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Abstract: The new Elliott-Evans classification scheme by means of a quasiparticle factorization of
the j-shell of both protons and neutrons is developed further. The needed reduced matrix
clements follow from the equivalence between quasiparticle isospins and quasiparticle quasi-
spins. The transformation to states of good particle number » is simplified by imbedding the
quasiparticle quasispins in the five-dimensional quasispin group R(5). This leads to a factoring
of the transformation coefficients. One factor is independent of J and other subgroup labels of
Sp(2j--1) and carries the dependence on the subgroup labels of R(5). Simple recursion formulae
are derived from which this factor can be calculated in complete generality. The second factor
carries the dependence on the subgroup labels of Sp(2j--1) and must be calculated for each j.
Since it is independent of # and T it is sufficient to calculate this factor for particular (most
convenient) values of n and T. A calculation of the coefficients is illustrated with j = § for
which complete tables are given. An extension of the quasiparticle factorization technique to
the nuclear LST scheme is discussed.

1. Introduction

The quasiparticle formalism recently developed by Armstrong and Judd ') for
the atomic /-shell has led to a more complete classification scheme of I" configurations
of identical electrons. One of the great advantages of this new scheme is that it leads
to a calculation of many-particle matrix elements without the need for fractional
parentage coefficients, with the use of only a few reduced matrix elements and
standard techniques of Racah algebra. A generalization to nuclear j* configurations
of both protons and neutrons, involving an analogous factorization into quasiparticle
spaces, has recently been given by Elliott and Evans 2). This leads to a complete
classification scheme for nuclear shells with j £ 7. However, although the total
angular momentum J and isospin T are good quantum numbers in this new scheme,
nucleon number is in general not a good quantum number. It is the purpose of this
contribution to show how, with a slight modification of point of view, expressions for
the reduced matrix elements needed for the Ellictt-Evans scheme follow at once, and
the transformation to states of good particle number is simplified by making use of
the symmetries of the states for the coupled quasiparticle spaces. A further simplifica-
tion is achieved by imbedding the quasiparticle isospins (quasiparticle quasispins) in
the five-dimensional quasispin group R(5). This leads to a factoring of the transfor-
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mation coefficients. One factor is independent of J and other subgroup labels of
Sp(2j+1) and carries the dependence on T and other subgroup labels of R(5). Simple
recursion formulae are derived from which this factor can be calculated in complete
generality. The second factor is independent of T and » (nucleon number) so that it
is sufficient to calculate this factor for states of a particular » and 7. Knowledge of
states with » = 2j+ 1 and 2j+ 2 (half-full shell and half-full shell plus one) is therefore
sufficient for all but a few states of a j-shell.

A brief review of the Elliott-Evans classification scheme is given in sect. 2. Expres-
sions for the reduced matrix elements of the quasiparticle operators are given in sect. 3.
Although these follow at once from the observation (already made by Elliott and
Evans) that quasiparticle isospin operators are equivalent to quasiparticle quasispin
operators, a derivation is given in some detail since the phase factors for the reduced
matrix elements require some care. The transformation coefficients to states of good
particle number are discussed in sect. 4. A complete calculation of these coeflicients
is illustrated with j = 3, and tables for this case are given in an appendix. Tables
for j = % are somewhat bulky and will be given elsewhere. The technique used can
be applied to shells with j > 7. Applications to the calculation of matrix elements of
one-and two-body operators are given in sect. 5. Finally, an extension of the quasi-
particle factorization technique to the nuclear LST scheme is discussed briefly in
sect. 6.

2. The Elliott-Evans classification scheme

Elliott and Evans introduce the quasiparticle operators

}-ng = \% (artlmt+(_l)j_m+i.—Mta—m—m,) — (_1)j+m+%+m%_m_m1’
1 j—m —-m j+m me
lurTnm, = _(aLm:_(—l)J T ta—m—mt) = _(_1)1-‘— T Hem—m,» (1)

J2
where a:‘,,,,,t, a,,m, are nucleon creation and annihilation operators and where m and
m, are magnetic substates in j- and ¢-space. In order to obtain a set of 4j+ 2 independent
quasiparticle creation operators and 4j+2 independent quasiparticle annihilation
operators Elliott and Evans restrict the m quantum number to be positive. We find
it more convenient to restrict the isospin quantum number m, instead, such that m
can range from —j to +j for both quasiparticles, and define

1 o
Ay = ”\/—z(allﬁ*(_l)] a—m—%)’
m= —j,..., +j.
1 j—m
= (@ = (= 1Y ML ), 2)
N

Now A'(4) and p'(u) are Fermion operators mathematically equivalent to identical
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nucleon creation (annihilation) operators. The 2j+ 1 operators A%, and 4,, = (A%)",
satisfy the usual anticommutation rules. In addition any i-operator anticommutes
with any p-operator, that is these are distinguishable quasiparticles. [To avoid con-
fusion in notation it should be noted that the single index quasiparticle operators of
eq. (2) are different from the double index quasiparticle operators of eq. (1). In fact,
the single index operator A!, is more closely related to the double index operator
uf,,,,,t. Henceforth only the notation of eq. (2) will be used. See also the remarks
following eq. (7).]
TABLE 1

Generators, groups, representations

|

—_~
N

r0dd 200 (a0)°
(a*a*)”} [ [(ATATY'S; (A2)"; (412)"™] J (#2)"%x [a(m)z +;uif)
(aa)"T = t,, 1o, 0,
(a'a) < G WL | e | (S
R;(4j+2) [Spa(2i+1)x SU,(2)]
R@E+4) = [ xRM(4J+2)] > [ X [Sp,(2j+1) % SUu(Z)]]
A-space:
T I ) (17047 x (T; = 3(j+1-v,)
similarly for u-space v, J;")

)
]

) Allowed J; follow from v, by the rules valid for identical particles; see, e.g., table 2 of ref. 2).

The group theoretical basis of the quasiparticle classification scheme is shown in
table 1. The full set of operators a'a’, aa, a'a generate the group R(8j+4). The
only irreducible representations of this group which are realized are (31 4... +1)
for n even (odd), respectively; to be denoted by A, . The set of operators 1117, i4,
A4 generate a subgroup R(4j+2); similarly for u'y', uu, pfp. Unlike the operators
(a'a)’™ which are double spherical tensor operators in J- and T-space, the operators
(ATA)’* are constructed by means of a single j-space vector coupling coefficient. Since
the 4 and p operators are mathematically equivalent to a set of identical nucleon
operators, their subgroup chain is the conventional one for identical particles shown
here in terms of the direct product of the symplectic group in 2j+ 1 dimensions with
an identical particle quasispin group. The irreducible representations of Sp;(2j+1) %
SU,(2) are specified by the quasispin quantum number 3(j+31—uv;) related to an
identical particle seniority number v; (not to be confused with any real seniority).
The quasispin group SU,(2) is generated by the three operators (47A")°, (14)°,
1[(2T2)° + (241)°], all of rank zero in A-space. These are the A-particle isospin operators
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T, of Elliott and Evans. More specifically

o= L hiln = L D= B ot = S
Too= L et = L T = LTl = S )
T = %g(%’lm‘im%) = Lo» T,, = —%%(ﬂium—#mul,) = —Fro»
with
T,+T,=1T, 4)

where Tis the total isospin operator in conventional form. (In egs. (3) the quasiparticle
isospin operators have also been expressed in terms of quasispin operators & in
standard form.) The symplectic group generators with J,;(J,) = 1 are (except for
normalization factors) the angular momentum operators of A- and u-space. More
specifically

Ji = Z mﬂ.;lm, 'nﬂrtnum5
m

o = Z
Jai, = Z[(j——m)(j+m+1)]’i“,1};+1 As Sy, = Z [(J'_m)(j'f'm'*‘l)]%ﬂlnﬂ JL
Jio = (JA+)T’ Ju_ = (‘]u+)T9 (5)

with
I4+d, =1, (6)

where J is the total angular momentum operator.

The spherical tensor character of the operators A},(4,), and u(u,,) in both j- and
t-spaces follows from their commutation relations with the operators T, J,, and
1,,J,.Interms of double spherical tensor operators A} zt and M} 3(, the relations
are

)“rTn = A{;:t»}’ (—l)j_mi—m = Arjn‘}—i’

=ML (1) o = My (7)

(These double tensor operators are immediately related to those of Elliott and Evans
by: A} ,‘i = 4 M ,’ﬁ‘ =l me- 1t is therefore clear that the final wave functions
|(J:J ), (T, T,)T) are identical with those of Elliott and Evans, except for a trivial
interchange of A and p.)
Coupled tensor operators are formed from these in the usual way.

For example

[AX Msiopr = X Cimjm'|IM > <3m Am | TM ) ALk, Mk, (8)

mme
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The single-nucleon creation and annihilation operators are expressed in terms of the
tensors A and M by

1 . .
al:i} = Q_Z(Arjn%ii-'i'MrJn%it)’
. 1. .
(=) ™Ma_pzy = F :/—Z(A,Jni{‘Mffﬂ)- )

With these relations any physical operator can be expressed in terms of double
spherical tensors built from A- and M-operators. The matrix element of any physical
operator is then reduced by standard Racah algebra to a few reduced matrix elements
of the A- and M-operators.

For j < 7 the multiplicity of the set of J-values (J; or J,) associated with each
quasispin quantum number (v, or v,) is never greater than 1. The |(J,J,)J, (T,T,)T>
basis therefore furnishes a complete classification scheme for these shells. Note
that the irreducible representations (31 ... +3)and (3%... —3) of R, (4j+2) or
R, (4j+2) are specified automatically since they contain the integral and 4 — integral
values of T, or T,, respectively. The irreducible representation label 4 of R(8j+4)
will sometimes have to be designated explicitly since it is common to both the A- and
u-spaces. The irreducible representations 4, and 4 . of R(8j+4), (n = even and odd),
contain only the states with 27, 42T, = even and odd, respectively, so that they are
designated if both T, and T, are specified.

3. The reduced matrix elements

The matrix element of an operator A in the coupled |(J,J,)J, (T,T,)T basis is
reduced to a double-barred matrix element {A4'J;T;|A|AJ,T;> for the A-space by
standard formulae of Racah algebra; similarly for M. Note that the R(8j+4) labels
A4 must appear in the expression for the reduced matrix element for the separated
A-space, since 4 is a quantum number common to both A and p-spaces. [For the
analogous property for electron states, see Cunningham and Wybourne ?).]

The value of the A-space reduced matrix element follows at once from the relation
between the A-space isospin and quasispin quantum numbers

T, = $(j+4-vy), My, = $(n,—j—1%), (102)

where n, is the number of 4 quasiparticles, (the eigenvalue of Z,,A%,,). From eq. (7)
and the standard definition of double-barred spherical tensor matrix elements on the
one hand, and eq. (10a) on the other

AT M, T, My AT\ AT My, Ty My,>
_ IaMy, jmlJ M, 5 <T, M, 33 T (M1, +3)5<47; T3 {41141, Ty
[+ DQ2T + 1))
= (AT MY A T A0, T M. (11)
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Using quasispin techniques to factor out the dependence on n,
G AT M A Av, T M)

> ’ 14 11 3 .L
— <J1.MJ;L ]m!JZMJ;) <T)‘,MT;,22iTl(MTA+Z)> <jv)'+IA,U;VJ;”).T”‘]‘”'AU;“J)), (12)
[27;+17* (Ti~T,HIT(-T,+1)>
so that

y = [2T; + 135" A, TllAT ™ 4va L)

(13a)
(T,-T, BT (-T,+1)

{475 T;|14]147, T,

Another useful formula is obtained by starting with the operator (—1)""4_,,.
Again, from eqgs. (7) and (10a), and using hermitean conjugation to convert the matrix
element of 4_,, to one for A%, one obtains

5amy T AT Ao, T AT 24 03 T35

AT, TINANAT, T, = (—1)7=
).“ ” A ).> ( ) <TA“T3%“%iT;{(“TA—%)>

(14a)

Note the reversal of the primed and unprimed quantum numbers (including 4) in
the double-barred matrix element of A!. The derivation for the reduced matrix element
A, T \M|AJ,T,> differs in one respect. The relation between n,, the number of u
quasiparticles, and My, differs in sign from the corresponding relation for A-space;

[see eq. (3)1:
Tu = %(j“}'%_vu)’ MT = %(j+%“nu ) (1Ob)

As a result the analogues of eqs. (13a) and (14a) become
N S KR A T A D
maum i RTINS A 0 0™

(T, TITAT,+3)>

AT, T MIAT, T,

AT, TIMIIAJ, T, = (1)
(14b)

Since the operators AT (or u') are mathematically equivalent to identical nucleon
creation operators, the double-barred matrix elements of A' (or u') in egs. (13) and
(14) are, except for their dependence on 4, given by identical particle reduced matrix
elements. The dependence on 4 involves only a phase. This phase dependence must be
different for the 2 and u quasiparticles. This can be seen by expressing operators such
as J, (J,) in terms of the coupled tensor operators defined by eq. (8). For example

(J2)e = —3G+ DI+ DA% 4130,
() = +3LG+ D@+ DM x Mg, (15)

while
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with a similar difference in sign for operators (T3),, (T,),. The 4-dependence of the
phases can be determined by calculating matrix elements of the operators (15), for
example. Although there is some arbitrariness in the possible choices, results consist-
ent with the standard phase conventions of spherical tensor calculus, can be stated
as follows:

(1) Matrix elements for u-space are independent of 4.

(ii) Matrix elements for A-space are given by <{4’...[AT|4...) = (=1)*@
oo AN LD,
where the A-independent double-barred matrix elements are those for identical
particles, and where ¢(4) = 2T, +2T,,; that is, ¢(4) = even (odd) for n = even
(0odd); n = real nucleon number for the state on the right-hand side of the matrix
element. Note also that ¢(4') = 2T,;+2T, = 2T,+2T,+1. [Egs. (13a) require

d(4); eqgs. (14a) require ¢(4').]
The most convenient form for the reduced matrix elements of A then follow from
eqgs. (13a)if T; = T; —1, and eqgs. (14a) if T; = T,+%; similarly for M. The results are
Case 1.
Tl, = T},—%5 U; = U/l+1’ T). = %(j'}'%—ul):
AT, TNANAT, T = (=1 T2 T T, + 105G o+ 1AM %0, 05,
T, =T,—% v, =v,+1, T, =3(j+i-0,):

AT, TIMIAT, T, = 2T, + 113" o, + 1 1t o0, T ). (16)

Case 2.
T, =T+, v)=uv,—1:
4T, TiAIAT, Ty
= (=PRI T L 210, T AT o~ 1),
—1:

14 — 1 1
Tu - Tu+7’ Oy

AT, TAMNAT, T,y = (= 1) RT, 4214 ™0, T 111~ o, — 17,

:=‘[)u

Double-barred matrix elements of A' (or p') are standard double-barred matrix
elements for identical nucleon configurations, related to identical nucleon cfp’s in the
usual way

G o+ 1AM 0T = (= 1) T+ @I+ DI I); B o +107). (17)

Only identical nucleon cfp’s with #n = v, n+1 = v+1 are needed. For the j = §
shell therefore only four nontrivial matrix elements are needed for any calculation.
For j = 7 the number of nontrivial (but well-known) such matrix elements is 30.
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4, States of good particle number

Although the calculation of matrix elements in the [(J,J,)/, (T,T,)T) basis is
extremely simple, the particle number is in general not diagonal in this basis. In order
to realize the full power of the quasiparticle factorization it will therefore be useful to
make a transformation to states of good particle number. (An alternate approach
might involve the simultaneous diagonalization of the number operator and the
Hamiltonian, for example.) The transformation to states of good particle number is
simplified (i) by making use of the symmetries of the states for the coupled 1 and u
spaces, and (ii) by imbedding the A and p quasispin groups in the five-dimensional
quasispin (seniority) group R(5).

4.1. SYMMETRIES

It is useful to define coupled state vectors |(J;J,), (T,T,)T>, either symmetric (s),
or antisymmetric (a), to an interchange of 4 and y quantum numbers:

1

7 {I(ab)J, (ed)T> (1) """ 177(ba)J, (dc)T>}.  (18a)

[(ab)J, (cd)T)gs)) =

Note that A quantum numbers always precede p quantum numbers in the order of
the coupling; thus J; = « in the first term on the r.h.s. of (18a), while J; = b in the
second term. In our notation the magnetic quantum numbers M; and My have been
omitted for brevity but are quietly understood. In the special case when both J, =
J, (= a), and T, = T,(= c), the normalized symmetrized state vector is

. even (s)
- —2c = . 18b
[(aa)J, (cc)T)> with J—2a+T—2c odd for (@) states (18b)
States of a given nucleon number must then be either (s) or (a) states according to the
rules:

1. For n=2j+1+4k (s) states only.

n = 2jt4k
+ ’ 19
n=2j+2+4k (a) states only (19)

where k = integer. That is, for both even and odd nucleon numbers, states of a given
symmetry correspond to z values which differ only by multiples of 4. The correspond-
ing property for electron states has already been noted by Armstrong and Judd 1).
The derivation of the symmetry rules (19) follows directly from the explicit construc-
tion of state vectors to be given below. Since states with #n = 2j+1 are of central
importance, an additional symmetry property valid for these states is very useful.
For n = 2j+1 the quantum numbers (T,T,,) are either both integral or both half-inte-
gral, a property related to conjugation symmety as applied to the half-full shell.
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4.2. FIVE-DIMENSIONAL QUASISPIN GROUP

Since operators changing only nucleon number (without change in J, T, or seniority
quantum numbers) can easily be constructed in terms of generators of the five-
dimensional quasispin group, it is useful to imbed the 4 and x quasispin groups in the
seniority group R(5): R(5) = [SU,(2)x SU,(2)]. The ten generators of R(5) are

composed of the operators T, T,, [Ax M 193" together with the number operator

Nep. = (2 +1)+[2(2j + D[4 x MG (20)

Irreducible representations of R(5) are specified by the real nucleon seniority v and
reduced isospin ¢, and are given by the two labels, (highest weights), (w;w,) where

W, = j+-12-—%17, w, = 1. (21)

The group chain R(5) > SU(2)x SU(2): (alternately Sp(4) > SU(2) x SU(2)), has

been studied in detail. The possible (T,;T,) values imbedded in a given irreducible

representation (w,w,) are given by the rules [see ref. #), e.g.]:

With (Tl)max = -%(CO1+(1)2),
(Tu)max = ‘}(601 _wZ)’

the possible (7,T,) values are given by

(highest weight values) (22a)

Tl = (Tl)max_%k—%ms 0 é k é 2602,

TI‘ = (Tu)max+%k_%m, 0m¢g (w1—w2)- (22b)

The set of possible (7,7,) values is thus severely restricted. For states of high v in
particular (the richest from the point of view of total number of states), the possible
(T,T,) values are restricted to a few or even a single pair of small values.

4.3. CALCULATION OF TRANSFORMATION COEFFICIENTS

The imbedding in R(5) leads to a factoring of the transformation coefficients, where
one factor depending only on the R(5) quantum numbers, including » and T, can
easily be calculated in general by simple recursion formulae which follow from the
known matrix elements of the generators of R(5). The second factor carries the
dependence on the subgroup labels of Sp(2j+1). The transformation coefficients to
states of good particle number are defined in terms of matrices ¢ and d by

(01 )nBT; 0I> = 3, C.(.?;?IT,, > d(Ta?Ifa',JJAJMI(JA TN AT TIT )0, (23)

TaTy Jodpu
where #nBT are R(5) subgroup labels; B is the R(5) quantum number needed when
states of a given nT occur in (w,¢) with a multiplicity greater than one, and will be
defined according to ref. ). Similarly «J are Sp(2j+1) subgroup labels; « is the
multiplicity label needed for states of a fixed J and v, t. The state vectors |(J;J, )/,
(T, T,)T >, with symmetry subscript (¢) are normalized state vectors defined accord-
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ing to eqs. (18), where () = (s) or (a) for fixed » according to the rules (19). The
c-coeflicients are independent of the quantum numbers o/ J,J, of the sympletic group.
They form orthogonal matrices, whose rows are labelled by » and § (or in place of #,
the more natural R(5) quantum number H, = 4n—j—%), while columns are labeled
by 7,7,. In addition the c-coefficients are functions of (w,¢) and total isospin T.
The d coefficients on the other hand are independent of the R(5) quantum numbers
nBT. They form orthogonal matrices whose rows are labelled by (w, ¢ )«, while columus
are labelled by J,J,, for each possible value of J and T,T,.

Since the c-coefficients follow from properties of R(5) they can be calculated most
easily. It is useful to define the R(5) generators in terms of the total isospin operators
T, and N,, , and the pair creation and annihilation operators:

A(My) = 33 <Em, 3m{ 1M (= 1) ""a],, al e

mmg

A(MT) = (AT(MT))T- (24)

These can be expressed in terms of the 4, u-space operators T,, T,, A, M by

Al(g) = 715 (—(Ty)y+(T),)+ 32+ 1T304 x M3,
(= 1)A(~g) = & (=(T),+(T,),) — 32 + 1[4 x M13L, (25)

V2

(where isospin operators T, are standard spherical tensors, e.g. Ty; = F/3(T:).
These lead to the useful relations

AN =A(=1) = (T)+ ~(T)+- (26a)
—AN(=1)+4(1) = (T)- —(T,)-. (26b)

Operators which leave the quantum numbers «, J, v, #, T invariant but change nucleon
number (by +2 units) can easily be constructed in terms of the R(5) generators > °).
E.g.

1
Oppe sz = — ¥ (=1)4ANq)T-,,
An=+2 42 ;( YA T,
1
Oppe—2 = — 2 A(9)T,. 27)
A 2 \/2; (q) q (
Expressed in terms of T, T,, A and M, these operators are
Opnm iz = —3TEH4T24+ 32+ D Y (- D[Ax M1, T-,,
q

Oppe—r = —3T} +%Tu2‘_ 32+ 1)]% Y (=1 [ax M]&; T_,, (28)

q
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giving the simple step-operator relation

0An=+2+0An=-—2 = _(le—Tuz) (29)
Since the operators of egs. (26) and (29) are made up only of A- and y-space isospin
operators which do not change the quantum numbers T, and T, , they lead to recursion

formulae involving only the coefficients cﬁ,‘,‘;;“T)fT“ with fixed T,T,. The technique
is illustrated with the operator (26a) acting on a state with My = T

[4'(1) - A(-D)]i(0, )BH, = dn—j—4, TMy = T;aJM,)
= Z|(w1 DB'H,+1T+1T+1; 0JM;)
’ x {w; )p'H; +1T+1T +1|AY(D)|(w, t)8H, TT)
=Y (o )'H,—1T+1T+1; M)
g x {0, )BH,~1T+1T+1|A(— (0, )BH, TT) (30)

=3 cguxlﬁt;)’l;“;,T“{<(J}.Ju)JMJ AT T)T+1TH+1T, [(J, J )My, (T, T)TT)

TaTu
—L(J I )IM (T, T)T+1T+ 1T, (T, )IM,, (T, T)TT}
X [,Z, Azt s NI I )IMy (T T)T+1Mp = T+1),)]. (31)
Adp

By expanding the state vectors
(o )H, +18'T+1T+1)
=y cﬁ"l’ffﬁf;‘nn[ﬁ] digm g JJ2 I )My (T, T)T +1T + 1>,
Ad e

TaT,
the above leads via the orthonormality of

[JZJ At g T T )M, (T T,)TM 1))
Al p

to a recursion formula for the c{f}4)7, 7, in terms of the matrix elements of the opera-
tors A', A. These are known *~7) for all irreducible representations (w,?) needed
for j < %. They can be expressed in terms of the R(5) Casimir invariant and reduced
R(5) Wigner coefficients which are tabulated in refs. >~7) as general functions of
H, and T. The final form of the recursion formula is then

Recursion formula 1:
Y et rar oo +3)+ 11+ 1)@, )BH, T; (11)+11||(0, ) H + 1T+ 1),
&
+ Z cﬁli){;;lTﬂu[w1(w1 +3)+#(t+ 1)]%«0)1 HBH, T;(11)—~11|(w, t)f'H, — 1T+ 1)
3

gt [2(T,,+TM+T+2)(T,1+T,‘—T)(T,l—T,‘+T+1)(Tu—T,1+T+1)]%.
R (T+1)(2T+3)

(32)
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Similarly, eq. (29) leads to
Recursion formula II:

2 C;ﬁljr)lrp'; TAT,,,[{wl(wl +3)+t(t+ 1)} T(T+1)]*
x (o )BH; T; (1) + 1 [(0, HB'H, +1TD,
+ 2 et oo +3)+ 11+ 1)} T(T +1)]F
&
x (o )H, T; (1) = 11|, )f'H, —1TD,
= =2 e [T T+ )= TT,+ 1)]. (33)

In the recursion formulae the double-barred coefficients are reduced R(5) Wigner
coefficients of the type tabulated in refs. >~ 7). Sums over f are rarely needed, so that
the two recursion formulae are simple three-term recursion formulae in almost all
cases of intercst.

For example, for irreducible representations (w,¢) = (w,0), recursion formula I
becomes

Cﬁ‘f’l{ﬂru[(mL ~H;=T)w+3+H,;+T)]F
+c;;zl.(.)}?;)_17'” (Cl)t ‘+‘H1 - T)((DI +3"H1 + T)]%
= =2 [T+ T+ T+2N(T,+ T,- TV (34)

As a second example, for irreducible representations (w,z) = (#¢), recursion formula
I becomes

-+ e o T+ Hy + (T =Hy P+ o [(T—H + 1T+ H )
= =2 r [ TUT+ )~ T(T,+ 1)].  (35)

Since only the c-coefficients carry an explicit n-dependence, the symmetry properties
embodied in the rules of eq. (19) can be seen explicitly from these recursion formulae.
From recursion formula II, applied to an unsymmetrized state, for example, it can be
seen that the c-coefficients cfp'’. 1,1, a a0d ot 7,7, -5, Will have the opposite
sign, if the c-coefficients cfn'?lr, —s and chuflr, -, have the same sign, and
vice versa. Recursion formula I indicates that a change of both An = +2 and
AT = +1 leads to no change in the relative phase of the coefficients with T,T, = ab
and ba, respectively. However, now the phase factor (—1)* 7~ which is part of the
definition of the symmetrized states (19) will change as T is replaced by T+1, so
that it is again seen that a step An == +2 induces an overall change in symmetry.
States with n = 2j+1, T'= j+%} have T, = T, = }(j+1); J, = J, = J = 0; hence
they are (s) states, eq. (18b). States withn = 2j+2; T = j can be seen to be (a) states
by explicit construction, (based on the phase conventions of sect. 3).

In principle, the d-factors of the transformation coefficients can be calculated by
similar techniques. If the J = 0, T = 1 pair creation and annihilation operators of
eq. (24) are replaced by pair creation and annihilation operators coupled toJ = 1,
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T = 0, equations analogous to eqgs. (26) to (29) can be derived in which T}, T,, T
are replaced by J;, J,, J, leading to recursion formulae in the d-coefficients in place
of the c-coefficients. In practice these are not very useful since matrix elements of
opzrators [a'xa'F™" T=% are not known to any degree of generality and are
complicated functions of j and the symplectic subgroup labels, in particular for states
of high senicrity where the multiplicities designated by o may be very large.

An alternate procedure has therefore been used to calculate the d coefficients.
Certain special states are automatically states of good particle number in the
|(J:J ), (T,T,)T> basis. The most trivial example is the state with n = 2j+1,J = 0,
T =T =j+% J,=J,=0, T, =T, = 3(j+%). Starting with this state it is
possible to construct all states with n = 2j+2, n = 2j+1 and lower T by successive
application of the single nucleon creation and annihilation operators a' and a. In
this process a'(a) are expressed in terms of 4, M by egs. (9), and matrix elements of
A and M in the [(J;J, )/, (T, T,)T) basis are reduced by standard Racah algebra to
the double-barred matrix elements of sect. 3. In general, the a' (or a) operator, when
acting on an initial state of fixed seniority v and reduced isospin ¢, will yield states
witho' = v+ 1, t' = t+4. It is however, possible to choose n and T to obtain a final
state with unique o', #', or at most a combination of states v’, t" of which only a single
set of values is as yet unknown. If states of a relatively large value of T are known,
it is also possible to act with the operators of eqs. (25) to construct states with
isospin 7-1 and obtain coefficients d with T, + T, = 7-1 from the known d-coefficients
with T, + T, = T. Additional simplification comes from the orthonormality of the
coefficients d(zis’ ;.. As a relatively complicated example consider the d-matrices
for the j = 7 shell with (7,T,) = (1}). For J = §, e.g., this d-matrix is a 10x 10
matrix with (J;, J,) values of (2, 3), (2, %), (2,%), 4,3), (4,%), (4,%), (4, %2), (6, %),
(6,4%), and (6,%%). The (w,,1; o) values are: (3,3; « =1 and 2); (3, 3; « = 1);
(3.%; « = 1 and 2); (w0, t; ¢) = (3, 4; @ = 1,...5). However if the five states with
(01,12) = (3,%), (3, %), and (3, 3) are known, the remaining five rows of the d-matrix
corresponding to the (w,, r) value (3, §) follow from orthonormality alone. Since
there is complete arbitrariness in the labeling & = 1, ..., 5 of these states, (due to
the incompleteness of the classification scheme Sp(2j+1) o R(3)), any arbitrary
orthogonalization process will serve with equal generality to fix the remaining five
states of this example.

The full set of ¢- and d-coefficients needed for j < § are tabulated in an appendix.
Forj = 7 the tables of d-coefficients require considerable space and will be published
elsewhere.

5. Matrix elements of one-and two-body operators

The application of the quasiparticle technique to the calculation of matrix elements
of physical operators is very straightforward. As a first step, operators a' and a are
expressed in terms of the double spherical tensors A, M by means of egs. (9). Secondly,
an operator built from A-tensors coupled to one built from M-tensors is reduced via
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standard formulae of Racah algebra to double-barred matrix elements in the separate
A and p spaces. These can be expressed in terms of the relatively small number of
reduced matrix elements of type {4'J,T;||A||AJ,T,>.

Any one-body operator can be expanded in terms of

[a' % aTipr = 2 Cimj—m | IM ) <3m, % —m{| TM ) am, Qe (— 1) 7™ 727 (36)

These can be expressed as combinations of A- and M-tensors by
[a"x alifper = =31 —(= 1" TIA x ATpfpe, + 31— (= 1) 1M x MTifo1
F3[1+ (=) TN AX Msf a4+ 85007032+ D] (37)

The technique of calculating matrix elements will be illustrated in some detail
for the most general rotationally invariant, charge-independent two-body interaction
acting within a single j-shell. In terms of the two-particle matrix elements

VJT = <j2JMJ TMTIVUZJMJ TMT>9

and coupled tensors, defined according to eq. (8), this can be put in the form

H; poqy = [2(2j+1) ("_2f—1)+%:| JZT(2J+1)(2T+1)VJT

—$ 3 Virl2I+1)(2T+ )]

X {[[A X APTx[Ax AT TI00+[[M x MTTx[M x MT' 139

+ ¥ [TAx AT [M x MP]83

JoTo

s [JJ T3
< (26,,06"0+4[(2J+1)(2J0+1)(2T+1)(2T0+1)] {j ! Jo}{}}f

oo

with J,+ T, = odd and J+T = odd. Except for a trivial constant term and pure
A- and M-terms, whose matrix elements are evaluated like those for configurations
of identical nucleons (e.g. neutrons only), there is only a single term coupling the two
spaces. This coupling terms involves only A-pairs and M-pairs. Its matrix elements
are evaluated by standard Racard techniques

Nj= N

AL L)IM, (T, T)TM|[[A x AT°To x [M x MT°T10014(J . J )IM,; (T, T,)TM >

. , J, J, J T, T, T
(Vo TotT+Ta+ T+ T+TA+T, -3 )94 Jp i u

x (AT} T{[A x AT 40 T, )47, T 1I[M x M ™| 4J, T,>, (39)
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where
AT, T Ax AT T|AT, T, = ”Z AT, T ANA T T XA T T ANAT, T

J"3T"

, : I, j JNT, + T
x T(2J,+ 12T +1 3 -1 JatJ 3+ Ta+T 4+Jo+To { ‘l , },}{ A2 , } , 40
[( 0 )( 4] )] ( ) i J), JO %_ T}_ To ( )

with 4" = A4; while 4" = A_ for A = A4, , and vice versa. Consequently
{Acd||[M x MT°T||daby = —{Acd||[A x A]°™°||4ab). (41)

In conclusion, we will finally examine the question: does this new method of calculat-
ing matrix elements for the nuclear j-shell of both protons and neutrons have real
advantages over the conventional techniques involving c.f.p. expansions. In some
ways the new 4, u-quasiparticle classification of the nuclear j-shell bears a resemblance
to the old classification scheme in terms of separate neutron and proton configurations.
Both lead to the same set of reduced matrix elements, (quite small in number). In the
latter scheme J and nucleon number are automatically good quantum numbers while
T is not. In the new scheme J and T are automatically good quantum numbers, but
nucleon number is not. However, the new classification scheme differs in one vital
respect. By furnishing a complete classification, the new scheme leads to a calculation
of matrix elements by straightforward Racah algebra without additional normalization
or projection factors, once the transformation to a basis of good nucleon number has
been effected. In particular, the calculation of matrix elements of two-body operators
is essentially no more complicated than that for one-body operators. On the other
hand, the number of transformation coefficients needed to construct states of good
particle number may become quite large. For the j = % shell, e.g., the number of d
coefficients, in particular, is somewhat large. By contrast, the fotal number of cfp’s
needed to calculate matrix elements of two-body operators for the full j = 7 shell
is overwhelming. Even though the five-dimensional quasispin group can be used with
both techniques to factor out the n, T dependence of the coefficients, (the c.f.p.’s on
the one hand, the transformation coefficients to states of good particle number on
the other), this factoring of the n, T dependence of the coefficients is again considerably
simpler with the new technique. In summary therefore the new technique does
seem to lead to a real simplification in the calculation of matrix elements for the
nuclear j-shell.

6. The LST scheme

Exactly as for the j-shell, the space of real particles of the nuclear /-shell can be
divided into two subspaces of anticommuting quasiparticles:
1 _ -
Z'Inms = — (artlms+~5-—(—1)l mhE msa—m—ms—f); /{mm, = (lllms)f’

J2
1 —-m -m
”j"ms = 72' a:nms—%_(—l)l +% sa—m—m,+=}); .u'mmg = (HIIIMS)T’ (42)

m = —l,,+l, msz—%’ +%,
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where @} m.» (@mm.m,) are real nucleon creation, (annihilation) operators, and m,
my, m, are the third components of the orbital angular momentum, spin, and isospin
vectors, respectively.

The group theoretical basis of this quasiparticle factorization is shown in table 2.
The full set of operators [a'a'T*57, [aa}™5", [a'a]*ST are known to be generators
of a group R(16/+48). As for the nuclear j-shell, we have chosen to restrict the isospin
quantum number m, to select a set of independent A and p quasiparticle operators.
As a result the quasiparticle operators Al (Am,), similarly ., (4m, ), are mathemati-
cally equivalent to real atomic electron creation and annihilation operators. The
group R(16/+8) thus factors into two commuting subgroups, each R(8/+4), one
created by the operators (ATA1)1454, (11)+5%, (A'2)1%5%, and the other by the analo-
gous p-operators. Further subgroups are provided ?) by the extraction of the operators
(A'2)t45* with L, + S, = odd, which generate a group Sp(4/+2), and which commute
with the operators (A'2")%9, (14)°°, 3(4'1)°°+(411)°°). These in turn constitute
the three components of a quasispin operator in the A-space and are to be denoted by
T, in a notation appropriate to the quasi-particle factorization technique. The
further subgroup chains in the A- and p-spaces are mathematically equivalent to
the conventional classification scheme of atomic electrons. The operators
(AtA)F27094:52=0 generate a seniority group R,(2/+1). They contain the angular
momentum operators (4'1)!° and commute with the quasiparticle spin operators
(A'2)°*, and are to be denoted by L, and S, respectively. With appropriate normali-
zation and phase factors these quasiparticle angular momentum operators for the
A- and p-spaces satisfy the relations

L,+L, =L,
S;.+S,, = S,
T,+1T, =T, (43)

where L, S, T, are the usual total orbital angular momentum, spin and isospin opera-
tors for real nucleons.

Making further use of the mathematical equivalence between the A operatcrs and
real atomic electron operators, it can be seen that (i) the quasispin group generated by
T; has irreducible representations characterized by a seniority quantum number v,
where

T, = 321+1-1y), (44)

(i) the irreducible representations of the group R,(2/+1) are labeled by (2°41°40°*)
with a,+b,+¢c; = I,
(iii) the possible values of v, and S, consistent with a specific irreducible representa-
tion of R,(2/+ 1) are given by the usual rules of atomic spectroscopy and can also be
derived by quasispin techniques. The result can be stated by the theorem:

To every irreducible representation (2°#1°*0°*) of R,(2/+ 1) there corresponds a
pair of irreducible representations of the direct product group [SUs, (2) x SUr, (2)]
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with

(3 &) = @1+ -a,-15,,15). (45)
A3 A
Analogous results hold for the p-space. This result is equivalent to a relation by
Racah, eq. (20) of ref. ®).

The quasiparticle factorization again leads to a more complete classification scheme
in terms of the above quantum numbers. In particular, the state vectors

(L;L,)LMy, (S;:S,)SMs, (T,T,)TM7),

are the basis for a complete classification scheme for nuclear shells with / < 2. In this
basis total L, S, T are good quantum numbers; but neither the particle number n
nor quantum numbers such as the Wigner supermultiplet quantum numbers are
preserved in this new scheme. Although states of good particle number could in
principle be constructed using the techniques employed for the j-shell as a guide, none
of the details have been worked out sincz the nuclear LST scheme is useful mainly
in those nuclei in which the Wigner supermultiplet quantum numbers are approxi-
mately good. No attempts have been made to regain both Wigner supermultiplet
numbers and good particle number since this appears to be a difficult task. As a
result the A, y-quasiparticle factorization technique may be of little practical value in
the nuclear " configuration.

One of us (S.S.) would like to acknowledge the support cf the Institute of Science
and Technology of The University of Michigan.

Appendix
TABLES OF TRANSFORMATION COEFFICIENTS

The transformation to states of good particle number is made through the trans-
formation coefficients c{f’y)7,r, and d&ifx;.;, defined by eq. (23). The c-coeffi-
cients are functions of the R(5) quantum numbers (w,t), H; = $n~j—}%, and f
(when needed), and are thus valid for all j. The c-coefficients for representations
(w,t) needed for j < $ are listed in tables 3. For j £ $ no d-coefficients are needed;
that is all the 4, can be chosen as +1, subject to the usual arbitrariness in overall
phases. The d-coefficients for j = % are listed in tables 4. Whenever a d-matrix for a
particular set of values 7,7}, Jis I x 1 and can be chosen as + 1, it is not listed specifi-
cally in the tables. Some d~matrices are unit matrices of dimension greater than one.
These are tabulated explicitly when they are needed for identification of the label .
As an example, the matrix d'*# is a 2 x 2 unit matrix since the states with (w,?) =
3, 1),i.e.,v = 3,t = 1;J = 3, T = 3; are automatically states of good n. Specifically,
the two states

l(J}.J/,t)Js (T}.TM)T>(0-) = ‘%: 2):27_9 (19 % %>(a) and |(%: 4)%5 (1’ '%_)% >(a)
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TABLE 3

Tables of the transformation coefficients ¢{@)T
H1B;TaTyu

Possible 7' ,~J; , values for j = §

467

T, . 0 1 1 3
T 33 2 4 3 0
Tabiles of c-coefficients
(w, 1) = (00) (w, 1) = (31)
T 0 T 4
(T:T,) (T3 T,)
H, (00) H, (0})
0 +1 +1  +1
(w, 1) = (10) (w, 1) = (11)
T 0 1 T 0 1
(T, T,) (T:T,)
H, (00) (33) (31) Hy (3}) (10) (33
+1 -1 B +1 - +BP
0 +1 0 +1 +1 0
-1+ -HPF -1 i EAR 1
(0, ) = (33) (w, 1) = 33)
T 4 3 T4 3
(L) (T,T,)
H, () (13) (13) H, (13) (03) (13)
+3  -Br -BP +3 +3 +[31
+3 -0 +BF +1 +3  +1 +3P° -1
-3 +@F -G -1 -3 -1 ki —%

-3 +R1F +R¢ -3 +3 +[31?
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(o, 1) = (20)
T 0 1 2
(T, T,)
H, (00) (33) (11) (13) (11) (11)
2 4L&F 4O LA
+1 - O
0 —[31* 0 +[37* +1
= Rty
e ¢ 2 O £ At
(w, 1) = (21)
T 0 1 2
(T; T)
(331) (11 (33 33 (10 (11) (34) (11)
+2 +0B3F 3+ +0
+1 +[31F +[TF 0 -1 -BP 0 -0B1F 0GP
o B -4 +BY 0 0 " 0
B2 0 0 +3 -[31*
—1 -[1F +04* 0 -G +B 0 -0+
—2 +03F +01F -7 -0
(1) =@#h
T 1 3 $
(T:T,)
H, (03) (13) (13) (1 (13) (13)
+3 +[761* —[&%1 +[1?
+3 +[%? +[31 +[5]? +[&F ~[51
+3 -[31* ~[Z1? +[&T1 -1 &L +1
-1 ~[3]* -[41* +[=1* -7 ~ [ +1
—3% +[51* +[5]? +[=] +[&] -1
—3 +[{s]* —[F +[41*
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(0, 1) = (30)
T 0 1 2 3
(T, T,)
H, (00) (3H a1y 33 @Gy ay @33 1) 33 3
+3 [} -5 - -3
+2 +0EE +0 LT
+1 +[&)F +3 -[H1 - -BF -0
0 ~[&HF 0 +[EF +1
-1 [ + +5T - +[31F -
—2 +[251 0B+
=3 +05Y - +EF -3
TABLE 4
Tables of the transformation coefficients d J* T j} s fori=1%
J =0 (T, T,) = (00) =0 (T, T,)=(1)
(J3,) (J2J,)
(o2,1) (33 %3 (o2, 1) (22) (44)
(10) ~-[57 +[31* (10)  ~[&1F  +L%&T
(30) +[31 +51F € I B S A P Y o
J =1 (T, T,) = (00) J=1(T,T,) =(}})
(29, (Jadw)
(w,1) (33 (3% (1) (22) (44)
(00) +[31 &P (11) ~[5FF +[31
(20 +0&1FF +[RT (200  +[3° +[53*
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=2 (T, T,) = (00) J =2 (T,T,) = (10)
(Jadw) (J:J,)

(0)1 t)a (% %) (2 %) (wl t) 33 (% %)

(10), +1 0 (11) -3 -4

(10), 0 +1 (21) -5 +B31

J=2(T,T,) =(3})

(JlJu)
(0, 1), (22) (44) (24)
(10), s A Bl —5157
(10),  +5%EY +HEEY -S&HT
21 —1% +5 5+l
J =3(T,T,) = (10)
(Jl‘Iu)
(0,1), (33) (33)
(11), +1 0
(11), 0 +1
J=3(T,T,) = (00)
(JZJM)
(1), (33) (3%) (33)
(00 +22[H) [5G )
(00)2 + [—15_1?173“]% _8[5 -367]% 0
(0 -5EF 0 SEET B




NEW QUASIPARTICLE FACTORIZATION
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J=3(T,T,) = (}})

(Jl 'Iu)
(1), (22) (44) (24)
(11), +2G7 +35 7P +337
(11), +5 35 -BI&F AR
(20) — %30 — &[22 +531*
=4 (T, T,) = (00) J =4 (T,T,) = (10)
(J}. 'Iu) (‘]l Ju)
(1), (3%) (3% (@, ) (33) (3%)
(10), +1 0 (11) +5 +ST
(10), 0 +1 (21) K R £ A
J=4(T,T) =313
(J}. Ju)
(@1 1), (22) (44) (24)
(10), 4+ A[HiUpE ~ 457 — ST
(10), +5[5 +i[ T -3
(21) +-5[15]% —5[33-13)F  +&[55]F
J =5 (T,T,) = (00) J=5(T,T,) = (3
(J 2 J u) (J 2 J u)
(o, 1) (3% (3% (w, 1) (44) (24)
(00)  +%1F  +[E3F (1y  —-[BF  +[3F
(20) +33F P (20) -[337 —[331*
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J =6 (T, T,) = (00)

J=6(T,T,) = (3})

(20 (7,9,
@0 @ @ @0, @) ()
(10),  +1 0 o0, [ -[HP
10, o o 10, P [
—1(LT) = (0}
(Jad)
@0 G2 @9
D HIEF I3
(1) 4R LT
J=3(T,T,) =(0%) J=3(T,T) = (1})
(Jadw) (739,
@) G2 G4 @0 G2 G4
a3+ AP 1) +EF LT
33 +LAF R 39 -BF +BP
J=3(T,T) = (03)
(29,)
@0, (2 (34 (32) 34)
(34 +5[5351* 3T +[3%] 0
T S
1) +EF s[4t SEF -
GH [T 2 [
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J=3(T,T,) = (1})
(Ji. Ju)
(w:1) (32) (34)
3y - +ED
GH  +LEE <[P
J=3(,T,)=(0%)
(J A J u)

(32) (34) ($2) (34)
Sl and R i Tt SRS ol S 1 & 2
+ 221t -85 SR T
-3[&1 -3057* HETE ST
T 15 S v B S (R

= % (T}. Tu) = (1 1)
(J}. Ju)
(w1 1), (32) (34)
CEI +1 0
(3%): 0 +1

J=3 (TlTu) = (0%)

J=%(T,T,)=»1%)

(a7 (31

32) @) @) G) (Y
L R v S N 2 e
e I A I M
AP IR
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J =4 (L,T) = (03

(J3J,)
(@2), (34 (32) (34)
(43 e R o R Fres i
(40, 0 +[351 +[537
31 +[En B -

e (TA Tu) = (O %)
(Jlju)
(1) (32) (34)

(3% +[5T* ~[1

(33, +[51F +[51F

are automatically states with » = 7, and in this case no further d-transformation
is needed. However, the state with (J;, J,) = (3, 2) serves to define the label « = 1,
while the state with (J;, J,) = (3, 4) serves to define the label & = 2. The matrix
d°** must be labelled according to this same prescription since it is needed along with
d'*# in the construction of states with (w,¢) = (3,3); and J = Z, but 7 = 4. All
but a few of the 1 x | d-matrices forj = § can be chosen as -+ 1; where it is understood
that the order of the quantum numbers (7,7,) for the symmetrized states, with
subscript (o), is that listed in the tables of c-coefficients, with the further prescription
that the order (J,J,) is chosen as (24) and (3, $) for (7,T,) = (3}) and (00), respec-
tively, the only two cases where the order of 7,7, does not automatically specify the
order of J,J,. The only negative coefficients are:
A, = Aoy as = diiyss = — 1.

Forj = 7 the tables of d-coeflicients require considerable space and will be published
elsewhere, along with the few additional tables of c-coefficients needed for irreducible
representations (w,¢) which occur for j = 7 but not forj < %
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