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Abstract: The kinematical constraints of helicity amplitudes are studied using the 
general ideas of Jackson and Hite. The helicity amplitudes are expressed in 
terms of a Taylor ser ies  expansion from which all constraints at threshold and 
pseudothreshold can be tr ivial ly found. The simplicity of this approach is i l lus-  
trated by deriving all of the constraints for 7rp --* N~ and ~rp --* AN. 

1. INTRODUCTION 

One of the d i f f i cu l t i e s  in developing  d y n a m i c a l  t h e o r i e s  for  the d e s c r i p -  
t ion of s c a t t e r i n g  p r o c e s s e s  has  been  the d e t e r m i n a t i o n  of which c h a r a c t e r -  
i s t i c s  of the p r o c e s s e s  a r e  pu re ly  k i n e m a t i c a l  and which a r e  p u r e l y  dynam-  
ica l .  The e x t r a c t i o n  of a l l  of the k i n e m a t i c a l  a s p e c t s  of the s c a t t e r i n g  p r o -  
c e s s e s  1 + 2 -~ 3 +4 f r o m  he l i c i ty  a m p l i t u d e s  [1] has  been  a t t emp ted  by s ev -  
e r a l  au tho r s  us ing  many d i f fe ren t  a p p r o a c h e s  [2-5].  One of the m o r e  i n t e r -  
e s t ing  me thods  is  tha t  of J ackson  and Hite  [3] who use  n o n - r e l a t i v i s t i c  ideas  
coupled  with ve ry  e l e m e n t a r y  m a t h e m a t i c s  to d e t e r m i n e  a l l  of the f a c t o r -  
i zab le  k i n e m a t i c a l  s i n g u l a r i t i e s  in the s (c .m.  ene rgy  squared)  p lane  (they 
ind ica t ed  how one might  d e t e r m i n e  the s i n g u l a r i t i e s  in the w = 4-~ p lane  but 
they did not ac tua l l y  c a r r y  th is  out; th i s  was done by Henyey [3]). While  
J a c k s o n  and Hire out l ine  a g e n e r a l  a p p r o a c h  to so lv ing  the p r o b l e m  of f ind-  
ing the k i n e m a t i c a l  c o n s t r a i n t s ,  they do not ac tua l ly  c a r r y  out the ma the -  
m a t i c s  except  in one or  two spec i f i c  c a s e s .  Th is  p a p e r  shows that  the b a s i c  
i d e a s  u sed  by J a c k s o n  and Hite  to f ind the f a c t o r i z a b l e  k i n e m a t i c a l  s i n g u l a r -  
i t i e s  ca~: a l s o  be  used  to so lve  the p r o b l e m  of f inding a l l  k i n e m a t i c a l  con- 
s t r a i n t s .  We a r e  ab le  to show that  the he l i c i t y  s c a t t e r i n g  a m p l i t ude s  for  
1 +2 ~ 3 +4 can be e x p r e s s e d  in a T a y l o r  s e r i e s  l ike  expans ion  about each 
t h r e s h o l d  a n d / o r  p s e u d o t h r e s h o l d  and that  a l l  of the k i n e m a t i c a l  c o n s t r a i n t s  
can be e x t r a c t e d  f r o m  th i s  one s i m p l e  equation.  The s i m p l i c i t y  of th i s  
equat ion i s  i l l u s t r a t e d  by s tudying the r e a s o n a b l y  c o m p l i c a t e d  p r o c e s s e s  
pTr ~ N ~  and p~ --~ N A. 

Although T r u e m a n  [6], working  independent ly ,  has  a l r e a d y  d i s c u s s e d  the 
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p r o b l e m  of k i n e m a t i c a l  c o n s t r a i n t s  f r o m  an e n t i r e l y  d i f f e r e n t  po in t  of view,  
the  p r e s e n t  p a p e r  a f fo rds  a d e e p e r  i n s igh t  into the p h y s i c a l  o r i g i n s  of the 
c o n s t r a i n t s  and  shows exp l i c i t l y  tha t  k i n e m a t i c a l  s i n g u l a r i t i e s  and con-  
s t r a i n t s  a r e  c a u s e d  by the s a m e  p h e n o m e n a .  Whi le  T r u e m a n  u s e s  d i f f e r e n t  
p h a s e  c o n v e n t i o n s  and  d i s c u s s e s  h e l i c i t y  a m p l i t u d e s  r a t h e r  than  p a r i t y  con-  
s e r v i n g  h e l i c i t y  a m p l i t u d e s  as  done h e r e ,  the r e s u l t s  of T r u e m a n ' s  work  
and  th i s  p a p e r  can  be shown to be c o m p l e t e l y  c o n s i s t e n t  with one ano the r .  

Sect .  2 s u m m a r i z e s  the r e s u l t s  of t h i s  p a p e r  and  s t a t e s  a se t  of r u l e s  
for  f ind ing  a l l  of the  k i n e m a t i c a l  c o n s t r a i n t s .  Sect .  3 g ives  e x a m p l e s  of the 
u s e  of t he se  r u l e s .  In append ix  A n o t a t i o n s  and  c o n v e n t i o n s  a r e  d i s c u s s e d  
whi le  the r e s u l t s  of th i s  p a p e r  a r e  d e r i v e d  in  de ta i l  in  append ix  B. F i n a l l y  
in  append ix  C we r e v i e w  the p r o b l e m  of f ind ing  the k i n e m a t i c a l  c o n s t r a i n t s  
at  s = 0 which ex i s t  i ndependen t l y  of whe the r  or  not  m 1 = m 2 a n d / o r  
m 3 = m 4 and a r e  not  i nc luded  in the r e s u l t s  of sec t .  2. 

2. KINEMATICAL CONSTRAINTS 

As is  wel l  known the h e l i c i t y  s c a t t e r i n g  a m p l i t u d e s  for  two body s c a t t e r -  
ing p r o c e s s e s  1 +2 ~ 3 +4 have k i n e m a t i c a l  s i n g u l a r i t i e s  at  the t h r e s h o l d s  
(~(mi+ mi)) and p s e u d o t h r e s h o l d s  (±(m i- mj)) of the  i n c o m i n g  and  outgoing 
p a r t i c l e s :  By c a r e f u l l y  i n v e s t i g a t i n g  why t h e s e  s i n g u l a r i t i e s  o c c u r ,  we have  
b e e n  ab le  to exp l i c i t l y  s e p a r a t e  the g e n e r a l  s c a t t e r i n g  a m p l i t u d e  for  two- 
body s c a t t e r i n g  into a s u m  of t e r m s  each  hav ing  a d i f f e r en t  d e g r e e  of s i n g u -  
l a r i t y  at t h r e s h o l d  a n d / o r  p s e u d o t h r e s h o l d .  Af te r  m u l t i p l y i n g  th i s  s u m  by 
the  a p p r o p r i a t e  f a c t o r s  to e l i m i n a t e  a l l  t h r e s h o l d  and  p s e u d o t h r e s h o l d  k i n e -  
m a t i c a l  s i n g u l a r i t i e s ,  we e s s e n t i a l l y  have  a T a y l o r  s e r i e s  about  the  t h r e s h -  
o lds  a n d / o r  p s e u d o t h r e s h o l d s .  We can  now u s e  th i s  s e r i e s  to t r i v i a l l y  de-  
t e r m i n e  a l l  of the k i n e m a t i c a l  c o n s t r a i n t s  at the  t h r e s h o l d s  a n d / o r  p se udo -  
t h r e s h o l d s :  for  any  g iven  p r o c e s s  at any  t h r e s h o l d  or  p s e u d o t h r e s h o l d ,  7, 
( i .e .  • = + ( m i +  mj)) we se t  the c .m.  e n e r g y  s q u a r e d ,  s,  (for the c a s e  B F  
~ B F ,  u se  7 = ~ w h e r e  B r e p r e s e n t s  a b a r y o n  and  F a f e r m i o n )  * equal  to 
T 2 thus  f o r c i n g  a l l  but  the  f i r s t  t e r m s  in the s u m  for  each  s c a t t e r i n g  a m p l i -  
tude  equa l  to ze ro .  S ince  s e v e r a l  of t h e s e  f i r s t  t e r m s  wi l l  be  p r o p o r t i o n a l ,  
we have  a s e r i e s  of c o n s t r a i n t s  which a r e  c a l l e d  n o n - d e r i v a t i v e .  Next  d i -  
v ide  the  s c a t t e r i n g  a m p l i t u d e  by v2 (use  ~2 b e c a u s e  of a n g u l a r  m o m e n t u m  
c o n s e r v a t i o n  - s ee  append ix  B) and  then  se t  s = ~2 (or v~ = v for  B F  ~ BF) 
and  thus  a l l  but  the f i r s t  two t e r m s  in the  s e r i e s  go to ze ro .  F o r  m a n y  
s c a t t e r i n g  p r o c e s s e s  the n u m b e r  of i ndepende n t  s c a t t e r i n g  a m p l i t u d e s  is  
s t i l l  l a r g e r  t han  the n u m b e r  of u n k n o w n s  i n t r o d u c e d  in  th i s  e x p a n s i o n  and  
thus  t h e r e  a r e  m o r e  c o n s t r a i n t s ;  t h e s e  a r e  c a l l e d  f i r s t  d e r i v a t i v e  con-  
s t r a i n t s  b e c a u s e  they invo lve  the  s e c o n d  t e r m s  in a T a y l o r  s e r i e s .  Next  we 
d iv ide  the a m p l i t u d e s  by T4 and  then  se t  s = ~2 (or ~/s = T) and  d e t e r m i n e  if 
we have  s t i l l  m o r e  c o n s t r a i n t s  ( second  d e r i v a t i v e  c o n s t r a i n t s ) .  We can  
con t inue  th i s  p r o c e s s  of f i r s t  d iv id ing  by even  p o w e r s  of T and then  s e t t i n g  

* As indicated by ref. [3] one need only use the ~s plane for BF reactions while for 
all other reactions the use of ~ and s planes give identical resul ts  (see eq. (12)). 
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s = T 2 (or ~ss= ~') until the number  of unknown equals the number  of inde- 
pendent sca t te r ing  ampli tudes,  for  then no additional cons t ra in t s  exist. 

While the ma themat i c s  of developing this method is not difficult we shall  
omit  it here  (see appendix B for  details) and simply state  the resu l t s .  The 
Tay lo r  s e r i e s  like expansion mentioned above for  the s (c.m. energy) chan- 
nel par i ty  conserv ing  helici ty amplitude f ree  of kinematical  s ingular i t ies  
for  the p r o c e s s  1+2 - - ,3+4 (see fig. 1) is: 

fk3x4;~lX2(s, t) 

= ~ ~ S i + S j ~  D-  

O Sij=Si+Sj 

where:  

X = k l - k 2  , 

(Si;~iS j - x: l sijx i-  ~:) 
( (Sij  + )~i - - - - ~  ;~j) !(Sij  +---~X-j -~ ~i) !)½ (hi  - ;~j)D+a~- 

D,?? ±D 
X g s i  j ( ;~aXbSabSijLab J)  ( (ss - 7-ij)2 , (1) 

t~ = X 3 -  X 4 , S i = spin of ith par t ic le  , 

77 = (-)JP (J = total angular  momentum,  P = pari ty) , 

= s q -  (si + O ) ,  

• e i~(X3-X4) for  i , j  = 3,4 , 
phase fac tor  

=te-i~(;~l-~2) for  i , j  = 1 ,2  . 

D = 0 , 2 , 4 , 6 , . . . ,  

~'ij = symbol  for  any one of the four possible  thresholds  or  pseudo- 
th resho lds  of pa r t i c l e s  i , j  ( i , j  can be 1,2 or  3,4). Thus "rij = 
= ( m  i ± rnj). 

D,77 g s i j  = the ith t e r m  in the expansion and is a function of its a rgument s  
where a, b r e f e r  to the two pa r t i c l e s  whose threshold  or pseu-  

t Channel 

rn 1, S l ,q l :  L,Z P,Z'~ m2'sz' ~qz 

~s Channel 
Fig.  1. The  k i n e m a t i c s  of 1+ 2 --~ 3 + 4  w h e r e :  m , S , ~ , ?  7 a r e  m a s s ,  sp in ,  h e l i c i t y ,  i n -  
t r i n s i c  par i ty ,  L12(L34 ) is  t o t a l  o r b i t a l  a n g u l a r  m o m e n t u m  of i n c o m i n g  (outgoing) 
p a r t i c l e s  and  P12(P34)  i s  c e n t e r - o f - m a s s  l i n e a r  m o m e n t u m  of i n c o m i n g  (outgoing) 

p a r t i c l e s .  
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dothreshold we are not studying and L is the orbital angular 

momentum. 

a t /  

Si+S . -v  
oL = ½(1 - 7p?iT?j(- 1) 3 ) , 

- S  i -  - v  = ½(1 - 7?v/i~?j(- 1) Sj ) ,  

= ½(1 - ~p?iT?j( - 1 )S i -S j  - v )  , 

1 ~ ? i ~ ? j ( - 1 ) - S i + S j - v ) ,  

= f a c t o r  n e c e s s a r y  to  i n s u r e  p a r i t y  c o n s e r v a t i o n .  F r o m  r e f .  [3] 
w e  f i n d  (a~? = a +  f o r  7 / =  + a n d  a T = a -  fo r  7? = - )  

T = m i  + m j , 

7" = - ( m  i + m j )  , 

~" = m i -  m j  , 

T = - m i + m  j , (2) 

f o r  v = 0(½) if  S i + S  4 = i n t e g e r  (ha l f  i n t e g e r ) .  
A s  i n d i c a t e d  a b 6 v e ,  eq.  (1) d o e s  not  d e t e r m i n e  the  c o n s t r a i n t s  which  o c -  

c u r  a t  s = 0 i n d e p e n d e n t l y  of w h e t h e r  o r  not  m 1 = m 2 a n d / o r  m 3 = m 4. 
T h e r e f o r e  t he  r e s u l t s  c o n t a i n e d  in eqs .  (1), (4) and  (5) a t  p s e u d o t h r e s h o l d  
f o r  m i = m] a r e  on ly  v a l i d  when t h e s e  s = 0 c o n s t r a i n t s  a r e  e x c l u d e d  f r o m  
c o n s i d e r a t m n .  In a p p e n d i x  C, we d i s c u s s  t he  p r o b l e m  of f i nd ing  t h e s e  a d -  
d i t i o n a l  c o n s t r a i n t s .  F o r  c o m p l e t e n e s s  and  c l a r i t y  we l i s t  t he  r e s u l t :  t h e s e  
c o n s t r a i n t s  a t  s = 0 f o r  e a c h  a m p l i t u d e  such  tha t  ;% p ¢ 0 a r e :  

Y 3x4; XlX2 t) -- - -  I x .  p ] fX3X4;XlX2 ' 

2 2 2 2 > 0 a l l  m a s s e s  une qua l  , = ± if  (rn 1 -  m2) (m 3 -  m 4) < 0 

> 0 m i m j  , m a ¢ m b , = ± i f  (m2a- m~) < O , = 

= + i f  m 1 = m 2 = m 3 = m 4 .  (3) 

Eq. (1) i s  e x t r e m e l y  s i m p l e  to  u s e  in o r d e r  to  f ind  the  k i n e m a t i c a l  con-  
s t r a i n t s .  B e f o r e  i l l u s t r a t i n g  t h i s  s i m p l i c i t y  by s t u d y i n g  the  r e a s o n a b l y  
c o m p l i c a t e d  p r o c e s s  lrp ~ N ~ ,  we l i s t  two e q u a t i o n s  ( s e e  a p p e n d i x  B fo r  t he  
d e r i v a t i o n )  w h i c h  d e t e r m i n e  the  n u m b e r  of c o n s t r a i n t s  in any  p r o c e s s  and  
the  n u m b e r  of t e r m s  ( i . e . ,  d e r i v a t i v e s )  t ha t  m u s t  b e  i n c l u d e d  in t he  e x p a n -  
s i o n  of eq. (1) in o r d e r  to  d e r i v e  a l l  of t h e s e  c o n s t r a i n t s .  

If M+(M_) i s  the  n u m b e r  of i n d e p e n d e n t  a m p l i t u d e s  f o r  77 = +(-)  wi th  
ha ,  kb f i x e d  bu t  u n s p e c i f i e d ,  the  n u m b e r  of d e r i v a t i v e s  N± which  m u s t  b e  
c o n s i d e r e d  a t  t h e  t h r e s h o l d  o r  p s e u d o t h r e s h o l d  ~ J  of p a r t i c l e s  i , j  in o r d e r  
to  d e t e r m i n e  a l l  of t he  c o n s t r a i n t s  can  be  found b~ s o l v i n g  

n(3 + a+) - 2 = m i n  (M+, S i +S i - v)  , (4) 

f o r  n and  then  s e t t i n g  
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= t n '  n integer 

N+ ~ la rges t  in teger  in n+ 1, n not integer 
if Si + Sj - v < M , 

in -  1), n in teger  
N± = I l if S i + S j - v  >~ M+ , 

l a r g e s t  in teger  in n, n not integer 

and where N+ = 1 means  non-der iva t ive  cons t ra in ts ,  N+ = 2 means  f i r s t  
der iva t ive  cons t ra in t s  etc. 

Once N+ is known the total number  of cons t ra in t s  at Tij (again for ha, ~b 
fixed but unspecified) C+ can be found by 

C+ = N+M+ - {~(N±)( +- 1) ( l~a+)+2(Y+-  1)}+~i j ,  (5) 

where 

l l if min (M+,Si+S i -  v) = Si+S j -  v and n not integer  and n > 1 , 

~ij = 
0 otherwise ,  

C+ = 0 whenever  the r igh t -hand side of eq. (5) is < 0 . 

The above d iscuss ion  can be s u m m a r i z e d  by giving a l is t  of ru les  for  
finding all of the k inemat ica l  cons t ra in t s  for the p r o c e s s  1 +2 -~ 3 +4 at any 
threshold  (pseudothreshold) ~ij of pa r t i c l e s  i , j  where a, b r ep re sen t  the 
o ther  two pa r t i c l e s  (recal l  that except for  BF ~ BF we can use the s plane). 

(i) Using par i ty  conserva t ion  and t ime r e v e r s a l  invar iance  de termine  
the total number  of independent ampli tudes M+ for ~? = + and 77 = - with 
ha, ~b fixed but a r b i t r a r y .  

(ii) Find a+ (i.e., ~ for ~? = + and -) using eq. (2). 
(iii) Now use M+ and a± together  with eq. (4) to de te rmine  the number  of 

der iva t ives ,  N+, which must  be cons idered  in o rde r  to find all of the con- 
s t ra in ts .  

(iv) Next use M+, a.~, N+ and eq. (5) to find the total number  of con- 
s t ra in t s  C+ that exist  at Tij for  ha, ~b fixed but unspecified. 

(v) For  each independent amplitude expand eq. (1) with ~'D including 
the t e r m  D = 0 only. Solve this set  of equations for  all non-der iva t ive  con- 
s t ra in ts .  

(vi) If N+ = 1 expand eq. (1) for  each independent amplitude with ~D in- 
cluding only D = 0 and 2. Solve the resul tant  equations for  the f i r s t  der iva-  
t ive cons t ra in ts .  

(vii) If N+ > 2 expand eq. (1) with ~D now including D = 0, 2, 4 and solve 
for  the second der ivat ive  cons t ra in ts .  

(viii) Repeat  N+ t imes  this p rocedure  of adding one t e r m  to ZD in eq. (1) 
and then solving for  the cons t ra in ts .  

(ix) After  having found all of the cons t ra in t s  at Tii let ha, ~b vary  over  
all  the i r  values consis tent  with par i ty  conserva t ion  aVnd t ime r e v e r s a l  in- 
var iance .  
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In o r d e r  to f ind all  of the k i n e m a t i c a l  c o n s t r a i n t s  r e p e a t  s t eps  ( i ) -  (ix) 
f o r  each  t h r e s h o l d  and  p s e u d o t h r e s h o l d .  

(x) Use  eq. (3) to  f ind the  c o n s t r a i n t s  at  s = 0 which ex i s t  independent ly  
of whe the r  o r  not  m 1 = m 2 a n d / o r  m 3 = m 4 .  

3. E X A M P L E S  

In o r d e r  to i l l u s t r a t e  th is  m e t h o d  of f inding k i n e m a t i c a l  c o n s t r a i n t s  and 
to  show i ts  s i m p l i c i t y ,  we sha l l  s tudy  the two p r o c e s s e s  plr ~ NN and 

(A) p0r ~ NI~: B e c a u s e  th i s  r e a c t i o n  invo lves  BB -~ F F  we can  w o r k  in the  
s p lane .  Us ing  p a r i t y  c o n s e r v a t i o n  one ea s i l y  f inds  the  s ix  independent  a m -  ~ - -  __ 
p l i tudes :  f½½10'  f½-½10 '  f½½00' f½-½00" 

(a) NsP,~r ( n o r m a l  t h r e sho ld ) .  S teps  (i) and (ii) in the above  s e t  of r u l e s  

i m p l y  tha t  M+ = 1 (f+ ~ v . .~..N10) , M_ = 2 (]~NkN10 , ]~NkN00)  and that  q+ = 1, 

~_ = 0 .  Then  us ing  s t e p s  (iii) and (iv) we h a v e N + =  1, N_ = l a n d  C + = 0 ,  
C_ = 1. Thus  we have  no c o n s t r a i n t s  f o r  77 = + and one n o n - d e r i v a t i v e  con-  
s t r a i n t  f o r  77 = - .  F o r  77 = - we only need  s tep  (v) s ince  N- = 1. Us ing  eq. 
(1) we have  

Jx - xN00 (1100111> 0, - 
= ~/~ g l  ' 

.,~ (1000] 10) O,-  
fXNkNO 0 - /3  1 g l  

/3 = e-i~r(XP -k~r) . 

(b) P s  p 'n  (p seudo th resho ld ) .  We f ind the s a m e  r e s u l t s  a s  at  NsPJr. 

(c) N s  NN ( n o r m a l  t h re sho ld ) .  S teps  (i) and (ii) imply  tha t  M+ = 2(f~½kpXn , 

f+_½~.pX~r), M_ = 2(]i½Xp).n, ~_½~.p;~n) and ~+ = 0, a_ = 1. F r o m  (iii) and 

(iv) N + =  1, N_ = l a n d  C + =  1, C- = 0 .  F o r  T/ = + we only need  s tep  (v) 

*+ <½½½-½1 o,  + 
f½½XlX2 =/3 v~ g l  ' 

[ l ± ! ±  
= /3 \ 2 2 2 2  1 1 1 )  0, ÷ 

f-~-½x lX2 1 g l  ' /3 = e/n(XN-XN) " 

(d) p N ~  (pseudo th resho ld ) .  We f ind the  s a m e  r e s u l t s  as  at  g s  NN excep t  
= +(-) is  r e p l a c e d  by ~? = -(+) e v e r y w h e r e .  

(e) s = 0. Us ing  eq. (3) 

-f½-½10 = f½-½10 " 

T h e r e f o r e  we can s u m m a r i z e  
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at NsO'~ : 

- f i ~  10 (s) 1 - -  __ = - ~  f ½½oo(S) , 

-f½_½ 10 (s) = --~ f ½_½oo(S) • 

at  PsP, lr: s a m e  a s  NsP'U. 

a t  NsNR: 

~+ - 1 ~+ 
f½½ 10 (s) = ~ f ½ _ ½  10 (s) • 

at  s = 0 (a l so  p N N  if m N = mR):  

f½½10 (s) = (-~Y~ ~ i0 (s) = q2 ~-~ 

1 ~+ 
~- f½_½10  (s) , 

- -  - ( - )  7-~ , Cs~ f ½½oo ( s )  - ~ J ~ - ~ 0 0 '  ' "  

T h e s e  r e s u l t s  a g r e e  with the  me thod  of i nva r i an t  amp l i t udes  [7]. 
(B) pTr ~ AM: As in e x a m p l e  (A) we can u s e  the s - p l a n e .  In th i s  c a s e  we 

-4- ~ 1 1 1 
have  12 independent  a m p l i t u d e s  (fXAXN10 , f ; tAXN00,  XA = 2, ~, XN = ~,-~) .  

~p ,  zr 
(a) - ' s  s ee  e x a m p l e  (A), p a r t  (a). 

(b) P s  p,~ s ee  e x a m p l e  (A), p a r t  (b). 

(c) At the  n o r m a l  t h r e s h o l d  Ns AN of AR we have 

a+ = 1 ,  c A + N = 2 ,  N+ = 1 ,  M+ = 4 , 

vz_ =0, cAN=4, N_ =2 ,  M_ =4 - -  ° 

~ i  ,½X lX2 

Tha t  is we have  fo r  ~? = +, 4 independent  a m p l i t u d e s ,  with two n o n - d e r i v a -  
t ive  c o n s t r a i n t s  and fo r  77 = - ,  4 independent  a m p l i t u d e s  with four  c o n s t r a i n t s  
which  a r e  a m i x t u r e  of n o n - d e r i v a t i v e  and f i r s t  d e r i v a t i v e  c o n s t r a i n t s .  In-  
s t e a d  of wr i t i ng  down all  of the a p p r o p r i a t e  equa t ions  f r o m  eq. (1) we sha l l  
s i m p l y  l i s t  a t yp i ca l  e x a m p l e  fo r  f inding the  d e r i v a t i v e  c o n s t r a i n t s :  

I ,~-~]21> 0,-I<~,,,~-~]21} 2,-,,,~-,~-~ 11> 2,-} 
v~ g2 + q~ g2 + ~/~ g l  

× (s - m N + MA) 2 + { t e r m s  of o r d e r  (s - (m N + MA)2)2}J . 

At the p s e u d o t h r e s h o l d  p ~ N  of AN we have  the s a m e  so lu t ions  as  in (a) 
(c) excep t  ~? = +(-) is r e p l a c e d  by 77 = -(+).  

(e) At s = 0 we have  f r o m  eq. (3) 
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Summar iz ing :  

At NsP,~: 

f ~  _l,a = +f2~,½10 , 
2 ~2 - t u  

~ +  

f~ -± ,n  = + f 1 1 
2 ~ 2 "tU 2 ~ ,-~ 0 

f½-½10 = +/2 ~,-½10 " 

f2 a ,½10 (s) 

f½½10 (s) 

=--~ f 2~,½00(s) , 

1 
= j T , ~ . ( s )  -~ ~'~ u,,, ' 

f~,-½10 (s) : -~f2~,_½00 (s) , 

f½-½10 (s) : - ~  f ½_½00 (s) • 

A t / ~ s  ,y s ame  r e su l t s  as  Ns~=. 

A t N  ~A (for kp = ~ )  

- I  ~ -  
--~ f ½_½XpO (s) , 

(non-der iva t ive  constraint)  , 

~(A-~x o +F- 'x o ) + (~--~x o+?; 'x o ) 
. 22 p 2-~ p 2 2 p 2-~ p = finite, 

[s- (mA+ mN )2] 

(first-derivative constraint) , 

22/9 

2 2,,pv - -  >,p0 J2 ~ pV 

At Ps ~ have same results as s ~ except ~/= +(-) replaced by ~/= -(+) 

everywhere. 



KINEMATICAL CONSTRAINT 649 

At s =  0: 

7L,~ lO(~) = ~_~ lO(~), 

f}_½10(s) = f} .½10(s)  , 

f+_½10 (s) = f~_½ lo(s) " 

I would l ike to thank Dr.  F. Henyey for  many helpful suggest ions and 
Drs .  G. Kane, M. Ross and Y-P .  Yao for  useful  c r i t i ca l  evaluat ions for  this  
paper .  

APPENDIX A 

This  paper  shall  be concerned  with the p r o c e s s  1 +2 --* 3 +4 where  we 
define (see fig. 1) 

l=  ( P 3 - P 1 )  2 , 

s = (P1 +P2) 2 = (c.m. energy) 2 , 

u= ( P 4 - P 1 )  2 ,  

• ° • . 

N~'_: = w - ( m  i + m j )  P~'_: : w -  ( m  - . , j )  
W ~ W 

N z 'J  = s -  ( m  i +mj) 2 (normal  threshold)  
S 

i , j  = 1,2 or 3 ,4  , 

p Z,3 = s - ( m  i - m j )  2 (pseudothreshold)  
S 

P 1 2  = 2x/~ ' P 3 4 =  2,/-s ' 

Z -= c o s  0 S = 

2_ 2 2_ 2 2st+s2-s~+(m I m2).( % %) 
1 

NI,2 pI,2N3,4 p3,4 
S S S S 
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1 

= 2(s ¢(s, 0): 
s in0s  N1,2  p 1 , 2  N3,4  p 3 , 4  ' 

S S S S 

4 
~o(s,t) s t  ( ~  2 2 2 2 2 21 2 2 2 = m.  - s -  t ) -  s ( m  2 -  - t(rn - 1 ~ m4)(ml rn3)- m2)(rn3- m4) 

2 2  2 2,, 2 2 2 2 / 

- tin-m-14 - rn2m3)~rnl + rn4- rn2- rn_J 3" 

where in o rder  to simplify phase problems we have chosen the same scat-  
ter ing angle as  ref.  [2] (see fig. 2) and where ¢(s ,  t) = 0 is the physical  
boundary of the sca t te r ing  process  [8]. 

3;¢ 

/ 2 
z, 

Fig. 2. Phase convention for the process 1 +2 --* 3 +4. 

We shall study the problem of k inemat ical  constra ints  using helici ty am- 
plitudes. Since these ampli tudes do not possess  a definite par i ty  [1], we 
shall  follow the common pract ice  [9] of taking l inear  combinations of the 
hel ici ty ampli tudes such that the resul tant  is an amplitude of definite ~ par-  
ity (7 = ( - ) J P  where J'= total angular  momentum and P = parity).  These new 
ampli tudes a re  cal led par i ty  conserving helici ty ampli tudes and a re  defined 
by: 

f-23X4,X lX2(s, t) : (42 cos (½0))- pt+p. I (v~ sin (½0))- Ix- ~ I fx3x4, x lX2 

• .,X+Xm.~ +S~+SA- IX- U I + ~ 3 ~ 4 t - 1 )  , ~  , ,  = u ( , ~  cos(½O))- 

where 

X (~/2 sin(½0))-IX+~ I f_X3_X4,XlX2 , 

~i =- intrinsic parity , X = Xl-X2 , 

(6) 

S i -  s p i n ,  ~ =X 3 - x  4 .  

If we assume the usual  par t ia l  wave expansion for the helici ty ampli tudes:  

fX3X4,XlX2(s, t) = ~ (2J+ 1)(JMX3X 4 IF J IJM~IX2)dJ(o) , 
0 
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and inser t  this into eq. (6), we shall find [9] that: 

7a-3a-4,X la-2is' t) = ~ (2J + 1)eJ~(z) (J iX3a-4  1FJ'~? I JMa- la-2> 
0 

+ eJlz(Z ) (JMA3~4]F J(-~?) IJMXlX2) , (7) 

where ,  following ref .  [9], we have made the following definitions: 

<JMX3a-41F J'77 IJMXIa-2) = (a-3a-4 Ifgla-la-2 > 

+ n nan4(- l)Sa+S4-v<-a-a-a-4 lFJla-la-2>, (8) 

eJ~(z )  = ½(~f2 cos (½O) - la-+/~] (q2 sin(½0)- ]X-/~ldJ (0) 

+ 77(- 1) a-+a-max ½142 cos (½0)] -I a-- U l [~f~ sin (½O)] -] a-+g] d J_ U(O) , (9) 

Z - COS 0 s , 

a-max = max(la-I ,  I#1) ,  

with the J and M suppressed  on the r ight-hand side of eq. (8) for conven- 
ience. 

Finally for  la te r  r e f e r e n c e  we list  two useful formulae  [9-11]: 
1 

t (g+a-max) !(J-a-max) ! t ~ d~ J (O)  =f~ ~ ~  ~ [c°s(½0)]b[sin(½0)]aP(j-'b)ax (Z) 

p(a,b) (Z) - (a+n)! 
J-a-max (a+b+n)!n! 

J-a-max 
(a+b+n+a) l 

a=O 2a(a+a)! 0 (Z- l )  a , 

- i~rCx- . )  
a =  (Xma x - x m i n )  , ~ =  e , 

b = (kmax+kmin)  , 

n = J-Xma x , 

where  we have followed the phase conventions of ref.  [10]. 

(10) 

(11) 



65 2  D . M .  L E V I N E  

APPENDIX B 

Threshold and pseudothreshold constraints 
In t h i s  a p p e n d i x  we s h a l l  d e r i v e  eq. (1) wh ich  c o n t a i n s  the  i n f o r m a t i o n  

n e c e s s a r y  to  d e t e r m i n e  a l l  of the  k i n e m a t i c a l  c o n s t r a i n t s  a t  t h r e s h o l d  and 
p s e u d o t h r e s h o l d  f o r  t he  p r o c e s s  1 +2 ~ 3 +4.  We s h a l l  u s e  the  g e n e r a l  a p -  
p r o a c h  of J a c k s o n  and  H i t e  [3] who s h o w e d  tha t  f a c t o r i z a b l e  k i n e m a t i c a l  
s i n g u l a r i t i e s  o c c u r  b e c a u s e  of the  m i s m a t c h  b e t w e e n  the  z e r o s  of F J and  
the  p o l e s  of the  d J p ( 0 ) ( s e e  eqs .  (10) and  (11) which  i m p l y  tha t  

dJ~u ~ a l Z J - X m a x  + a 2 Z J - X m a x -  1 + " "  

w h e r e  the  a a r e  a n a l y t i c ) .  J a c k s o n  and  H i t e  [3] (and H e n y e y  [3] fo r  t he  c a s e  
of b a r y o n - f e r m i o n  s c a t t e r i n g )  s h o w e d  tha t  f o r  a l l  m a s s e s  une qua l  the  s c a t -  
t e r i n g  a m p l i t u d e  f r e e  of f a c t o r i z a b l e  s i n g u l a r i t i e s ,  fV ,  can  be  d e f i n e d  by:  

× \  w - /  k w +] \ w +] \ w - ]  

w h e r e  

a n d  w h e r e  

a N - 

uN+ 
llj 

Up+ 
W 

Up- 
W 

¢j  
W 

= S 1 +S 2 - ~tma x -  ½(1 - ~?~?1~2(- 1) S1+$2- v) , 

= S1 +$2  - k m a x -  ½(1 - 7y?1~2(- 1) -S1-S2-v)  , 

= _ i 1 , S1 + $ 2 -  ~tma x ~( - 7y?1772(-1)S1 -S2-v) 

= S 1 +S 2 - ~tma x -  ½(1 - ~?z71772( - 1) -SI+S2-v) , 

= S 3 +S 4 - ~tma x -  ½(1 - ~P73~74)(- 1) $3+S4- v) , 

= * l S 3 +S 4 - Xma x -  ~( - ~7773~74 (- 1)-$3 -S4-v) , 

= S 3 +S 4 - ~tma x -  ½(1 - ~?~3V4(- 1) $ 3 - $ 4 -  v) , 

= S 3 +S 4 - Xma x -  ½(1 - ~?~3~74(-1) -$3+$4-v) , 
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u = 0(½) if S i + Sj integer  (half integer) , 

Xma x = max (X, ~) , 

X=XI-X 2 , 

p = X 3 - X 4 • 

For  a typical  value of s the number  on unknowns on the r ight -hand side 
of eq. (6) is g r ea t e r  than the number  of independent hel ici ty ampli tudes and 
thus no re la t ions  exist among the different  ampli tudes.  However at t h resh -  
old and /o r  pseudothreshold  the exis tence of kinematical  s ingular i t ies  sepa-  
r a t e s  the unknowns into groups accord ing  to their  degree  of s ingulari ty.  
Multiplying eq. (6) by the appropr ia te  t e r m s  (see eq. (12)) to r emove  all 
f ac tor izab le  k inemat ica l  s ingular i t ies  and sett ing w equal to its values at 
some  threshold  which we want to study, say (mi+ mj), only the coefficients  
of the wors t  s ingular i t ies  survive  (see below). In many cases  the number  of 
unknowns now left is l ess  than the number  of hel ic i ty  ampli tudes so that we 
have cons t ra in t s  among the ampli tudes (called non-der iva t ive  constra ints) .  
Repeating this  p r o c e s s  but dividing by (w- (mi+ mj)) 2 (we use the square  
instead of a l inear  t e r m  because  of par i ty  conserva t ion  [3]) before  sett ing 
w = rni+ rnj we have not only the coeff icients  of the wors t  s ingular i t ies  su r -  
viving but a lso  the coefficients  of the next wors t  s ingular i t ies ;  if the num- 
ber  of unknowns in this case  is still l ess  than the number  of ampli tudes we 
have f i r s t  der ivat ive  const ra in ts .  We can continue this p r o c e s s  until the 
number  of unknowns is g r ea t e r  than or  equal to the number  of ampli tudes.  

In o rde r  to develop this idea more  p rec i se ly  f i r s t  rep lace  the helici ty 
wave functions of eq. (6) by L- S wave functions [ 1]: 

IJM~i~) = ~ l ~  +1 (Si~iSj-X j tSijXi-Xj> (Sij~i-)~jLO ]J~i-Xj> IJMLS> 
L,S [ 2S+1 

IJMLS) = ~ <SimiSjmjlSijmi+mj)<SijmimjLm IJm+mi+mj)]Lmmimj> , 
mi 'mj  (13) 

Sij = S i + S  j , M = rn+rni+m j , 

rn i = projec t ion of S i onto Z -ax i s  , 

which yields:  

f~?X3X4,~ Ix2(s, t) = ~g L 12,S12~ (SIXIS2-X 2 ]SI2XI-X2><SI2XI-X2L120 IJ~ l-X2) 

× ~ ($3X3S4-~ 4 IS34X3-X4)<S34X3-~4L340 IJX3-X4) 
L34,$34 
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xlehp(Z)J+ J7 + e J ~ ( Z ) F J ( ' 7 )  ~ o e,t 
F(L12,L34,S12,S34,S) (L12,L34,~12,o34,oj~ ' 

where FJ(L12 ,L34 ,S12 ,S34 , s  ) is shorthand for ([(2L12 + 1)(2L34 + 1)]/ 
1 j 

[(2S12 + I)(2S34 + i)]}2 × (JMS34L34 !F [JMSI2L12) and S!j = S i + Sj. 
Next using eqs. (9), (10) and (11) plus the definition [9] 

j+ 
ehv(Z ) = ehu(Z ) + e~,(Z) , 

one can eas i ly  der ive that: 

(2J)! e-iY(X-/a) 
J 2J 

! 1 
eh~ ((j_ hmax)! (J+ Xmax)! ( J -  hmin) .(J+hmin)l)g 

(14) 

J-hma x 

n=0 iZ 
j_hmax_ n (J-  hmax)(J -  hma x -  1 ) . . . ( J -  Xma x -  n+ 1) 

(2d-)(2J- 1)...(2J" n + I) 

7=1 n-1 

7=0 (n- 7)l~?!2-7( - 1) 7+n , (15) 

where the t e r m  in the square  brackets  is by definition equal to Z J - X m a x  if 
n = 0. And finally, using Racah 's  equation [ 12] and a moderate  amount of 
a lgebra  we have for m an integer:  

1 
<sx,J- S+m0]JX> = (m!(2g- 2S+m)!(2J+ 1)(2s- m)!)2 

(2J+ m + 1)! 

( (J-S+m)! (J+X)l(J-h)}]½ 
x i5:- s)~J-:~)! (S+h)!(S-h)V v=O 

where by assumption 

v-1 m-1 
(-1) v l -I  ( s + x - ~ )  ]-] ( s - h - v )  

~ =0 y=v 

( m -  v)! 

n - g  n 

H P(x)=-I , I-[P(x) -P(n)  , 
n n 

m - I }  I] 

]-[ (J-  s+7) ]-[ (J-  s+~) 
7=1 /3=1 

(16) 

a > O  . 

For  c la r i ty  consider  explicitly par t ic les  i , j  ( i , j  = 1, 2 or 3, 4) and substi tute 
eqs. (15) and (16) (with S = Sij , X = X i -  hi) into eq. (4) and collect t e r m s  in 
powers of k i -  hj (note that tor any n in eq. (15) the possible powers of Xma x 
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a r e  the  s a m e  a s  f o r  Xmi n so  tha t  the  e x p a n s i o n  f o r m  is  independen t  of 
w h e t h e r  ( h i -X j )  = Xmax  or  Xmin): 

~x3Tr/X4,XlX2(S ) = /3 ~ <SiXiS j - Xj [SijX i - Xj> 
S/j ((S/j +Xi -  Xj) !(S/j +Xj - Xi)!)½ 

J-Xmax 2(si+sj) 
X ~ ~ (Xi- Xj) m+n am'n(xa ,  Xb, Sab , Sij  , Lab , J, Z) , (17) 

n=O m=O 

w h e r e  a m,  n i s  s o m e  c o m p l i c a t e d  func t ion  of i t s  a r g u m e n t s ;  a ,  b r e f e r  to the  
o t h e r  two p a r t i c l e s  b e s i d e s  i , j ;  the  s u m  o v e r  m goes  f r o m  z e r o  to 2(Si+Sj)  
b e c a u s e  the  EL/ j  in eq. (14) i nc ludes  v a l u e s  of L/ j  f r o m  J -  (Si+Sj)  to 

J+ (S i +Sj);  and ES/j ex t ends  only o v e r  t hose  v a l u e s  of S/j which  can  coup le  

[12] to  L = J -  (S i+Sj )  + m + a  to g ive  L + S  = J .  F o r  the  def in i t ion  of fi ( see  
eq. (1). F r o m  above  we know tha t  eq. (17) has  k i n e m a t i c a l  s i n g u l a r i t i e s  
which  can  b e  r e m o v e d  [3] by m u l t i p l y i n g  by  K(1,  2, 3 ,4 ,  w, s) ,  w h e r e  
K(1,  2, 3 , 4 ,  w, s) is  s y m b o l i c  f o r  the t e r m s  in the  b r a c k e t s  of eq. (12). Us ing  
eqs .  (9) - (11) and a s s u m i n g  the u sua l  t h r e s h o l d  b e h a v i o r ,  F J c c p L  w h e r e  P 
i s  the  l i n e a r  m o m e n t u m ,  one can  e a s i l y  s e e  tha t  the  s c a t t e r i n g  a m p l i t u d e  
h a s  a z e r o  [3] of o r d e r  Li j  = J -  (S i + Sj) + m + a (m p o s i t i v e  i n t ege r )  and a 
s i n g u l a r i t y  of o r d e r  J -  Xma x -  n (n p o s i t i v e  in t ege r )  and  t h e r e f o r e  the  de -  
g r e e  of s i n g u l a r i t y  a t  t h r e s h o l d  ( p s e u d o t h r e s h o l d )  is  

( J -  Xma x - n) - ( J -  (S i + Sj) + m + a) = S i + Sj - (D + a) - Xma x , 

D = m + n ,  

0 
a = { 1 depend ing  upon p a r i t y  c o n s e r v a t i o n  ( see  eq. (3)) . 

B e c a u s e  fo r  any  D, m = 0, 1, 2 , . . . D ,  any  va lue  of Sij  will  c o n t r i b u t e  to a t  
l e a s t  one and u s u a l l y  m o r e  than  one t e r m  in the  s u m m a t i o n  of eq. (17) fo r  
i n s t a n c e  Sij = S i +Sj c o n t r i b u t e s  to a l l  t e r m s  in eq. (17) whi le  (if a = 0) 
Sij  = S i + S  j -  1 c o n t r i b u t e s  to a l l  t e r m s  exce p t  f o r  m = 0 b e c a u s e  S i + S  j -  1 
canno t  coup le  to L = J -  (S i +$4) to  g ive  J .  No t i c ing  tha t  the  c o e f f i c i e n t s  of 

m , n  • J .  . . a m eq. (17) a r e  only  func t ions  of Sij f o r  f ixed  Si, Sj, Xi, Xj, we can  e a s i -  
ly s e e  tha t  f o r  t h e s e  fou r  q u a n t i t i e s  f ixed  and f o r  any  f ixed  D the  s e t  of a l l  
a m,  n with the  s a m e  v a l u e  of Sij  ac t  e f f e c t i v e l y  a s  jus t  one unknown funct ion.  
T h e r e f o r e  eq.  (17) b e c o m e s :  

f23X4,XlX2(s) = K(1,  2, 3 , 4 ,  w, s) f-~3X4,X lX2 (s ) 

Si+S ~ D- a 
= ~ ~ <SiXiS j - Xj ISijX i - Xj> ()ti - xj)D+ar/-~ 

D Sij=Si+S j ( (Su+X,  Xj)! (Si j+Xj-Xi)[)½ " 

× (XaXbSabSi jLabJ) ( .~-r / j )~  , (18) 
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w h e r e  D = 0, 2, 4 , . . .  b e c a u s e  of p a r i t y  c o n s e r v a t i o n  (L m u s t  c h a n g e  by  2), 
~.Si j i s  r e s t r i c t e d  to  t h o s e  v a l u e s  of Sij which  can  coup le  to  L = J -  (Si+Sj)+ 

+D + a  to  g ive  L +S= J ,  gsDi~ i s  the  s u m  of t he  a m , n  of the  s a m e  Sij  m e n -  

t i o n e d  a b o v e  and  vii i s  s y m b o l i c  fo r  any  one of the  fou r  t h r e s h o l d s :  
+(mi+ mj). T h i s  i s  eq.  (1). 

A s  an  a i d  in u s i n g  eq. (18) we s h a l l  d e r i v e  an  e q u a t i o n  f o r  d e t e r m i n i n g  
the  n u m b e r  of ' d e r i v a t i v e s '  wh ich  m u s t  b e  i n v e s t i g a t e d  in o r d e r  to  f ind  a l l  
c o n s t r a i n t s  ( r e c a l l  t ha t  f i r s t  d e r i v a t i v e  m e a n s  i n c l u d i n g  t h o s e  t e r m s  w h o s e  
s i n g u l a r i t i e s  a r e  of t he  s e c o n d  h i g h e s t  d e g r e e  a s  we l l  a s  t h o s e  of the  
h i g h e s t  o r d e r ;  s e c o n d  d e r i v a t i v e  i m p l i e s  i n c l u d i n g  t e r m s  w h o s e  s i n g u l a r i -  
t i e s  a r e  of the  t h i r d ,  s e c o n d  and  h i g h e s t  o r d e r ,  e tc . )  and  we s h a l l  a l s o  d e -  
t e r m i n e  the  t o t a l  n u m b e r  of c o n s t r a i n t s  f o r  any  t w o - b o d y  s c a t t e r i n g  p r o -  
c e s s .  R e c a l l  the  i m p o r t a n t  q u a l i f i c a t i o n  d i s c u s s e d  fo l l owing  eq.  (2). 

A s  b e f o r e ,  c o n s i d e r  any t h r e s h o l d  o r  p s e u d o t h r e s h o l d  of p a r t i c l e s  i, j ( w e  
s h a l l  not  i n c l u d e  any  of the  c o n s t r a i n t s  a t  s = 0 which  o c c u r  i n d e p e n d e n t l y  
of  w h e t h e r  o r  not  m i = mj,  i . e . ,  w h e t h e r  o r  not  p s e u d o t h r e s h o l d  i s  a l s o  a t  
s = 0). L e t  M~. be  t he  n u m b e r  of i n d e p e n d e n t  a m p l i t u d e s  f o r  ~ = + and  Xa, Xb 
a r b i t r a r y  but  f ixed .  F r o m  eq. (18) we can  s e e  tha t  the  D = 0 t e r m  i n t r o -  
d u c e s  (1 +a)  unknowns  s i n c e  when D = 0 on ly  Sij = S i +S i o r  S i +Sj - 1 (if 

¢ 0) can  c o u p l e  to  the  m i n i m u m  v a l u e  of L t o  g ive  J.  :If M+ > ( l + ~ )  then  
t h e r e  a r e  c o n s t r a i n t s  a m o n g  the  ]~3k4 ,~1~2  a t  ~/s = 7ij ( n o n - d e r i v a t i v e  con-  

s t r a i n t s )  b e c a u s e  if  ~/~ = Tij a l l  of the  t e r m s  but  D = 0 v a n i s h  a n d  we then  
have  M± e q u a t i o n s  in l + a  unknowns .  S i n c e  D = 2 i n t r o d u c e s  (1 + a + 2) 
m o r e  unknowns ,  if  M± > (1 + a) + (1 + a +  2) we have  m o r e  c o n s t r a i n t s  ( f i r s t  
d e r i v a t i v e  c o n s t r a i n t s )  a t  ~/~= ~ij b e c a u s e  d i v i d i n g  e a c h  Y~3~4,~l;~2(s) by  

(~ -=  Tij ) and  then  s e t t i n g  ~-s = ~ij l e a v e s  only  the  D = 0, 2 t e r m s  ( t h e r e  i s  
no t r o u b l e  wi th  the  s i n g u l a r i t y  in t he  D = 0 t e r m s  b e c a u s e  v i a  n o n - d e r i v a -  
t i v e  c o n s t r a i n t s  we know how to t a k e  c o m b i n a t i o n s  of the  )7 to  c a n c e l  t h e s e  
s i n g u l a r  t e r m s ) .  S i m i l a r l y  if M+ > (1 + a) + (1 + a + 2) + (1 + a + 2) we have  s e c -  
ond d e r i v a t i v e  c o n s t r a i n t s ,  e tc .  T h i s  p r o c e d u r e  c o n t i n u e s  un t i l  we have  the  
n u m b e r  of unknowns  >~ M+ o r  un t i l  D > S i +Sj b e c a u s e  t hen  the  i n t r o d u c t i o n  
of l a r g e r  D d o e s  not  i n t r o d u c e  m o r e  unknowns  into  eq. (18) ( i . e . ,  the  n u m -  
b e r  of s p i n s  in ~Sij  canno t  b e c o m e  l a r g e r ) .  A s i m p l e  coun t ing  p r o c e d u r e  
wi l l  y i e l d  eq. (4). 

In  o r d e r  to f ind  the  t o t a l  n u m b e r  of c o n s t r a i n t s  add  up the  n u m b e r  of 
c o n s t r a i n t s  fo r  e a c h  v a l u e  of D wh ich  g i v e s  c o n s t r a i n t s  ( e .g . ,  if N+ = 2 we 
have  (M+ - (1 + ~)) + (M+ - (1 + ~ + 1 + a + 2)) c o n s t r a i n t s ) .  T h i s  p r o c e d u r e  g i v e s  
eq. (5). The  ~ij is  a d d e d  b e c a u s e  if f o r  D = D o the  ~Si j in eq. (18) e x t e n d s  

f r o m  Sij = S i +Sj to  I S i - S j l  + 1 and  we s t i l l  have  M+ > n u m b e r  of unknowns  
( i . e . ,  we have  c o n s t r a i n t s  f o r  D = Do) and  we then  l e t  D b e c o m e  D o + 2 ,  in -  
s t e a d  of i n t r o d u c i n g  1 + a + 2  new unknowns  we i n t r o d u c e  only  1 + a +  1 b e c a u s e  
t h e r e  i s  only  one new sp in  which  c a n  be  i n c l u d e d  in ~Sij;  t h e r e f o r e  we have  

one  l e s s  unknown than  i s  n o r m a l l y  t r u e  and  h e n c e  only  one e x t r a  c o n s t r a i n t .  
F i n a l l y  note  tha t  eqs .  (13), (17), ( 1 8 ) i m p l y  t h a t g  .Di.~=+ c g D , ~ = -  a t  

~ z j  
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a t  ~fs = Tij b e c a u s e  t h e  v a l u e s  of Lij  ( i . e . ,  m) d i f f e r  and  t h e r e f o r e  we do not  
e x p e c t  any  c o n s t r a i n t s  b e t w e e n  a m p l i t u d e s  of o p p o s i t e  7? a t  Tij = v~. 

APPENDIX C 

s = O cons t ra in t s  
In  t h i s  a p p e n d i x  we d e r i v e  the  c o n s t r a i n t s  wh ich  o c c u r  a t  s = 0 i n d e p e n d -  

en t ly  of w h e t h e r  o r  not  a p s e u d o t h r e s h o l d  a l s o  h a p p e n s  to  b e  a t  s = 0. We 
f ind  tha t  w h i l e  eq. (1) only  g i v e s  c o n s t r a i n t s  a m o n g  a m p l i t u d e s  of the  s a m e  
77, the  s = 0 c o n s t r a i n t s  a r e  b e t w e e n  o p p o s i t e  ~? a m p l i t u d e s .  In o r d e r  to f ind  
t h e s e  c o n s t r a i n t s ,  we u s e  eqs .  (8) and  (12) to  w r i t e  down the  a m p l i t u d e  f r e e  
of  k i n e m a t i c a l  s i n g u l a r i t i e s  a t  s = 0 f o r  t he  c a s e  of a l l  une qua l  m a s s e s :  

s (Ixl+ I [) f ; 3 x  4,X 1x2 (s) = s (IX- I+ [ ep ]) ( t e r m  f i n i t e  a t  s = 0) 

+ s ½ ( l x l + l P [ )  s - ½ ( l x + e ~ t ) ( t e r m f i n i t e a t s = o )  , (21) 

2 2 2 2 > 0  
w h e r e  • = ~- 1 if ( cos  O)s= 0 = ~: 1 which  i s  t r u e  if  (m 1 -  m2) (m 3 -  m4) < 0 

(adopt  the  c o n v e n t i o n  of c h o o s i n g  p o s i t i v e  s q u a r e  r o o t s  in de f i n i t i on  of 
c o s  Os). If X and  p ¢ 0, t hen  e i t h e r  the  f i r s t  o r  s e c o n d  t e r m  i s  z e r o  d e p e n d -  
ing  upon  the  s i g n  of • and  r e l a t i v e  s i g n  of X,/~; t h e r e f o r e  fX3X4,X1X2 o= 

cc7(-~/) a t  s = 0 fo r  X, ¢ 0. T h i s  r e s u l t  i s  c a l l e d  a c o n s p i r a c y  b e -  
JX3~ 4 ,x  1)~ 2 

c a u s e  we have  a c o n s t r a i n t  b e t w e e n  a m p l i t u d e s  of d i f f e r e n t  q u a n t u m  n u m -  
b e r s .  If ;~ a n d / o r  p = 0 eq.  (21) b e c o m e s  

s½( ])~ I + I P I)fT? (s) = ( f in i t e  t e r m  a t  s = 0) 
)~3)~4,)~ 1)~2 

+ 77 ( f in i te  t e r m  a t  s = 0) , 

w h i c h  i m p l i e s  t h a t f  + a r e  i n d e p e n d e n t .  U s i n g  eq. (13) and  the  f a c t  t ha t  a t  s = 0 
no r e s t r i c t i o n s  a r e  pu t  on L12 , S12 , L34 , $34 ( o t h e r  t han  L12 + S12 = 
= L 3 4  + $ 3 4  = J )  one  can  s e e  tha t  if  the  )~'s d i f f e r  f o r  two a m p l i t u d e s  t h e  a m -  
p l i t u d e s  a r e  i n d e p e n d e n t  a t  s = 0 r e g a r d l e s s  of w h e t h e r  o r  not  )~ o r  ~ = 0. 

We can  t h e r e f o r e  s u m m a r i z e  ou r  d i s c u s s i o n  of c o n s t r a i n t s  by s a y i n g  
t ha t  f o r  e a c h  a m p l i t u d e  such  t ha t  )% p ¢ 0 we have  

f ;3•4 , •  lk2 (s) = - ~ ~ fX3~'4,X IX2 (s) 

~= + if (m 2- m2)(m3-m4) ~ 8 all unequal masses 

= + i f  (m 2 -  m 2) ~ 8 , m i=  mj  , m a c m b  

= + i f  m 1 = m 2 = m 3 = m 4 .  (22) 

T h i s  i s  eq.  (3) 
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