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Abstract: The contribution of so-called detour transitions to the internal bremsstrahlung accom-
panying nuclear beta decay is calculated. These are transitions in which the nucleus rather than
the electrons radiates the photon. It is shown that such contributions will in general be impor-
tant for forbidden beta decays. For the unique first-forbidden case, the photon spectrum,
angular correlation and polarization are calculated explicitly.

1. Introduction

In recent years, there have been a number of improved measurements of the spectrum
and angular correlation of internal bremsstrahlung accompanying nuclear beta de-
cay ' 73). The consensus is that, at least for the forbidden transitions, there is a con-
siderable discrepancy between the experimental results and the predictions of the
Knipp-Uhlenbeck-Bloch theory of internal bremsstrahlung 4 *). In general, the ob-
served spectrum is higher than the predicted spectrum, the disparity being greater the
higher the photon energy. Inclusion of Coulomb effects in the theoretical calculations
reduces the disagreement, but still leaves a large discrepancy 7).

In this paper, we consider the effect of so-called “detour transitions” on the spec-
trum, angular correlation, and polarization of inner bremsstrahlung 871°), In the
language of perturbation theory, detour transitions are those in which the parent
nucleus first emits the photon and goes into a virtual intermediate excited state from
which it subsequently beta decays to the final state or vice versa. These detour tran-
sitions are to be contrasted with the *“direct transitions’ of the Knipp-Uhlenbeck-
Bloch theory in which the photon is emitted by the outgoing electron.

One might think that since the radiation efficiency of a particle is approximately
inversely proportional to its mass, the intensity of the radiation from the detour tran-
sition would be smaller than that from the direct transition by a factor of the order
of the square of the electron-nucleon mass ratio. This is indeed the case for an al-
lowed beta transition, where the radiation from detour transitions is negligible; but
for forbidden transitions, the situation is somewhat different. If the direct transition
is forbidden, the beta decay in the detour transition can be allowed and, since the
ratios of beta-transition matrix elements in the various orders of forbiddenness are
roughly proportional to the nucleon mass, the detour transition might be expected
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to compete favorably with the direct decay. Indeed, we shall see that under certain
reasonable approximations, exactly the same nuclear matrix elements occur in the
direct and detour transition rates for forbidden beta decay. Another effect enhancing
the importance of detour transitions stems from the fact that the spectrum of inner
bremsstrahlung from the direct transition is of the ““1/k’" type, with most of the radia-
tion at low frequencies (familiar in the case of ordinary external bremsstrahlung).
The radiation from the detour transition, on the other hand, will be nuclear multipole
radiation with most of the radiation at high frequencies. Thus, although the rotal in-
tensity of radiation from the detour transitions may be small compared with that from
the direct transition, the high frequency portion of the spectrum can be dominated
by the detour transitions.

2. The tranpsition rates

For simplicity we shall calculate the effect of the detour transitions only for the
unique first-forbidden beta decay (4J = 2, yes). We shall later make some remarks
upon the effect in other decays. Consider, then, a transition in which the parent nu-
cleus is in a (nuclear) state a which beta decays to the daughter in a state c. Since this
direct transition is unique first forbidden, the states @ and ¢ must have opposite parity

_4/b§('_ b’m
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1 \ e :

Fig. 1. Direct and detour Transitions.

and have total angular momentum differing by two units. Accompanying this direct
decay there will be the usual inner bremsstrahlung emitted by the electron. Coherent
with this direct transition will be the detour transition in which the nucleus first beta
decays to a virtual excited state b in the daughter nucleus and then emits a photon in
an electromagnetic transition from the state b to the final state ¢ in the daughter nu-
cleus. Of course, there can also be the reverse-order process in which the nucleus first
emits a photon and then beta-decays (see fig. 1). In the detour transitions, there is no
restriction on the energy of the excited nuclear states since we must conserve energy
only in the overall transition a — ¢. However, if we assume the detour beta decay is
allowed (4J = 1, no) and the ¢lectromagnetic transition electric-dipole (4J = 1, yes),
then the spin and parity of the excited state are fixed by the requirement that the over-
all transition be unique first forbidden (4J = 2, yes). Other combinations of forbid-
denness in the detour beta decay, e.g. first forbidden (4J = 1, yes) and magnetic
dipole (4J = 1, no), will clearly give a much smaller contribution to the decay rate
and may be neglected.
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In our calculations, we shall use a formalism similar to that used in the original
paper of Knipp and Uhlenbeck *); see also the paper on Coulomb corrections by
Lewis and Ford !!). Consider first the ordinary direct beta decay, i.e. the transition
without inner bremsstrahtung. The matrix element for this transition is

(F1Hli) = 27*igAu(p)N - o(1+y5)u(q), 2.1

where u(p) and u(q) are the plane wave amplitudes for the electron and neutrino,
respectively, and the Gamow-Teller coupling constant gA = 1.67x 10™*° erg - cm?
(the Fermi coupling does not contribute to the unique first-forbidden transition).
Also in this expression,

N; = Bi(p;+4,) (2.2)

where B;; is the nuclear matrix element for the unique forbidden decay. It has the
form

B;; = el i {(‘Tixj+°'jxi—§‘0' : "5ij)T+}n|a>, (2-3)

where the operators within the braces are the spin, coordinate and isospin of the nth
nucleon and the states |a) and |[¢) the initial and final nucleon states, respectively.
The total beta transition rate is

I'y=2n Zr: |(f|Hp|i)|25(Ei"Ef)a (2-4)

where the sum is over all final states of the electron and neutrino. Inserting eq. (2.1),

we can write
922'2
= oy [ a0 a3 +a - @ - o1 +3)u(a)

x u'(q)(1+y5)N* - ou(p), (2.5)

where the integrals represent integration over the momenta and summation over the
spins of the electron and neutrino and W, is the difference in energy between the initial
and final nuclear states. The sum over spins in this expression can be performed using
the projection operators

Y u(g)u'(g) = -2,

spin 2q
T ulow(e) = D, 29)

where £ (p) = a - p+mp is the Dirac Hamiltonian. We find

242 Wo

A
Ty = o). 4Wpa[d0.[40IN - N'@W g PN -aN" p+N-pN* -],
@.7)

in which ¢ = W,—W.
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The integrals over the directions of the electron and neutrino are straightforward,
remembering that p and ¢ occur in N through eq. (2.2) and we obtain the well-known
result

292 * AW
A‘ BPSB"S 0
Iy =920 | aw wpg(p + ). (2.8)
24x m

We now calculate the matrix element for the emission of inner bremsstrahlung in

the direct transition, which is of the form

air _ v (E1H,1j)(jIHgli)
gyt = 3 LI, (29)

Here the electromagnetic matrix element for the emission of the photon by the elec-
tron is

(F1H,j) = (%)*u*(p)é* - au(py), (2.10)

where é is the photon polarization vector, and the momentum of the intermediate
electron is

Py = p+k, (2.11)
with k the momentum of the outgoing photon. The beta-decay matrix element is
(J1Hgh) = 27 *igAu"(p,)L - o(1+ys)u(a), (2.12)
where
L; = B;(ps;+4), (2.13)

with B;; the nuclear matrix element eq. (2.3). The energy denominator in eq. (2.9)
can be written
(Ei~Ep~"' = [W.—~#(p)]™"
= )W (2.14)
We - Wl
where W, = W,—gq, and #(p,) = & p,+Pm is the Dirac Hamiltonian for the
intermediate state electron. Summing over intermediate states we get

NI _ 1 72‘*7 AV R
(Mo = 3102 () wioder - I L ol tvgute). 219)

We now consider the detour transitions for which the matrix element is of the form

(M = Z(le}L ])j jElﬁﬁli) + Z(f lHﬂEI,jl(g?y]b' (2.16)

Here the first expression on the right-hand side will correspond to the detour transi-
tion in which the nucleus first beta-decays and then radiates the photon; the second
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term corresponds to the processes in reverse order. As we have argued above, if the
direct transition is unique first forbidden, the detour beta decay must involve an al-
lowed transition with 4J = 1. This is the selection rule for the so-called unique al-
lowed transition to which only the Gamow-Teller coupling contributes. The matrix
element for the beta transition in the first term of eq. (2.16) is

(M) = ~2720iChl § (o7 by - wlplo(i+rule). (2147

The matrix element for the beta transition in the second term of eq. (2.16) is the same
except that in the nuclear matrix element, the states b and a are replaced by the states
cand b’, respectively. The electromagnetic matrix element in the first term of eq. (2.16)
is

(FIH,1)) = - (21;3)*@!"21 lee-a ™25 1oy, (2.18)

while that in the second term is the same except for the replacement of states ¢ and b
by states b’ and a. Inserting these results and the energy denominators in eq. (2.16),
we can write

3
(M) = %igh (’%‘) W'(p)K" - o(1+75)u(a), (2.19)
where
K = B, é}, (2.20)
with
A A
(¢ ;{_i““(l +13)},16> (bl gl{aju}mlc»
Bu=2 E,—Ey—q—W
el Y {0,714 3mlb DB Y {—im(1+13)}la>
+ 3y, —==! n=t ) (2.21)
v E,—E,.—k

Since the direct and detour transitions are coherent, the total matrix element for
the emission of an inner bremsstrahlung photon is

My = (M) +(Mg)*

= }igl (%a)iut(p) [é“ . %L c+K' o ] (L+ys)u(q). (2.22)

The transition rate is

r,= 27‘2 IMn|25(Ei—Er)

" (2n )sfdkfdpfd"'M”'z‘s(Wo W—k—q), (2.23)



462 G. W. FORD AND C. F. MARTIN

where the integrals represent integrals over the momenta and summation over the
spins of the electron, neutrino and photon. Inserting eq. (2.22) and performing the
sum over spins as in the above discussion of I'y, we can write

212 Wo—m Wo—k 2
r dk dwpWqk | dQ, | d@ f dQ,T, 2.24
’ 4(21r)7f f pra j j (2.24)

where ¢ = W,— Wk, and where

1 s .y 2 (P1)+We :
T=—WTr Ue*- —v—V—z—l—W——L 6+K'- ](q+q'a)(1+y5)

2 2

c 1

X I:L*- o EPIt e ou v :'[Jf(p)+W]}. (2.25)

The result of forming the indicated trace is a rather lengthy expression. It becomes
more manageable, however, if we average over directions of the neutrino and over
nuclear orientations. Denoting this average with a bar, we can write

2 2
7 +q 2 2 2
T =B, BN — 279 w(w2+w2)—2w,(k- pk- p,+m
% ij jW(Wez_le)z{ ( 1) ( P P )

~2ek[WW,~m*—k - pk -p 1}

+4RI{B};B;} {(W,+W—3k)(p*—k - p)>*~Wk- p,+kp- p,

W(W2 Wi)
—ek[3(p*—k - p¥)— Wk - p,+K - pk - p.]}+ 3B, B’*{ _k } (2.26)

where ¢ = 41 for right and left circularly polarized photons, respectively.
Before we proceed further with the discussion of these results, we consider the
nuclear matrix elements of the detour transition.

3. The nuclear matrix clements for the detour transition

The detour nuclear matrix elements given by eq. (2.21) can with certain assump-
tions be shown to be identical with the direct matrix elements given by eq. (2.3). The
first point is that the Dirac matrix operator occurring in the electromagnetic matrix
elements is the velocity operator for the nth nucleon and may therefore be expressed
in terms of the commutator

—i{a}, = [H, {r},]. (3.1)

Here H is the nuclear Hamiltonian and {r}, the coordinate operator for the nth nu-
cleon. But the nuclear Hamiltonian commutes with {z.}, because of the charge in-
dependence of the nuclear forces, and the states |a), |b) etc. occurring in eq. (2.21)
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are eigenstates of H with energies E,, E,, etc. Hence, we obtain
4 4
{¢| Zl{-ia(l +13)}lb) = {cI[H, Zl{r(1+13)}n|b>
A
= (Ec~ el X, {r(1+7)}Ib, (32)

and similarly for the corresponding matrix element in the second terms of eq. (2.21).
Inserting these expressions in eq. (2.21) we have

e = Z {el Z {x(1+73)} Ib> E (bl Z {674 }nla>

b a

_ . ’ Eb’_Ea ’
bz’ <clmz=:1{ajr+}mlb > E E‘ +k <b In:;l{xk(1+73)}n|a>- (33)

The next point stems from the remark that the states [6) and |5') are states connect-
ed with the daughter or parent nuclear ground state by electric dipole selection rules
(4J = 1, yes). Such levels for most nuclei lie rather high in energy. It therefore is a
reasonable approximation to assume that

k< E,—E,_, k< E,—E,, (3.4)

and replace the ratios (E,—E,)/(E,— E,+k) and (E,— E,)/(E,~ E,,—k) in eq. (3.3)
by unity. Using this approximation and the completeness of the intermediate states,
expression (3.3) becomes

B = LS, (14720 3, (o774 Julled (59)

In this commutator, only the isospin operators fail to commute, and for these we have
the rule

L{za}ns {T4}m] = 20umiTs}n- (3.6)

Hence, we have

A
By = el 3. {5057 blad. (3.7)

The identity of expression (3.7) with expression (2.3) for the direct matrix element
follows if we note that since the states |¢)> and |c) satisfy the unique first-forbidden
selection rules (4J = 2, yes), only the symmetric traceless part of the operator in
eq. (3.7) contributes to the matrix element.

We should stress that previous discussions of the effect of detour transitions have
assumed that the only important contributions are from low-lying levels for which
the energy denominators become smalil ® 1°). Nuclei for which this is the case are
rare, but here we see that one can expect significant effects in all nuclei. Of course,
if there is a low-lying level, one must correct for the error made in replacing the energy
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ratios in eq. (3.3) by unity. The largest effect would occur if there were a state b in the
daughter nucleus with an energy Ej slightly higher than E,—~m. (For a lower energy,
a regular allowed beta decay to b would occur.) We would then write

_Ei—-E. _ 1+ k. , (3.8)
E;—E.—k E;—E —k
and get

B} = By +<c] Z {x(14+73)}a |6y — s < Z {0' T4 fml@D- (3.9

E;—E,

Such a correction might be important in some cases.

Finally, we would remark that the argument leading to the result given in eq. (3.3)
is based upon a rather naive nuclear model namely that of a collection of A Dirac
nucleons interacting through a charge-independent scalar potential. Although one
can argue that the result is more general than the model, we believe that the identity
of the direct and detour nuclear matrix elements is only strongly indicated.

4. Coulomb corrections

For the direct decay, it was shown by Lewis and Ford that the effect of the Coulomb
interaction to first order in aZ is to multiply the matrix elements by a factor of 1+
(raZW [2p). One can easily extend their argument to show that the same factor
multiplies the detour matrix elements as well. The result therefore is that expression
(2.7) for the beta-decay rate becomes

2,2 *
I, = J24—i§;13—" f dW Wp(Wo—W)*[p* +(Wo—W)*] (1+naZ Z) . (4)

Inserting the same factor in eq. (2.23) and using eq. (2.25), we get

242 % pWo—m Wo—k
r,= “i’L’Er;B_EJ dkj dwpWg* kY, |de (1+1raZ -VK)
96n 0 m e=+1 D

p2+q2
. {m [(WW2+wE)—2w (k- pk - p,+m?)
—2k(WW,—m?—F - pk - p,)]

____é_____. 2 _f.p2)_ R kp -
+ W — W) (W +3k)(p*—k - p*)—~Wk- py+kp - p;
—~3ek(p*—k - p*~2Wk - p,+2k - pk - p,)]

+1 [1-5%,—12'1»]}, (42)

where ¢ = W,— W—k and dQ is the solid angle of the photon with respect to the
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electron. In expression (4.2), we have introduced
= R1{B}.B,.}/B,.B., (4.3)
n = B;,B,!|B,.B. (4.4)

If, as the discussion of sect. 3 implies, the nuclear matrix elements are the same for
direct and detour transitions, then £ = n = 1.

S. The spectrum, angular correlation and polarization

From eq. (4.2) after summing over photon polarizations, we identify the differen-
tial rate in photon energy, electron energy and the angle between electron and photon.
Dividing by eq. (4.1) and multiplying by the photcn wave number, we obtain the
following expression for the number of emissions per beta-decay differential in photon
wave number, electron energy and the solid angle of the photon with respect to the
electron:

k dr, o 2 w
= = pq {1 +naZ —
Iy dkdwdQ  n"N(W,) P

Pt rwow s wi)— 2w k- pk- 2
e VO + WD =2W (R gk py )]

{k____ 2_ . 2y ; . 2
Sk (W +4k)(p*—k - p*)~Wk - p,+kp- p1+nk W}, (5.1)

where ¢ = Wy—k—W and

N(W,) = waodW(Wo— W)W p[p* +(W,— W)?] (1 +naZ %) . (5.2)

Integrating eq. (5.1) over solid angles and electron energy, we obtain the following
expression for the photon intensity per beta-decay differential in photon wave number

k dr, 2a
— = F,(k, W F,(k, W, Fi(k, Wo}], 5.3
I, dk nN(WO)[ 1 0)+EF( 0)+nF3( )] (5.3)
where
Wo—k w
F(k, W,) =f dw¢* (1+7taZ _){[(w3+wz)(wf—m2+q2)+2m2kw,]
m p

x log W+p

—2AW(WE—m*+q})+ k(W —-WW, + w’)]p} , (5.4)

W+p

Wo—k W
Fy(k, Wp) = —kf dwq? (l+mzZ ——){mz(ZW+'}k) log
m p

—(2w? +;kw—k2)p} , (5.5)
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Wo—k W
dw g¢? (1 +naZ —) Wp. (5.6)

Fiy(k, W) = 2k* J'
P

Similarly, we obtain the following expression for the photon polarization as a func-
tion of wave number:
(6t [
dk right dk)ete

{dr} {dl‘}
_ + N
dk)righe dk/iete

Fy(k, Wo)+&F 5(k, W)
Fl(k, Wo)+éF2(k, WO)+']F3(k, Wo)

P

(5.7)

where
Wo—k w

F (k, W) = kf dw ¢? (1+me —){[(2W+k)(p2+q2+2kW+k2)+2m2k]
m P

x log W+p

—2[p2+q2+3kW+2k2]p}, (5-8)

Wo—k
Fy(k, W,) = —WJ. dwgq? (l+7raZ K) [m’ log Wtp +(2k—W)p] . (59
)/ m

These integrals are all expressed in terms of elementary functions in the appendix.

6. Applications and comments

Toillustrate the magnitude of the effect of the detour transitions, we have calculated
the spectrum and polarization for the decay of °°Y (W, = 5.42 m). In fig. 2, the spec-
trum is plotted for the case where the parameters § = n = 1; for comparison the
spectrum for the direct transition alone (¢ = n = 0) is also shown. The polarization
is plotted in fig. 3 in the same manner. The correction to the spectrum is significant
but not spectacular, the largest effects are found near the middle of the spectrum
where the detour transitions increase the intensity by about 25 9. The effect of the
detour transitions on the polarization is more striking but may be more difficult to
observe.

We conclude with two comments,

(i) We have taken into account only the first-order Coulomb corrections, which
for a nucleus like *°Y (Z = 40 in daughter °°Z) are not small. We do not know how
to calculate correctly the higher-order corrections. Following the suggestion of Lewis
and Ford '!), one can attempt to take these higher-order corrections into account
by replacing the factor 1+n2Z W/p by the Fermi function F(Z, W). As shown by
Lewis and Ford, this does not alter the first-order results significantly.
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(ii) We have calculated the effect of detour transitions only for unique first-for-
bidden beta decays. For allowed transitions (4J = 0, 1, no), the detour transition
must involve a combination of either a first-forbidden beta transition with electric
dipole nuclear radiation or an allowed beta transition with magnetic dipole or elec-
tric quadrupole nuclear radiation. In either case, after performing the sums over all
intermediate nuclear states, the nuclear matrix elements for the detour transition are
of second-forbidden type and hence are entirely negligible. In the case of first-for-
bidden transitions other than unique, it should be clear that the discussion is valid
just as in the case of the unique first-forbidden transition. The only difficulty is the

107%¢
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0 DIRECT 08t
K dl"? orr DIRECT
= ==} 06~
r; dk =P 0
ME N wiTh DETOUR
1074 04
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02
0t
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B TEs T0 35 20 25 36 35 05 10 15 20 25 30 35 40 45
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Fig. 2. The spectrum of inner bremsstrahlung  Fig. 3. The negative of the polarization of inner
for 7°Y. The photon energy is in units of elec-  bremsstrahlung as function of photon energy for
tron rest energy. 29Y. The photon energy is in units of electron

rest energy.

practical one that more than one nuclear matrix element appears, and these can be
determined with only limited accuracy from the spectrum of the beta decay. Hence
there are in effect additional parameters in the matrix elements for inner brems-
strahlung which make it difficult to identify experimentally the effects of the detour
transitions. Of course if there is sufficient interest, the calculations can be performed
for such cases as well as for second-forbidden decays.

Finally, we wish to acknowledge helpful conversations with K. T. Hecht, R. R.
Lewis, Jr, and G. Parzen.
Appendix

The integrals occurring in sect. 5 are all elementary; we quote in this appendix the
results of their evaluation. The first of these integrals may be expressed in terms of the



468

G. W. FORD AND C. F. MARTIN

integrals /5(x, W,) and I,(x, W,) of Lewis and Ford '!). We find

Fl(k’ WO)

Fz(k’ WO)

Fy(k, Wo)

Fu(k, Wo)

Fs(k, Wo)

=m {13 (x K) +naZl, (x, %)} s
m m

= m7y{y[(3x* + }) log (x +5)— (15x* + $3)xs]
+y[—0(x*+3)x log(x+s)+(7—x +1370% +1s)s]
+[—(3x* — 1x® —5) log (x +5) +(Sox* +3%ox* — H$)xs]}
+m'naZy{ — y*[5x* —1x* +%x— 1]

+y[:}x log? (x +s)—(3x*+1)s log (x +5)

+05x7 + 2 4 §x - 22

+[—(3x*+2) log? (x +5)—(3x* — 23)xs log (x +5)

+35x° +i3xt — 33x + 8x - 31},

= m y’[3x log (x+5)+(fsx* —7%x" —1%)s]

+m ' naZy*[{#:x° — 4x? +x 2],

= m p{y’[(3%* +)x log (x+5)— (}5x* +3)s]

+y'[(3x* +x7 + 1) log (x +5)— (33" + $3)xs]
+y[(3ex*+ 3%+ To)x log (x +5) —(14d9x* + 3e00x
+[(Tx +4x* "_o'x —ag) log (x+5)— (13890103‘ +T83'solox -
+m'naZy{y’[ —3x log? (x +5)+(4x* +%)s log (x +5)—L1ix
+y?[(x*+3) log? (x+5) + (3x* ~ 2)xs log (x +5)— %%x4+3
+y[~(x2+3)x log? (x+5) +(33x* + Zx? + $%)s log (x +

14175 2467, 3 104, 2_163 1339
—1800% +x* —366 Xt st x 455

775))

7¢5e)xs]}
+x x+;]
lx2 80x+2]

s)

+[(3x* +31x% +3) log? (x+5) + (115 x* — 15ix? — 53)xs log (x +5)

— 2016 1949,4 80,3, 5392 —1328 1y
= m"y*{y[(4x*+3) log (x +5)— (_fx +33)xs]
+[—(3x2+$)x log (x +5) +(Fox* + 25 x 2 + )5}
+m naZy*{y[ —Lex* +4x2 —3x+4]

+[4x log? (x+5)—(3x*+3)s log (x +5)

+3x° +3ix3 -3t +3x -3}

In these expressions
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