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The Euler-Darboux Equation

o dw  2uov
L= 25 % =% (1.1)

where p is a real parameter, is a classic example of a linear hyperbolic equation
of the second order with a singular line. The presence of this line poses certain
questions that are beyond the scope of the standard theory. This can be seen
by examining its Riemann function. For this purpose it is more convenient
to work with the self-adjoint equation

Pw  Pw | ol — 1)

M [w] = reL [rvw] = e 2 w = 0, (1.2)
which is obtained from (1.1) by the substitution
w = rhy, (1.3)

Its Riemann function is a solution R = R(r,, Iy ; 7, t) which reduces to
unity on the two characteristics ¢ — f, = --(r — r,) which pass through the
pole of the Riemann function, (7, #,). This was determined by Darboux
[3] who showed that

R=(—opFuplio) o= Stk (4

Now ¢ is infinite on the two characteristics ¢ — ¢, = +(r + r,) which are
the reflections of the characteristics through the pole in the singular line.

1 The_research of Albert Heins was sponsored by the Air Force Office of Scientific
Research, Office of Aerospace Research, United States Air Force, under AFOSR,
Grant No. 374-65.

460
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The Riemann function is determined uniquely in any sufficiently small
neighborhood of the pole, and so the fact that (1.4) satisfies (1.2) and reduces
to unity on t — t, = +(r — 7,), where ¢ = 0, guarantees that (1.4) is the
Riemann function of (1.2) in | ¢ —#,| <7 + 7, if, for instance, 7, > 0
and » > 0. But it cannot be expected that (1.4) holds when | £ -2, | > 7 + 7, ;
in fact, the Riemann function is then not defined at all.

This behavior of the Riemann function is immaterial when a solution of
(1.2) is determined by Cauchy data on a line » = ¢ where, say, ¢ > 0. For
then (1.2) can be solved in 7 > 0 by Riemann’s method. (In general, the
solution becomes infinite on the singular line and cannot be continued
beyond it). But there are situations in which a continuation of the Riemann
function into |t — #,] > r + 7, is required. An instance of this is found
in the theory of the diffraction of transient waves by a wedge [5]. Following
Sommerfeld’s original approach to the diffraction of harmonic wave trains,
this diffraction problem can be reduced to the construction of many-valued
solutions of the two-dimensional wave equation

U U | o*U
o ox® 0y? (13)

that are, considered as functions of the polar coordinates r and (X = r cos 8,
Y = rsin 6), periodic in 6 with period 2« where o is the exterior angle of
the wedge. When such a solution is expanded as a Fourier series in 0, a
typical term is U = u(r, t) cos(A6 + B), where 8 is an arbitrary constant and
A is an integral multiple of m/a. Hence u satisfies the equation

o 0w louw A

w=m e At (1.6)
which reduces to (1.2) if one puts # = r~1/2, A = u — %. The basic problem
is then the initial value problem, where » and ou/ot are given fort = 0,7 > 0.
These data must be supplemented by a regularity condition at 7 = 0, which
corresponds to the edge condition in the diffraction problem. The problem
must therefore be considered as a singular mixed boundary value problem.
For t < r, the solution can be obtained by Riemann’s method, using
Darboux’s Riemann function (1.4). This gives nothing new, as the same
result can be deduced by the method of descent from the classical solution
of the initial value problem for (1.5). The key to the solution is therefore
precisely the continuation of the Riemann function into the domain » > 0,
[t —1ty| > r+7r. In [5], such a continuation was proposed, and was
shown to lead to the known Green’s function of the wedge. However, the
argument by which it was derived is invalid, as will be explained below.
The same continuation was obtained by Copson [/], by means of integral
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transforms, without explicit reference to the singular mixed boundary value
problem.

In the present paper, we shall discuss the following singular mixed
boundary value problem for the Euler-Darboux equation (1.1): Given v and
v, (partial derivatives will sometimes be denoted by subscripts) for ¢ = 0,
7 == 0, find a solution of the equation in » > 0, ¢t > 0 such that 9, and v,
remain bounded as r — 0. It will be assumed that u > I. The case u < }
can be reduced to this by means of the well-known relation

L,[r'"%] = ri=®eLy_[o],

but will not be considered here. The solution of the problem will be effected
by a generalization of Riemann’s method. Its relation to the classical Poisson
representation of the solutions of the Euler-Darboux equation, and to another
integral representation due to Volterra, has also been recently investigated
by us, and will be published at a later date.

A useful guide to the general case is the case u = }. For v is then an
axisymmetric solution of the two-dimensional wave equation (1.5), and can
be derived by the method of descent from the solution of the initial value
problem for this equation. Let us suppose, for simplicity, that the initial
conditions are

o(r,0) =0, vr, 0) = g(r). (L.7)

The solution of the initial value problem for the wave equation is then (see

e.g. [7], p- 50)

_ 1 2(r)
olro, to) = 5= [ X STy, (18)

where 7, = (X + Y®)1/2, and the integral is taken over the circle
(X — X + (Y — Yy < 12 It is known that (1.8) satisfies the wave
equation and the initial conditions (1.7) if g(r), as a function of X and ¥,
has first-order derivatives which satisfy Lipschitz conditions. This will
be the case if and only if g'(r) exists, satisfies a Lipschitz condition, and
£'(0) = 0. Now (1.8) can be written as

e o]
oro, to) = | Ko, t03 1) 80) dr, (1.9)
where

K(rg,ty;7) = ;T f (22 — r2 — r? + 2rrycos )12 do (1.10)
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and the integral is taken over the subinterval of (0, 7) in which

b2 — 12 — 1%+ 2rrycos 0 > 0.

Let us put
_ W= =1
=g (1.11)
Then
1 1/2 1 -1/2
K(ro, tg37) = - (rLo) f (g + = cosf — 5) . (1.12)

If t, < |7 — 7], then £ < 0, so that the interval of integration is empty,
and hence K =0. If |r —ry| <ty <r+r,, then 0 < { < 1, so that
one can put cos § =1 — 2{z where 0 < 2 < 1. Then (1.12) becomes

1/2 A1
K = zln (rL) f V(] — 2) (] — L2) V2 dx
0 0

=37 i)

If, finally, t; > r 4 ry, then { > 1, and one can put cosf = 1 — 2z to
obtain

(1.13)

r

3 ) [ — sy — sy e

o

1) e gt

i

K
(1.14)

I

Hence

rotte (__r_)mF (%’%; 1 §)g(7) dr, 0 <ty <y, (1.15)

ro—to Ty

Urg, Ip) = %J
and
o(rg, tp) = %J‘:’"’o (%0)1/2 {-12F (% , % 1 l—l) g(r) dr

ZIT.,( ~)"F G358 e0)d,  H=r. (LG

Now w = r!/%y satisfies M, p[w] = 0, and w = 0, w, = r1/%g(r) when ¢t = 0.
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The Riemann representation of the solution of this initial value problem is

w(ry , t,) = 1g"%u(ry , ¢))

. (1.17)
Totlo
:%f R(ry, to57,0) 2 g(r) dr, (0 <1, <7,

7o—to

where, by (1.4),
R(ry, t57,0) = (1 — 0)?F(}, § ;5 1; o),

_ (r — 1) —

%= (r + 1) — 12"

This is, of course, identical with (1.15). For o, = {/({ — 1), and so, by a

well-known property of the hypergeometric series,
1 1 11 4

S =01 —0eF(n 215

F(2’2’1’§) (=9 F(2’2’1’§—1

We can therefore conclude from (1.16) that the continuation of the

Riemann function into [# —¢t,| > 7 -+ 7,, which is appropriate for our
singular mixed boundary value problem, is

L1
22’

)=RmJMnm

13 2-1), gz Wf—lr=rnP g

— Z-172
R=2z F( 4rr,

For { = 1, both integrals (1.13) and (1.14) are divergent. This corresponds
to the fact that both R and R become infinite as Z — 1. But it can be shown
that 7R — log(l — Z) and 7R — log(Z — 1) remain bounded. Thus the
continuation (1.18) of the Riemann function has the following properties:
(1) It is a function of Z only
(ii) It vanishes like 72 as r — Q
(iii) R/log(l — Z) and R/flog(Z — 1) tend to the same limit as Z — 1.

We shall see that by postulating similar properties, an analogous continuation
of the Riemann function can be constructed in the general case.

2.
We begin with a uniqueness theorem.

THEOREM 1. Let v be a solution of L, [v] = 0, (u > 0), which is of class
Clinr >0.Ifv=0,2,=0fort =0,0 <r <¢, and v, and v, remain
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bounded as r — O uniformly in t for 0 <t < c,thenv =0inr > 0,1 > 0,
r+t<ec

It is well known that the uniqueness of the solution of the initial value
problem can be proved by means of a priori integral estimates of energy
type ([2], p- 441). This method can also be applied to the singular mixed
boundary value problem. By (1.1), we have

2u0%L [v] = 581,‘— {r*w(v,? + 032} —2 —3% (r*o2) = 0. 2.1

Let us integrate this identity over the domain bounded by t = 0, +7r = ¢,
t =t,,and byr = ¢, where 0 < ¢ < cand 0 < £, < ¢ — ¢ (Fig. 1). Since
v =0and v, =0ont = 0, and dr = —dt on ¢t 4+ r = ¢, we obtain

et ¢

f o2 + o), dr 4 f v, + v, dr

c—1g

to
N 2f [rPeo,0], 27t dt = 0.
0

Frc. 1.

It follows from the assumption that v, and v, remain bounded uniformly
in ¢ as r — 0, that we can make ¢ — 0, and so

c~tg

J,

for 0 < ¢, < ¢. Since ve C? in » > 0, we therefore have v, = 0,7, =0
in the triangle bounded by the axis and by the characteristic ¢ +r = c.

ot + ol dr = — [ o, —ofie dr <O, (22)
e—tg
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Also, since v =0 on ¢ =0, it follows that v = 0 in this triangle This.
proves the theorem.

3.

The elegant argument by which Darboux determined the Riemann
function of (1.2) can be put into the following form: In terms of the charac-
teristic variables

s=dr+0 y=H—1

the equation becomes

Pw | pp—1)
w =0. 3.2
oy T oy 2
Since this equation is invariant under the transformation x — kx, y — &y,
where & is a constant, it has solutions which are functions of y/x only. For
our purpose, it is convenient to write these as

x
x—y’

w=F{Z), =z2=

A simple calculation then shows that F(z) must satisfy the equation
(1 — 2)F'(=) + (I — 25 F'(2) + plu — ) F(z) = 0,
which is obtained from Gauss’ equation
2l —2)F"(2) +[c —(a+ b+ 1) 2] F'(z) — abF(2) =0

by setting a = p, b = 1 — p, ¢ = 1. But (3.2) is also invariant under the
transformations

ax + B o +8
Tts Y Tyt

X

where «, B,y and § are constants such that «8 — By = 0. Taking « = 1,
B=—x,,y=1and 8§ = —y,, where x,7~ ¥, , it follows that (3.2) has the
solutions

w = F(Z) (3.3)
where
T sy (e (r—rop
Z= X% Y% T (% — Yo —y) 4rr, > (34)

X—%Y Y —D
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and r, = xy — ¥y, ty = %, -+ Yo, provided that F(Z) is a solution of
A1 — Z)F(Z) + (1 = 20)F'(2) + ulu — DFZ) = 0. (35)

Now the Riemann function of (3.2) with the pole (x,,y,) is the solution
Wthh reduces to unity when x = x; and when y = y,, that is to say when
== (. Hence

R=F1—ul;2). 3.6)

This is also the Riemann function of M, (w] = 0, with the pole (r,, t,).
It follows from the relation

z
F(a,b;¢; 2) = (1 — 2)y°F (a, c—bjc zT—I_)’ 3.7

and from Z = of/(0 — 1), that (3.6) is equivalent to Darboux’ result (1.4).

When p is a positive integer, R is a polynomial in Z of degree p — 1. It is,
in fact, the Legendre polynomial of order u — 1 with argument 1 — 2Z.
In that case, R is constant on the characteristics |z —#,| =7 +7,, and
we define its continuation R simply by setting R = 0. We shall refer to this
as the exceptional case.

When u is not a positive integer, the behavior of Rnear |t — t,| =7 + 7,,
where Z = 1, can be inferred from the continuation formula (4], p. 110)

I'(a + b)
I'(a) I'(b)

F(a,b;a + b; 2) = F(a,b;1;1 — 2) log

1
1 —

+ 3 2+ 1) — e+ 1) — 900 + M PREA 2] 38)

Here i denotes the logarithmic derivative of the Gamma function, and
(@), = a{a + 1) ... (a + n — 1). Applied to (3.6), this gives

R — Sln T

L NP, 1 — w131 — D)log i +R@)], (9)

where

F(Z) =Y [0n+1) — e+ ) — (1 —p+m) L=t ()

S (nl)?
(3.10)
is a regular function of Zin |1 —Z| < 1.
In order to obtain the continuation of R into |t — ¢, | > r + r,, where
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Z > 1, we observe that (3.5) has, in the neighborhood of Z == oo, the
solutions

wy = Z*F(u, p; 205 Z77), (3.11a)

ZvIE(1 — py 1 — ps 2 — 2p3 270, w>4%,

! 11b
ZVAFG, 3 5, Z Y og Z + FXZ)), p=1%, (3.11b)

Wy —

where F* is regular at Z = o0. Now r—#w, is a solution of L, (v] = 0 that
remains bounded as r — 0, except when |t — 5| = |7 — 7, |. But r~*w,
behaves like r1-2# as r — 0 (or like log 7 when p = §), and since we are
assuming that u > }, this solution must be rejected. Hence we are led to
assume a continuation of the Riemann function that is of the form

R = CZ—#F(u, u; 2u; Z7Y), (3.12)

where C is a constant. By (3.8), we then have

2y , ., 1. _ zZ
R= c[r(’)‘]zz gF(,u,p,,l,l—Zl)logZ__l
23 W) — e+ [ (-2 e

=0

Following the case u = }, we now choose C so that Rflog(l — Z) and
Rlog(Z — 1) tend to the same limit as Z — 1. This gives

1/2

_ [D(@)]® sinmp o
€= rQu) = 22 T(u+1/2)I(1 —p)’ (3.14)

where the second form follows from the duplication formula for the Gamma
function. (This value of C also gives R = 0 in the exceptional case). By (3.7),

Flu, 3 151 — 271 = Z#F(p, 1 —p; ;1 — 2).

Hence it follows from (3.13) and (3.14) that
R= s‘“ﬂ"" Flu, 1 — p; 151 — Z) log ——— z - +E(Z), (319)

where F, is C®, provided that | Z — 1| < 1. It is evident from (3.9) that
F(Z) —F(u, 1 — p; 1;1 — Z) log(Z — 1) is a solution of the hypergeometric
equation (3.5). One can therefore express R as a linear combination of this
function and of F(u, 1 — p; 1; 1 — Z), which is a solution since the equation
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is invariant under Z — 1 — Z. The constant factors can be determined by
means of (3.13), and one finds that

Fy, —F, =mcotapF(u, 1 —p; 1;1 — Z)].

The value (3.14) of the constant C was used by one of the authors in the
wedge diffraction problem ([5], p. 114, equation 5.3.12), but the argument
given there to justify this choice is irrelevant. The function equal to

r2F(u, 1 — p; 1; Z) cos(u — 3) 6 (3.16)

for |r —ry| <t —1t, <r -7y, and equal to zero for t —t, >7r + 1,
is a solution of the wave equation (1.5) that is discontinuous at the converging
circular wave front ¢t — t; = r, — r. This discontinuity is focused at r = 0,
and emerges as a logarithmic singularity on ¢ — #, = r + r, . It was argued
that the coefficient of log | | — Z | must be continuous at this front, because
of certain results on focusing [5], p. 67). But these do not apply to the
focusing of many-valued solutions; they do not, for instance, account for
the factor sin 7u/m. The correct argument is as follows: Suppose that (3.16)
is continued into £ — f, > 7 + 7, as

Cr12Z-uF (s, u; 2u; Z-1) cos(u — 1) 6. (3.17)

One then has, in the neighborhood of the singularity front, a solution of
the wave equation which is of the form

r V2 A(r, t)log |t —ty —r — 1y | + B(r, t)} cos(u — §) 6,

where both 4 and B are discontinuous at ¢ — ¢, = r + r,. Such a function
is admissible, say in the sense of the theory of distributions, provided that
the discontinuities of both r-/24 cos(u — )0 and 7r-12B cos(u — }) 8
satisfy the appropriate transport equations. For a circular front, these imply
that the discontinuities of 4 and B must be constant. Now it follows from
(3.9) and (3.15) that this is the case for the coefficient of the logarithm, 4,
but that B jumps by an amount

I'Qu)  sinap r
TWE = ) Br+r

-+ const.

Hence the condition that the continuation of the Riemann function should
correspond to a weak solution of the wave equation at once leads to the value
(3.14) of C. The same argument can be applied to M,[w] = 0, and is in fact
the essential content of the lemma which will be proved in the next section.

505/4/3-11
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4,

An elementary solution of M, [w] = 0 is a distribution G' which satisfies
the equation

M,[G] = 8(r — 1) 8t — 1, (4.1)

where & denotes the Dirac 8-function. Since we are working in r >0, G
must be in the space dual to the space of test functions which are indefinitely
differentiable, and have compact supports which are contained in » > 0.
This will be denoted by £+.

In the nonsingular case, the elementary solutions of linear hyperbolic
second-order equations with two independent variables are functions.
We will therefore assume that G is a function. Then (4.1) is equivalent to the
identity

j f GM,[$) drdt = $(ry, 1), $eD (4.2)

since M,, is self-adjoint. It is evident that the behavior of G on the singular
line r = 0 is irrelevant to the validity of (4.2). However, we may heuristically
define a Green’s function of our singular mixed boundary value problem to
be an elementary solution G such that 7~#G remains bounded almost every-
where as 7 — 0. We shall now prove the following:

Levmma. The two functions

0,t >ty —|r—ryl,
Glro,ty;7,8) = (3R, by — |1 — 19| >t >4 — 19— 1, (4.3)
ARty — 1y —1 > 1,
and
G*¥(rg, tgs 1, t)y = G(r, 157, ty) (4.4)

are Green's functions of M, in r > 0.

We have already determined R by the condition that #—R remains bounded
almost everywhere as r — 0. It therefore only remains to prove that (4.2)
holds for both G and G*. This can be done by a variant of Riemann’s method.
If ¢ and ¢ are two functions of class C%, then

UMLIB) — ML) = (b — ) — o (s — ).

Integrating this over a bounded domain w with piecewise smooth boundary
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dw, oriented so that w is on the left of dw, we obtain the usual integral identity

[ w8 — M iy dr
= (b — ) dr + (B, — b (4.5)

We shall take ¢ € 2+ and ¢y = 2G. The exceptional case u = &, & = 1, 2,...,
is easily disposed of. Let w be the rectangle bounded by the characteristics
tr=1tytry,t —7 =1y —1y,t+7 =1, —1,,and by a characteristic
r — t = ¢, where ¢ is a positive constant. The vertices of this rectangle are
denoted by 4, B, C, and P in Fig. 2. Since ¢ has compact support,r —t > ¢

f

FrG. 2.

will be in the complement of the support of ¢ if ¢ is sufficiently large, and we
shall have¢ = 0 on BC. As the support of ¢ isin7 > 0, there existsana > 0
such that ¢ = 0 in 0 << r < g, so that there are no convergence difficulties
at r = 0. Then (4.5) becomes

f f _RM,[§)drdt = f z (Rdg — $dR) + j : (#dR — Rdg)

+ [ (Rap — gar)
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because 2G = R in w, dr = dt on AP, and dr = —dt on CP, AB. Further-
more, R = 1 on CPand on PA,and R = F(k, 1 — k; 1; 1) = const. on 4B.
Hence

[] RM.[8)dr dt = 24(ry , 1),

taking into account that 4 =0 at 4, B and C. But this is (4.2) for the
exceptional case, when R = 0, by definition.

When p is not a positive integer, we must exclude the singular line
t + 7 = t, — r, . We therefore take w to consist of a rectangle IT bounded by
the characteristics through P(r, , t,), by t +r = t; — ry + 2¢ where ¢ > 0,
byr — # = ¢, of a triangle 4 bounded by r —t = ¢, t 47 = t) — 1y — 2¢,
and by r = 0. The vertices of IT are denoted by P, A’, B’ and C in Fig. 2,
and those of 4 by 4", B”, and D. We can again take ¢ large enough to ensure
that¢ = Oonr — ¢ == ¢, and we shall have¢ = 0 at 4’ when e is sufficiently
small, since the support of ¢ is in 7 > 0. Since G is defined by (4.3), we have
2G = Rin and 2G = R in 4, so that (4.5) becomes

f f RM,[$] dr dt + f j RM,[$] dr dt
7 a4
P A’
= [ (Rdp —¢aR) + [ ($dR — Rd)
c P
B’ B
+ [ (Rdp —¢dR) — | (Rdp — ¢aR), (4.6)
A4 A4
in view of the fact that dr = dt on A’P, and dr = —dt on PC, A’'B’, and
A"B’; there is no contribution from A”D, since ¢ vanishes in a neighborhood

of the singular line. As R = 1 on CP, PA’, and ¢ = 0 both at C and at 4’
(provided that e is small enough),

[ (Rap—gaB) + [ (Rap — $aR) = 200,10 (47)

The other two integrals in the second member of (4.6) can be transformed
by partial integration into

B B”
2 f Rd$ — 2 f Rds. (4.8)
A Y
Now on A’B’ one has

Ze—z—1 Tt —ee (4.92)

7,
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and on A"B”",
Z=Z”=1+m_‘."_i)i_ (4.9b)

7,
As ¢ vanishes in a neighborhood of r = 0, 7 will be bounded away from zero
in both of the integrals (4.8), and so Z° — 1 — in the first integral, Z" — 1 4

in the second one, both uniformly in 7. We can therefore substitute the second
members of (3.9) and (3.15) in (4.8), which then takes the form

1 .
-+ H(Z)| 48
(4.10)

e + {20 a4,

where H, is continuous in Z’ < 1, and H, is continuousin Z” > 1. Ase — 0,
the contributions from H; and H, tend to

2 sinmp
m

B

{Hy(1) — H(1)} [ dp =0.
4

The logarithmic terms are, by (4.9a) and (4.9b),

2 sin 1rp,

J‘ ,1 g(-}_r—)dqs(f, tO — T +2€)
—_ log—(-mgo—_p—e)—ed¢(f, tO — Ty —7 —26) y

where the integration is in effect over a finite interval a <7 < b, a > 0,
because of the properties of ¢. Since ¢ € C*, it is evident that this also tends
to zero as € — (. We can therefore make ¢ — 0 in (4.6), and find by (4.7) that
the limit of the second member is 2¢(r, , t,). The limit of the first member is

2{[ Gl to5m,0) MLIS(r, 1)) dr dt,

since the support of ¢ is contained in r —t << ¢ and that of G is
t <ty—|r —ry]. Thus G is an elementary solution of M, .

The second assertion, (4.4), is the reciprocity property of the Green’s
function. It can be deduced from (4.3). For as Z remains unchanged if ¢, is
replaced by —t, and ¢ by —¢, while the supports of G and G* are inter-
changed, we can also write (4.4) as

GX(rg, ty;r,t) = Glry, —tg;7, —1). 4.11)



474 FRIEDLANDER AND HEINS

If § € 2, and o = $(r, —t), then ¢ € *; hence

Bro, 1)) =900, —10) = [ Glro, =ty 7, ) MLu(r, 0] dr at

r

- J f G*(ry, to 5 1, —1) M[(r, 1)) dr dt

= f f G*(ry, 1 5 1, 1) M,[$(r, )] dr dt.

5.

In terms of distribution, the solution of the initial value problem
Mw] =0, w(r,0) =wyr), wgr,0) = wyr), (5.1)
is a distribution with support in ¢ == 0 which satisfies
M,[1] = wr) (1) + wy(r) 8(2): (5:2)

This equation shows that it is sufficient to consider the case where w, = 0,
w, 7 0, since the solution for w, % 0, w, = 0, can then be obtained by
replacing w; by w,, and differentiating with respect to f. The same remark
applies to the solution of the singular mixed boundary value problem, and
to the solution in the classical sense. We shall therefore consider this case
only.

If @ is a function, with support in ¢ > 0, then (5.2) means that this function
is a weak solution of the initial value problem, in the sense that

f:o j:o wM,[¢] dr dl = fj wy(r) ¢(r, 0) dr, (5.3)

for all ¢ € Z+. Since M, [r#v] = r=L [v], one can go from (5.1) and (5.2) to
the Euler-Darboux equation (1.1) by putting w = r“e, w; = r“g, to obtain
the initial value problem

Lol =0, or,0) =0, vfr,0) =g(). (5.4)
By (5.3), the weak solutions of this problem satisfy the identity

f: f:orauvau[qé] dr dt — fjrzug(,)¢(,, Odr,  dedr. (55

Such a solution can be written down at once. We have
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THEOREM 2. If g(r) is continuous, then

o, ) = | :“ Glr,£55,0) (=) () ds (5.6)

15 a weak solution of the initial value problem (5.4). If v(r, t) is considered as a
distribution in t that depends on v as a parameter, then it tends to a limit, for
t >0 ar—90,

a2

Pl +5HTn+1—p

i O V' (% @ynug
— —_— N—loald
lim o(r, 1) = (2t =) f (2 = sonsteg(s) ds, (57)
where n is any integer such that n — p + 1 > 0; the derivatives on the right-
hand side are evaluated in the sense of the theory of distributions.
To prove that (5.6) is a weak solution of (5.4), we first show that

w(r, t) = Jm G(r, t; 5, 0) wy(s) ds
r+t (58)
= f G(r, t; 5, 0) wy(s) ds

satisfies (5.3). The support of G(r,¢; s, 0), considered as a function of s,
is determined by the inequality | r — s | < 2. It is empty for £ << 0, and the
second member of (5.8) is then zero. For ¢t > 0,itisin 0 s <7 +1¢ s0
that the integral (5.8) exists. Now if ¢ € &, then

[ :° [ :° w(r, ©) M,[$(r, )] dr dt
— Mg D) drde | :0 G(r, 1; 5, 0) wy(s) ds
= " wy(s) ds [[ Gt 15,0 Mg, 1)) dr at

= " w(s) ds [[ 65507, M0, ) dr at,

where the interchange of the order of integration is justified by Fubini’s
theorem. By (4.4), this gives (5.3). Since v = r~“w and g = r~*w, , it follows
that (5.6) is a weak solution of the initial value problem (5.4).

It has already been observed that for generalized solutions which are
based on the class of test functions 2+, the behavior as r — 0 is irrelevant
since the supports of the members of @+ are inr > 0. If one wants to consider
the behavior of the weak solution (5.6) as r — 0, still in terms of generalized
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solutions of the Euler-Darboux equation, one must adopt a different point
of view. It can be shown that a consistent theory can be constructed by
treating v as a distribution in # which depends on r as a parameter. We do not
propose to develop this point of view in detail here, but will only show that
in this sense, v tends to a limit as 7 — 0.

In0 <s <t +7 Gr,t;s0) is a function of

B —(r —s)?
(=g =9 (59)
only,
. _ V- 150, 0
Gt 0) = I CraF(, i 2, ), > 1.
This can be written in the form
d n
Glr, 155,0) = (Z¢) Guld). (5.10)
where n = 1, 2,..., and
C" ~
s P, | — o 1; &), 0],
G, = 2T+ D) bl Zain Y : (5.11)
) {r—+

— . -1 > 1.
21'1(2#) I'i(n Ti— #)F(F’ ny, 4 2"‘: 4 )’ (=1
For { # 1, this can be verified by term-by-term differentiation of the hyper-
geometric series. Moreover, we have

I'e)I'(c — a —b)

F(a, b;c; 1) = T(c —b)I(c —a)

when ¢ —a — b > 0, and this formula shows that G,({) is continuous at
¢ = 1. Since

d 25 0

a. — 't o’

and G,, vanishes for s = r 4 ¢, (¢ £ 0, —1, —2, ---) which corresponds to
{ =0, when n = 1, we can therefore write (5.6) as

o) = (sog) [ GO ds, (512

when g is continuous. Let us multiply this equation by an indefinitely
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differentiable function ¢(¢) with compact support contained in ¢ > 0, and
integrate with respect to £. Then we obtain

[" widrdt = [[ G080 g6y @y dsdr,  (5.13)
where we have put

8at) = (-1 () 400 (5.14)

and D is the domain in which |7 — 5| < ¢ and ¢ 7 0. By hypothesis there
exist positive constants @ and b such that ¢ = 0 for t < @ and ¢ > b. If we
suppose (as we may) that 7 < a, then D can be taken as a <t < b,
0 < s <t —7r, and (5.13) becomes

[7 ot 0gtyde = 1+ g, (5.15)
where, by (5.11),
Ji= jmlrl)f: dt ft:F(# I —pin+ 10
X g(s) bal0)* — (¢ — o (=) s, (5.16)
- I(p) T it e
Fo = gy T w1y ) 2, Fe 2 8
X 8 $alDlE* — (r — s (2] ds. (5.17)

For n = 1, the hypergeometric functions in the integrands are continuous.
Hence

b b+
| LI<K j dt f (t +7—syrsds = O@n—+)  (5.18)
a t—-r
where K is constant. If also # > p, then the integrand of J, is continuous,

and bounded uniformly in 7. Hence we can make r — 0 under the integral
sign in J, . By (5.18), J; tends to zero, and so

e _ 22411 ()
limn f LU0 d = e T

X f °_° () dt f : (22 — s2)n-usdug(s) ds, (5.19)
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where we have restored the nominal limits of integration (— o0, o). By the
duplication formula for the Gamma function,

2410y e
rQu) — Ilep+Y’

and in view of (5.14), (5.19) is equivalent to (5.7), with n > 1, n > u. But as
distributional derivatives are identical with ordinary derivatives when they
exist, we have, for any integer m,

1 9 "o —e2u
T(m +1—p) Gz | B~ nrestigls) ds
*_1— L m-1 »t s avmtan
T I'(m — p) (21,‘ at) Jo(t stym-uistug(s) ds,

if m > p. Hence (5.7) is valid forn — p + 1 > 0. In particular, if § <p < |,
Hence (5.7) is valid for n — p -+ 1 > 0. In particular, if } < u < 1, we can
take » = 0, and the second member of (5.7) is then a continuous function.

In the exceptional case, when u is a positive integer &, one can take n = %
in (5.7), and carry out one differentiation with respect to £. This gives (in
terms of distributions)

lim ol ) = o=y () (PEOR (520)

This result could also have been obtained by the method of descent, since
a spherically symmetrical solution of the wave equation in 2% + 1 spatial
dimensions satisfies L [v] = 0. Conversely, one can recover a well-known
form of the solution of the initial value of the first-order derivative, with
respect to the time, of the dependent variable (see [2], p. 682). A similar
remark applies to (5.7) when u = & + {.

6.

Since distributional derivatives are equal to derivatives in the usual sense
when these exist, we can now pass from weak solutions to solutions in the
usual sense by considering the differentiability properties of (5.6). In view
of the application to the initial value problem in which o(r, 0) £ 0, v,(r, 0) = 0,
we shall discuss what conditions must be imposed on g(r) to ensure that
v e C3. For t < 7, this is a very simple matter. For (5.6) then reduces to the
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Riemann representation of the solution of the initial value problem,

o) =5 [ Pl w10 (2) g0 6.

where { is again defined by (5.9). Since

F(u, 1 — p; 15 {) is of class C® in all three variables 7, s and ¢, and v € C™ if
g€ C™ 1 For m > 2, (6.1) is then the unique solution of the initial value
problem (5.4), and this can, of course, be verified easily by direct differen-
tiation,

We must now consider the case ¢ > r. We shall assume for the present

that 4 is not a positive integer; the exceptional case will be treated separately.
We then have

o0,0) = | :” G(r, 1;5,0) () g(s) s, (6.2)

and G has a logarithmic singularity at s = ¢ — r. Now it follows from (3.9) and
(3.15) that, if @ and b are two constants such that 0 <a <t —r <b <t +r,
andthat |{ — 1| << 1lina <s < b, then

sin 7w ot .
7 F(f"vl ;.L,l,] g)loglt r—s|

Gyr, t;s)ya<s<t—r
Gyfr, t;s),t —r <s < b,

G(r, t;5,0) +

(6.3)

where both G, and G, are functions of class C®. Hence (6.2) can be written as
o0, ) = 5 C [ 0P 20 1) (5) ) s
5[ R~ ) () s s
6t () s+ [ 69 (1) a0 ds
sin

b §\M
— Fp,1 —ps ;1 =0 () g(s)log |t — 7 — s | ds,
2m J.a (r) (6.4)

where C is the constant (3.14).



480 FRIEDLANDER AND HEINS
The derivatives of the last term in (6.4), which is the only one that presents
any difficulty, can be obtained by a well-known device. Suppose that a

function ¢(s) satisfies a Lipschitz condition | ¢(s,) — é(sy)] < K |55 — 5 |
ina < s < b, and put

b b~z
) = [ $)logls —xds = [ 4+ x)log|sids.  (63)
By partial integration, this can be transformed into
z+8 b—x b—a dS 248
W) = [log 5| [ po)ao] [ S derde (68)

Now

= |$(x 1 5) — $(*)| < K,

| a% [ :+’¢(a) do

so that differentiation with respect to x of the last integral in (6.6) can be
carried out under the integral sign, and ¢'(x) exists for a < x < b. One
finds in this way that

W) =— | Z%ds, 6.7)

where the integral is a principal value. The derivatives of higher order can
be obtained in the same way. For if ¢ € C™! and ¢™-1) satisfies a Lipschitz
condition, then we can differentiate the last integral in (6.5) m — 1 times, and
then use the same device to establish the existence of (™.

We can therefore conclude from (6.4) that if g € C™-! and g™~ satisfies
a Lipschitz condition, then v € C™ in r > 0, ¢ > 7. If these conditions are
fulfilled in 0 << 7 < ¢, then the conclusion holds in 0 <7 <t, t+r <ec.
But it still remains to consider the behavior of v and of its derivatives at
t = r. It is obvious that v itself is continuous there, and that

1 2 2r — 5/ 5\
orr) =5 f F (,L, 1 —p 1 T)(T) g(s) ds. (6.8)
Hence v(r, r) € C™ if g € C™~1, We need therefore only discuss the derivatives

of v in a direction that is not tangential to ¢ = r, say those with respect to ?.
For t < r, we have

yt(y,t)=%g(r+t)(r+t)“+%g(r—t)('~t)u

r r

t r+1 , S“—l
ta] Fl =m0 e,
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and since p > 0, it follows that

su—l

g(s)ds. (6.9)

1 por 2r —s
—) = ut 2 F’( — ____)
oy(r,r —) = 2*1g(2r) + i fo wl—ps 1 " -~
For ¢ > r, we can again use (6.4). But we must now make « a function of r
and ¢, in order to ensure that a < t — . It is sufficient to take a = (¢ — ).
For { is a decreasing function of s when ¢ > 7, and we have, when s = (¢ -7),

B (rt+sF 1 37
p—1 =t o T

Ars 2

so that { <2 in §(t —7) <s <t —r for t —r < &, which we may
assume to be the case. We must also take b < 2r, so that b < t 4 r for all
sufficiently small values of ¢+ — 7. The limiting value of the derivative of the
last term on the right-hand side of (6.4) can again be computed by means
of (6.7). We must now take ¢ = %x in (6.5); it is easily seen that (6.7) then
becomes

Gl #6og x—slds = — 34 (5) log — 40 log 20 =2
- f ilzﬂ?{@d& (6.10)

In the application of this equation to (6.4), we shall have ¢ = s#¢, , where ¢,
satisfies a Lipschitz condition in 0 < s < b. Then

$(s) — $(x) \ _ | 59a(s) — 2*¢i()
§—X §F—X
< | A=) |+ | S=2] 6
sllr —— xu-
<Keoh M|,

where K is the Lipschitz constant of ¢, , and M is an upper bound for
[y ] in 0 < s < b. Also
se—xt ) _pb, opzd
Spsel, 0<p <L

§ — X
Hence the integrand of the integral in the second member of (6.10) is

505/4{3-12
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dominated by an integrable function, and we can make x — 0 under the
integral sign, to obtain

. d P o
lim — | (o) log|s —xlds = — | g ds (612)
This is exactly what one would obtain if the integral were differentiated
formally, and then put x = 0. We can therefore compute the limiting value
of v, as t — v 4 from (6.4) by the same rule. Since the nonsingular contri-
butions from the variable limits @ = }{# — r) and ¢ — 7, and the derivative
of the integral from 0 to 4, vanish in the limit, this again gives (6.9). Hence v,
is continuous at ¢ = r.

The derivatives of higher order can be treated in the same manner. But as
dffot = t(2rs, convergence difficulties may arise at s = 0. In t < 7, the mth
derivative of (6.1) will consist of an integral whose integrand contains a term

Rty rm shemg() FONu, 1 — p; 15.0),

and of contributions arising from the differentiation of the variable
limits that include terms which are proportional to (r — t)—™+ g(r — ¢),
(r — )™ 2g'(r — t),.... As £ — r —, the limit will certainly exist if either
m < pu4 1, or if g9(0) = 0 for 0 <j < [m — p — 1], where [2] denotes,
as usual, the greatest integer less than 2. We shall then have g(s) = 0(s'—)
as s — 0, so that s*~™g will be integrable at s = 0, and the terms arising from
differentiation of the lower limit will tend to zero as r —t — 0. When
&my[ot™ is computed in ¢ > 7 by the same method as that which was used
above to evaluate dv/ét, it is found that the same conditions ensure that the
limit exists as + — 7 -+, and is equal to that found as t — r —.

It would therefore appear at first sight that if v is to be of class C™ in
r >0, and m > p + 1, then the subsidiary conditions g“}(0) =0,
0 <j < [m — p — 1] must be added to the basic requirement that g € C™1
and that gt™-1) should satisfy a Lipschitz condition. But it can be shown that
only the derivatives of odd order need be assumed to vanish at the origin.
For ¢ <7, this can be proved as follows: If g = r%, [ = 0, 1, 2,..., then the
solution of the initial value problem (5.4) is a polynomial p,(r, t),

po=1t  p=r1+Ep+HE (6.13)

(r, 1) —i I+ NI 4 p+ ) ot
P = L =+ DI~ T+ D&+ D

But the solution of the initial value problem in ¢ <C 7 is unique; hence

1 r+i su+2l
Plr, 1) = if el - Y ds (@ <n =01 (614)



EULER-DARBOUX EQUATION 483

We can therefore write (6.1) as

gk(s) - g(s) - z g(ZZ)(O) (21)‘

Clearly, g2(0) = 0 for 0 <j < k. Since we can work with this identity
instead of (6.1), it tells us that only the requisite number of derivatives of odd
order of g must vanish at the origin in order to ensure the existence of the
limit of o™v/ot™ as t —r —.

We cannot establish the analog of (6.14) for ¢ > r by an appeal to the
uniqueness theorem, since we are in fact trying to prove that (5.6) is a solution
of the singular mixed boundary value problem which satisfies, for suitable g,
the conditions of the uniqueness theorem. To overcome this difficulty, the
argument can be divided into two steps. For / = 0, the identity

| :H Glr, 1:5,0) () ds = 1 (6.15)

can be proved directly. The proof will be given at the end of the next section.
We can therefore write (5.6) as

ofr, t) = g(0)t + f :” G(r, ¢, 5,0) (;)" [g(s) — g(0)] ds.  (6.16)

Since g(s) —g(0) =0(s) and (u + 1) —2 > —1, we can conclude that
if g € C', and g’ satisfies a Lipschitz condition, then (5.6) is a solution of class
C2 of the initial value problem (5.4) inr > 0. It then follows from Theorem 4,
which will be proved below, that for g == r%, [ = 1, 2,..., v, and v, remain
bounded as » — 0. Hence Theorem 1 shows that the 1dentities

w20

41 s
pr, 1) = f G(r, t;5,0) — - ds

0

1=1,2,.., (6.17)

are valid, and we can argue as in ¢ < 7. We can therefore state the following
theorem on the differentiability properties of (5.6):

TreOREM 3. Ifg(r)isof class C™m = 1, in 0 < r < ¢, and g‘"“l’(r)
satisfies a Lipschitz condition, then (5.6) is of class C™ inr > O t=0,r +1 <
provided that either m < + 1 or that, if m > p + 1, g?+1(0) =0 for
7=0,1L,2.,and 2j 4+ 1 <m—p— 1. If m > 2, then (5.6) is a solution
of class C™ of the initial value problem (5.4) in r > 0.
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In the exceptional case u = k&, k = 1, 2,..., (6.16) remains valid, and takes
the form

ofr, ) = g0t +5 [ ..F(k 1=k 150 (5) L) - g0 ds. (6.18)

Now F(k, 1 — k; 1;{) is a polynomial in {. Hence there is no need for a
Lipschitz condition in ¢ > r. Then g € C™! implies that v € C™ for » > 0,
t = r. It follows from (6.18) that the derivatives of v of the first and second
order are continuous at ¢ = r provided only that g € C’. The continuity of
the derivatives of higher order can be discussed by the same method as in
the case of nonintegral p. One finds that the subsidiary conditions at the
origin, which are required when the order m of the differentiability class
exceeds & + 1, are g®+1(0) =0, =0,1,2,., for 2/ +1 <m — k — L

70

We can now complete the discussion of the singular mixed boundary
value problem by considering the behavior of (5.6) as r — 0. We shall again
first assume that w is not a positive integer. Now if & <pu <k 1,
k=0,1,2,.., and g(r) e C* then the distribution (5.7) is a continuous
function. The fact that v tends to this function in the sense of the theory
of distributions does not imply that it does so in the ordinary sense. However,
we can prove directly that this is indeed the case, and that there is a corre-
sponding result for v, when g € C**1. The proof can be effected by means
of an integral representation which is of some intrinsic interest. It should be
noted that although we are assuming that p > % in this paper, the proof
of Theorem 4 is valid for p > 0.

TueoreM 4. If k<p <k+1, k=0,1,2,..., and g(r)eC*1 in
0 < r < ¢, then o(r, t), given by (5.6), tends to

l/2

ey

asr—>0in0 <t-+r <c; for u > 1, this integral must be interpreted as a
finite part in the sense of Hadamard. Also, v, — 0, and v, tends to the derivative
of (1.1).

Let us first suppose that 0 < u < 1. We can then derive an integral
representation for G(r, t; 5, 0) that is similar to (1.10). It follows from the
well-known relation

12 — §%)us2ug(s) ds (7.1)

') " U1 — o)L — ox) i do, (1.2)

F(a, b;c; 3) = T®)T(c—b) /,
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which is valid for Rebd > 0, Re(c —4) > 0 and | 2| < 1, that for { > 1,
1., . gy L Sinmp et e
3 CUMF(, 1 25 07 = ST [ 0841 — oyl — o) do (7.3)
where C is the constant defined by (3.14). Again, for 0 <{{ < 1,
1 Sy = SRR L oves(] — fo)e-
5Pl =i ) == foa (1 — o) #(1 — Lo)* do,

and if we replace ¢ by o/{, then this becomes

sin 7
2m

1 1. _ ¢ -1 -1 _
5F 1 — 150 = fau (1 — oYL — o) do. (1.4)
0

Now when { is the quantity defined by (5.9), then the first members of (7.3)
and (7.4) arethe values of G(r, £; 5, 0)in0 <C s < t-randint-r <s <t +7,
respectively. We can combine the two integrals by putting ¢ = 4(1 — cos ),
to obtain

sin2s#—1

. _ sinmp
Glr, £5,0) = - f(4§ -2 —I—2cos0)“d0

where the integral is taken over 0 <8 <= if {>1, and over
0 <0 <cos(1 —20)if L < 1. For { =1 it is, of course, not defined.
Substituting 4rs { = t2 — (r — 5)?, we find then that

(rs)* sin2+-1§
—r® — 5% + 2rs cos f)~

G(r, t; 5, 0) = Smﬂ”” j : @ o (1.5)

where the integrand is defined to be zero when #2 — 72 — 2 4 2rs cos 6 < 0.
We can now multiply (7.5) by (s/7)* g(s), integrate with respect to s from
0 tot +r, and put scos § = ¢, ssinf = 7. Then, by (5.6),

) = S [[ o ddn 09

where s = (£2 + #%)'/%, and D is the domain in which (§ —r)2 + 92 < #2,

n > 0. For continuous g this procedure is justified by absolute convergence.
We can now put

E=r+ &t a=mt p=E+20 (7.7
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and write (7.6) as

o, = L7 [ = ,,(;f))u ¢, dny (1.8)

where D, is the domain 0 < p; < 1, > 0, and
s = [ + Et)? + md, (7.82)

fFOLr<cand 0 <r+1t<g then 0 <s < ¢ in Dy, so that g(s) is
continuous, and bounded uniformly in 7. We can therefore make r — 0
under the integral sign in (7.8). The result will be the same as that which is
obtained by making r — 0 in (7.6),

=B [ D

82)"

_ sinmy s ou-l P ougtu
- fo sin2+-19 49 fo(t §2)~us2ug(s) ds
and since

i I'(w) I'3)
sin24-19 df =
f 0 Tp+ %)’
this gives (7.1).
Also, if g€ C? for 0 < r < ¢, then we can differentiate under the integral
sign in (7.8), and find that

=t [ SO g, s
2u—1

or, 1) = 227 [ ;g<s)+ [l L&D o, 0] (2

(7.9b)

Since |(r + £;2)/s| < | and O < nyt/s < 1, we again let 7 tend to zero under
the integral signs. Thus

_ tsinmp 7608 (prt) -
'Ur(o’ t) - i ffDo Pl(l — Plz)u d§1 dl”l - Oy

as the integrand is an odd function of §, . Again,

00, ) = sin

[, tetort) + it i) 2 5 s

,”1/2

TTeE+HId—p

1/2

1
[ (U= p2ratiateut) + putg (ot} doy

il d ' 2)—u 20 d
T T+ —”)zfo(l — P2 “p31g(pyt) dp,
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and the substitution s = p;¢ shows at once that v,(0, t) is obtained from (7.1)
by differentiation with respect to . We have thus proved Theorem 4 when
k=0.

To extend this argument to & > 1, we observe first that (7.2) is valid for
all b and ¢, except ¢ = 0, —1, —2,..., if the integral is regularized by the
method of Gelfand and Shilov ([6], p. 118). This regularization is uniquely
defined by analytic continuation. When neither & nor ¢ — b is a non-positive
integer, it is given by the finite part of the divergent integral in the sense
of Hadamard, since this provides the analytic continuation of an
integral with an algebraic infinity ([8], p.40). Thus (7.5) also remains
valid for nonintegral u > 1, if the integral is interpreted as a finite
part.

On the other hand, we can also interpret the integral in the second member
of (7.8) as a finite part, provided that 3*~'g(s) is of class C* in a neighborhood
of p; = 1,7, > 0, where & = [u]. It is easy to see that this is the case. For, in
the context of the proof of Theorem 4, we can assume that 7/t < 1. Then
it follows from g(r) e C* that g(s) is of class C* in b < p; << 1,9, >0,
where b is a constant such that & > r/t, since s is bounded away from zero
there. Also, 2u — 1 > 2k — 1 and % > 1, so that %' e C*. Now we can
compute the finite part of (7.8) by reversing our previous argument: We first
make the transformation (7.7), then introduce polar coordinates, and finally
calculate the integral by integrating first with respect to 6 and then with
respect to s, the inner integral being evaluated as a finite part. By (7.5) we
therefore find again that the second member of (7.8) is equal to the second
member of (5.6).

Furthermore, 73*’g(s) and its derivatives of all orders up to % are
continuous functions of & ,m, and r in b <p, <1, 7 > 0,0 < r < bt.
It therefore follows from the properties of the finite parts of divergent
integrals ([7], p. 149) that (7.8) depends continuously on r as r — 0. The
calculation of ©(0, ) is formally the same as before; the only difference is
that the end result must be interpreted as finite part. Also, if g(r) e C*+,
then the same reasoning can be applied to (7.92) and (7.9b), and thus
Theorem 3 is proved for all .

We can now establish the identity (6.15) which was used in the proof of
Theorem 3. We need only put g =1 in (7.8). This gives, since (7.8) is
equivalent to (5.6),

2u~1

T

For § < p < I, the integral can be evaluated at once by transforming to
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polar coordinates:

1

¢ sin mp NI tsinap (7 ., v e
J.JDO (I —p?) 4y dmy = T J.o sin®=i6 db J‘0 (1 *1P12)_“ i

l/2¢ 1 pl

T T+ HTA—p —PZ)“

It now follows by analytic continuation that this equation remains valid for
p > 1 if the integral is evaluated as a finite part, and this proves (6.15).

The exceptional case can be treated directly by means of (5.12). When
w=~F~ k=12, then (5.11) gives

y = L

2G,4(0) = {(k — 1).€’° =9t o<,
0 {>1

which is simply a form of Rodrigues’ formula, since F(k, 1 — %; 1;{) =
P (1 — 20), where P;_, denotes the Legendre polynomial of order 2 — 1.
We can therefore take # = k£ — 1 in (5.12):

k-2 a k-1 at4r 2k—1
vmﬁz@%ﬂﬂﬂﬁ f;ﬁHa—QHsrg . (7.10)

Since 4rs { = t* — (r — s)%, we have

e

and can therefore put

2= —tP+4rto (7.11)

in (7.10), to obtain

2k-1 7

”“”:w—nd

For g = 1, this again gives the identity (6.15). Now if g(r)e C*and r < ¢,

then g(s) is of class C*~! in all three variables 7, ¢ and o. It is then legitimate

to take the differentiations under the integral sign in (7.12), and to make
r — 0. In the limit, s = t, and so

2k—1[(k __ 1)[]2 a k-1 .
w—nu%—ndﬁﬁ LaQ)

1 a B 2k—1
:134%—n6ﬁ [ g(®):

This is the same as (5.20), but whereas the derivatives in (5.20) were
distributional ones, (7.13) holds in the usual sense.

k—1 o1
Ta—t-) f O.Ic—l(l _ o)k——ltﬂc-lg(s) do. (712)
0

(0, t) =
(7.13)
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When 2y is an integer, the solutions of the Euler-Darboux equation are
also axisymmetric solutions of the wave equation in 2u + 1 spatial
dimensions. The solution of the singular mixed boundary value problem
which has been constructed is one for which there are no sources on the
axis r = 0. The proof of Theorem 1 remains valid if one assumes only that
r2(v,? + 9,2) is integrable at r = 0 and that r%#v,7, tends to zero uniformly
in t, as r — 0. One can interpret these by saying that the total energy of the
disturbance represented by v must be finite at any instant, and that the rate
of energy flux across a cylinder r = ¢ must tend to zero as € — 0. The
counterpart to this solution of the wave equation is one that represents a line
source on the axis. A similar solution of the Euler-Darboux equation can be
constructed for general p.

The function

H = (rryy ™ G*(ry, 8y ; 7, 1), (8.1)
where G* is defined by (4.4), satisfies the equation

L[H] = rg™8(r — 15) 8(¢ — 1,), (8.2)

and has the support ¢t = t, + | r — 7y |. If one thinks of 7 as a spatial variable,
and of £ as the time, then H can be interpreted as a disturbance due to a point
source at r = 7y, t = t, . Now when 7, — 0, one has

rl/2

o taapra—pt—0 = t>hdn 63

as the field due to a point source on the singular line, if one ignores the
singularity on ¢t = r. By superposition, one can now form the solution due
to a line source on the singular line,

1/2 t—r !
i M) g (84

A L TRy (e (G e

This representation of solutions of the Euler-Darboux equation seems to
have been first given by Volterra [9].

Let us suppose that 2 < pu < 2 + 1, & = 0, 1, 2,..., that o(¢) vanishes for
sufficiently large negative t, and that oe C*, with o'*+1 satisfying a
Lipschitz condition in any finite ¢-interval. Then the integral (8.4) exists,
in the usual sense for £ = 0, and as a finite part for £ > 0. Its derivatives of
the first and second order can be obtained by formal differentiation under
the integral sign, provided that the resulting integrals are read as finite parts.
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Since L,[(t2 —r%)~#] = 0, (8.4) is a solution [of class C?] of the Euler-
Darboux equation in r > 0. Its support is ¢ > r + t,, where ¢, is the
greatest lower bound of the support of of¢). We can show that

. ov
2u T —
fmro g = —ol (8.5)
To prove (8.5), we differentiate (8.4) with respect to r and then put
t' =t —r —rs. This gives
v 21 /2 ® g(t —r —13)
r2u —— ds, 86
o = T DI o BE TP &9
where the second member is a finite part. It is easy to see that one can make
r — 0 under the integral sign in this equation. One can divide the interval
of integration into (0, @) and (g, ), where @ > 0. In (a, ), o(t —r — 7s)
is bounded uniformly in r for fixed ¢, and [s(2 + 5)]-#! is integrable. Hence
the passage to the limit is justified by Lebesgue’s theorem. In (0, a),
o(t — r — rs) and its derivatives with respect to s up to order & + 1 depend
continuously on r for r 2> 0; it is known that this implies the continuity of
the finite part of the integral with respect to r. Hence

o202l

B f°° ds
™0 Or Fp+ 3 I —p) Jo [s(s +2)+

(8.7)

To evaluate the finite part of this integral, we note that it converges for
— % < Reu < 0, and is then an analytic function of u. It can be computed
by setting s + 1 = 2~1/2, which gives

. : (1 — sy wrigetin gy = T Ll I{é‘; T4 - (53)

By analytic continuation, the finite part of the integral in the first member of
(8.8) is given by the second member of (8.8) except when u = 0, 1, 2,....
Thus (8.5) follows from (8.7) and (8.8).

The exceptional case u = k, k = 1, 2,..., is elementary. Clearly, one has,
for k =1,

f‘” ds
o [s(s + 1))

o — o'(t — r) '
r
Now it is well known that
1o 1 ov
7% Lfv] =L, [; -B—r]'
Hence

ofr, 1) = — D (%)H"(’—’) . (89)

13- (2& — 1) 7
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is the appropriate solution of L,[v] = 0, if o € C*+1; it is easily verified that
(8.6) remains valid.

The Volterra representation (8.4) can also be treated as a distribution in ¢
which depends on 7 as a parameter. Let

172 @ - .
—_— 7 -—u’ r
Bir; ) = (TG + DIU ~ ) (8.10)
0, t<r
For Re . <C 1, the linear form determined by this distribution is
e o]
f E(r; ) $(¢) dt, (8.11)

where ¢(t) is an indefinitely differentiable function with compact support.
For Rep > 1, it is defined by analytic continuation, and is the finite part

of the integral (8.11) when p is not a positive integer. Let o(t) be a distribution
whose support is contained in ¢ > a, for some finite a. Then the convolution

v = E(r; t)* o(t) (8.12)

exists. It is an elementary exercise in distribution theory to prove that
L,[E] =0 for r > 0, and that

1m@u

f)=—wy (8.13)

Hence v, considered as a distribution in ¢ that depends on r as a parameter,
satisfies L,[v] = 0 in » > 0, and r%g, tends to —o(t) as r — 0.
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