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O F  

The logarithmic singularity in the specific heat is used to investigate the logarithmic corrections to the 
phenomenological theory of the X-transition in liquid helium-4. A justification of the theory of Mama- 
ladze is also given. 

In a prev ious  communica t ion  [1], a new phe-  
nomenological  theory for  the k - t r ans i t i on  of l iq -  
uid hel ium, based on a scal ing law ana lys i s  and 
the ident if icat ion of the order  p a r a m e t e r  as the 
condensate  densi ty  no, was presented .  The c r i t -  
ical  exponents of va r ious  physical  quant i t ies  
predic ted  by this theory were in good agreement  
with exper imenta l  data, up to a point. The r e s -  
ervat ion expressed  here  a r i s e s  f rom the inab i l i -  
ty of the sca l ing- law ana lys i s  to d is t inguish  be -  
tween a (vx) dependence and for example a 
(~-x in ~--1) dependence,  where x is  some cr i t i ca l  
exponent and ~- = 1 - T I T  k. Because  of this a m -  
biguity in the sca l ing- law ana lys i s ,  we use,  in 
this  note, the observed logar i thmic  s ingular i ty  
in the specific heat as a bas i s  to invest igate  the 
logar i thmic  co r rec t ions  to the theory of ref.  1. 
We also point out a poss ib le  jus t i f ica t ion of the 
somewhat ad hoc theory of Mamaladze [2, 3]. 

The phenomenological  theory begins  with the 
Gibbs f r e e - e n e r g y  densi ty  wri t ten  in the form 

f{g2} =fI  (~') +A(~') [ WI' [ 2 - B(~-)I~[ 2 + ½C(z) [~I,] 4 

(1) 

where the notation of ref.  1 is  followed. In the 
bulk sample  at equi l ib r ium,  eq. (1) yields  

n o n  l~I  2 : B / C  and f : f I  - ½B2/C. 

In the p r e sence  of low-speed superflow, eq. (1) 
gives the following express ion  for the superf luid 
dens i ty  [4]: Ps = (2m2/ t i2 )AB/C.  Fina l ly  for the 
theory to be valid, we need the f luctuat ions in the 
o r d e r - p a r a m e t e r  to be smal l ,  which can be ex-  
p r e s s e d  by condition: 

1 3 
(~±/e~E,) ~ (4"2/8~e)(C/B~A~) kBT)t << 1. 
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The theory of ref.  I can be summar i zed  by 
A ~ T - 1 / 3 ,  B ~ T ,  C ~ const . ,  with f - f I  ~ - r2 ,  
Ps ~ r2/a and ( ~ 2 / e ~ )  ~ const. 

F r o m  the o b s e r v ~  logar i thmic  s ingular i ty  in 
the specific heat Cp over 4 decades [5], we have 
t h a t f - f I  = -fo 72 l n l A / r ] ,  where f o ~ 

(5/16)nkBTk,  n is the number  densi ty at Tk 
and A = e ly2~ 245. F r o m  recent  m e a s u r e m e n t s  
of Ps over  3 decades [6,7], we see that Ps ~ r2/3 
There fore  it  is  des i rab le  to const ruct  a theory 
such that (I) B2/C ~ r 2 In I A/T I; (II) A B / C  ~ "r213; 
and (III)A3/2B 1/2/C ~ const. Condition III ex- 
p r e s s e s  the expectation that the f luctuat ions are  
smal l  r ight  up to T k. Unfortunately,  these three  
condit ions on the th ree  coefficients are  not com- 
pat ible;  and one of these condit ions must  be 
changed. F r o m  this point of view, the theory of 
ref.  1 r e p r e s e n t s  the rep lac ing  of condition (I) by 
(I') B2/C ~ T2 in the sp i r i t  of the sca l ing- law 
analys is .  However, a) as Cp is  measured  to a 
p rec i s ion  one order  of magnitude grea te r  than 
Ps; b) as there  exis ts  an exact logar i thmic  s in -  
gular i ty  in the specific heat for the two-d imen-  
sional  Is ing model;  and c) as Ps is  not (rather  n o 
is) analogous to quant i t ies  which can be m e a s -  
ured  in other second-orde r  t r ans i t ions ;  we r e -  
tain condition (I) in p re fe rence  to (II). In place of 
condition (II), we use  (H') B/C  ~ 7, which is  de-  
r ived f rom the microscopic  resu l t  [8, 9] n o ~ T. 
The condit ions (I), (II'), (III) de te rmine  u n a m -  
biguously the following t empera tu re  dependences:  
A('c) = Ao(T -1 In I A/T I)g3; B(T) = BOT in I A/T I; 
C(~-) = C~ in I A/7 I. Note that Ps is now propor -  
t ional  to(~ -2 In I A/T ])1/3. 

To evaluate the coefficients,  we observe  that 
there  a re  yet no exper imenta l  data on no(7). 
Therefore ,  we introduce the change in va r iab le  
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= (2mA)½ tg'l@ (such that Ps = m ]~]2)  into 
eq. (1) to obtain 

f{~} =f I  ( 'r)+ (P/2/2m)l V~] 2 - ot(T)[~]2 + 

+ ½B(T)[~] 4 , (2) 

where  

al ) -- ao  in I I ) } ,  

8(r) = 8o (r 2 In I A/rl)}, (3) 

with a o - (~/2/2m) Bo/A  o and 8o = (t /2/2m)2 x 
x Co/Ao 2 . If the logar i thmic  co r r ec t i ons  a re  
omit ted in eq. (3), then eqs. (2, 3) reproduce  the 
somewhat ad hoc theory  of Mamaladze  [2, 3]. In 
pa r t i cu l a r ,  no l~16 t e r m  is  needed, con t ra ry  to 
the suggestion of Ami t  [10] and in ag reemen t  
with e x p e r i m e n t ~  data [3]. Note that f is  a func-  
t ional  of ~I,, not @, so that the ins tab i l i ty  of 
eq. (2) with respec t  to ~ is  i r r e l evan t .  F ina l ly ,  
we r e m a r k  that the data of Ps [7] can be fi t ted 
well  with Ps = 1.05 mn (~2 In I A / r I ~ .  Using this  
r e su l t  for Ps and the express ion  f o r f  der ived  
f rom Cp, we obtain (~o = 1.8 × 10 -16 erg  and 8o = 
7.7 × 10-39 erg  cln3. 

S imi la r  logar i thmic  co r rec t ions  apply to the 
phenomenological  theory of c r i t i ca l  points  
[11, 12]. For  example,  the co r rec ted  coeff icients  
of the two-dimenSional  Is ing model [11] a re :  
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A(r)  ~ ~-II~; B(r)"~ r7/4 l n l A i / r [  ; Cn(r ) ~ 
~ l n l A i / ~ l ;  where A I = e3/~. 

I would l ike to thank Diet r ich  Stauffer for  d i -  
r ec t ing  my at tention to the p rob lem of logar i th -  
mic cor rec t ions .  
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Holography With the inhomogeneous surface wave of total reflection, reconstruction of this surface wave, 
and interference of two surface waves are discussed. 

Ktirzl ich wurde fiber e ine holographische 
Technik ber ich te t ,  bei  der  das Referenzbt tndel  in 
der  photographisehen Schicht an der  Grenzfl~che 
Gelat ine - Luft t0 ta l re f l ek t i e r t  wird  [ 1, 2]. Auf-  
nahme und Rekonst rukt ion des  Ho logramms  e r -  
folgen bei  d i e sem Verfahren  jedoch in konven-  
t ione l le r  Weise.  Wie  bekannt ,  t r i t t  aber  bei  der  
Tota l ref lexion  die Strahlung auch ins  dtinnere 

Medium ein und b re i t e t  s ich dort  in F o r m  e iner  
inhomogenen Oberfl~chenwelle in sehr  ditnner 
Schicht l~ngs der  Grenzfl~che aus.  Es  e r sch ien  
nun i n t e r e s s a n t  fes tzus te l len ,  ob auch solche i n -  
homogenen Wellen bei  der  Holographic benutz t  
werden kSnnen. 

Die Versuche wurden mit  Photoplat ten du rch -  
geftthrt, de ren  Glas t r l tger  e inen g r S s s e r e n  
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