C lassiﬁcation and Evaluation

of Upper Atmosphere Data

by H. A\Alperin and W. E. Burdick
approved by K. M. Siegel and F. W. Ross

Project MX-794
USAF Contract W33-038-ac-14222

Willow Run Research Center
Engineering Research Institute
University of Michigan
UMM-56. June 1950






UNIVERSITY OF MICHIGAN

Willow Run Research Center
Engineering Research Institute

October 1, L9Sk

SUBJECT: Downgrading of Classification, University of Michigan
Report UMM=56 :

1. This is to advise that security classification of the
ebove referenced report has been dewngraded from MHestricted
to "Unclassified", '

2o This declassification is authorized by Wright Air Develop-
ment Center, Weapons Systems Operations, letter dated
September 1, 195,

3o Will you change the classification of your copy(s) of
this report accordingly.

ko The complete title of this report is as follows:
UMM=56 "Classification and Evaluation of Upper Atmosphere

Data" by H. A, Alperin and W. E., Burdick ,June 1950,
Project MX-79L  USAF Contract W33-038-ac-14222

« E,forey , Chief
UBLZCATIONS BRANCH

JEC/nc
Dist to:

ANAF-GM Mailing List No. 16 dated 15 July 1951,
to include Part A, Part B and Part C.

THE UNIVERSITY OF MICHIGAN LIBRAKIES



WILIOW RUY SHSEARCH CENTER

Errata on %56; *Classification and Bvaluvation of Upper Atmosphere
Date," by H, A, Alperin and ¥, B, Buwdick,

Pope 19, 1ius 27 ~ Changs “evergy” to “enersy",

Delets the word tufw,

J. B, Corsy
Supervisor
Technical Data Servicesg

| HE UNIVERSITY OF MICHIGAN LIBRANIL



WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-56

TABLE OF CONTENTS

SECTION PAGE
A. Preface iii
B. Introduction iv
C. List of Symbols v
D. Analysis of the Equations of State as Applicable to the

Physical Properties of the Atmosphere 1
E. Temperature 4.
1. Definition of Temperature 4
2. Temperature Distribution in the Upper Atmosphere 5
F.  Speed of Sound | 9
G. Coefficient of Viscosity of Air 11
H. Calculations 26
1. Temperature Calculations 26
2, Calculation of p/p 27
3. Calculation ofﬂk/&o 32
L, Calculation of c/cg 33
5. Calculation-of Viscosity 34

a. Calculation of f/p, in Region Below Level of
Oxygen Dissociation 34
b. Calculation of N in Region of Oxygen D138001at10n 34
6. Computations 39
References 40
Bibliography 44

Distribution 45




WILLOW RUN' RESEARCH CENTER ~ UNIVERSITY OF

MICHIGAN

UMM-56

LIST OF FIGURES

TITLE
Temperature Versus Altitude Curves

Coefficient of Vigcosity Versus Temperature for Dry Cog-
less Air

Coefficient of Viscoslty Versus Temperature for Dry COo-
less Air

Sutherland Constant Versus Temperature

Force Constants for Monatomic Gases

PAG

15

16
20

23

11 E



WILLOW RUN RESEARCH (DEEPJQFIEIQ ~'IIIJI\7E2}QEYFT§( OF PAI(DIIICLAJN
IS UMM;56 —_—

A. PREFACE

In Januvary of 1949 the High Altitude Studies Section of Willo& Run
Research Center commenced an analysis of the parameters, coefficients,
and constants pertaining to the atmosphere. The experimental 1literature
was summarized (Ref. 1), and a new empirical temperature curve was form-
ulated (Ref. 2).

This report explains the processes which determined this new curve.
It also discusses the methodology of using this curve to obtain the para-
meters and variables that.are used by the other groups of WRRC to predict
and compute missile trajectories.

This report fulfills both a need and a responsibility. In the Wizard
program the Willow Run Research Center needs the best available informa-
tion governing all the remifications of offensive and defensive missile
flight. It then is the responsibility of the High Altitude Studies Sec-
tion to learn what information exists for the atmosphere, how this infor-
‘mation can be improved, and how it can be utilized for the greatest over-
all efficlency in reaching the ultimate goal of WRRC.

Keeve M. Siegel

iii
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B. INTRODUCTION

The atmbspheric variables and parameters which most affect trajectory
analysis are temperature, density, mean free path, préésure, gpeed of
sound and coefficient of viscosity. It is the purpose of this report to
provide values of each of these quantities or methods of calculating them.

Underlying all calculations of pressure and density 1s an equation of
state. This report presents an explanation of why the perfect gas law
may be used in all calculations.

After having established the correct equation of state, the function-
al relationship between temperature and altitude must be ascertained.
" This has been done empirically by considering all the important experi-
mental determinations of temperature. A new temperature curve results.

Using the equation of state, the hydrostatic equation, and the new
temperature curve; values of pressure and density may now be calculated.

Because of the extreme altitude covered, it is well to re-examine
our basic concepts of temperature, the speed of sound, and the coefficient
of viscosity. This has been done in this report, and the applicable rela-
tions for the calculation of these quantities is presented.

iv
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C. LIST OF SYMBOLS

R = Reynolds number

R
c

W

b

< =2 B O 0o

Reynolds number associated with thefspeed of sound =

Molecular weight
Entropy_

v, atm..
Universal gas constant = 82.06 P

Most probable molecular velocity
Local speéd of sound

Adisbatic speed of sound

Q

P  specific heat at constant pressure

—

CV specific heat at constant volume

Coefficient of viscosity

Wavelength

'Mean free path

P = Pressure

vDensity

Altitude
Mach number
Volume per mole

Distance between two molecules

pogoTo/Pd

Tangential stress

Collision diameter for molecules considered as hard elastic spheres

Coefficient of slip

o
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D. ANALYSIS OF THE EQUATIONS OF STATE AS APPLICABLE TO THE PHYSICAL
PROPERTIES OF THE ATMOSPHERE

In kinetic theory an ideal gas 1is defined as one in which molecules
are assumed to be of infinitesimal size and exert no forces on each
other.

We would expect that at low pressures and densities the mean free
path of real gases would bé large, the interaction of the molecules
would be small, they would gppear as points to one another; thus, in.
this situation, the gas would approach an ideal one.

That this conclusion is correct has been noted by many experimenters.
. For example, Knudsen noticed when performing his famous rates of effusion
experiments that the experimental values checked with those values de-
rived from kinetic theory on the basis of a perfect gas only if the pres-
sure was sufficiently low (in his -case, about .8 mn Hg) (Ref. 3).

Therefore, for the problem at hand, we can conclude without any fur-
ther discussion that the air will behave as a perfect gas to a higher and
higher degree of approximstion as the altitude increases, that is as the
density decreases - for truly, a gas approaches a perfect gas as the den-
-s8ity approaches zero. It only remains to determine the percent of devia-
tion of the air from that of a perfect gas as the altitude decreases, and
to select an appropriate equatiqn of state if at any point this deviation
should become apprecilable.

A quick calculation to determine the deviation of the true equation
of state for the air from that of the perfect gas law equation of state
may be carried out, using the fact that this deviation will be of the
same order of magnitude as the deviation of the specific heats.

The specific heats of an. ideal gas follow the equation:
on (oW
e, o ()
b

From the perfect gas law we have the well-known relation, Cp - CV = Rm'
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RT
m
Using the Van der Waals equation of state p ='§f—‘b —'?b as the true equa-
tion of state for the air¥, we arrive at

Rm
-C_=
Cp Vv 1. 2ap bp 2
R W W

The values of the constants a and b may be evaluated from the critical
vV

data (Ref. 4), using the relations b =-32 and a = P VE; Where‘V is the

critical volume for air, expressed in llters/mole, and P is the critical
pressure expressed in atmospheres.

At the 'surface of the earth the per cent deviation of Cp - CV from

that of a perfect gas is 0.27%, and this value will decrease with in- |
creasing altitude..

Using the Beattie-Bridgeman equation of state,

2
2R T o\ | Ap a
222 bo2) 2 )
We W W2 We W

which has an accuraoy'of 0.5%, we can actually determine the pressure at
eny altitude and compare it with that pressure as determined by the per-
pRmT

fect gas law, p-—“ﬁf.

For our calculations the values of density as a function of altitude
were taken from the compilation of 231 summer sounding balloon flights in
Germany (Ref. 5). The molecular weight of the air was taken as 28.9;

¥The assumptions made in deriving Van der Waals' equation (namely, that

' the molecules are of finite size, -spherical in shape, and exert weak
forces of cohesion on one another) would apply very well to our low den-
gity gas.
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i.e., having a composition of 21% Op, T8% No, and .93% A.* The tempera-
ture as a function of altitude was expressed as T = To - .0065(h) in
accordance with NACA Report No., 218, where h is given in meters and T in
degrees Kelvin. The five adjustable constants were those originally deter-
mined by Beattie and Bridgeman (Ref. 6)‘for air; namely, Ap = 1.3012, a =-
.01931, Bo = .04611, b = - 001101, and ¢ = 4.34 X 10%.

At an altitude of 0.0 meters the per cent deviation in the pressures,
as calculated by the Beattie-Bridgeman*equation and the perfect gas law,
is 0.19%; and at 5000 meters (16,404 feet) it is only 0.11%. Any other
representative set of data could have been used, and the results would
yield the same order of magnitude.

\ B ¢C
If one uses the virial equation of state (Ref. T), %—E =1 +-V,+-$g +..
‘ m

which is perhaps more accurate at low pressures than the Beattie-Bridgeman
equation, one finds that computations at sea level, using the perfect gas
law, agrege with the virial equation to within 0.08%.

Thus, in all cases, for our purposes the deviations rrom the perfect
gas law are entirely negligible.

''he fact that one can use the equation of state of a perfect gas be-
comes very important in that it enables us to develop Simple expressions
for the pressure in terms of the temperature as a function of altitude by
using the barometric equation dp = -pgdh.

¥The inclusion of water vapor and CO2 in the composition of the air, the
effect of oxygen decomposition, or the pressures of the ionized layers
will not affect the conclusions of this section; since it is the low den-
8ity which is the principal factor.
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E. TEMPERATURE

1. DEFINITION OF TEMPERATURE

The ordinary thermodynamic definition of temperature is based on the
following macroscopic experiment: a thermometer is put into contact with
the medium to be measured, and by conduction comes into thermal equilibrium;
the reading of the thermometer is now "the temperature” of the medium. If
such an experiment were carried out in an attempt to measure the tempera-
ture of the gas in intersteéllar space, the thermometer would, in fact, lose
heat by radiation far faster than it could gain heat by conduction from the
‘gas. Thus, although the "true temperature" of the gas 1s several thousand
degrees, the reading of the thermometer would be close to absolute zero.
"True temperature" is‘thg_kinetic temperature, based on the relation
1/2 m;§’= 3/2 kT, where v2 ig the mean square particle velocity.

This hypothetical experiment indicates that the thermodynamic definition
of temperature breaks down at very low pressures. However, inconsistencies
may be avoided by using only the kinetic definition of temperature. The
equation of state can be derived from this definltlon, and from the equa-
tion P = 1/3 nm.v2 = 1/3 pv , Which can be derived solely from kinetic theory.
Pressure and density can also be defihed by these equations, even in an
extremely diffuse gas.

The end product of thisg -study, the value of temperature at various
altitudes, will be used in situations where the thermodynamic definition
is involved (for example, the extent to which the skin temperature of a
missile will rise)« However, if there are sufficient molecules to heat
the missile, there will be sufficient molecules to heat a hypothetical
thermometer, and hence, the thermodynamic definition of temperature will
be identical with the kinetic definition. Looked at another way, if the
gas 1s very sparse, the flow will not be viscous, and the kinetic defini-
tion of temperature will be-adequate to determine the heating effect. If
the density is higher, the flow will be viscous (there will be a boundary
layer of stagnant molecules), and thermodynamic temperature will be in-
volved; but if there are enough molecules to form such a boundary layer,
then there are enough molecules to make the thermodynamic temperature
didentical with the true temperature. Looked at still another way, the
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molecular density at the highest altitude of interest (120 km) is 1. 4 x 1012
molecules per cc. The expected value of the fluctuation of the number of
molecules per cc 1is Jﬁ, which is extremely small compared to N; and the
expected value of the fluctuation of thermodynemic temperature in one cc of
gas 1s of the same order of magnitude.asxjﬁ/N. Now the quantity of gas
involved in any physical measurement cannot be very much smaller than one
cc, and so the measured values cannot fluctuate appreciably. This is an-
other way of saying that if there are sufficient molecules %o effect a read-
ing of a physical méasuring-device such ag those used in direct macroscopic
measurements of such quantities as density or temperature, there are suffic-
ient molecules to render the thermodynamir temnerature meanineful. and hence,
identical wilth the true teﬁperature.

It may therefore be assumed that our usual concepts of temperature are
applicable over all of the areas of interest in this report.

2QL»TEMPERATURE DISTRIBUTION FOR THE UPPER ATMOSPHERE

- The computation of Wizard trajectorles requires that the temperature
versus altitude distribution for the upper atmosphere be known for the re-
gion of the missile flight. It also 1s desirable for computing purposes
that this distribution curve be smooth ‘and representable by a simple func-
tional relationship. A survey of the literature on the upper atmosphere
has shown that there is a general agreement as to the form of this distri-

. bution within rather wide and-loose limits (Ref. 1). Since there is no
meagure of error associated with most of the data in the literature, it is
impossiblé'to find a true mean distribution curve. The best temperature
distribution that can be determined from the present literature must be
one representing "probable" mean values for middle latitudes; these values
are not statistical averages but are estimates based on the rather limited
quantity of data available.

Several "average" or estimated temperature distributions have appeared
in the literature. The latest, and probably the best, are those of Warfield
(Ref. 9), Grimminger (Ref. 8), and Penndorf (Ref. 10). It'is of soms in-
terest that Warfield and Grimminger arrived at essentlally the same average
temperature distribution, working independently and at about the same time.
Penndorf arrived at a distribution of the same general form as those of
Warfield and Grimminger but with somewhat lower values up to about 80 im.
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These distributions are plotted in Figure 1, along with other summary and
experimental curves.

A study of the original literature shows that the Warfield-Grimminger
temperature curve is an adequate mean curve based on the data available
in 1947. Since this curve was published, however, several sets of data
have been added to the literature which indicate that, at altitudes above
L5 km, these temperatures may be too high'to represent mean values.

Measurements made on the: sound waves from the Helgoland explosion of
April 18, 1947, and reported by Cox (Ref. 1l) give temperature values
congiderably below the average values of the Warfield-Grimminger curve.
Jacchia (Ref. 12) has extended the work of Whipple (Ref. 13); and while
“he does not give his results in terms of a temperature curve, his corrected
pressure curve is very close to the curve derived from the Warfield-
Grimminger temperature values. The V-2 (Ref. 14) rocket flights in the
United States have given direct pressure measurements up to about 100 km.,

: Converting these pressures toO temperatures gives a temperature distribution
much lower than the Warfield-Grimminger curves.

The following table compares this new date with the Warfield-Grimminger
temperature curve. ‘

Source 45 km SO‘LA 55 v 60 70 80 100
Warfield 315° K 550'"_ 350 350 290 240 | 300
Grimminger | 315° K| 355  [355 355 290 240 300
Cox | 285 290 |29k {180 | 220
Jaéchia .About the gamé as_Warfield-Grimminger _

V-2, 3-7-47 | 310 ‘526’i25 315 +25| 300 25| 190 £15 ? 230 iu¢
V-2, 1-23-U8| 325 30, | 255 180

X;?é_E%Of " 220 |23 |2%5  |260 200 280

Up to an altitude of 45 km the Warfield-Grimminger curve was accepted
as agreeing well with the majority of the data in this region. In the 50
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to 60 km region, the maximum Warfield-Grimminger values are probably a
little too high, as indicated-bylxhe V<2 data and by the later sound

data of Cox. In the 80 km region the minimum Warfield-Grimminger values
are probably considerably too high, inasmuch as there 1s less data here

to support these higher values. With these changes in mind, the smooth
curve marked "ARC June 1949" was drawn; and 1t is believed that this

curve gives a truer representation of the probable average temperature
distribution for the middle latitudee then is given by previous "averages"
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F. SPEED OF SOUND

SPEED OF SOUND IN AIR

The velocity of sound for a wave of infinitesimal amplitude is de-

1
3o\ B »
fined as ¢ = [( -'a—g (Ref. 15). Using the thermodynamic relations
« o)
3 dp\ ' n d d
-a-%; = 75-5‘-1; (Ref. 15) and v o 1/p, we get(—ag) = -a-g . Using the
s \Vlp Pls  \Plp
pRmT' ;73&?
perfect gas law, p = W then the velocity becomes ¢ = v

In actual practice this relation is not strictly correct, since the
air does not behave exactly as a perfect gas. Furthermore, it is found
experimentally that ¥, which for a particular gas would be a constant
(the usual values are 7y = 1.667 for monatomic gases and y = 1.400 for
diatomic gases), actually varies with temperature and pressure. This
is due to the fact that, as the temperature of a gas is raised, the
vibrational and rotational energy states begin to contribute to the
internal energy of the molecules; and thus y will decrease. Further-
more, as the density of a gas 1s lowered to the point where molecular
encounters become very infrequent, vibrational and rotational states
will be less easily excited} and so a polyatomic gas will tend to be-
have more like a monatomic gas with a corresponding increase in 7.

Tsien and Schamberg (Ref. 16) have calculated @ = c/cg, the ratio
of the actual speed of sqund to the adiabatic speed of sound; and b,
the damping (of the amplitude) coefficient as functions of a Reynolds

p.c
L
number defined as R;= 08 B where L = wavelength of the sound.
Unfortunately, Tsien and Schamberg's analysis cannot be applied for
low values of R,; and their work merely shows that & increases very
slowly as Rg decreases, At R; = 6,b = .15 and & = 1.02; which would
represent an increase of 2% in the true velocity of sound over the

adiabatic velocity.
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Assuming we have a body which would propagate a disturbance of wave-
length 14 cm (the effective length), a Reynolds number R; = 6 would occur
at a height of 113 km.

Although it is a matter of conjecture Jjust how far the o versus R,
curve as it stands now can be extended to lower values of R, it can be
said that at about 120 km (A/f= 41/14 = 3) (see Sec. G, below) we are
somewhere in the transition region between slip flow and free molecule
flow (Ref. 17); and, therefore, at approximately this‘altitude (depend -.
ing upon the body in question) our point of view must change from a
macroscopic to a microscopic one. One of the properties of a macroscopic
quaentity is that it may be measured directly. We know, however, that
when the mean free paths of the air molecules are comparable with the
wavelength of the sound wave, the damping action due to the viscosity
and heat conduction becomes great. Thus, even if the velocity of propa-
gation should increase with decreasing density, because of the demping
a point will be reached where a disturbance will be physically undetect-
able at any appreciable distance; and the velocity of propagation of this
disturbance can no longer have macroscopic meaning.

For the very same ressons as above (micro-macro argument), we kriow
that we must change our equations of motion from a gas dynamical set to
a gas kinetic set as soon as we enter the region of free molecule flow,
In this case a convenient parsmeter to be used will be the most probable
molecular‘jgggg v, instead of the spéed of sound c,. They are related

by v/cg =N2/7y.

CONCLUSION

Since the true values of the speed of sound differ little from the
adiabatic. values, it is permissible to use the adiabatic formula
YR T

ca 3 f;g in calculating the speed of sound up to an altitude of approxi-

mately 120 km, at which point one must start using the most probable
gpeed in the new gas kinetic equations, v =‘02RmT/W.

10
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G. COEFFICIENT OF VISCOSITY OF AIR

The problem is to determine which of the laws (Sutherland's,
Rayleigh's, or the T2 law) governing the dependence of the coefficient
of viscosity upon the temperature is a suitable one to be applied to
atmospheric air in the temperature range 200° K to 375° K, which rep-
resents the variation of~temperature with altitude from sea level to
120 km,

The criterion to be used will be, in all cases, the closeness of
agreement of the particular theoretical law with the experimentally
determined values.

Because of the nature of the particular problem at hand, however,
many difficulties present themselves. First of all, atmospheric air as
we know it differs in composition from the air used in laboratory deter-
minations of the coefficient of viscosity, in that the air used in the
laboratory has been dried (water vapor eliminated) and rid of all car-
bon dioxide. The correction for the water3vapor and COp in the alir was
calculated, and turns out to be very emall. This result might have been
anticipated from the small amounts of these substances which are present,

The next difficulty encountered 1s the change in composition of the
air; namely, the gradual lihear dissociation of molecular oxygen with
altitude commencing at 80 km and endihg at 120 km, at which height -
essentially all oxygen is in the atomic form,

Although no experimental data are available for the coefficient of
viscosity of atomic oxygén, it was found possible to estimate approxi-
mately what this value shbuld be. Thus, one can calculate the viscosity
for air, using the new compositions. The actual calculations have not
been carried out in this report. These calculations will be of some
value in future analyses.

VISCOSITY IN THE THREE REGIONS OF FIHID‘MECHANICS

Fluid mechanics is divided into three regions: continuum analysis,
slip flow, and free molecule flow. The usual criteria denoting these
boundaries of fluid mechanics are as follows (Ref. 17):

11
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For the boundary between oontinuum‘analysis and slip flow, Mh[(:! .02,
where,[ is the effective length of the body in question. For the.lower
bound of free molecule flow, M/R =.10.

Aside from the inevitable change in the equations of motion which
must be taken into account when a body passes from one region to another,
we must also realize the differences in the definitions of viscosity for
the three regions.

1. Continuum Analysis

The phenomenon of viscosity in this rbgion occurs in a fluid under-
going shearing motion. Assume that a gas is in streamline motion with a
velocity which is in the same direction (the y direction) at every point,
but which has a velocity gradient dv,/dx in a direction perpendicular to
the direction of the velocity. It is experimentally found that the mass
motion of the gas exerts not only a normsl stress across any plane per-
pendicular to the velocity gradient, but also a shearing or tangential
component in a direction tending to oppose the mass motion of the gas.

This  force per unit area is proportional to the velocity gradient,
Py = -n dvo/dx. The factor of propertlonality, n, 1s called the coef-
ficient of viscosity.

2. Slip Flow

Assume the gas is contéined between two parallel plates. As the
pressure of a gas 1s decreased, a situation is reached where the gas in
mass motion will slip over the walls past which it is flowing. The
velocity of slip u relative to the wall will have the direction of Vo
and can be written u ='t'dyo/dx, where t is the coefficient of slip.

To connect this with the ordinary coefficient of viscoslty 3, we note
that for steady motion, the viscous force/unit area in the gas, n dvo/dx,
must be equal to the force/unit area exerted by the gas on the wall;

and for this we can write eu, where e is the coefficient of external
friction of the gas. .Thus, €u = q_dvo/dx; and § = ﬁ/é. The important
point to be noted in slip flow is that the concept of the viscosity

(as due'to the veloclty gradient and arising from the internal .shear-
ing motion of the gas) still holds. The slip due to the external shear
éimply adds a correction term to the ordinary viscous shear term.
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3. Free Molecule Flow

In this case the density of the gasg is so low; i.e., the mean free
path 1is so large, that the collisions of molecules with each other may
be entirely neglected in comparison with their impacts upon any contain-
ing boundary walls. If, for instance, the gas is flowing through a tube,
a molecule striking the lower part of the tube will move with constant
velocity until it strikes the upper half of this tube, because the mean
free path for this free molecule flow case is much greater than the di-
ameter of the tube. Thué; there can be no velocity gradient; and, con-
sequently, viscosity as we'know it does not exist in this situation.
There -is surely a retardation of the motion of the gas through the tube;
but this arises only from the axial component of the transfer of momen-
tum'fram the gas to the walls of the tube and not from any internal
shearing métion of the gas itself.

It also should be noted that if a boundary layer is establiéhed, it
1s possible for the free stream gas. to be in free molecule flow while the
boundary layer is in slip flow. Then we may have viscosity within the
boundary layer but none in the surrounding gas. However; in any drag
analysis of a body in free molecule flow, the drag arising from this
phenomenon will be small compared to the other forces acting, and hence,
is usually neglected.

The most important point to be noted in this discussion is that our
tabular values for the coefficient of viscosity must be terminated as
goon a8 we enter the free molecule flow reglon, since in this region vis-
cosity no longer has any meaning.

THE STANDARD VALUE OF n~

~ The value of n250ip—=*1822.6 X 10'7, based upon Harrington's (Ref. 18)
determination of the coefficient of viscosity of dry air, 1s definitely
outmoded. Although Van Dyke (Ref. 19) obtained a value of

N23 = 1822.1 % 10'7, it is to be remembered that this value was obtained
by using Harrington's old apparatus which was not even dismantled before
the determination was begun. Although Harrington's value was never
checked independently, 1t has nevertheless persisted as the standard

value in the United States and Canada. This 1s the value found in the
"International Critical Tables", Volumeé V, page 1. Even as late as 1947
this value was still being used in NACA reports (Ref. 9).

15



WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-56

Listed below are more recent‘determinatibns of the coefficient of
viscosity of pure dry air at 23° C,

1829.2 X 10~T Houston, "Phys. Rev.", Vol. 52, p. 751 (1937)

18%4.9 Kellstrom, "Phil. Mag.", Vol. 23, p. 313 (1937)

1834 .7 Bond, "Nature", Vol, 137, p. 1031 (19%6)

1834 .4 Majudmar and Vajifdar, "Proc. Ind. Acad, Sci.", Vol. 84,
| p. 171 (1938)
- 18%3.3% Banerjea and Plattenaik, "Zeit. Phys.", Vol, 110,

i p. 676 (1938)

1830.3 Rigden,- "Phil. Mag.", Vol. 25, p. 961 (1938)

18%4,1 Fortier, "Comptes Rendus", Vol. 208, p. 506 (1939)
1833.0 Vasilesco, "Ann. de Physique", 11 série 20, p.292(1945)

Johnston and McCloskey (Ref. 20) use the average (no3 = 1833.0 x 10-T)
of the above values, and note that this value agrees well with the long
‘accepted Européan standard 18%2 X 10-T by Vogel (Ref. 21). We will use
the value 123 = 1833.0 X 10~T as’ our standard.

At oﬁher_temperatures, the experimental data of four experimenters,
Fortier (Ref. 22), Vasilesco (Ref. 23), Sutherland-Maass (Ref. 24), and
Johnston and McCloskey (Ref. 20), has been plotted with all data corrected
to our standard value of n. It is séen that the results are in good
agreement (Fig., 2 and 3). Sutherland and Maass claim an accuracy of
their results of 0.5%.‘ Johnston and McCloskey claim an accuracy of about
0.4%, and Vasilesco claims an accuracy of better than 0.2%.

VARIATION OF THE COEFFICIENT OF VISCOSITY WITH PRESSURE

According to kinetit theory the coefficient of wiscosity is shown to
be N = 0.499 pvA. Now, for a period of time which is great enough for
a mean free path and an average collision rate to have meaning, the dis-
tance a molecule moves in a time t is ¥t = @th; where Vv is the average
molecular speed, and ®is the collision rate. Thus, v =@\. Increasing
the temperature is equivalent to multiplying the velocity of each mole-
cule by a certain constant factor. The collision probability per unit
time of each molecule thereby becomes multiplied by the same factor as
the velocities and so does the general collision rate, @.. Thus,()Cﬁ'Jb,
FoeNT and A 1s independent of temperature.

14
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If now the temperature is held constant and the density is increased,
the mean free path will dedrease, and the collision rate will increase.
At a given temperature the mean free path is inversely proportional to
the density and the pressure.

Therefore, at a constant temperature wne coefficient of viscosity
will be a constant and thus independent of the pressure.

When the mean free pgth becomes comparable with the'physical distances
in which we are interested, the derivation of the formula for the coeffi-
clent of viscosity rio longer holds. In particular, slip’flow gets in; and
one must consider the coefficient of slip (¢) which, for the case of the

f
where f is the‘fraction of the tangential momentum of the molecules which
gtrikes the surface of the body in question (i.e., the fraction of mole-
cules striking diffusely). Thus, ¢ is inversely proportional to the pres-
sure.

2 -°f
gas bounded by a fixed plane surface, 1s given by ¢ = 0.998(‘ ‘ )K;

: In using the rotatlng cylinder method for the determination of the

J coefficient of viscosity, Stacy (Ref. 25) found evidence of the fact ‘that
if correction for slip is made, the viscosity of a gas is indeed independ-
ent of the pressure. The expression he used was the one derived for this
method by Millikan (Ref. 26); namely, ¢ = 1/K(n/ng - 1), where 1 is the
true viscosity independent of pressure, M, is the apparent viscosity
(1.e:, the viscosity which the instrument would measure directly), and
where K is a constant of the apparatus. Thus the prediction that the
coefficient of viscosity ig independent of the pressure is correct and
has been experimentally verified =-- certainly if we consider 1 atmosphere
as being an upper limit ﬁo the pressure. Hence, whenever the coefficient
of viscosity is to be used,‘it will mean the true viscosity (independent
of the pressure) as distingﬁished from an apparent viscosity uncorrected
for slip.

DEPENDENCE OF THE' COEFFICIENT OF VISCOSITY UPON TEMPERATURE

If the density 1s kept constant, and the temperature is varied, then
A will be a constant. Also, F& ~/-‘I' and thus, n AT,

1
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This law, unfortunately, does not agree with experimental data (see
graph) .. The reason for this is quite clear. Inherent in our theory is
the assumption that the molecules behave as hard spheres, repelling each
other with ‘a repulsive force CC l/rn, where n = o, This is certainly not
true; n must be a finite number, varying for different molecules.

Various attempts have been made to derive or deduce more general
force laws that would be applicable to all gases over a wide range of
temperature. Lord Rayleigh, in 1900, derived a force law (Ref. 27,

1 . -2
p. 153) by using a method of similitude which gives noc T 8=l mn
expression sometimes uged in aerodynamics (Ref. 28) takes s = 9. and
thus, 3

LAY
= 'qo TO .

This function is plotted in Figures 2 and 3; and while it is better than
the T2 law, it still does not represent the experimental values accurate-

.ly.

The temperature law proposed by Sutherland (Ref. 29) assumes that
the molecules are hard spheres having, in addition to the infinite re-
pulsive force, a weak attractive force falling off rapidly with distance.
The formula is

Cgpyk 1 c/T
N =14 (E;) 1?: C/T , where C is supposedly a constant (the Sutherland

constant) for a given gas} This formula holds for gases which are above
their critical temperature and at pressures for which the deviations

from Boyles law are not great (i.e., at not too high pressures). Unfor-
tunately, the theoretical basis of this law is rather weak; as evidenced
by the fact that, experimentally (Ref. 23), it neither holds equally well
for all gases nor over a wide range of temperature for a particular gas.
Theoretical considerations: (Ref. 30) agree with experiment in showing
that the Sutherland constent varies with temperature. However, it is
possible to regard this law in somewhat of an empirical light and thereby
determine Jjust where it may be applied.

Following a method proposed by Vasilesco (Ref. 23), we can write the

18
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1+ Co/Tq

1 " CT/ ; where C, is the value of the

I \2
Sutherlend law as 1 = 1,4 (E?)
o

Sutherland constant atwtemperature‘T 296.1°K, and CT is the value at-
the temperature T. ‘

3
KT? (TO * .CQ)
Then, C = ——- T, where K = Mo — =% Vasilesco calculated
T n ) o 3
T =2
)

Cp as a function of temperature, using data by Fortier and himself, The
results over part of the, temperature range are plotted in Figure 4. Al-
though the points are quite scattered, a consistent increase of Cp with
temperature is apparent, and becomes more evident at higher temperatures.
However, we are interested mainly in the region 200° K to 375° K. (See
temperature curve, Part E.)

In this region, Cp can be given a constant‘value of 113.5; and the

3
. - 7 [T )\? 296.1 + 113,
equation tecomes 10 1853 x 1071 (296.1) ( T+ 1055

of this assumption can be ascertained by comparing the close agreement
between the experimental curve and the values calculated between -5
- and +100° C using the above value for the Sutherland constant (Fig. 2 and

3).

5)'. The success

One of the most useful representations -of transport phenomena in
general, and viscosity in'pertioular, has been given by‘Hirschfelder,
Bird and Spotz (Ref. 30). ‘Their method assumes the energy of interaction
between two simple molecules to be expressed in the form

2 <]

r ’ t

Y o I'o : .

e(r) = lleml:(?j - '('_'— ) ,] ; where €y 1s the maximum repulsion energy,
r [ ~

and ro 1s the distance at which the net interaction is zero. Using the
Chapman and Cowling (Ref. 31) expressions for the transport phenomena in
terms of &.set of collision integrals which are in turn functions of the
cross section of the molecules, the viscosity for a single gas is given _
by the relation § X 107 = 266.95 (WD)2[z,] "2 v/[(W(?)(2)]; where W is the
molecular Welght T the temperature in degrees K, To the low evergy of
collision diemeter expressed in Angstroms, and V and W(Q)(E) are slowly
varying functions of kT/e (k = Boltzmann's constant). Although the theory,

19
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for the present, has been worked out orily for air and various non-polar
gases, the agreement with experiment is quite good. The method is
particularly worthwhile in that it enables one to calculate the force
constants for a gas by knowing experimental values for only one of the
transport phencmena. Knowledge of the force constants ro and €y enables
us to calculate the other two transport coefficients. Another particular
success of the theory is the ability to calculate the transport' coeffi--
clents for a mixture of gases. The application of this to atmospheric
air will be discussed belaw. |

VISCOSITY OF ATMOSPHERIC AIR'

All experimental values of Viscosity are for dry air without CO,, and
everything said previously has pertained to this type of air. Clearly,
our atmosphere does not consist of dry air without COp. To further
complicate matters, we know that atmospheric oxygen begins dissociating
at 80 km, dissociation assumed as being complete at 120 km.  Since the
air consists of 20% oxygen,. the change in composition of this great a
constituent from molecular to atomic form will surely produce quite an
effect upon the viscosity coefficient.

The first point to be considered is the effect of water vapor upon
the viscosity of dry air.

Hirschfelder, Bird, and- -Spotz have developed an extension of their
theory, whereby they may calculate the transport phenomenon of multi-
component systems. They have caloulated the viscosity of moist air,
‘assuming that moist air may be treated as a mixture of two components,
alr and water vapor. For the temperature range in which we are inter-
ested, the values of the .coefficient of viscosity (X 107) for varying
percentages of moisture is- glven in the table below.

, 2% Ho0
Percent Moisture | .0%% | end .03%

_Temp.’k | 0.0 0.5 | 1,0 | 5.0 [ €O COp

200 1337 1335 1335 1315 | 1335 1328

273,16 1724 | 1722 | 1720 | 1704

296.1 1833 ‘ 1827 1823

300 1851 1849 1847 1832 1854

400 2290 2289 2288 2278 2278
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Using the Hirschfelder method, the  correction for COy in dry air has
been calculated. The generally accepted value for the percentage of COo
in the atmosphere is ,03%. Using this value we have the coefficient of
viscosity as given in the sixth columm of the above table,

By means of the quite'complicated Hirschfelder formulas (see Section
H5b) for multicomponent systems, the coefficient of viscosity for air
containing 05% COp and 2%'water vapor has also been calculated. This
water vapor value was chosen arbitrarily as being an average between
the upper and lower limits of 4% and .2% (Ref. 32) usually given for the
amount of water vapor present in the air. The coefficient of viscosity
in this case 18 given in'the last columm of the above table for the tem-
peratures 200° K and 296.1° K.

‘As can be seen, the change (due to the addition of COp and HoO in
air at 296.1° X) is very small (only 0.5%) and could be neglected. 'How-
ever, we will use the corrected value as the standard. Sutherland's
Law may sgain be applied to the %afiation of the coefficient of viscosity
with temperature; now taking as the standard at 23° C the value
Np3z = 1823 X 10~ 7, which represents the value of the coefficient for air
containing 2% water vapor end .03% COs.

We must take care of the correction to the Visco&ity for the disso-
clation of molecular oxygen. First, however, one must see whether this
phenomenon takes place in the regieﬁ in which viscosity is defined; i.e.,
we must make sure that we are not in free molecule flow, for here the
concept of viscosity does not exist.

‘Using A /¥ = 10 as the boundary of free molecule flow and taking \ &s
the mean free path to be 31 cm (120 km) and £ the effective length of &
typlcal missile body as 14 m; then x/,(’ & ,02, which shows that 120 km is
still not in free molecule flow. Thus, the reglon of oxygen dissociation
(80 to 120 km) is one in which the viscosity exists; and therefore the
correction for this change” in composition of the air becomes important.

Since no experimental data 1s available for atomic oxygen, we must
estimate its force coefficients from what is known about other monatomic
gases. The constants to be determined are the force constants, € and Ty.
In Figure 5 these constants are plotted versus the atomic weight of mona-
tomic gases, for which the constants have been determined from viscosity
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data and the second virial coefficients of the equation of state. On the
basis of this graph, r, = 2.75 and €/k = 28 have been chosen as the
values for atomic oxygen (At. Wt. = 16). It is noted that in the expres-
sion being used for the viscosity; namely,

51 v
n X107 = 266,93 (W), (rog)(w—(ér(?)‘)

the most important of the two constants is rg, W(g)(E) being only a slow-
ly varying function of kT/e. It can be assumed safely that the rj for O
(At.Wt. = 16) will be a little less than that for Ne (At.Wt. = 20). As-
suming, therefore, that-at most, the value of r, for O can vary between
the values for He and Ne; the maximum error introduced by this method of
estimating r, is less than 4%.

- By means of the above viscosity formula at T = 280° K, ng X 107 = 2857,
while Mo, X 107 = 1958,

Thus, it is now possible for us to compute the viscosity of atmos-
pheric air in the region .of oxygen dissociation. Here the air will be
assumed to have the composition given by Warfield (Ref. 9) and a tem-
pérature digtribution as given by the ARC temperature curve for the upper
atmosphere, Section E. The formulae and constants to be used are shown
in Section H5.

A theoretical remark should be made concerning the above method.
The oxygen in the atomic state will be subject to recombination mainly
by two 'processes; 0 + 0 = 0o + h v (radiative recombination) and
0+ 0 + 0o +e (due to the formation of negative atomic oxygen ions be-
caugse of the oonsiderable electron affinity of atomic oxygen). Because
of this tendency to recombine, the oxygen atoms are actually subject to
an additional force; and strictly speaking, the force law that we have

12 6
; T T
agssumed -throughout; namely, €(r) = 4e¢ (;J%> - <}J%> » should be modi-
‘ - m|\r r

fied. In addition the density of atomic oxygen will not be constant,
but will possess-a higher value during the daytime than at night.

However, if we assume, as Warfield (Ref. 9) has done, thét the density
of atomic oxygen possesses two distinct equilibrium values for night
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and day, then we may consider that recombination takes place only for a
very short length of time, and hence, no modification of the force law need
be made.

CONCLUSIONS

. For the region up to‘SO km, the coefficient of viscosity as a func-
tion of temperature is given by the formula
' 3

-3
_ [T 409.6
n = 1827 X 10 <296.1) (T ¥ 113.5)

The use of this formula should not introduce an error greater than 1%.

For the region from 80 to 120 km, the formulas given in H5(b) are to
be used in conjunction with the Warfield values of composition and the
- ARC temperature curve. The error, using this method, should be less than

5%.

For a body in motion through the atmosphere, any computed values of
1 for which M/R > 10 will cease to have any meaning.
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H. CAILCULATIONS

1. TEMPERATURE CALCULATTIONS

The "ARC June 1949" temperature curve introduced in Section E has
been fitted by Brown (Ref. 33) with a set of simple functions consisting
of straight lines and parabolas. These are reproduced here for use in
the remainder of the calculations, Altitude is expressed in feet and
temperature in degrees Rankine, since all trajectory computations are

carried out in this system.
Altitude Range |Temperature Range
Equation (Feet) (Degrees Rankine)
(a)
T = 110k y + 518.4 0 (and below) to 518.4 to 392.L4
393700
2755900
78
(b) 2755900 314960 | 392.4
T = 3924 to *
78 3
(cj 158h " 214960 . 433070 392,k to 550.8
" 393700 7 3 3 ‘ '
éd— 1229&31—59:4( -177165)% + 616.8 433070 to 177,16 0.8 to 616.8
- 15)4-99969 y 7 5 . 5 9] 2 5 55 . o} .
177,165 to 629920 616.8 to 550.8
(ez ~1584 + 1395.6 629920 to 128545 550.8 to 418.8
~ 395700 7 . 3 3 ‘ :
éfz-ngﬂLf—gg:%( -275590)% + 352.8 728345 to 275,590 ﬁ18 8 to 352.8
= T 15199969 y-2755 352. o 275,5 .0 to 352.
275,590 to 295,275 | 352.8 to 376.56
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\ Altitude Range Temperature Range
Equation (Feet) (Degrees Rankine)
= 395700 y - 3%6.2k4 295,275 to 393,700| 376.56 to 614,16
' , (and above) '

2. CALCULATION OF;DA:O

For these calculations the composition of the atmosphere used by
Warfield (Ref. 9) is acchtgd. This gives a constant composition to an
altitude of 262,467 feet (80°km) in the daytime and to 34k,L87 feet
(105 km) at night with a linear gradient of dissociation of oxygen giving
all atomic oxygen at 328,083 feet (100 km) in the daytime and at 393,700
feet (120 km) at night.

The equations on which the calculations are based are the perfect gas
law, which has been shown in (D) to hold in the upper atmosphere, and the
hydrostatic law; i.e.,

dp = - gpadh
T .
; P oW (2.1)
o T H
o e
; . . : W 1
In the region of dissociation of oxygenv =1 .x (h - n ); and
. 128K(h - b)) ' v o T T m
%O =1 - — 2le0 by s Where K = - E_‘_OITm , and VO is the volume of all

molecular oxygen at height hIrl (Ref. 13).

The accelsration due to gravity (g) is considered constant in these

calculations. If g were congidered as varying according to an inverse
' r’ o .

square law I:g = go(r ; h)z], the reduction in g at 393,700 feet would be
less than 4%; and this would change the derived values of pressure and
density by about 20%. These differences, however, are probably small
compared to those due to the unknown errors in the temperature distribu-
tion,
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The equations (2.1) are always integrated over the region for which
the function T = T(h), as given by Brown (Ref. 33), and the equation for
the composition hold simulteneously. This necessitates a further subdi-
vision of the regions of the temperature distribution as follows.

Equations Range of h
(a) .
T =a + bh E— =1 z =1 0 to 2725900 ft.
‘ W y . 78
o} o
(b1) - y 2755900 . 314960
| T = 392,400 — =1 L =1 ~ to £t,
W Y 78 3
o] (0]
(c) W y 314960 . 433070
T = a + bh - =1 — =1 — to £t.
W Y 3 3
(0] (0]
(a)
T = r(h-s)® + u %— =1 -;- =1 453070 ., 177,165 ft.
© © 177,165 to §g§_9_20_ £t,
(e) W y 629920 . 728345
T=a + bh — =1 — =1 to f't.
W Y | 3 3
o} 0]
(£1)
T =r(h-s) +u —g- =1 % =1 72?—35 to 262,467 ft. (day)
o ‘o '
72251’5 to 295,275 ft. (night)
g(fz)
2 W 1 7y _ . le8Kk(h-hy) -
T = r(h-8)° + u v = l—-K‘(h-—hm‘) o =1 —21Wo 262,467 to 295,275 ft. (day)
(g1) W
T = a + bh w1 % -1 295,275 to 3uk,275 £t. (night)
(o] (o]
(g2) W 1 y 126K(h-h, ) A
T =a + bh- v S iEEn v 1- Tm—hm 295,275 to 328,083 ft. (day)
o )7, SN 34,487 to 393,700 £t. (night)
(gs) W
T = a + bh v 8267879 -—Z— = 1,0440845 328,083 to 393,700 ft. (day)
(0] o
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From (2.1) we have
pgTW
d ,
__p=_‘ooo ah;
P po,\o
p 8T
v oo o0 dp W .dh W dh
if t = g™ = @« = — = - F = ==,
and we write F Po D WOT Wo~ (1)

This equation then must integrated for each of the above regions:

dp dh
(2) >==-F a + bh
F
P = po a.
and
F F .
o Tofr\{v (T '(To+l>
_— =] == ] since here a = T
p T \a T 0
o o
dp dh
b — = = F
(b1) P 392.4
Fo .
AN
P=1D e
by
g :
T - . ‘h
e _ o Tha 55240 by
po P, 392,k
dp dh
(© 5 =-F =%
_E
b
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Tp i -(—%-+l)
£ - °"(TC) (T)
Po o
(@ 2o.p &
P r(h - 8)% +u
’ or(h; - s)
p _2F -;er(h-8) . =y ——J'——-—}
log— = tanh &= —F===— - tanh
og Pq J__q{ J-q N=q where q = 4ru,
¥ ionn™? 2r(h - 8) -ta.n.h-lm
_ . AN-q V-a V-q
P"Pde
4 2r(hg - 8)
N B I R = SN
o _0dal Ja V-4 V=1
po Po T
(o) dp__ dh
D a + bh
JE
Y S B
P—PeT
e
F F :
p -- T» , (—+9
o ___iTe_T_)b= oe(Te)b (T).b
% % e "0

(f1) Same as in (d)

' Er(h - s)
. -, op(h'- -
T p eF {t 1 2r(h’- s) —tan ] MT1 }

of; =~
b A Ja JT
P pT
o) 0
d 1 dh
(22) =2=-7
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To integrate this we let y=1-K(h- hy). Then, dh = --%Y- ; and
the right hand member becomes ‘

¥ dy . s
X y(wyg +By +0) which integrates as
Fll1 v B -, Qy + B
—<= 1o - —= tan "——
k{Ea ® (P + By +2) ag Ja }
-where
: 2
_r52+u+r(1.+ Kn )~ 2rs(l + Khy)
@ K K
2r(l +
o [EAE)
P= "l K
.
W =%
hyu
q:h.aw-52=.___
K
then
: _ 1 -K(h-nh
10g2 =P1L 10 7 o B ot 2wy+6} A( 1?1)
2 ’ 2
Pfg K o wy2+ﬁy+oz a‘\[a 4 1
or .
i
KO
[1 - K(h - hy)]%(a + B +w)
=D " -
T 5 -
2 r(h - 8)° + u o
2w{1l.- k(h - h. )] +B -1 2w +B |
3 FBI}J&II-J wld. 5-(1— h"‘)]+B -tanlg\/_BJ
e Kufq | A
and
. Tp
p o il
— = — , Where p is taKen as above,
Po PoT
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(g,) Same integration as in (e)

\ _x
T b
.p_ - Opgl T
T\m
Do Po g1
dp ' dh
— T= F -
(&) — T - K(h - by)i(a + Bt

o F .
.(a+bh)EL"- K(hga . hxr)} [(1 + Khy)b + Ka]
P= P (a + bhgz)'gll “K(h - 1]

)
o W T
o %o
It is noted that at night h = h,
g - m

where p 1is as above.

L
P

F
}' [(1 + Khy)b + Ka]

a B a + bh
e P TP (e vy [T - K(h - )]

(g3) The integration is the same as in (e).

W
TWP - ——————
P o gsfT bWo
o  DPpWTIT
0 00

A
3. CALCULATION OFT

0

The mean free path 6f the particles (considered as hard elagtic
spheres) is shown by kinetic theory (Ref. 27, p. 113) to be

2
A 1 oor 2 NO(OO) Ir— 1 laced by 1ts value in t
R — - ==1]. — 18 now replaced by its value in terms
ﬁVQNc o) N o 0
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It is assumed that g = go and 0 = db at. all altitudes. This equation

pT gpTW
A : dh
then becomes— = —— where T.= £(h) and —=-——2 — , Then, for al-
, A pT | s p pW T A
o o .0 0
.- W .
titudes below the dissociation of oxygen; i.e., v 1, the value of }i-

o )
is merely the reciprocal of the%— value or
o

- 0 - 262,467 £t. (asy)

for 2 0 - 344487 ft. (night)

'OI'D
(o]

A
A
o}

For the regions where v g(h) # 1, this factor still appears; and

o)
now,
T
p N P ow
Tp TW
po po‘_ o)
or
A_ Wpo
AN WS
0 o

4, CALCUTATIONS OF .Z_
(o]

It was shown in (F) that using the perfect gas law the speed of sound

¢ = 1"%T. For the calculation of <~ this is
Co
d W 01
2

(7 TW
c o
co \7 TW "
00
Yo 3
For all regions below the dissociation of oxygenw— = l,:7 = 1; and
' " o

this becomes — = T/T .
(o}
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For the,regions of the dissociation of oxygen

128K(h - h ) v
L:-l- m K e o2
4 21W h -nh
> (0] a . m
LI 1
W 1 - X(h - hy)
and the relation becomes
1
2 1
128( >( - hy) - 2
c I 0 _
s T{l+h-h(h h‘“)}
o o __O a m 1

5. CALCULATIONS OF VISCOSITY

a, The formula for coefficlent of viscosity below the region of oxy-
gen dissociation has been developed in Sectlon G and is merely stated

here.
3
| v ¥ 1409.6 _1)
= T'or(296.1)2‘<cv‘ + 113.5
where

n_ =187 X10 " and T is in°K.

b. The calculation of. the coefficient of viscosity in the region of
oxygen dissociation follows',

For the viscosity of a three component gas
J11 J12 J13 1
|J21 Jo2 Jza 1

da1 Jaz Jaz 1

1 1 1 0.

)

Taken from Hirschfelder, Bird, Spotz (Ref. 30).

n X107 =

1
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where
3 XK W.K
Jij=_AiJ+BiJ’Jii=-Aii+Bii+23'{—éﬂ(-FBiKT |
K=1°1
| 1
-1 : wiwJ 2
- ‘ 2 _ 2 T () f7.0m 7/ ]
(0.017663)T E%.)ij] ‘”w (l,kT/eiJ) [(W___gi )
1
—w.w T4
= (0.0052988)1 [ ]2 "(2) (15k1/e )} 14
+ WJ)“
\'1
€13 7 VE11yy
. r +ir
(P) =( %1 k 0213
o) 13 2

(e )i . maximum energy of attraction between molecules (or atoms) of
the ith component

(e')l 3= maximm energy of attraction between molecules-(or atoms) of
the ith and Jth components

X, = mole fraction of the ith component
W, = molecular weight of the ith component

(ro) = low velocity collision diameter of molecules (or atoms) of
11 the ith component colliding with each other

(IO) = interaction collision dlameter for molecules (or atoms) of
1) the ith component colliding with molecules ( or atoms) of the
Jth component
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For the case of the atmosphere from 80 km upwards, the air can be
considered as a mixture of Np, Os, and O,

( To) 11 €/ .
A °K i

No | 3.681 | 91.k6 | 28,016
0o | 3.433 | 113.2 | 32,000
o- | 2.75 28 16,000
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kT kT
. Wl (1) | w8 (2) e v ® @) | w@(2)
.3 1.331 2.785 2.1 528k 1.156
«35 1.238 2.628 2.2 .5203 1.138
b 1,159 2,492 2.3 .5129 1,122
A5 1,092 2.368 2.4 .5061 1,107
5. 1.033 2,257 2.5 .1998 1,093
55 .9829 2,156 2.6 1939 1,081
.6 .9383 2,065 2.7 1885 1.069
.65 .8991 1,982 2.8 4836 1,058
T L8644 .1.908 2.9 788 1.048
.5 .8335 1.841 3.0 J7ls5 1.039
.8 .8058 1.780 3.1 L4703 1.030
.85 .7809 1.725 3.2 66l 1,022
.9 .7585 1.675 3.3 .1628 1,01k
.95 .7382 - 1.629 3. 4593 1.007
1.0 <7197 1,587 3.5 4560 .9999
1.05 7028 1.549 3.6 4529 .9932
1.1 .6873 1.51h 3.7 4499 .9870
1.15 L6731 1.482 3.8 L1 .9811
1.2 .6601 1.h52 3.9 Lblh 9755
1.25 L6479 1.kok 4.0 L4418 9700
1.3 L6367 - 1.399 L1 439k .9649
1.35 6263 1.375 L2 L4370 .9600
1.4 6166 | 1.353 b,3 L3hT | 9553
1.45 6075 1.333 kL L1326 .9507
1.5 .5991 1.31% L5 4305 .9L6k
1.55 5912 | 1,296 4,6 o8l .9hoo
1.6 5837 1,279 L7 L1265 .9382
1.65 5767 1,264 4,8 JL2k6 «9343
1.7 5701 | - 1,248 L9 1228 .9305
1.75 5639 1.234 5.0 JA211 .9269
1.8 .5580 1.221 6 Jho62 .8963
1.85 .5523 1.209 7 .3943 8727
1.9 ShT1 1.197 8 .3856 .8538
1.95 5421 1.186 9 3778 .8379
2.0 5373 1.175 10 S J3T12 .82k2
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ko | kT
€ w(l)(l) : w42’(2) € W(l)(l) w(z)(e) ‘
20 .3%20 L7432 70 2732 L6194
30 L3116 .T7005 80 2676 L6076
40 .2980 .6718 90 2628 5973
© 50 .2878 L6504 100 .2585 .5882
60 .2798 .63%5 200 .2322 5320
300 +2180 .5016
Loo .2085 4811
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6. COMPUTATIONS

 In the previous parts (1 through 5) of this section, formulas have
been derived for computing changes in temperature, density, speed of
sound, mean free path, and viscosity as a function of altitude. To use
these formulas in the computation of missile trajectories, the quantities

P2, ana M must be tabulated for the altitude range of these tra-
% % }"o ; o _ ‘

Jectories, This tabulation was begun under the supervision of Dr. D. M.
Brown, but it was little more than started when a change in emphasis in

the Wizard contract caused it to be stopped.

At present the values of -z— are in a form which can be easily tabu-

1 (¢]
lated., The term( T['—) 1s expressed as a polynomial in h (altitude), and
1 o
LAY
7—w is tabulated for the altitudes at which its value is not unity.
A

Work on the density'ra.tio,(_g_ )_’hag not progressed very far., No work
/ o .
has been started on the computation of—>\— o‘r—nTL .

o 0




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-56 °

REFERENCES

1. EMB-22 - University of Michigen, "Summary of the Literature on the
Upper Atmosphere", by W..E. Burdick, 1949,

2, EMB-32 - University of Michigan, "Prediction and Mensuration of Para-
meters and Constants .of the Atmosphere", by K. M. Siegel and W. E.
Burdick, 1949.

3. "An Introduction to the Kinetic Theory of Gases”, by J. H. Jeans,
The University Press, Cambridge, England; 1940, p. 59.

4, '"International Crifical Tables", Vol. III, as appearing in the Bureau
of Stendards Scientific Papers, No. 541, 1926, p. 248,

5. "Physics of the Air", by W. J. Humphreys, J. B. Lippincott Co.,
Philadelphia, 1920, p. T2.

6. "New Equation of State for Fluids", by 0. C. Bridgeman, and J. A.
Beattie, Journal of the American Chemical Soclety, Vol. 50, 1928,
p. 3133.

7. APL-CM-472 - University of Wisconsin for Applied Physics Laboratory,
"Thermodynemic Properties of Air", by C. F. Curtiss and J. O.
‘Hirschfelder, 1948,

8. Rand-R-105 - The Rend Corporation, "Revised and Extended Version of
Analysis of Temperapurez Pressure, and Density of the Atmosphere Ex-
tending to Extreme Altitudes", by G. Grimminger, 1948,

9. NACA-TN-1200 - Langley Aeronautical Laboratory, "Tentative Tables for
the Properties of the Upper Atmosphere”, by C. N. Warfleld, 194T.

10. "The Temperature of the Upper Atmosphere", by R. Penndorf, Bulletin
of the American Meteorological Society, Vol. 27, 1946, p. 331.

40



WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-56

REFERENCES (continued)

11. '"Upper Atmosphere Temperatures from Remote Sound Measurements",
American Journal of Physics, Vol. 16, 1948, p. 465; and "Abnormal
Audibility Zones in Long Distance Propagation Through the Atmosphere",
Journal of Acoustical Society of Ameérica, Vol. 21, 1949, p. 6, by
E, F. Cox.

12. "Ballistics of the Upper Atmosphere", by L. G. Jacchia, Harvard Col-
lege Observatory and Center of Analysis of Massachusetts Institute
of Technology, Cambridgs,-Technical Report No. 2, 1948.

15. "Meteors and the Earth's Upper Atmosphere”, by F. L. Whipple, Reviews
of Modern Physics, Vol. 15, 1943, p. 246,

14. NRL Reports R-2955, R-3120, R-3030, R-3170, and R-3358, - Naval Re-
search Laboratory, "Upper Atmosphere Research Reports", H. E. Newell
and J. W. Siry.

5. "Introduction to Aerodynamics of a Compressible Fluid", by H. W.
Liepman and A. E. Puckett, John Wiley and Sons, New York, 1947.

16. "Propagation of Plane Sound Waves “in Rarefied Gases", by H. S. Teien
and R. Schemberg, Journal of the Acoustical Society of America, Vol.
18, 1946, p. 331.

17. "Boundaries of Fluid Mechanics", by K. M..Siegel, Journal of Aero-
nauticaliscience, Vol. 17, 1950, p. 191.

18. "Absolute Value of thé Coefficient of Viscosity of Air", by E. L.
Herrington, Physical Review, Vol. 8, 1916, p. T738.

19. "The Coefficients of Viscosity and of Slip of Air and of Carbon Di-
oxide by the Rotating Cylinder Method", by K. S. Van Dyke, Physical
Review, Vol. 21, 1923, p. 250.

20, '"Viscosity of Common Gases Between 90° K and Room Temperature”, by
H. L. Johnston and X, E. McCloskey, Journal of Physical Chemistry,
Vol. 44, 1940, p. 1038,

41




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-56

REFERENCES (continued)

21. "Viscosity of Some Gases and Its Temperature Variation at Low Tem-
peratures”, by H. Vogel, Annalen der Physik, Vol. 43, No. 8, 1914,
p. 12%5.

22, "Viecosity of Alr and Electronic Charge", by A. Fortier, Comptes
Rendus, Vol, 208, 1939, p. 506.

/ _
23. "Recherches Experimentales sur_la‘Viscosité,des Gaz aux Tempé;atures
. / SN P
Elevéés”, by V. Vasilesco, Annales de Physique, Serie II, Vol. 20, 1945,
pp. 137, 292. |

24, '"Measurement of Viscosity of Gases Over a Large Temperature Renge",
by B. Sutherlend and O, Maass, Canadian Journal of Research, Vol. 6,

1932, p. 428,

25. "A Determination by. the Constant Deflection Method of the Value‘of
the Coefficient of Slip for Rough and for Smeoth Surfaces in Air",
by L. J. Stacy, Physical Review, Vol. 21, 1923, p. 234,

26. "Coefficlents of S1lip in Gases and the Law of Reflection of Molecules
from the Surfaces of Solids and Liquids", by R. A. Millikan, Physical
Review, Vol. 21, 1923, p. 218.

27. '"Kinetic Theory of Gases", by E. H. Kennard, McGraw-Hill Book Co.,
Inc., New York, 1943.

28, "Theory of Flight", bv R. Von Mises, McGraw-Hill Book Co., Inc.,
New York, 1935.

29. '"The Viscosity of Gases and Molecular Force", by W. Sutherland,
Philosophical Magazine, Series V, Vol. 36, 1893, p. 507.

~ 30. "Viscosity and Other Physical Properties of Gases and Gas Mixtures",
J. 0. Hirschfelder, R. B. Bird, and E. L. Spotz, Transactions of the
American Soclety of Mechanical Engineers; Vol. 71, 1949, p. 921.

42




WILLOW RUN RESEARCH CENTER*'UNIVERSITY OF MICHIGAN

- UMM-56

REFERENCES (continued)

31. "Mathematical Theory of Non-uniform Gases", by S. Chapman and T. G.
Cowling, Cambridge University Press, 1939.

32, EMB-40 - University of Michigan, "Diurnal Changes in Atmospheric
Phenomena', by M. De Raymond, 1950.

33. UMB-32 - University of Michigan, "Project Wizard Progress Report No.
19", 1 April - 1 July 1949, p. 87.

4% _—




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-56

BIBLIOGRAPHY

Bates, D. R., "The Earth's Upper Atmosphere", Monthly Notices, Royal As-
tronomical Society, Series II, Vol. 109, 19k9,

Beattie, J. A. and Bridgeman, O, C., "New Equation of State for Fluids",
quynal of the American Chamioal=Society, Vol. h9, 1927,

Getman, F. and Daniels, F., "Outlines of Physical Chemistry", J. Wiley and
Sons, New York, 1943,

Hougen, O. and Watson, K., "Industrial Chemical Calculations", J., Wiley and
Sons, New York, 1936.

Martyn and Pully, "The Temperature and Constituents of the Upper Atmosphere",
Proceedings of the Royal Society, London, Series A, Vol. 154, 1936,

Mitra, S. K., "The Upper Atmosphere”, Royal Asiatic Society of Bengal,
Calcutta, 1947,

Woolsey, G., "A Study of Equations of State", Journal of Chemical Education,
Vol. 16, p. 60, 1939.

44




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN
UMM-56 :

DISTRIBUTTION

Distribution of this report is

made in accofdance with ANAF-GM
Mailing List No. 16, dated 15

July 1951, to include Part A,

Part B and Part C.

k5




IIIIIIIIIIIIIIIIIIII



