there is one which might produce significant effect,s 
and which is proportional to the expectation value of (1 - cos 3~)~. It would 
be very difficult however to disentangle this term from the effects of a first order 
correction to the assumed sinusoidal potential, namely (( 1 - cos 62)). A dis- 
cussion of such corrections will be given later. 

Two additional remarks must be made before proceeding with the identifica- 
tion of the spectral lines and hence the determination of the rotational levels of 
the molecule. The first of these relates to the fact that the & branch lines, on 
which attention is to be focused, are of course multiple lines since each consists 
of a superposition of all the J -+ J transitions where J 3 K. The usual interac- 
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tion between vibration and rotation will separate the components and produce 
a convergence which is proportional to JZ + J. The proportionality fn&or will 
depend upon the rotational &ate (including internal rotation) and its sign may 
be expected to change as K increases or decreases. The spectrometer used in 
the present, investigat,ion will not resolve the components but, it) does oft,en reveal 
an asymmetry of the line. The recorded maximum will thus be shifted by this 
convergence from its calculated position. In the following discussion the con- 
vergence of t,he Q branch components will be ignored and this will lead to t,wo 
results. In the first place, the values of the rotational levels as det,ermined from 
the observed lines will not be correct to better than the magnitude of the con- 
vergences. These may be estimated to be of the order of a few tenths of a wave 
per centimeter. Secondly, combination relations will fail to be satisfied by the 
same amounts. This will be particularly true when the lines in question corre- 
spond to K transitions, some of which increase and some decrease. I’or these 
reasons no attempt will be made to fix the energy levels wi;ith an accuracy greater 
than a few tenths of a wave per eentimet.er and all corrections smaller than t.his 
will be ignored. 

The second remark concerns the effect of the asymmetry of the molecule on 
the positions of the levels. There is the diagonal element 

-[h2D2/2G(BG - D”)] j (Pnr=)* & PnrlC d.z 

mentioned earlier. A substitution of the met,hanoI constants showed t.hat the 
contribution of the term is usually very small but might be as large as 0.3 cm-’ 
for certain of the n = 3 levels. 

The zeroth order Hamiltonian also cont’ains off-diagonal terms connecting the 
states K with K + 1 and K f 2. When the energy matrix is diagonalized these 
furnish cont’ributions which are approximat,ely proportional to J’ + J and to 
( J2 + 5)‘. The coefficients of these quantities mere given by Burkhard and 
Dennison (5) for a part,icular t.ransit.ion and found to be around 5 X 10e5 em-’ 
and 3 X lop6 cm-‘, respectively. An inspection of the elements shows that they 
differ for the various levels since they contain integrals over the hindered rotation 
wave functions. These integrals however are of the order of magnitude of unity 
and consequently the above figures are reasonably representative of the expected 
size of these terms. The population of states in it,s J dependence is proportional 
to (2J + 1) exp[ -g( Jz + J)] where u = 0.00387 for methanol at room tem- 
perature. The population increases with J, reaches a maximum at J E 11 and 
subsequently declines sharply. The effect of these off-diagonal elements of t,he 
Hamiltonian will therefore be to spread out the lines over a region of t’he order 
(using J = 0 to 20) of around 0.5 cm-‘. It will form part of t)he convergence of 
t,he Q branch lines already discussed and since its precise magnkude varies from 
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line to line it will contribute to deviations of the energy levels and of the com- 

bination relations in the amount of a few tenths of a wave per centimeter. 
The final effect of the asymmetry which will be discussed is the K-type dou- 

bling described by Ivash and Dennison (6’). They have shown that for every 

K (except K = 0) one of the three levels corresponding to the three 7 numbers 

is split into a doublet. The magnitude of the splitting depends upon J and K. 
It falls off rapidly with K however and the principal hope of observing it in the 
infrared spectrum will occur for the levels where K = 1. The split level is here 
the one where 7 = 3. Ivash and Dennison give as the splitting formula, 

AE = 2H;;‘, 

= (J* + J)[h*(C,2 + I)“)/4A(BC1 - D”)] / (P”~2~-‘)*e-2ir Pnq3,1 d.6. 

The integral may be calculated through the use of the Fourier coefficients which 

describe the hindered rotation wave functions. By this means one obtains the 
following expressions for the split.ting of the levels (031), (131), and (231), 

respectively [here as in the remainder of the paper a level will be designated by 

the symbol (~TK)]. 

AE/hc = 0.013(J2 + J), 

AE/hc = 0.0016(Jz + J), 

AE/hc = 0.0028( 5’ + J). 

Clearly transit’ions involving (031) will show the largest effects. These are 

(nl0) ---f (031) and (n22) ---f (031). Th e selection rules (see Ref. 6) are such 

that the first of t’hese transitions will contain only one member of the doublet, 

and therefore the net effect will be to shift the position of the line. The second 
transition will however consist of a doublet, each component of which is made 

up of individual lines corresponding to the different values of J. The intensities 
of these lines, in their J dependency, will be proportional to 

[(2J + l)(J - K + l)(J + K)/J(J + 1)]e-“(‘2+J! 

For the transition in question K = 2 and for all except the lowest J values, 
the intensity is roughly proportional to (2J + 1) exp[ -g( J’ + J)]. The line 
of maximum intensity is again that for which J S 11. The doublet, that is, the 
distance between the two most intense lines, is 1.7 cm-‘. The spacing between 

the lines is roughly 0.013J cm-’ which, for low J, is considerably below the limit 
of resolution of the spectrometers used in the experiment. Consequently the ob- 
served intensity when the spectrometer slit, which will include a number of lines, 
is centered at the Jth line should be porportional to [(2 J + 1 )/J] exp 
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[-o(J* + J)] and therefore we will not expect to see a doublet but only a single 
broadened line whose half widt,h may be calculated from the above data to be 

2.3 cm-‘. The corresponding lines (n22)-( 131) and (n22)-(231) should have 

half widths of 0.3 and 0.5 cm-‘, respectively. 
An examination was made of all the lines assigned to transitions involving 

the states (031), (131), and (231). Some of these appear to be rather wide but 
on the whole they are indistinguishable from the other spectral lines. As the 

most extreme example we might cite the following. The level (122) is well estab- 
lished through the strong line (122)-(013) = 172.7 cm-‘. This leads to the 

prediction that (122)-(031) should lie close to 197.2 cm-‘. Experimentally, 

there is a line at 197.7 cm-’ which would fit reasonably well and which is of 

about the right intensity although it is somewhat weaker than expected. This 

line is in no way unusual in appearance and has a half width which is certainly 

much less than the predicted value of 2.3 cm-‘. One possible explanation is that 
the line observed at 197.7 cm-’ is due t.o some other cause and t,hat (122)-(031) 
is sufficiently broad so that it merges into t,he ever present background of P 
and R branch lines and hence is undetected. The situation is puzzling and it is 
hoped that further experimental work may resolve the apparent, discrepancies. 

4. EVALUATION OF THE ENERGY LEVELS 

The following procedure was employed. (a) The unperturbed energy levels 
were calculated for the states n = 0, 1, 2, 3 and for K = 0 through 10 using the 
barrier height and moments of inertia determined by Ivash and Dennison. (b) 

All the transitions allowed by the selection rules were listed and their intensities 

calculated. In both of these computations effects due to the asymmetry of the 
molecules were ignored since it has been shown that they may be expected to be 

small. (c) A comparison was made between the most intense lines of the 

,n=O+2 

transitions of the calculated and the observed spectrum. As explained earlier, 
these lines fall in a relatively clear region of the spectrum and a unique identi- 
fication was possible. (d) A centrifugal distortion correction t.o the calculated 

levels was made which had the form a(m”) + b((m - k)“) + c(m”)(l - cos 3~). 
The coefficients a, b, c were adjusted to give a fit between the calculated and ob- 
served lines of the n = 0 - 2 transitions. 

A number of sets of coefficients were found each of which gave substantially 
equally satisfactory agreements between the calculated and observed lines. The 
differences in a particular coefficient between the different sets were of the order 
of 20 % where in general an increase in the coefficient a was compensated by a 
decrease in c. The following values were adopted. These are seen to be of the 
orders of magnitude predicted earlier. a = -0.0063 cm-l, b = -0.0003 cm-‘, 
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c = -0.14 cm-‘. (e) The next step of the procedure consisted in evaluating the 
corrections described above for all levels and thus obtaining revised spectral 
lines which could be compared with the observed lines. In most cases it was possi- 
ble on the basis of both the positions and intensities to make unique identifica- 
tions. Once the identifications were made it was of course easy to obtain the 
energy levels providing one possessed the base levels from which to start. Since 
the energy corrections [as given under step (d)] were quite small for the levels 
of n = 0 and K = 0 to 10, these were taken to be correct and the levels of 
n = 1, 2, 3 were found as the sum of one or more observed lines and one of the 
calculated n = 0 levels. In what follows, these will be called observed levels. It 
would be more satisfactory of course if transitions between the n = 0 levels 
themselves could be identified. Unfortunately this has not been possible up until 
now since the lines in question lie between 0 to 70 cm-‘, and thus for the most 
part fall outside our experimental region. 

The final results of this procedure are presented in Tables I through IV for 
the values of n = 0, 1, 2, and 3. In each table the levels are listed as a function 
of their kind, namely 7 = 1,2, or 3 and for K = 0 to 10. The first column, -AK, 
gives the calculated centrifugal distortion energy corrections [described in step 
(d)]. Here, as in the remainder of the table, it is convenient to give the quantities 
in units of waves per centimeter. The proper label for the column therefore would 
be - .AE/hc. 

The second column, Ecalc. , gives the calculated energies in cm-’ and includes 
(1) the external rotational energy which is equal to 3.4478K2, (2) the internal 
or hindered rotational energy, EnrR , and (3) the centrifugal correction - AE. 

Tkble I. 

X 
- 

0 

1 

2 

3 

4 

5 
6 

7 

8 

9 

10 

11 

r-1 

-Al %1o - A 

0.2 128.6 

0.2 132.5 

0.2 l44.1 

0.3 163.2 

0.4 189.b 

0.5 223.0 

0.7 263.0 

0.9 309.1 

1.3 360.9 

1.8 418.4 

2.4 481.7 

3.0 551.2 

-AX E,,lc. - 
0.2 137.7 

0.2 143.2 

0.3 19&.8 

0.3 172.2 

0.4 195.2 

0.5 224.3 

0.7 259.7 

0.9 301.6 

1.2 3n.1 

1.5 407.7 

2.0 471.8 

2.7 pI3.5 

_bEh 
0.2 137.7 

0.2 138.7 

0.2 l4b.b 

0.3 161.8 

0.3 184.4 

0.4 2l4.7 

0.6 252.6 

0.8 298;2 

1.2 351.3 

1.7 411.7 

2.4 479.1 

3.4 552.8 
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X -*Is Eca1c _-A 

0 1.8 l&23.6 

1 1.9 416.3 

2 1.9 406.7 

3 1.9 404.0 

4 1.9 410.3 

5 1.9 426.6 

6 1.9 453.6 

7 1.9 491.7 

8 2.1 541.2 

9 2.6 602.1 

I.0 3.3 674.3 

r=1 

E 
ohs. 

423.7 

416.3 

406.4 

403.7 

410.1 

426.8 

452.5 

491.2 

541.2 

601.8 

674.3 

Table II. 

Levels or n = 1 

-cc=2 

0.9 337.9 337.5 

0.9 331.6 331.1 

0.8 336.6 336.1 

0.8 353.1 352.6 

0.9 381.3 380.9 

0.9 420.9 420.6 

1.2 471.2 470.2 

1.7 531.7 531.8 

2.4 601.6 601.7 

3.5 679.5 679.7 

5.4 760.9 761.7 

Table III. 

Levels Of n = 2 

x=2 

t-3 

- AE E~~l~ Eobs --a A 

0.9 337.9 337.5 

0.9 355.0 354.3 

1.0 382.3 381.9 

1.2 418.9 418.5 

1.6 463.0 462.7 

2.2 508.3 507.9' 

3.3 540.2 540.1 

3.9 565.0 565.6 

4.1 597.0 597.3 

4.3 636.9 637.0 

4.7 606.3 606.6 

z=3 

K -AE 
-- 

0 2.1 

1 2.1 

2 2.2 

3 2.3 

4 2.6 

5 3.1 

6 3.8 

7 4.8 

8 12.6 

9 13.6 

10 13.6 

%.lc. %ba. 

481.5 481.4 

498.2 493.3 

535.9 535.8 

585.7 585.7 

645.6 645.7 

n4.7 7l4.e 

793.0 793.2 

000.0 880.2 

961.3 961.3 

975.0 975.0 

997.6 997.8 

4.2 630.6 636.9 

4.3 633.0 683.7 

4.5 737.8 737.8 

7.7 764.5 764.2 

7.7 744.3 744.4 

7.7 733.1 733.0 

7.7 731.0 731.1 

7.8 738.3 738.7 

7.8 755.3 755.8 

7.7 783.1 783.9 

7.2 026.0 826.7 

- AE EGalC Eobl, -- 
4.2 638.0 638.9 

4.1 603.0 603.3 

4.1 576.6 576.9 

4.1 560.1 560.3 

4.0 555.0 555.3 

3.3 567.8 568.3 

2.3 612.8 612.9 

2.7 682.0 682.6 

3.6 764.5 764.0 

4.8 857.0 856.9 

6.6 950.7 959.2 

The last column lists the observed energies as found by using the most reliable 
lines in the observed spectrum. A blank here means that no lines were observed 
which could fix the level in question. In the case of Table I for 12 = 0 only cal- 
culated values for the energy are listed since, as remarked earlier, the present 
range of the observed infrared spectrum does not include a sufficient number of 
identifiable n = 0 + 0 transitions. 

In treating a spectrum, such as the rotational spectrum of methanol where 
hhe lines are irregularly spaced and where they oft,en crowd together so closely 
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Table IV. 

Levels Of n = 3 

lZ=1 r=2 r=3 

x -bE B a E a - AE EoalC Bob,, - AE E . . ca1c. -- _ E,bs. 

0 13.7 1176.5 - 7.9 879.5 879.4 7.9 579.5 879.4 

l 13.5 1118.1 - 1.8 832.3 832.3 8.1 935.7 935.6 

2 13.5 1069.1 1067.9 7.7 794.0 793.8 8.4 1000.6 - 

3 13.4 1028.9 1027.9 4.0 800.7 801.1 8.9 1074.3 - 

4 13.4 997.4 997.0 5.3 872.5 - 9.6 1156.9 1156.2 

5 13.5 974.9 974.5 6.0 9533.4 953.3 10.6 1248.1 - 

6 13.5 961.4 961.2 7.0 1042.2 1042.2 22.3 1247.6 1247.3 

7 13.5 957.0 - 8.4 1140.0 - 22.4 1232.1 1232.5 

8 6.3 981.9 - 10.2 1246.3 1246.3 22.4 1225.6 - 

9 8.1 1079.9 1080.0 12.4 1361.3 - 22.4 1228.1 - 

10 10.4 1192.8 - 15.5 1484.4 - 22.5 1239.5 - 

that they are imperfectly resolved, the difficulty lies in having confidence in the 

uniqueness of the identifications. Accordingly, a great number of tests were 
made. In the first place a comparison may be made between the predicted and 
observed spectrum. Tables V-VIII list the lines corresponding to transitions to 

the levels n = 0, 1, 2, and 3, respectively. The first column gives the label of 
the line (n7K) - (~‘T’K’) and the second column contains the calculated square 

root intensity, 1'12. In most observations of infrared spectra, and certainly in the 

present case, the width of the individual lines is less than the resolving power of 

the spectrometer. Under these conditions it is well known that the apparent in- 

TABLE V. 

Lines From the Lsvela ai n = 0 

-- xl/22 LlUE i u I1/21) d && &2 3 6 

031-010 1.0 10.1 - 021-030 0.4 5.5 - 020-011 0.3 5.2 - 

032-011 0.9 UC.1 - 022-031 1.4 16.1 - 012-021 0.16 0.9 - 

033-012 1.1 17.7 - 023-032 1.5 25.6 - 013-022 0.7 8.4 - 

034-013 1.6 21.2 - 024-033 1.9 33.4 - O&023 1.0 17.4 - 

035-014 1.3 25.1 - 025-034 2.8 39.9 - 015-024 1.3 27.8 - 

036-015 1.3 29.6 - 026-035 2.0 45.0 - 016-025 2.4 38.7 - 

037-016 1.9 35.2 - 027-036 1.9 49.2 -0.3 017-026 1.9 49.4 -0.1 

038-017 1.4 42.2 - 028-037 2.4 52.9 0.0 018-027 1.8 59.1 -0.1 

039-018 1.4 50.8 - 029-038 1.5 56.4 0.1 019-028 2.3 67.3 -0.4 

0310-019 1.8 60.7 -0.2 0210-039 1.3 60.1 - 0110-029 1.6 74.0 0.3 

0311-0110 1.2 71.1 - 0211-0310 1.5 64.4 0.2 0111-1210 1.3 79.4 - 
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TABLE VI. 

Linea From the Levels of n = 1 

Line Ilk 
-- 

110-031 4.1 

no-131 2.7 

111-020 3.5 

111-032 2.2 

111-120 2.8 

111-132 1.0 

112-021 3.0 

112-033 1.8 

112-121 2.8 

113-022 5.4 

113-034 2.3 

113-122 3.4 

114-023 3.8 

114-035 1.5 

114-123 2.0 

115-024 3.5 

115-036 1.2 

115-124 1.4 

3 c 
285.0 0.0 

69.4 - 

278.6 +0.2 

269.7 -0.1 

70.8 +0.2 

34.4 - 

263.2 0.0 

244.6 +O.l 

75.3 -0.2 

248.9 0.0 

219.3 +0.2 

67.6 0.0 

237.9 0.0 

195.4 - 

57.5 - 

231.6 0.0 

174.2 +0.3 

45.9 - 

Line l/2 
-I 1! s_ 

116-025 4.4 228.2 

116-037 1.7 154.3 

116-125 1.3 31.9 

117-026 2.7 231.5 

117-038 1.1 139.9 

117-126 0.5 21.0 

118-027 2.1 239.4 

118-039 0.9 129.5 

118-127 0.3 9.4 

119-028 2.3 250.7 

119-0310 1.0 122.7 

1110-029 1.2 266.6 

lilo-0311 OS 121.5 

0.0 

-0.1 

0.0 

-0.1 

+0.2 

0.0 

l 0.1 

Line l/2 
-I 2 

120-011 2.6 205.0 

121-030 3.9 193.4 

121-012 2.7 187.0 

122-031 5.2 197.4 

122-013 3.8 172.9 

123-032 3.3 206.0 

123-014 2.6 163.0 

124-033 2.9 219.1 

124-015 2.3 157.9 

125-034 3.4 236.2 

125-016 2.9 157.6 

126-035 1.9 255.5 

126-017 1.6 161.1 

127-036 1.6 279.2 

127-018 1.4 170.9 

128-037 1.8 303.4 

128-019 1.4 183.2 

128-137 0.3 36.0 

TABLE VI (continued) 

h 
0.0 

0.0 

Lines From the Levels of n = 1 

Line - 

129-038 

129-0110 

129-138 

129-1110 

1210-039 

1210-0111 

1210-139 

l/2 L 
1.1 

0.0 

0.5 

0.2 

1.0 

0.5 

0.9 

I L 
328.4 - 

198.0 - 

02.4 - 

5.4 - 

350.0 0.0 

210.5 - 

124.7 - 

Line - 

130-021 

130-121 

131-010 

131-022 

131-122 

132-011 

132-023 

132-123 

133-012 

133-024 

133-112 

133-124 

134-01s 

134-025 

134-113 

134-125 

135-014 

135-026 

p - 
4.0 

0.41 

3.5 

5.2 

1.6 

2.2 

3.2 

1.7 

2.1 

2.7 

0.15 

1.2 

3.1 

3.2 

0.9 

1.8 

2.4 

1.7 

l/2 
-I Lb% 

135-lI.4 2.0 

135-126 0.8 

136-015 2.5 

136-027 1.1 

136-115 2.7 

136-127 0.18 

137-016 3.5 

137-028 1.0 

137-116 3.5 

138-017 2.2 

138-029 0.6 

138-117 2.1 

139-018 2.0 

139-0210 0.4 

139-118 1.6 

1310-019 2.4 

1310-0211 0.5 

Y 

194.3 

6.4 

225.7 

199.5 

18.2 

249.4 

209.7 

29.3 

274.4 

223.3 

12.1 

37.6 

299.5 

238.4 

59.0 

42.1 

318.3 

248.2 

Y 
97.8 

37.7 

317.1 

238.3 

113.3 

8.3 

302.6 

214.5 

113.1 

200.2 

189.6 

106.1 

276.1 

165.2 

95.8 

268.2 

143.1 

s 
'0.1 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

+0.2 

L 
0.0 

0.0 

+0.1 

-0.3 

l 0.3 

l 0.5 

0.0 

0.0 

0.0 

0.0 

0.1 

1310-119 0.9 84.8 - 



TABLF VII. 

Lines Prom the Levels of n = 2 

210-031 

210-131 

211-020 

2x-032 

211-120 

211-132 

212-021 

212-033 

212-121 

212-133 

213-022 

213-034 

213-122 

213-134 

213-234 

214-023 

2U+-035 

214-123 

LlIX - 

214-135 

214-235 

215-024 

215-036 

21.5-124 

215-136 

215-236 

216-025 

2X-037 

216-125 

216-137 

216-225 

216-237 

217-026 

217-036 

217-126 

217-138 

217-226 

217-238 

I1/2* g 
1.0 342.7 0.3 

4.0 127.1 0.0 

0.1 360.6 - 

1.7 351.7 0.0 

1.8 160.8 - 

3.3 116.4 0.0 

0.1 392.6 - 

1.6 374.0 0.4 

1.5 204.7 - 

3.1 117.3 0.0 

0.3 430.9 - 

1.9 401.3 0.0 

1.8 249.6 - 

3.8 123.0 0.1 

0.5 30.4 - 

0.2 473.5 - 

1.1 431.0 0.0 

0.6 293.1 -0.3 

220-011 1.4 506.4 

220-111 1.9 222.6 

220-211 3.2 l40.5 

221-030 0.1 546.0 

221-012 1.2 539.6 

221-130 0.5 346.2 

221-112 1.2 277.3 

221-230 0.03 44.9 

221-212 3.1 147.8 

222-031 0.1 599.1 

222-013 1.3 574.6 

222-131 0.9 383.5 

222-113 1.2 334.1 

222-231 0.3 134.5 

222-213 3.8 152.1 

223-032 0.8 617.6 

223-014 a3 574.6 

223-132 0.9 382.3 

TABLE VII (continued) 

Lima From the Levsla of n = 2 

2.0 137.2 - 

1.1 77.4 - 

0.1 519.6 - 

0.8 462.2 0.0 

0.3 333.9 - 

1.1 174.7 - 

1.5 101.9 0.2 

0.1 56a.9 - 

0.9 495.0 0.0 

0.5 372.6 - 

0.9 227.6 - 

0.04 60.2 - 

1.9 110.6 0.0 

0.04 620.5 - 

0.5 528.9 -0.1 

0.4 410.0 - 

0.4 202.9 - 

0.1 149.1 - 

1.1 116.2 - 

Lik-& - 

223-114 

223-232 

223-2l4 

24-033 

224-015 

224-133 

224-115 

224-233 

224-215 

225-034 

225-016 

225-134 

225-116 

225-234 

226-035 

226-017 

226-135 

226-117 

226-235 

l/2 1,. 2 
0.4 354.1 

3.5 187.3 

0.1 118.5 

1.1 502.6 

0.1 521.4 

1.1 325.9 

0.4 317.6 

3.3 184.1 

0.01 29.6 

1.5 548.6 

0.1 470.0 

2.0 270.3 

0.5 200.5 

4.4 177.7 

1.1 516.4 

0.1 422.0 

2.9 223.2 

0.3 239.9 

2.2 162.0 

323 

L 
0.0 

0.3 

0.0 

0.0 

-0.3 

-0.2 

-0.1 

0.1 

0.3 

0.4 

- 

0.0 

- 

-0.2 

h 

-0.1 

0.0 

0.0 

0.2 

-0.1 

” 

0.1 

0.0 

-0.1 

-0.2 

LiIll? - 

230-021 

230-121 

231-010 

231-022 

231-110 

231-122 

231-210 

232-011 

232-023 

232-111 

232-123 

232-211 

233-012 

233-024 

233-112 

233-124 

233-212 

234-013 

0.15 

0.7 

2.2 

0.2 

4.6 

0.9 

3.4 

1.8 

0.2 

4.1 

0.7 

1.1 

1.8 

0.1 

4.2 

0.8 

0.3 

2.4 

LiIW. l/2 
-I 

234-025 0.1 

234-113 5.5 

234-125 1.3 

235-oI.4 0.9 

235-026 0.5 

235-114 3.3 

235-126 0.6 

236-015 0.1 

236-027 0.8 

236-115 1.6 

236-127 1.2 

237-016 0.2 

237-028 1.1 

237-116 1.3 

237-128 1.5 

238-017 0.1 

238-029 0.6 

238-117 0.5 

238-129 0.9 

9 
495.7 

307.8 

474.7 

448.5 

179.6 

267.2 

121.0 

444.4 

404.7 

160.6 

224.3 

78.5 

416.2 

365.1 

153.9 

179.4 

24.4 

392.1 

L 

-0.1 
0.0 

-0.4 

0.1 

0.2 

0.0 

-0.2 

-0.1 

0.1 

0.0 

2 1 
331.0 - 

151.6 0.1 

134.7 

378.7 0.1 

308.6 - 

se.2 - 

98.1 - 

389.9 - 

311.1 -0.1 

186.1 - 

81.1 - 

419.6 - 

331.5 -0.3 

230.1 - 

81.0 - 

454.9 - 

356.3 - 

272.0 0.0 

84.3 - 



TABLB VIL (continued) 

Lines From the Levela of n = 2 

LiIP3 - 

218-027 

210-039 

218-127 

218-139 

218-227 

210-239 

219-028 

219-0310 

219-128 

219-1310 

219-220 

219-2310 

2110-029 

2110-129 

2110-229 

l/2 L 2 L 
0.2 659.5 - 

0.2 549.6 - 

0.4 429.5 0.0 

0.3 324.3 - 

0.3 222.6 - 

0.06 104.4 - 

0.7 623.9 0.0 

0.02 495.9 - 

0.6 372.8 - 

0.04 208.4 - 

2.7 219.2 0.1 

0.04 15.8 - 

0.5 590.1 - 

0.5 318.1 - 

1.5 213.9 -0.2 

Line - 

227-036 

227-018 

227-136 

227-118 

227-236 

228-037 

228-019 

226-137 

228-119 

228-237 

229-038 

229-0110 

229-138 

229-1110 

229-236 

2210-039 

2210-0111 

2210-139 

1.1 

0.1 

2.7 

0.3 

1.0 

1.5 

0.1 

3.8 

0.2 

0.6 

0.9 

0.03 

2.2 

0.3 

0.1 

0.6 

0.1 

1.6 

Y 

486.1 

377.8 

198.6 

197.5 

125.8 

457.6 

337.4 

190.2 

154.0 

73.2 

432.6 

302.2 

186.6 

109.6 

19.9 

415.0 

275.5 

189.7 

Line - 

310-13l. 

311-020 

311-120 

311-320 

312-021 

312-121 

312-321 

313-022 

313-034 

313-122 

313-134 

313-322 

314-023 

314-123 

314-135 

314-223 

315-024 

315-124 

l/2 I- 
0.2 

0.3 

0.6 

2.1 

0.2 

0.6 

2.4 

0.5 

0.1 

0.9 

0.1 

3.5 

0.4 

0.6 

0.1 

2.5 

0.4 

0.6 

TABLE VIII. 

Lines From the Levels of n = 3 

i h. 
822.2 - 

900.4 - 

700.6 - 

Line - 

320-011 

320-111 

321-030 

321-012 

321-130 

321-112 

321-230 

322-031 

322-013 

322-131 

322-113 

322-231 

323-032 

323-014 

323-132 

323-U 

323-214 

324-033 

$/2 
- 

0.1 

0.2 

0.9 

0.1 

0.8 

0.3 

3.1 

1.1 

0.2 

1.2 

0.3 

4.0 

0.1 

0.5 

0.3 

0.6 

2.3 

0.1 

321 

L 2 && 

746.9 330-021 

463.1 330-121 

694.6 330-221 

608.2 331-010 

494.0 -0.2 331-022 

425.9 331-110 

193.4 0.0 331-122 

655.1 331-222 

630.6 332-023 

439.5 -0.1 332-111 

390.1 332-123 

190.5 0.2 332-323 

654.5 333-024 

611.5 0.0 333-124 

419.2 333-324 

391.0 334-025 

155.4 0.0 334-125 

710.7 334-325 

238.7 - 

924.7 - 

736.8 - 

235.6 0.0 

073.1 - 

043.5 - 

691.8 - 

565.2 - 

234.1 0.0 

024.0 - 

644.4 - 

489.3 - 

232.8 0.0 

779.3 - 

593.6 - 

6_ Llmlm2 c 
0.0 239-018 0.1 496.0 - 

239-0210 0.4 385.1 0.0 

239-118 0.3 315.7 - 

239-1210 0.7 95.2 - 

239-2210 0.16 30.2 - 

0.0 2310-019 0.1 540.a - 

- 2310-0211 0.4 415.7 - 

-0.1 2310-119 0.2 357.4 - 

11/2 - 
0.5 

0.7 

2.9 

0.1 

0.4 

0.2 

1.0 

3.5 

0.3 

0.1 

0.6 

2.1 

0.2 

0.5 

1.7 

0.2 

0.6 

1.9 

736.2 - 

548.3 - 

195.7 0.0 

807.0 - 

780.0 - 

511.9 - 

599.5 0.0 

197.0 - 

829.4 _ 

584.3 - 

648.3 - 

199.9 - 

879.1 - 

633.4 - 

201.9 - 

931.9 - 

735.6 - 

202.9 0.0 



Line - 

315-136 

315-224 

316-025 

316-037 

316-125 

316-137 

316-225 

317-026 

317-030 

317-126 

317-130 

317-226 

318-027 

310-039 

310-127 

310-139 

310-239 

319-028 

0.1 

2.5 

0.7 

0.1 

0.0 

0.2 

3.5 

0.5 

0.1 

0.5 

0.1 

2.3 

0.1 

0.2 

0.5 

0.2 

0.9 

0.1 

ROTA4TION SPECTRUM OF METHYL ALCOHOL 325 

TABLE VIII. (continued) 

Linsa from the Levels of n = 3 

2 c 
434.4 - 

230.1 0.0 

736.9 - 

663.0 - 

540.6 -0.3 

395.6 0.3 

220.2 0.0 

697.3 - 

605.7 - 

406.0 - 

359.7 - 

225.9 - 

600.1 - 

570.2 - 

GO.1 - 

344.9 - 

125.0 - 

720.9 - 

Line - 

324-015 

324-133 

324-115 

324-215 

325-034 

325-016 

325-134 

325-116 

325-216 

326-017 

326-135 

326-117 

326-217 

327-010 

327-136 

327-110 

327-310 

320-019 

l/2 L 2 

0.4 649.5 

0.2 454.0 

0.5 445.7 

1.9 157.7 

0.1 768.9 

0.4 690.3 

0.3 490.6 

0.7 500.8 

2.1 160.1 

0.2 733.1 

0.1 534.5 

0.4 551.0 

1.2 162.0 

0.1 779.1 

0.1 599.9 

0.3 598.8 

0.9 158.1 

0.1 827.9 

s_ g 
335-014 

335-026 

335-114 

335-126 

335-326 

336-015 

336-115 

0.0 336-315 

0.1 337-016 

337-116 

337-316 

330-017 

0.0 330-117 

_ 330-317 

339-010 

339-110 

_ 339-218 

- 3310-019 

l/2 I, 2 c_ 
0.1 1050.5 - 

0.1 900.4 - 

0.1 030.0 - 

0.3 777.9 - 

1.0 205.9 - 

0.1 1024.7 - 

0.4 020.9 - 

1.6 272.0 0.0 

0.2 969.5 - 

0.6 700.0 - 

2.2 271.3 0.0 

0.2 916.5 - 

0.3 734.4 - 

1.5 260.6 - 

0.2 067.0 - 

0.3 606.7 - 

1.3 266.6 - 

0.3 021.2 - 

TABLE VIII (continued) 

Lines Prom the Levels of n = 3 

Line l/2 
-I *ia*I1/2 s LfIl.3 $/2 -- Y s 
319-0310 0.2 600.9 - 320-119 0.3 644.5 - 3310-119 0.4 637.0 - 

319-120 0.2 477.0 - 320-319 0.9 166.3 0.0 3310-219 1.7 264.6 - 

319-1310 0.3 393.4 0.0 329-0110 0.1 079.6 - 

319-2310 0.6 120.0 - 329-1110 0.2 607.0 - 

3110-0311 0.1 640.0 - 329-3110 0.5 160.5 - 

3110-129 0.1 513.1 - 

ten&y of a line is more nearly proportional to the square root of its true in- 

tensity than it is to the intensity itself. The unit in which 1”’ is given is arbitrary 
since t,he figures listed are merely the product of the various factors, rotational, 
hindered rotational, nuclear spin enhancement, Boltzmann factor and frequency 
expressed in wave numbers. Lines with a calculated square root intensity of less 
than 0.1 were judged to be too faint to be observable in the present investigation 
and consequently are omitted from the tables. The third column gives the fre- 
quency obtained through the use of the Eobs. appearing in Tables I to IV. The 
last column, 6, represents the difference between the frequency of column three 
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and the observed spectral line. A blank in this column results from one of three 
causes: (1) the line may have been too faint to have been observed, (2) the line 
may fall in a region overlaid by other stronger lines and be unresolved, or (3) 
the line falls outside the principal experimental region, namely from 50 to 625 
cm-‘. 

Figures 11-13 show the observed and predicted spectrum. In Figs. 11 and 12 
the curve represents a composite of our observations supplemented by those of 
Oetjen and Palik. The short wavelength region also drew on the work of Borden 
and Barker. The relative intensities of the lines in any short portion of the spec- 
trum are meaningful but not the comparison of the intensities of distant lines. 
This follows from the fact that the observations were made with a variety of 
different cell lengths and gas pressures with t,he view of obtaining maximum reso- 
lution in each region. 

Above the observed spectrum are plotted the frequencies of Tables V-VIII. 
Each line is denoted by a triangle of height I”‘. Since the triangles are similar, 
their areas are proportional to 1. The intensity scale in Figs. 11 and 12 is doubled 
for all lines of frequency great,er than 300 cm-‘. 

Figure 13 is a tracing of the curve given by Borden and Barker (1) for the 
region 690 to 860 cm-‘. This portion of t,he spectrum was measured with a lesser 
degree of accuracy than that shown in Figs. 11 and 12 and in fact part of the re- 
gion was completely obscured by the long wavelength CO2 band since they did 
not use a vacuum spectrometer. It is presented merely to show that the theo- 

FIG. 11. Observed and calculated spectrum, Y/C = 45 to 345 cm-1 



ROTATION SPECTRUM OF METHYL ALCOHOL 327 

350 360 370 x.0 390 400 410 420 430 

FIG. 12. Observed and calculated spectrum, Y/C = 340 to 630 cm-l 

680 720 760 800 840 660 

FIG. 13. Observed and calculated spectrum, Y/C = 690 to 860 cm-l 

retical lines are in general agreement with the observations but no attempt has 
been made to use it for the purpose of determining energy levels. The intensity 
scale of the predicted lines is five times greater than that employed in the 50 to 
300 cm-’ region of Fig. 11. 

In comparing the observed and predicted spectra the following points must be 
held in mind: (1) Every strong predicted line must correspond to a strong ob- 
served line. The only possible exceptions to this requirement may occur in 
strongly overlaid regions where many weak or medium strength lines may pile 
up and mask the existence of a single strong line. (2) Most of the strong ob- 
served lines must have associated predicted lines. This follows from the fact 
that the levels included in the present analysis, YL = 0, 1, 2, 3 and K = 0 to 10 
will account for virtually all of the intense transitions. However the requirements 



under (2) are not as stringent, as those of (1) since the accidental combinations 
of many weak lines could counterfeit t.he appearance of a strong line. (3) The 

positions of the observed and predicted lines must agree to within the limits of 
the convergences and perturbations which have been neglect,ed. These have been 
estimated to be of the order of a few tenths of a cnl-I. (4) It is expected that 
many weak lines will be observed which are not predicted since the analysis only 
includes a limited number of states and moreover ignores the fine structure lines. 

It has been remarked that the sum of the intensibies of all the fine structure lines 

is approximately t,wice the sum of hhe intensities of the lines being analyzed, 

namely the Q branch lines. Under the criteria just out.lined the agreement ke- 
tween the observed and predicted spectra is good over most of t,he range and 

excellent in that part of t.he spectrum where the lines are well separated and 
hence well resolved. 

A second t,est of self consistency involves the examination of possible com- 
bination reMions. The selection rules are such that a pure combinat,ion reMon 
requires four observed lines. An example is 

[(113)-(022) = 248.91 + [(222)-(113) = 333.83 = 582.7 cm-’ 

and 

[(131)-(022) = 199.31 + [(222)-(131) = 382.2] = 582.5 cm-‘. 

The number of these complete combinations is unfortunately not, very large 
since in many cases at least one of the four lines is either t.oo faint to be observed 

or is masked by other lines or falls outside of t,he experimental region. A second 
and somewhat less satisfactory type of combination relation is that in which 
there are two t,ransitions starting from two different n = 0 levels and ending on 
the same excited level. Since the centrifugal corrections to the n = 0 levels, and 
in particular the difference in t.he corrections to nearby II = 0 levels, is small, 
one may place considerable trust in this t,ype of combination. As an example 

[(ill)-(020) = 278.41 - [(111)-(0X2) = 269.81 

= 8.6 cn-I = jO32)-(020) = 8.8 cm-‘. 

This last figure is obtained by subtracting the two energy levels in question ap- 

pearing in Table I. One method of displaying the combination relations is to 
remark that many more lines have been idenbified in the spect’rum than there are 
“observed” energy levels in Tables II-IV. There are in fact. 1-G identified lines 
from which 81 levels have been derived. For this reason the quantity S appearing 
in Tables V-VIII is a valid measure of the degree to which the combination rela- 
tions are fulfilled. 

The third method of testing the uniqueness of the identifications of the lines 
may be described in the following way. Consider the EObs. for a particular value 
of n, say 12 = 2, which is listed in Table III. To each &k:obs. is added AE, (the 
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calculated centrifugal distortion correction) and from this is subtracted 3.4478K2, 
the overall rotational energy. The result is the unperturbed hindered rotational 
energy as det’ermined from the observed spectrum. When plot’ted against K the 
points should lie on the analytic periodic curves shown in Fig. 1. The internal 
self consistency of these points which, it should be emphasized, are dependent, 

upon the experimental spectrum can be made more evident in the following way. 
According to the theory the curves of hindered rotational energy are periodic 

functions of u = ClK/C and repeat when u increases by 3. The curves for 7 = 2 
and 7 = 3 are identical with the 7 = 1 curve but have been displaced to the 

left or to the right, respectively, by the amount v = 1. Thus by a proper trans- 

formation all point*s may be displayed on the curve of 7 = 1. One may make a 

further contract’ion by noticing that the curve of 7 = 1 is symmetrical about 

C&/C = 1.5. All points may therefore be plotted on the single section of curve 
from u = 0 to 1.5. This has been done in Fig. 14 for the observed levels of n = 2 
and it is clear that, the points appear to fall on an analytic curve in conformity 

500 - 

*/ ! . 
. ’ 

J--- 

I I , I I,, ,,I, I I I 

0 0.5 I.@ 

FIG. 1-l. Observed internal rotational levels for n = 2 plotted against, Q 
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with the requirements of the theory. The scale of Fig. 1-I is however rather small 
and deviations of the order of one wave per centimet,er or less are not readily 

apparent. 

To obviate this difficulty one may now subtract from the ordinate of each 
point the calculated value of the hindered rotation and then replot. The result 

of this procedure is shown in Fig. 15 for the levels of n = 1, 2 and .3. The num- 

ber appearing above each point represents the K value of the level. The final 

ordinates of Fig. 15 are of course equal to the difference between the E,bS. and 
E ca1c. of the tables but an advantage is gained by displaying them wit*h t,he single 
abscissa scale of LT which runs from 0 to 1.5. 

A complet’e agreement between theory and experiment would result in all 
points falling on horizont,al lines of ordinate 0.0. Deviations of the points from 
these lines may arise from the following causes: (1) An irregular scatter will re- 

sult from experimental errors and from neglect of the various convergences af- 

fecting the positions of the Q branch lines. These have been estimated to be of 
the order of a few t.enths of a wave per centimeter and an inspection of Fig. 15 
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shows that the points of n = 1 and 2, where the data are best, do indeed exhibit 
this order of scatter. Certain points however show rather large deviations; for 
example those relating to the levels (llS), (126), and (238). It is possible that 
these may be due to an accumulation of small errors or perhaps to accidentally 
large asymmetry contributions. These latter could occur for near resonances be- 
tween unperturbed levels. (2) The corrections for centrifugal distortion depend 
upon both K and T. Thus an improper correction would t,end to separate t,he 

points into the t,hree groups corresponding to 7 = 1, 2 and 3. There is some in- 

dication of such a separation in the points of n = 2 in the region u = 0 to 0.6 
but for the most part the points with different 7 values seem quite well mixed. 

(3) The hindering pot,ential has been assumed to have the form $$YH( 1 - cos 8~) 
wit,h H = 374.82 cm-‘. If however the potential is not sinusoidal one might think 
to develop it in a Fourier series in the variable 3s. It would be convenient to 

express the next term in the expansion as G( 1 - cos 6s). A slight readjustment 
in the barrier height might be necessary. These perturbations in the pot,ential 

would then give a correction to the energy levels of amount 

G(( 1 - cos 62)) + $hAH((l - cos 32)). 

A calculation of this correction was made in the hope that a proper choice of t)he 
constants G and AH might bring the points of Fig. 15 closer to the 0.0 ordinat’e. 

The improvement thus obtained was so slight as not to be significant. One definite 
conclusion did emerge however. The constant G can not be greater than one or 
two wave numbers without significantly disturbing the agreement and conse- 

quently the hindering potential in methanol must be sinusoidal to better t’han 

one percent accuracy. 

APPENDIX 

The internal rotation wave functions of the symmetrical rotator are denoted 

by, 

P nrlc = (2~)~“’ 2 up exp(ipx), 
h-=--m 

where the normalization factor (2~)~“* has been included so that 

s 

2r 
PL PnrKdx= 2 u,2= 1. 

0 --m 

In the following tables, for convenience, the a, as listed have been multiplied 
by 104. Only those a, are included which are large enough to make significant) 
contributions in the calculation of matrix elements. The Fourier coefficients for 
the n = 3 levels are also omitted. These levels lie so high above the potential 
barrier that the coefficients may be readily evaluated through the perturbation 
formulas given by Hecht and Dennison (11) in Appendix I. 

RECEIVED: October 20, 1958 
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Table IX. 4 a,~10 forn=Or=i 

K= 
- 

a-9' 

a&= 

8-3' 

*o = 

e3 = 

"6 = 

"9 = 

0 1 

10 8 7 6 S 4 3 2 2 2 1 

254 216 184 156 133 112 94 77 63 50 39 

2857 2571 2316 2083 1067 1660 1459 1263 1074 899 745 

9140 9117 9044 8914 87111 8427 8037 7.536 6939 6203 5619 

2857 3184 3561 3998 4504 5081 5717 5383 7034 7618 8102 

254 301 3.59 431 521 632 766 924 1101 1292 1409 

10 13 16 20 25 32 41 52 65 00 96 

2 3 4 5 6 7 0 

Table X. L 4 x10 rorn=o f=2 

K= 0 1 2 3 4 5 6 7 

8-7' 10-t 89 73 59 47 37 29 23 

P_~= lb03 1403 1208 1023 853 705 581 480 

a_l= 8328 7906 7356 6757 6094 5436 4823 4276 

a2 = 525’56 5904 6571 7200 K’bb 8219 8563 8810 

8 = 5 bb8 809 973 1154 1347 1544 1749 1959 

80 = 34 44 55 69 84 102 121 ti3 

8 

18 

3998 

3801 

8978 

2182 

lb8 

9 10 

9 10 

14 11 

333 266 

3391 292.2 

9061 9149 

2423 275'6 

197 240 

Table XI. B x104r,,n=o r=3 

It= 0 1 2 3 4 5 6 7 8 910 

a-8= 34 27 21 17 14 11 97654 

8-5' 660 550 455 378 316 267 226 192 164 139 118 

a_2= 5256 4661 4134 3670 32'35 2945 2656 2385 2147 1927 1718 

al= 8328 8642 8865 9014 9102 9139 9155 9070 8958 8779 0518 

% = 1603 1808 2021 2248 2496 2772 3001 3448 3867 4354 4910 

a7 = 107 127 150 176 206 242 278 341 409 493 598 
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K= 0 

*_g= 41 

a4= 870 

8-3' 7017 

a* = 0 

a3 = -7017 

a6 = - 870 

89 = - 41 

Table XII. a_ x10 4 for n = 1 r= 1 

1 

21 

465 

4120 

1944 

-8812 

-1172 

- 57 

2 3 

12 a 

2.30 200 

2744 2145 

2914 3509 

-9070 -8982 

-1280 -1345 

- 65- 71 

4’ 5 6 7 8 9 lo 

6 

158 

1848 

4216 

-8765 

-1390 

- 76 

,5 
134 

1692 

4866 

-8447 

-1444 

- 82 

4 4 3 3 3 

119 109 101 94 08 

1609 1565 1537 1511 1478 

5554 6262 6950 7572 8092 

-8021 -74'35 -6051 -6156 -5449 

-14E4 -1515 -1541 -1570 -1618 

- 89 - 95 - 102 - 110 - l21 

Table X111. a,x 10 4 ior n = 1r = 2 

K= 0 1 2 3 4 5 6 7 a 9 10 

a-7’ 129 116 106 99 92 86 60 74 68 45 52 

fIi4= 1663 1594 1556 1530 1502 1468 1425 1376 1319 897 1080 

a-1= 5058 5755 6462 7135 7730 8219 8597 8871 9040 6522 8351 

a2 = -0337 -7082 -7314 -6658 -5955 -5252 -4580 -3944 -3310 -1847 -1260 

a5 = -1456 -1478 -1523 -1548 -1581 -1639 -1748 -1953 -2351 -2306 -5208 

80 = - 84 - 90 - 97 - 104 - 113 - 125 - 143 - 174 - 228 - 246 - 610 

Table XIV. 4 "p"lo ran=1t=3 

K= 0 1 2 3 4 5 6 7 a 9 l0 

a= -8 04 78 72 66 60 47 25 14 9 6 5 

"_< I.456 1412 1361 1300 1212 989 556 317 217 168 140 

a-2' 8338 8605 8931 9063 8957 7799 4790 3019 2272 1914 1727 

al = -5058 -4397 -3767 -3118 -2280 - 672 1524 2600 3400 4030 4676 

a = 4 -1663 -1793 -2040 -2526 -3597 -6099 -0554 -9054 -9023 -0037 -0547 

a7 = - 129 - 150 - 186 - 251 - 394 - 738 -1118 -1257 -1328 -1304 -1432 

alo= - 5 - 6 - ?- 10 - 17 - 34 - 54 - 63 - 69 - 75 - 61 
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Table Xv. apx 104 for n = 2 7= 1 

K= 0 1 2 3 4 5 6 7 8 9 10 

a-7’ 41 50 49 47 44 42 39 37 13 1 1 

a_b= 861 1084 1103 1080 1049 1017 906 955 330 32 19 

a-3= 6407 8660 9262 94?8 9590 9660 9710 9744 3594 382 247 

a, = -4053 -3616 -3112 -2761 -2499 -2291 -2118 -1966 366 341 468 

a3 = 6407 3243 1792 1148 804 594 4.49 320 -1628 -1989 -2142 

ab = 861 488 314 243 215 216 257 429 9134 9746 9703 

a9 = 41 25 17 l4 U+ 15 20 36 669 960 990 

Table XVI. 4 apx10 rorn=zr=2 

K= 0 1 2 3 4 5 6 7 8 Y 10 
--- P--_- 

8_7= 1008 977 946 89 26 17 14 14 15 20 31 

a_4= 9676 9721 9746 981 320 232 212 223 266 371 628 

a-1= -2239 -2073 -1922 171 378 507 674 931 1373 2267 Id+06 

a2 = 548 413 268 -1867 -2030 -2190 -2376 -2604 -2898 -3308 -3670 

a = 
5 

222 282 584 9728 9731 9690 9633 9548 9405 9006 8010 

as = lb 22 51 935 960 999 1031 1063 1091 1104 1030 

Table XVII. *_ x 10 4 Tar n = 2 == 3 

K= 0 1 2 3 4 5 6 7 0 9 10 

a_8= lb II+ II+ 16 22 36 49 50 47 45 42 

"-7 222 212 232 287 422 743 1054 1105 1088 1058 1026 

8-2' 548 735 1030 1.560 2691 5370 8281 9157 9433 9564 9643 

a1 = -2239 -2436 -2680 -3000 -3454 -4001 -3784 -3236 -2849 -2567 -2346 

a4 = 9676 9612 9516 9342 0913 7321 3957 2083 1288 884 645 

a7 = 1008 1040 1071 1098 1099 960 574 349 257 220 213 

a10= 41 43 46 48 50 hb 29 19 15 14 14 
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