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Abstract: Explicit algebraic expressions are given for SU(3) o R(3) Wigner coefficients, which are
of particular interest in p-shell and 2s-1d shell-model calculations. An orthogonal basis tied
closely to Elliott’s basis is chosen according to a systematic recipe. The Wigner coefficients are
those involving the Kronecker products (4;4,) X (Aquta) = (A3u5) in the following cases:

(i) (Aeu2) = (10), (O1) and u, = 4 (arbitrary 4,), i = 1, 3. (For the case u, = 4, only auxiliary
coefficients are tabulated whenever the angular momentum multiplicity is 3. From these the final
Wigner coefficients can be calculated for any specific case of interest.)
(i) (Qaps) = (20), (02) and u, < 3 (arbitrary 4,), or 2, = 3 (arbitrary x,) i =1, 3.
(iii) (Apue) = (11) and pu, = 3 (arbitrary 4,), or i, = 3 (arbitrary u,) i =1, 3 except for
(A3) X (11) — (A3) which is not given.

A method is also given whereby coefficients with more complicated (4.4,) can be calculated
from coefficients of type (i) by a build-up process. Some symmetry properties are discussed.

1. Introduction

The importance of the group SU(3) for shell-model calculations has been recognized
by Elliott !*2) and exploited by many authors 278). The states of interest are the
harmonic oscillator states, which form a basis for the irreducible representations of
SU(3). To completely specify the states one seeks to construct a complete set of
commuting operators based on the invariants of a canonical chain of subgroups.
The conventional and mathematically “natural” chain is Gelfand’s chain ®~'') of
unitary groups, specifically here SU(3) = SU(2). For SU(3) a detailed solution of
this problem is known 3:12:13),

In nuclear physics, however, SU(3) serves partly to characterize the symmetry of
the orbital part of the wave function. Therefore the SU(3) states needed for shell-
model calculations must be states of good angular momentum, that is states based on
the chain of subgroups SU(3) = R(3) > R(2). Bargmann and Moshinsky '*) have
introduced an operator, which together with the Casimir invariants of the above
chain of subgroups, completely characterizes the states of an irreducible representation
of SU(3). In practice, however, it is very difficult to work with this basis in actual
shell-model calculations.

t Work supported in part by the U.S. Atomic Energy Commission.
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682 J. D. VERGADOS

An alternate and more useful technique has been employed by Elliott !+2), who
constructs good angular momentum states by projecting them out of a single SU(3)
state. In cases where the angular momentum quantum numbers L, M do not suffice
to completely specify the states that occur in a given SU(3) representation (4, y),
Elliott’s projection technique naturally furnishes an extra label K which serves to
completely classify the states. In addition, the label K turns out to have real physical
significance, since it can be interpreted to characterize the different rotational bands
in a given SU(3) representation. However, it is not possible to make a direct appli-
cation of the elegant Racah algebra in this classification scheme, since the Elliott
basis states do not form an orthogonal set. States of a given representation with the
same angular momentum quantum numbers and different values of K are not or-
thogonal to each other.

To apply Racah techniques in the 2s-1d shell one has to know the SU(3) = R(3)
Wigner coefficients involved. Engeland *) has given an expression for the expansion
coefficients C((A; 1)Ky Ly My, (A;p2)K, Ly My; (AW)KLM) which express the states
of the coupled representation (Ax) in terms of the uncoupled representations in the
case of simply reducible products (4, u;) X (4, ¢2), namely

I(AW)KLM) = 1;1:( C((lll‘l)KxLlMu(Azl-lz)KszMz;('I#)KLM)
1R2

X I(}u#l)KlLlMx)](/lz#z)KszMz)- )]

Since the Elliott basis states |(Ax)KLM) do not form orthogonal sets, Engeland’s
expansion coefficients C are not the elements of a unitary transformation matrix
from an uncoupled to a coupled basis. Nevertheless Engeland’s formula is very useful
and will be used in the present work to construct the needed SU(3) = R(3) Wigner
coeflicients.

Horie !*) has given algebraic expressions for the simplest SU(3) > R(3) Wigner
coefficients for the products of the type (4, u;) x (10) — (4;u3). They are basic to any
calculation. Unfortunately Horie had to confine himself to y,, 3 < 2. In addition,
his choice of orthogonal basis in those cases where L and M do not suffice to com-
pletely label the states of a given representation is completely arbitrary, therefore it
would be difficult to generalize his work in a systematic way.

Recently Akiyama !®) has calculated the SU(3) = R(3) Wigner coefficients
needed for the one-particle c.f.p. for the 2s-1d shell with » < 6. However, his method
of calculation and his results are entirely numerical and therefore difficult to extend
to large SU(3) quantum numbers. His choice of orthogonal states in a given (4u),
when there is multiplicity in L, is again completely arbitrary.

In the present work an attempt is made to give algebraic expressions for most, if
not all, of the SU(3) > R(3) Wigner coefficients needed for calculations in the
2s-1d shell. The orthogonal states of a given irreducible representation are constructed
in a systematic and uniform way for all (Au), such that the states are as close as possible
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to Elliott’s physically meaningful basis. A Gram-Schmidt 17) orthogonalization
procedure is employed to construct an orthonormal basis from the complete set of
Elliott’s basis.

The calculation of SU(3) > R(3) Wigner coefficients proceeds into two steps.
In the first step the basic or generating coefficients for the product (4, ;) x (10) —
(23113 are calculated. As a result of the systematic choice of basis vectors, the alge-
braic structure of these coefficients is somewhat simpler than that of Horie’s co-
efficients. So it is easier to extend the tables to larger SU(3) quantum numbers.
Nevertheless the algebraic structure of the coefficients becomes more and more
complicated as the multiplicity of L in a given representation increases. It was there-
fore necessary to confine the tables to representations for which y4 < 4 (arbitrary 1),
or 2 < 4 (arbitrary p). It is believed that the algebraic complications arise from the
requirement that the basis states diagonalize L? and L, and that no further clever
choice of the needed extra quantum number would substantially reduce these com-
plications in representations in which both 4, u = 5.

The second step in the calculation of Wigner coefficients is a “building-up” pro-
cess in which the SU(3) Wigner coefficients for products such as (4, g,) x (20), or
(4, 11;) x (11) are constructed from the basic ones calculated in step one. Coefficients
for more complicated products can be calculated by a repeated application of the
“building-up’’ process. To apply the building-up process expressions for SU(3)
U-functions (Racah coefficients) are needed. Most of the necessary U-functions have
already been tabulated *!8). A few additional ones are given in table 1. (The U-
functions depend only on the SU(3) representations involved and not on the particular
chain of subgroups chosen.)

In order to make the SU(3) = R(3) Wigner coefficients real, a modification was
made in Elliott’s phase convention retaining, however, the well-established, Condon-
Shortly !?) phase convention for the R(3) part of the coefficients.

It is hoped that, by making the above coefficients available in algebraic form,
most of the 2s-1d shell calculations can be simplified. In the very few cases not covered
by the tables, the present method can be applied for the specific numbers of interest.
In addition, the building-up process can easily be translated into a computer program,
and computer facilities may be used.

In order to establish the notation the group SU(3) and Elliott’s projection technique
is briefly discussed in sect. 2. Our phase convention and orthonormalization process
is given in sect. 3. The building-up process is exhibited in sect. 4. The construction of
the generating coefficients for the products (4, 4,)x (10) — (43 3) is accomplished
in sect. 5. Application of the building-up process is illustrated in sect. 6 in which the
explicit constructions are given for the Wigner coefficients for the products (4, y) x
(A2 113) = (Azu3) with (A, p,) = (20) or (11). SU(3) = R(3) irreducible tensor opera-
tors are defined in sect. 7. Some symmetry properties are given in sect. 8. They can be
used to construct the coefficients with (A,4,) = (01) or (02) from the above. A list
of tables follows, and some of the proofs are given in the appendices.
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2. Review of SU(3) and the projection technique

The notation to be used is essentially that of Elliott and will follow refs.
The infinitesimal generators of the SU(3) algebra are denoted by 4;; with i, j = x, y, z
and commutation relations

[Aijs Akl] = 5jkAn—5uAkj-

The irreducible representations of the SU(3) algebra are denoted by (iu) with
/.= hy—hy, t = hy—hy, where [h, h, h;]is a partition of N harmonic oscillator quanta.

In the conventional classification of states that occur in a given representation (1)
one chooses the chain SU(3) > SU(2) and constructs a complete set of commuting
operators {Qq, Ao, A%}, where Qg =24, —A,,—A,,, A, =1(4,.—4,,); A?
= (A, A)x+ A, A4,,)+ A, Then a basis [(An)edAd,) is defined by

Qol(Am)ed o) = el(An)ed o),
Aol(Ap)ed o)y = Aol(Ap)eAA,),
A|(3ed Ay = A(A+1)(An)eAdo), (1a)

1,2,3.12)

where
e=204+p=3(p+q), A=3tutilp—q), Aog=A-r, (1b)
with p, ¢, r integers such that

0<p=sld O0=gsp 0O0=r=s24

The states of the basis are constructed by a step-down process starting with the
highest-weight state

|(Aw)edAo) = F(p, q, (Ap)en = 2A+p, Ay =1p,  Agy =4, (2)
where
F(p, g, r) = N((A)par)A,. 0,1 A%,
N is a normalization coefficient calculated by Elliott and Harvey 2™*) and

0,. = 4y Ax.— AyZ(AX" — Ayt 1)-

States of the above nature will subsequently be called intrinsic states.

Since SU(3) is related to the spatial symmetry of the wave function in shell-model
calculations, it is desirable to work with a basis in which the angular momentum is
diagonal. For this purpose first a new basis > !2) for the SU(3) Lie algebra is intro-
duced

L, =iniLy’ Ly=1L,, Qo> Quys Qiz’
where
Lx = —i(Ay:_Azy)’ Ly = _i(A:x—Ax:)’ Lz = —i(Axy—Ayx)’
Qo = 24,.— Ay — Ay,
Q:1 = FV3[(Au+4.)1i(4,.+ 4,,)],
Qi = \/g[(Axx—Ayy)i i(Axy+Ayx)]' (3)
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Then a complete set of commuting operators {Q, L2, L,} must be constructed, and
the new basis should be one in which the above set is diagonal. Bargmann and Moshin-
sky '*) have succeeded in constructing the operator @, but it is difficult to use it in
actual calculations. The alternative method originally suggested by Elliott !'2) is
more useful. He showed that any angular momentum state in a given representation
can be obtained from the highest weight intrinsic state (i.e. the state withpp = ¢ = r
= 0) of the same representation

[(Au)KLM) = Pi(Au)en Ay Aonds )
where P is a projection operator given explicitly ) by
2L+1 f L
= dQ Dy (QR(Q), 5
D) Pl R@) ©

where R(Q) is the rotation operator and the normalization coefficients a(X, L) given
by Elliott ) are

la(K, L)|* = A(KLK),

A(KLK') = 2L+1 i l:(::) (-1 {fzudae""“ sin” a cos* " a}

87'!2 n=0 [}

X :fzudy e'*" sin" y cos* ™" y}{f_l ld cos f cos**” ﬁdﬁ,x(ﬁ)}] . (6)

0

The phase in the determination of a(X, L) was chosen such that
a(K,L) > 0 for K = 0, {AW)KLM > = [(Au)—KLM )

(when the representation must be denoted explicitly, we shall write a((Ax)KL).

In cases when A4 < g, it is more convenient to project the angular momentum
states out of the lowest-weight state, i.e. the state corresponding to p = 4, ¢ = g,
r = A. Such states will be denoted by a K.

((A)KLM) = P|(An)erAiAory- (7)

The two types of states are related by
wRLMY = ¥ XKD (I RIFG, 1 QLK DIGWK LM, (8)

K1 a(K, L)

The above summation runs over both negative and positive allowed values of K.
Use was made of the fact that a(K, L) = a(K, L). The operator F(4, p, ) is such
that it constructs the lowest-weight state when operating on the highest weight state,

ie. . .
[(Awer Ap AgL> = F(4, p, M(Ap)ey Ag Aop)-

The operator F(p, ¢, r) defined in eq. (2) can be expressed as a function of angular
momentum operators alone ?).
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3. Phase convention and orthogonalization of the basis

Elliott’s phase convention has the disadvantage that some of the SU(3) > R(3)
Wigner coefficients become pure imaginary if one is determined to maintain the well-
established, Condon-Shortly !°) convention of the R(3) Wigner coefficients and the
phase conventions of the SU(3) o SU(2) Wigner coefficients *). With the phase
convention

((M)KLM = i**|(3u)KLMY, (9a)

it is possible to make all the SU(3) o R(3) Wigner coefficients real. The new phase
convention also implies

[(A)KLM Yo = i?***#|(Au)KLM ). (9b)

In the present work an orthonormal basis, to be denoted by |(Au)xLM >, is con-
structed which is tied as closely as possible to Elliott’s basis and is obtained from it
through the Gram-Schmidt *7) orthogonalization process according to a systematic
recipe. Let Ky, K,, . .. K, be the Elliott rotational bands ':2?) that occur in a given
representation with K|, < K, < ... < K,. The new basis is then defined by

I(A)e; LMY = [(Ap)K, LM ),
(A, LMY = X5, [(Ap)Ky LMY+ X, (A} K, LMD,

(LM = T XK, LM (10a)

The coefficients X;; are determined by the requirement
Gy, LMI(Ap; LMy = 6. (10b)

The new basis has the useful property that the x-states for fixed p, given L, M, go
over to the corresponding states of Elliott (with the modified phase) in the limit
lim [(Ap)xLM) = |(Au)KLM>,.
A=
This relation was used to fix the overall phase of the transformation coefficients' X;;.
In the above notation, the (84) representation, for example, has K = 0, 2, 4. The
orthonormal set of basis vectors will be [(84)xLM > with k = 0, 2, 4. The statesxk = 0
are the states of the lowest, or X = 0, Elliott rotational band. The states with x = 2
are a mixture of K = 0 and K = 2 Elliott states orthogonal to ¥ = 0. The x = 4
states are mixture of K = 0, K = 2 and K = 4 states which are orthogonal to both
k = 0 and x = 2 states. The coefficients X;; are explicitly given in table 2B for the
cases (A2) and (43). We also give them for (14) in the case when 1—~L = odd, i.e.
when the multiplicity of L is 2.
We emphasize here that K and, consequently r, is assigned according to u. Hence the
possible values for K (or x) are u, u~2, t—4, ... 1 or 0. From the definition of x,
it is clear that if a given L occurs in a given representation only once, it belongs to the
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TABLE 2A
Elliott's a((Ax)KL) coefficients in algebraic form for arbitrary 4

U K A—L =even A—L = odd

p=0 0 [QL+1Db(A, L)F

p=1 [ZLTH b(4, L)]* %@b(l+l, L)]*.
L a0’
=2
(b ) [
S
=3
R P (=T
o [t itel sasen]’
w=t 2 [mmmamarsarsev] Piainammars we+»0]
(ot Ry s ] [P D ]
where
MLL%:M—L+ﬁﬁj¥i:itdtzf;3+L+n’ L=1
b(4,0) =

i

¢ L) = 20+1—L(L+1), (4, L) = 4(A+1)*—(L—1)(L+2),

W@, L) = 4A(A+2)—3(L—1)(L+2),  Z(A L) = 2A(A+2)—(L—2)(L+3),

PQ, L) = 3(A—L+4)(A— L+2)(A+ L+3)(A+L+5)+2(A+DA+2)A—L+H @A+ L+5)
+3(A+1DA+2)(A+3)(A+4),

Q(A, L) = 2(A+5)2(A2+44+6)—2(A*+TA+16) L— (222 +14A+31) L2 +2 L3+ LY,

RO, L) = (A—L+11)(A—L+9)(A— L+Ty(A— L +5)+28(A— L+9)Y(A— L+T)(A— L+5)(A+ L+5)
+70(A— L+TYA—L+5)(A+ L+3)(A+L+5)4+28(A— L+ 5)(A+L+1)(A+L+3) A+ L+5)
+A+L-1)A+L+1)A+L+3)A+LAS),
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TABLE 2B
Coefficients X, for the expansion |(Au)xLM > = I X, x|(A)KLM >
u=2
Xk A—L = even H A—L+2>0 A—L = odd
x K=0 K=2 K=0 K=2
k=0 1 0
—a _ (L—1D)L(L+1)(L+2) ]i‘ [ @(A+1, L)p(A+2, L) ]i‘ )
T 4(A+2)(A+3)(A—L+2)(A+L+3) 4(A4+2)(A43)(A—~L+2)(A+L+3)
u=73
Xek A—L = even 5 A—L+2>0
« K=1 K=3
k=1 1 0
-3 _ I: 3(L—2)(L—1)(L+2)(L+3) 1 [ x(A+3, LyW(A+1, L) :]‘1‘
T 16(+3)(A+49)(A—L+2)(A+L+3) 16(A+3)(A+4) (A—L+2)(A+L+3)
A—L = odd ; A—L+3>0
K K=1 K=3
k=1 1 0
3 [ 3(L—=2Y(L—1)Y(L+2)(L+3) :li I: 2(A+1, LYW (A+3, L) :I‘}
K = -
16(A4-2)(A43)(A— L+3)(A+ L+4) 16(A+2)(A+3)(A—L+3)(A+L+4)
where
@4, L) = 2(A+1)*—L(L+1),
x4, L) = 4(A4+-1)2 —(L—1)(L+2),
W4, L) = 4A(A+2)—3(L—1)(L+2).
u=4
Xek A—L = odd ; A—L4+3>0
x K= K =
k=2 1 0
‘=4 _ [ (L=3)(L—-2)(L+3)(L+4) :"1‘ [ Z(A+1, LYZ(A+4, L) :l‘l‘
4(A+3)A+4)(A— L+3)(A+L+4) 4(A4+-3)(A+4)(A—L+3)(A+L+4)
where

Z(4, Ly = 2A(A42)— (L—2)(L+3).
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lowest possible x-band. If it occurs twice, it belongs to the two lowest possible x-bands.
If it occurs three times, it belongs to the three lowest possible k-bands, etc. The only
exception occurs when ¥ = 0. The allowed L-values are restricted to be even or odd

for A even or odd, respectively; e.g. for (84) we have

k=0 L=0,24,68 10, 12,

k=2 L=234,56178,9, 10, 11,
k=4 L= 4,5, 6,7, 8,9,

for (93) we have

K= 1 L=1,2734,5678,9, 10, 11, 12,
K =3 L= 3,4,56,7,8,9, 10.

Exactly in an analogous way we orthogonalize the states |(Au)KLM ). The ortho-
gonalized states are now denoted by [(Au)<LM ) (both K and i are now assigned

according to 1); e.g., in (37) we have

k=1 L=1,234,561 28,09, 10,

K=3 L= 3,4,5 6,7, 8.

With the above phase conventions it can be shown that
[(ARRLMD* = (= (= 1) M |(uA)RL— M.

For the self-contragredient representations, A = u, we have

IARLMY = ¥ C(4, x, L)|(A)xLM

the cases (Au) = (11) or (22) are of particular interest. For them
[(11)k = 1ILM) = (—1)**'|(11)x = 1LM),
[(22)% = 02M> = —5{8|(22)x = 02M>++/105|(22)x = 22M},
[(22)% = 22M) = —{V/105|(22)x = 02M) —8|(22)x = 22M},
I(22)k = 04M> = |(22)k = 04M; |(22)k = 000> = |(22)x = 000D,

I(22)k = 23M) = —|(22)k = 23M).
Also
[(0A)RLMY = (—1)**~D{(0i)cLM),
|(A)RLM ) = (—1)*(= D3 ~D|(J0)kLM )
J(1)RLM) = (—1)*~*|(1A)cLM},
[(A)RLM) = (—1)' ~*|(AL)eL M),
where

o =4[A+L+1] with [x] = integral part of x.

(10c)

(11a)
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Since the EHiott states themselves may be of some importance in some applications,
we give the above expresisons in the non-orthogonal basis as well

(1K = 1LM) = (= 1DY(11)K = 1LM),

(22K = 02M) = —3{|(22)K = 02M >+ 23{(22)K = 22M)},

I22)K = 22M) = 3{—V32|(22)K = 02M > +|(22)K = 22M>},

[(22)K = 04M> = L{19](22)K = 04M Y —15|(22)K = 24M})},

I22)K = 24M> = —3|(22)K = 04M> +4{(22)K = 24M>,

[(22)K = 23M) = —|(22)K = 23M); |(22)K = 0005 = |(22)K = 000.

4. SU(3) o R(3) Wigner coefficients

After an orthonormal basis has been introduced we can discuss the unitary trans-
formation that leads us from the product space spanned by the basis |(4, u;)x, L, M|
[(A u2)xs Ly M,)> to the space spanned by the coupled vectors |(A;p;)(A;u,);
(Aspa)pics Ly M5y)» whose coefficients are the SU(3) Wigner coefficients, i.e.

(A1 81), (42 #2)3 (laﬂa)P’ca-Ls My
= Z <(ll#l)K1L1M1;(A.'Z#Z)KZLZA/[ZI(A.'3I“3K3L3M3>p

xk1LiM,
ka2L2(M2)

X [(Aypy)res Ly M D(Az )i, Lo M)
subject to the familiar angular momentum restrictions on the indices. The quantum
number p [refs. >*'')] is necessary because the product is not in general simply
reducible, i.e. a representation (4;u5) may occur more than once. The choice of p in
the present work is exactly the one adopted by Hecht 3).

In a completely analogous fashion as in the intrinsic basis, the M-dependence can
be factored out :13), i.e.

(Aypo)rey g M5 (A pa)ica Ly M|(As p3)ics Ly M3y, = (A puy)r, Ly

(A2p2)x2 La|l(A3 3)ics L3>, KLM; Ly M,|Ly M), (13)
From the unitarity of the full SU(3) and the ordinary R(3) Wigner coefficients, it
follows that the “double-bar”’ coefficients are also unitary. With the phase convention

introduced above they become real, i.e. orthogonal. As in the intrinsic scheme it can
be shown 3) that

Z (('11 #1)"71 Ly (123 #23)"23 L,

P1,23

X (AL, U((Ay ) (A2 2)(A)(A3 113);
x('112#12)1712912,3((}*23ﬂ23)P23P1,23)= Z <’€1L1;K2L2|(3~12ﬂ12)K12L12>p,,

xaka2LaL3
x12L12

x (K Ly KsL3”0~23#23)"23L23>p;3<K12L12; K3L3“("W)KL>,;,2. 3 U(LleLL33
LiyLy;3). (14)
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The U-functions depend only on the representations involved in the coupling and not
on the specific subgroup chosen to specify the states. Most of the SU(3) U-functions
needed for 2s-1d shell calculations have been calculated 3 '8). A few additional U-
functions are needed, in particular those with (1, 1,) = (10) or (01) and (4, ;) = (10).
They have been calculated and are given in table 1.

Eq. (14) is basic in the present work, because it is used in a build-up process to
construct more complicated Wigner coefficients starting from very simple ones by
proper choice of the representations (4, 4,), (A;¢3)and (A, 4,,). Since we can start
from simple coefficients on the right-hand side of eq. (14), which do not involve
labels p, the equation serves as a definition of p, ,3 in {(Ay gy )y Ly; (A2353)623L54)
[(Au)L>,, ,, if we pick the corresponding SU(3) U-functions as defined by Hecht 3).

It turns out that all SU(3) > R(3) Wigner coeflicients can be constructed via
the above ‘building-up” process if the SU(3) U-functions and all coefficients
{(AypydxaLy; (10)11(Aspa)k3 L) are available.

5. Coefficients for the product (4, p1) X (10) = (43 u3)

Engeland ') has shown that the coefficients in the expansion of a coupled wave
function [(A4)KLM > in terms of the individual wave functions |(1, 1,)K,L, M)
|(A212)K,L, M,) in Elliott’s basis, namely *

I(A)KLM) = Z C((A 1)K Ly, (A242)K, Ly (A)KLX L M, L, M5 | LM

KyLiM,
K2L2(M?2)

X I(}*n p)K Ly M1>|(12#2)K2L2 M) (15)

are given by the expression

a((2 K,L)a((4 K,L
C(Osm)Ki Ly () Ly (KLY = “sst)KsLo)a(Ga )i L)
a((Ap)KL)

X Z Ay u)e Ay (A 1a)ex A5l |(A)eg A <A Ag Ay Aoal AgAog)

€1, 4y, Ao1
e242402

X Z Ly K}|F Ly Ky )<L, K5|F5|L, K, )<L, K] Ly K3 LK. (16)

K'1, K2

The summations in egs. (15) and (16) run over both positive and negative allowed
K-values. The operator F; i = 1, 2 is defined by

|('1illi)3i/1i/101> = Fl‘l(li,ui)giHAiH Aoin)s i=1,2

There are some difficulties in a direct application of the above formula. First, although
the operators F;can beexpressed asfunctions of theangularmomentum operatorsalone,

t Engeland uses the notation <{(A,u,)KiL;, (Aep2) Ko L,|(An)KL)> for the expansion coefficients
C((A u (KLy, (Au5) Ko Ly; (Au)KL). Such notation has purposely been avoided here, since these
coefficients do not constitute a Gram matrix, i.e. they do not represent the scalar product connecting
the |(Au)KLM ) basis to the |(A,u,)K,LiM, >|(Ague) Ko Ly My ) basis. They are not yet SU(3) D R(3)
Wigner coefficients.
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it is very difficult to give the explicit algebraic forms of these functions in the general
case. However, if (1,u,) = (10), this can be accomplished since the possible F; are
restricted to those needed to construct states removed by only a few steps from the
highest-weight states. Second, after the integrations have been performed, the formula
for a(K, L) is too complicated to be useful for algebraic expressions. However, if
(A,u;) = (10) we show in the appendix that we can write the coefficients a(K, L) such
that a simple algebraic expression can be given for the ratio a((4, u,)K, L,)/(a(Au)KL).
But one of the difficulties inherent in the use of a basis in which L? and L, are dia-
gonal is the fact that the a(X, L) become more and more complicated as the muliti-
plicity of L increases, e.g. in the case of the representation (14) when the multiplicity
of L is three, a((A4)KL) contains a factor which is a rather complicated irreducible
polynomial of fourth degree in 4 and L. Since this factor is carried through the cal-
culation, it not only makes the algebra tedious but sets a limit as to how far one can
go in deriving useful algebraic expressions. An extra complication is associated with
the fact that the coefficients a((Au)KL) for a given y have a different form depending
on whether the difference A—L is even or odd. Expressions for a((Au)KL) are given
in table 2A.

By making the transition from the basis [(4;u;)K;L; M ;> to the orthogonal basis
{(A;pd;L; M > defined in sect. 3, Engeland’s expansion coefficients C can be trans-
formed into SU(3) = R(3) Wigner coefficients. The specific relation between the two
sets of coefficients is given by

<(3-1 #I)Kal Ly; (11 #2)"«; Lz”(;‘s #S)Ka; Ly

— i(13—11—12+2(u3-m—uz)) Z Xal,thz,izXag.i;
jiahs
1 t’2
x {(4; ﬂl)K.‘. LM, |(4, l‘x)Ki', L, M1><(12#2)KizL2 le(’lzﬂz)Ki'z L,M;)
X C((}‘l #1)Ki'1 Ly, (lzﬂz)Ki'sz; (43 I—‘s)Kth)- (17a)

The above formidable formula for (1,¢,) = (10) becomes

<(3-1#1)Ka,L1§ (10)1||(;13/13)Ka,L3> = j(BF2mTAm2umD Z Xo iy X

X <()~1 #1)Ki1 LM (4, ﬂx)Kt',Ll M >C((4, #1)K.", > (10)1; ('13 #3)Ki,L3)- (17b)

The coefficients X;; as defined by eq. (10) are functions of the overlaps between the
different possible Elliott bands. In actually applying eq. (17b), one encounters diffi-
culties only when pt5 > pt,. Such difficulties can be overcome most easily by a systemat-
ic process of calculation starting from the smallest possible p,. When u, = 0,
Engeland’s coefficients are already elements of an orthogonal matrix. When u, = 0,
Engeland’s matrix is non-orthogonal, but nevertheless it is a Gram matrix. Therefore
the overlaps (K; |K; > and X, ; do not appear in eq. (17b). The coefficient X,, i3
appears only in the case p; = 2 and can be determined by the requirement that
C(Aruy)g, Li; (10)111(23 pu3)k,, L) be orthogonal or equivalently by eq. (10b). Then

a3, i3
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one proceeds to the next step of the calculation, (4, 4,) = (42). All the factors on the
right hand side of eq. (17b) are known except X,, ;, when u; = 3, which is deter-
mined in exactly the same way as before, etc. The phase convention introduced by
egs. (9a) and (9b) makes the SU(3) = R(3) Wigner coefficients real.

Because of the complications mentioned above, however, it is not possible to give
general algebraic expressions for the Wigner coefficients {(Ayut,)xc; Ly; (10)1[{(A345)
k3 L3 for arbitrarily large values of the SU(3) quantum numbers. If the.representa-
tions (4, i;), (A3u;) are restricted to these in which the multiplicity of a specific L-
value is at most two, the algebraic form of the Wigner coefficients is simple enough
to be useful. The coefficients involving the representations (A;4,), (Asit3) with u;,
U3 < 3 are tabulated in tables 3-5. Since representations with u = 4 are important
for 2s-1d shell calculations, a sufficient number of intermediate calculational steps
are given so that these coefficients can also be calculated, although their algebraic form
for general A and L is too complicated to be very useful.

Since the states |(A14)xkLM > with A—L = odd have L-multiplicity of at most two,
Wigner coefficients involving only these (14) states are simple. Their general form is
included in tables 5. The remaining generating coefficients involving the representa-
tion (14) are of three types: (i) the coefficients {(A3)x,L,; (10)1]{(A—1, 4)xL}
with 1—L odd, (ii) {(A4)x,L,; (10)1|(A3)x L) with A—L; = even and (iii) {(44)x L,;
(10)1{|(A+1, 4)x L) for any L,, L. In case of the coefficients (i), it is feasible to give
the coefficients {(43)x,L,; (10)1{|(A—1, 4)KL)> involving orthogonal states on the
left but non-orthogonalized states |(A—1, 4)KLM ) on the right (see table 5A). From
the given expression for these coefficients, it is easy to make the transformation to the
SU(3) Wigner coefficients for specific 4 and L via eqs. (10a) and (10b).

To obtain coefficients of type (ii) it is more convenient to calculate {(43)xL;
(01)1|(A4)k, L,) from tables of scalar products {(43)xL; (01)1||(A4)KL,) again in-
volving non-orthogonalized states K, on the right (table SD). The coefficients
{(A)x,Ly; (10)1]|(A3)x L) can be obtained from above via the symmetry property
(25a) to be given in sect. 8. Coefficients of the type (iii) can be obtained in a similar
way from {(1+1, 4)xL; (01)1]{(44)x,L,), while the latter is obtained from the known
coefficients (i) and (ii) through application of the building-up process (eq. 13), namely

((A+1, 4)L; (OD1[|(A4), Ly > U((A+ 1, 4)(10)(4)(10); (A+1, 3)(01))
= T ((A+1,4)L; (111I(+ 1, H'LHCA+ 1, 3L (10)LI(A4)x, Ly

x {(10)1; (10)1]}(01)1) U(L1L, 1; L'1). (18)

In all cases (i) and (ii), we have given the SU(3) o R(3) coefficients for L < 3, 4 ar-
bitrary, which are of greatest importance in actual calculations. They are given in
tables 5B and E.

Coefficients with 1 < 4, arbitrary yu, follow from the above by employing the -
basis and using symmetry property (25c) given in sect. 8. Coefficients with both 4 = 5
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and u = 5 can be calculated numerically employing techniques similar to the ones
used to calculate the algebraic expressions for smaller .

6. Coefficients (Au) X (20) = (A’y’) and (Ap) X (11) > (A'y")

The coefficients for the products (Au)x (20) and (4x) x (11) are most easily cal-
culated via the building-up process. The former are of importance for 2s-1d shell
calculations. Eq. (14) with (4,4,) = (20) becomes

(v pa)iey Lys OMi(Ap)e Ly U((4, 1, )(10)(Ap)(10); (A'n')(20)) = ZL U(L, 1 LL; L)
X {4y py)ey Ly s (IO)HIA" )" LY(A'p Y’ L5 (10)1]1(Ap)x LY(10)1; (10)1]1(20)1>.
(19)

To facilitate the calculations, the simplest possible (A’'u’) can be chosen. Since all
intermediate products are simply reducible, no p-index is necessary. Coefficients of
this nature were calculated for p; < 3, u £ 3 (arbitrary 4,, 1). Coefficients with
Ay £ 3, 4 £ 3 (arbitrarily large p, u,) can be obtained from these by employing the
k-basis and using the symmetry property (25¢) given in sect. 8. Similarly

Zp: Ay pa)rey Lys AD)II(Ap)xL), U((A, 1, )01)(A)(10); ( 'w)(11)), = ZL: U(L,1L1; L)
x (A )y Lys (ON(A'p )" LY (A} 'L 5 (10)1]](Ap)LY<(01)1; (10)1](11)1D, (20a)

or
% <G L (LOIARYLY, U((h )(10)(3)O1); (K)(AD), = T U(L,1LL; LD

X (Agpy)iey Ly (Q0)II(A 1 )’ LA )’ L (00)1[|(Ap) LY<(10)1;5 (OD1]I(11)1,
(20b)

whichever happens to allow a simpler choice of (4'u’). The index p is necessary only
when (Ap) = (A, u,), 4, # 0. The number of required calculations is reduced because
of the symmetry property (25b), and the fact that the representation (11) is self-
contragredient.

As a further illustration the build-up method will also be used for the calculation
of a coefficient needed for two particle c.f.p. in the 2s-1d shell, namely

(A0)Ly; (40)III(A+4,0)Ly = ¥ <(AO)L,; (20)1,}i(A+2, 0)L
L, 1
x {(A+2, 0)L; (20)L,]1(A+4, 0)LY(20)1,; (20)1,]|(40) 1> U(L, I, Ll,; LT). (21)

In this special case, the SU(3) U-function for the left-hand side has the value of +1.
Other coefficients of this type can be obtained in a similar way.
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7. SU(3) = R(3) tensor operators

Irreducible tensor operators in the above scheme are defined in the usual way 2:21)
(L, Tl = % (e LMAVLJGRLMY Tern, v = +1,0, -1,
[0, Tollt] = X {A' LM +plQIGWLM) T b sps o = 0o 21, 22, (22)

L, and Q, were defined in sect. 2.

From the above definition, it is clear that L, and Q, are themselves SU(3) = R(3)
tensors and transform according to the regular representation (11) of SU(3). Since
phases and normalization are of some importance in some cases, the tensor character
of L,, Q, is given explicitly

1 1
Tl({l)= -—=L,, Tl((l)l)=L0, T1(1—11)=_L—,

\/2 V2
TZ(“)= —_Qp’ (23)

V3
Kk is redundant here.
The phases were chosen in such a way that T{} " coincide with the conventional an-
gular momentum tensor operators. Via the Wigner-Eckart 2!) theorem, eq. (23) can
be put into the form

[T TN = Z KAmrLs ANNIA)L Y p = AN T (A=

x {LMIm|Lm+M>TZE . (24)

The <AWITP|(Ap)), =4 except possibly for a (Au) dependent phase factor is the
same as the corresponding double-bar matrix element in the intrinsic scheme.

8. Symmetry properties
The SU(3) Wigner coefficients based on the |(Au)xLM > scheme have properties
which are the analogues of the corresponding symmetry properties in the intrinsic
scheme 313), It is shown in the appendix that the following symmetry properties hold
<(}‘1 H1)’<1 L; (Oiz)Lz”(is#s)’\'sLQ = (_ 1)4}(/12—1'2)%(“—‘“-A“‘M“h)ﬂq_l‘J

dim (4; u3)(2L, + 1):] * (25a)
dim (4, p,)(2L5+3)

X (A3 35 Ly (A20)Lall(Ay )iy Ly [
where dim (Ap) = $(A+1)(p+1)(A+p+2).
Caa)es Ly (IA)Lall(As )i Ly = (= 1)(— 1)+ 1mmimhomdatap+a=ts

i 2L, +1)]*
x {(Aa3)rcs Ly (A D)Lali(A )y Ly [32 Ejz;g; :{1;] (25b)
141 3
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with 8 = 3[A,—L,+1], [x] = integral part of x,

(g A)Ry Ly; (12 A2)R2 Loli(us A3)Rs Ly)
= <('11 #1)"1 Ly; (12 ﬂz)Kz Lz”(’la #3)"3 L3>( - 1)2‘ Fhamds, (25'3)

It 1s a pleasure indeed to acknowledge here my most sincere thanks to Professor
K. T. Hecht, Chairman of my Doctoral Committee, for suggesting the problem, for
his guidance, thoughtful encouragement and generous use of his time in enlightening
discussions. I would also like to thank T. Engeland for stimulating discussions, P. J.
Ellis for helpful suggestions and W. C. Parkinson for supporting this work.

Note added while manuscript was under preparation:

Recently Iosifescu and Stancu 24) have calculated SU(3) o R(3) Wigner coef-
ficients for the special cases

(A=2,0)1; Q0)1II(A0)),  <(A—2,0)I"; 20)1"I(A—2, 1)),
A—4, D5 2001 [[(A=2, 1)ID.

They are part of tables 6 and 7 of the present work and have been included since their
phase convention is different from the present one.

Appendix 1
A.l. SYMMETRY PROPERTIES (25a) AND (25b)

The symmetry properties which are of interest in the present paper can be obtained
if transformation properties of |(Ax)xLM > under complex conjugation are known.
One such conjugation relation is given by eq. (10c). However this relates the states x
of (4u) to the states % of the conjugate representation (u4). Since the states K are in
general complicated functions of the states x, conjugation properties relating the
states x of (Au) to the states x of (ud) are very complicated in the general case. How-
ever in cases where there is no L-multiplicity we must have

I(AL)RLMD* = |(ud)cL~M>.

Since the transformation properties of the R(3) part are well known, one can factor
out the R(3) dependence of the phase and write

(AARLMY* = i5(— 1) M{(uA)cL— MY, (A1)

where a is now independent of M; a = a(A, u, L). The phase « in eq. (A.1) was found
tobea =2-4(A+L)foru=0and a = 2-4[A+L+1]for u = 1, where [X]is the
integral part of X, i.e. « is an even integer. In what follows for compactness of nota-
tion, we shall write (1, u,), but what we have in mind is (1, ;) = (1,0) or (11).
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Let us define an operator dg,,,x,,m, such that

|('12 #2)"2 L,M,> = aazuz)x;LzM2|0>s (A-Z)

where |0) is the closed shell ““vacuum, i.e. 3N oscillator quanta coupled to (1x)= (00).
E.g. the single-particle creation operator a(+110)LzMz is an operator which creates a
particle in the A,th major oscillator shell with angular momentum L, M,. The meaning
of definition (A.2) can now be made clear since any operator of the form introduced
there can be expressed in terms of these single-particle operators. Since the state
(A3 p3)k2 L, M) has the same transformation properties under SU(3) as a tensor

T{}##3) and since |0) transforms like a scalar under SU(3), i.e. it remains unchanged,

it folows that ag,,,),1,u, transforms like 72243} . Therefore we can write

a(lz#z)KszMz = T(:lz.:i}z (A3)
Then from eq. (A.1)

(@) = F(= 1) TOTEED,, (A-4)
The tensor T{#3*2),, transforms contragrediently to the tensor T,Sf,’_’z‘ﬁ}z under SU(3).
It then follows that

{(Aspa)rsLs M3Ia(-:.2uz)sz3Mz|('11 trs LMy = (s )l T(hm)”(ll H1))

X {(Ay )i Ly M y5 (Aa pta)x2 Ly Mo|(A3 pa)ies Ly M3 ),
(Ayp)ry Lyl (ff:ﬂuﬂ(’ls H3)ks Ly M)

= {(Aspajres LyMs; (uaAz)r, Ly — Mol(Ay py)ey Ly M)
(e ﬂl)llT(“h)“(la #3)>- (A5)

The index p was omitted here because, for the cases (4,u,) considered, only one
reduced matrix element is non-zero in the case (1,1,) = (11) by choice of p [ref. 3)].
From the reality of the SU(3) = R(3) Wigner coefficients and (A.4), one gets

(Ayu)e, LM, (fi:ﬂu (A3 pa)rcs Ly My)

= (_’) ( I)L1 Mz((ls #3)”3 L3 M,| (:Zflzb}zl(ll I’ll)xl LiM,>,
or

(A ) Ly M5 (Rapia)ien Ly Mo [(A3 pa)ies Ly M)
(Aspa)is L3Ms; (paAz)xa Ly — Mol(A py ) Ly M)
1 (r242)(1( 3
l)a( )Lz M <( I#I)HTu - )”( 3#3)> . (A.6)
(AN TN 1a)>
But from the symmetry property in the intrinsic scheme analogous to properties

(25a) and (25b) and a relation in the intrinsic scheme analogous to (A.6) found in
appendix A3 of ref. 3), one gets

(A )l T2 p3)) = (= 1) tmmm=hi=datds) l:dlm (13#3)]
(A I T I(Ry 1)) dim (4, p,)
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Hence one finds

(Aspa)es LyMy; (p A5k, Ly —Mol(Ay )i Ly M D

— (_i)’(_l)i(m*'uz—lls—h—A:+A;)+L1—M1
dim (4 3 ,
x [——— ( ’“‘)] LAypa)e, Ly M ;5 (Agpa)ie, Ly Mi(As ps)ies Ly M3y, (ALT)
dim (45 p3)

Factoring out the R(3) part and using the well-known symmetry property for the
R(3) Wigner coefficients, we get

{(A3p3)r3Ls; (#212)"21‘2”('11#1)’\'1140 = (—i)u(-1)1}““H‘z_“_}“_IIHM)HA_L;&Lz

dim (4, p,)(2L; + 1)7? I ‘
X |:dim (Ls13)(2L, +1):| (Arpo)ry Ly (A pz)ra Loll(A3 pus)ies Ls). (A.8)

Since « is an even integer for the cases considered, we find relations (25a) and (25b)
with § = fa—L,.
A.2. SYMMETRY PROPERTY OF EQ. (24)
From eq. (10c) and the reality of the SU(3) o R(3) Wigner coefficients, one expects.
a relation of the type
(Ayp)ry Ly M5 (Aa pa)ica Ly Mo|(As p3)ics Ly M)
= (1) <11 AR Ly —M 5 (2 Az)K, Ly — Mol(u3 43)K3 Ly — M 3D,

where y is an integer.
To find y, we conjugate the expression

I(iaﬂs)xaLsM;;)p = LZM <(j'l#l)KlLlM1;(22#2)'{2L2M2|('13/13)K3L3M3>p
K1l 1
x2La(M2)

X (A py)iy Ly MDA pp) Lo M), (A.9a)
and compare it via eq. (10c) with the relation

l(/‘l3l3)’?3L3_M3>p = LZM <#111)E1L1 -M; (#ZAZ)EZLZ_MZK#313)R:3L3_M3>p
K;L;M;

X l(#x 11)'?1 L, "M1>|(#212)E2L2—M2>- (A-9b)'
Then we find
y=A+A,—A3+L +L,—L;

factoring out the R(3) dependence and using the corresponding symmetry for
Clebsch-Gordan coefficients, we get

{(Ayu)we Ly (A1), L,li(A3 #3)x3 L3>
= (_ I)MHZ—AJ((M "11)'?1 Ly; (#212)’?2 Lzl(#als)’?s L3>.
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Appendix 2
A USEFUL FORM FOR THE COEFFICIENTS a((Ax)KL)
First we calculate A4((A0)0L0), A—L = even. Eq. (6) becomes

Zn 2n
e 0)0L0)———2L+1 f dy f dEEP (&) = 2L2+ LAA=1). zLS L+1)
. 2
. Z (=1 ( ),1 L+20+1 (A.10)
Theorem:
1 bt B!
Z( 2 ( ),1 L+2at+1 (oLt )(A-L+3).. . A+L-DA+L+1)

Proof (by induction): The relation is obviously true for L = 1.
Suppose it is true for L = L, then

L (L] 1 < L) L )} 1
—1) = + - -
ago( ) ( o )l—(L+1)+2a+1 azl {(a (oz—-l A—1—L+2a+1

2, (1)
1 L (— 1) (L) 1

+_1_+( 1)L+t —
Ai—L A+L+2 <=0 of A—1—L+2a+1
L . 1
A ( )(,1+1) L+2a+1
_ 2L 11
—(i—L+2)(l—L+4)...(,1+L){A—L /1+L+2}
2F* (L4 1)

T =L —L+2)(A—L+4). . .(A+L+2)

Use was made of the identity of combinatorial analysis
() =79+ (i2)
7\ 1 -1/
Hence

A((20)0L0) = (2L +1)b(4, L),
M(A=1)...(A-L+1)
(Ai—L+1)(A=L+3)...(A+L—1)A+L+1)’

b4, 0) = 1%1 . (A.12)

Lz1

= 4

b(i, L) = (A.11)

In case u # O the corresponding integrals are more complicated. However, making use
of the relation between the dx-x (&) and the corresponding Jacobi polynomials found in
the standard references 22:23), it is possible to write the integral (6) as a sum of inte-
grals of the form (A.10). However, what remains in the summation, after the common
factors have been taken out, is an irreducible polynomial in 4 and L whose degree
increases with increasing p. The coefficients (a(Au)KL) for u < 4 are given in table 2A.
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U+DT—(1+7)T = (T ‘¥)d 219ym
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M 2{15(A+3)2—2(A+3)(L2+ L+3)— (4L*+4L—3)}[(L—2)(L+3) ]}
- 62+ LIL+DEL—)QRL+3)z(+1, Dt
2(A+3)2(L+6)+4(A+3)L— L(L+2)(L+3)}(A+2)A— L+ 1L —1)(L-2)}
L+l = TO+HLELF DL+ CLY DZGA+T, DeGt1, L+ D
Li2 204+3) A= L+1) A+ L+4) (L+HLL-D)(L-2)}

ROA+H(L+1)L+2)QL+D)QRL3)x(A+1, D}
¢4, L) = 2(A+1)*— L(L+1), 2y L) = 4QA+17—(L—1)(L+2).
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_”:|4;ii:+4~v:+.:,:m+§v+5 -7 1+PXU+T7076+DG+El -7
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H@—DE-DEF—DU+T+NE+T—DIE+T—Y) LU+ E+T-DE+T—7(E+Y)
(7 1+0M (§+7) F+1)9 _” (7 1+M (S+1V)6 H_l 7 T
tLE+DE+DO-T@—T) L+ E+THER+HT—V)8 =)

<TI0 TE = ™ (gy)>

<TAHI0D) 71 = " (gy)

U = T—Y

<THA)|10D) T (€YD
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TABLE 9 (continued)

A—L = even

L <(A3)x = 1L;; 0)||(A+1, 2)L>
° (L—1)(L+2) 3
Pz "[3<z+1>(z+6)wu+n,u
1s (A+3)[(A—L+8)(A+ L+3)(L—2)(L+1)(L+2)}
T A+ DAL —DERL-D QL+ D) WA+, L—2)]F
I {(A+3)2(L—3)+ (A+3)NL+1)N(L—2)— (L~ 1)(L—3) H(A— L+4)(L+2) ]}
RA+DA+HA+6)L(L—1)QRL+1)y(A+1, L—1)}}
9 , {9(+3)2+6(A+3)—2(A+9) LIL+ D +9}(L— (L +2)}
~ 6(A+1)(A+6)L(L+1)2L—1D)QL+3) W(A+1, L)}
rag  GNLAY -G HLE AN+ (L+DULAHHA+L+SHL= DI
+ RO+ DA+ HGA+NLT DL D@L+ Dg@+1, L+ D]
L+2 A4+3)[A—L+2)A+L+S)(L-1)L(L+3)}
[(A+DA+6)(L+2)QL+ DQL+3) WAL, L+2))
A—L = even
L, {(A3)k = 3Ly; QO)||(A+1, 2)L>
< I [(H3)(/1—L+2)(A+L+3)(L—2)(L+3) %
! GFD)GIH(A+6) WAL, L)
L A—=L+)BA+INA+L+1)A+L+3)(L—4)(L-3)(L—-2)(L+2)]}
T T A+ GE DAL —DLRL—)QL+ ) W(A+1, L—2)}
A+ (L +5) —2(L—1D}BA42)(A+ L+3)(A+3)(L-3)(L—2)}
RU+DA+4HA+6)(L—D)LL+ D@L+ DA +1, L—D}
9 L {15(A1+2) +2L(L+1)+6}[(A+3)(A— L+2)(A+ L+3)(L—2)(L+3) ]k
~ T RAFDAFHAHEOLLADNRL-D)QLFI WAL, LI
L1 {A4+2)(L—-4)—2(L+2)}3(A+2)(A+3)(A— L+ 2)(L+4) (L+3) ]}
+ RA+DA+4)A+6) LIL+D)(L+2)QL+ Dy (A+], L+ D
L42 A+L+4)BA+3)A—LYA—L+2)(L+5)(L+4(L+3L—-1)}

[A+1D)A+4)A+6)(L+1)L+2)2L+1)QL+3) W(A+1, L+2)}

2 L) = 4(A+1)2— (L—1)(L+2), WA, L) = 4A(A+2)—3(L—1)(L+2).
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TaBLE 9 (continued)

A—L = even
L A3k = 1Ly; 20)/]|(A+2, 3)x = 3L>
I AA+DNUL—2)L—1L+2)(L+3)}P
l [(A+DAH+2)(A+5)A+6) W(A+1, L)yW(A+3, L)}t
L—2 {(7-+3)(2L—5)+3(L-3)}[12(1+L+3)(l-L+4)(L-+-1)(L+2)(L+3)]*
T TG DG 2)A+5)A+6)(L—1)RL-DEL+1) W(A+1, L=2) W(A+3, L)}
I 2{(A+2)(L—4)+ (L1~ 10) }6(A+4) (A — L4-4)(L—2)(L+2)(L+3)}
o (A DA+ G+ A+ LL—DRL+1)x(A+1, L-1) W(A+3, L)}
i L 2{12(A+4)*—2(A-+4) (L34 L—3)—TL(L+1)}2(L—2)(L—1)(L+2)(L+3)}}
- [A+1DA+2)A+5)A+6)LL+1)2L—1) QL+3) W(A+1, LY W(i+3, L}t
L+l — 2{(1+2)(L+5)—(L’+2L—9)}[6().+4)(A+L+5)(L—2)(L—l)(L+3)]*
[A+ 1D A+2)A+5)A+6)(L+1)(L+2)QL+Dyx(A+1, L+1) W(i+3, L)}
L2 {(1+3)(2L+7)+3(L+4)}[12(l~L+2)(1+L+5)L(L—1)(L-2)l*
(LFD)G+DA+2A+5GA+6) QL+ 1)L+ WA+L, L+2) W(A+3, L)}
A—L = even
L ((A3)k = 3Ly; Q0)||(A3)k = 3L
L [(l+3)(/1+4)(}.—[.+2)(l+L+3) W(O+3, L)t
! 3G+ DA DG+ 5)(A+6) WGL1, D)
L—2 A+NA+HA+ L+ DA L+NL—H(L-3)NL+2)L+3) W(i+3, L)+
A+DG+2)A+5)A+6)(L—-DLRL—-DQRL+1)W(A+1, L-2)
L—1 [ 18(A4-3)(A+4)(A+L+3WL-3)NL+3)W(A+3, L) £
G DA+ A+ L —DLL+1D QL+ D)x(A+1, L—1)
Tf L _ 2{LIL+D)=2T}HA+DA+HA—L+2)(A+ L+3) W(A+3, D)
~ 6GA+DA+2)(A+S)A+6)L(L+DQRL-DQL+3) WA+, L)}
L1 _[ 18(A+3)A+HA—L+2)(L-2)L+HW(E+3, L) %
G+ DA+5)A+6)L(L+1)(L+2) QL+Dyx(A+1, L+1)
L42 A+3)A+4)A—LYA—L+2)(L+5HL+4)(L—1)(L—2) W(A+3, L) |+

A+ DA+2)A+5)YA+6L+1(L+2)2L+1) QL+3) W(A+1, L+2)

x4, L) = 4(A+1*—(L—1)(L+2), W, L) = 41(A+2)—3(L—1)(L+2).
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TABLE 9 (continued)

A--L = even

L, (A3 = 1L;; (20)1][().-—1, e =1L)
L _[ 2A4+3)(A+4)z(4, L) #
! BATDGTS) WETT, L)
L2 _(/1—L—l)[8(/1+3)(/1+4)(1—L+4)(A+L+3)(L—2)(L+l)l*
5G+1D)A+5CL-DQL+ 1)@, Ly W(@A+1, L-2)}}
1 — {4(A+1)*QL—1)+(L*48L—TL—38)}(A+3)(A— L+4) )}
5G4+ 1D)@A+5)LQL+ Dy, Lx(A+1, L—D]}
1 L {4(A+l)=(7L’+7L—3)—(L—l)(L+2)(16L’+16L—57)}[(}.+3)(l+4)]i
45+ 1A+ LIL+1DQRL—1)QRL+3) W(A+1, Lx(, L)}
Ll — {4(A+1)°QL+3) 4 (L*—5L*—20L+24)}[(A+3) (A+ L+ 5}
LSA+ DAL+ DCL+ Dy LxG+1, L+ )]}
L2 — A+L)BA+3) A+ (A—L+2)(A+L+5)L(L+)}
(15(A+1D)(A+5QL+1D@L+3) W(@A+1, L+2)x(4, L)1
A—L = even
L, ((A3)x = 3L,; (20)I||(}.—1, D= 1L>
L [8(1—L+2)u+L+3)(L—2)(L—1)(L+2)(L+3) *
! - 15G+ )(+5) W@+1, DGy L)
I—2 — (A—L—1)(}.—L+3)[8(2.+L+1)(}.+L+3)(L—4)(L-—3)(L—2)]i
- BA+DA+S)LEL—1)QRL+1) W(A+1, L—2)x(4, L)}
L 22043 L—-D+3L=D}A+2)(+ L+HEL-2)L )L+
B BA+DA+S)LILFDQRL+ Dy+1, L—1)x@, L)}

1 2{6(A+2)(A—1)—2L(L+1)—9}[(A— L+2)(A+ L+3)(L+3)(L—2)(L+2)(L— D]}
~ - 015G+ 1D)A+5) LIL+1)QL—DQRL+3)x(, L) W(@A+1, L)}t
Ll 202(A+2)(A+ L) =3(L+2)}(A+2)A— L+2)(L—1(L+3N(L+H ]}

- BA+DG+S)LIL+ DL+ )xR, Lyx(A-+1, L+1)]}
Ly2 (A+LY(A+ L+ [8(A— LY(A— L+2)(L+3)(L+4)(L+5)}

T BA+DAHSL+DQL+1)(2L43) WA+1, L+2)x(4, L)}

x4, L) = 4A+1)*—(L—1)(L+2), W, L) = 44(A+2) —3(L—1)(L+2).
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TABLE 9 (continued)

A—L = even

L <(A3)x = 1L,; 0)I||(A—1, 3)x = 3L)>

o
L 0

8(A+2)(A4+3)(A+4)(A—L+2)(A—-L+4)(L+ 1) (L+2)(L+3)]
SA+SHL—1QRL—1DQL+1)W(@A+1, L-2)x(A, L)

16(A+2)(A+3)(A— L+2)(A— L+ (A+ L+3)(L~2)(L+2)(L+3) ]+
h 5(A+5)(L—DLQRL+D)x(A+1, L—D)x(, L)

T,' 48(A+2)(A+3)(A+4)A— L+2)(A+L+3N(L—2)(L—1)(L+2)(L43)] *
- 5(A+5)LIL+1)QL—1)QRL+3) W(A+1, L)x(4, L)

L+l _[16(l+2)(l+3)(1+L+3)(1+L+5)(l—L+2)(L+3)(L~l)(L—2) +
+ S5A+5)(L+1D(L+2)QL+1D)x(A+1, L+1)x(4, L)

8(A+2)(A+3)A+MH(A+L+3) A+ L+5)L(L—1)(L—2)] %
5(A4+SUL+2)RL+1DQRL43) W(A+1, L+2)x(4, L)

L+2

‘A—L = even

L, (A3 = 3L;; QO)||(A—1,3)x = 3L>

20+2)W(A+1, L))+

1L SATSG D).
L2 (A—L+3)[24(A+42)(A— L+2)(A+ L+ 1)(L—4)(L—3)(L+2)(L+3)}}
[5A+5)(L—DLRL+DQL-1)W(A+1, L-2)x(A, L)}
L—1 {12(A422+ (L2 (L—1)(L+D}BA—L42H(L-3)NL+ )}
BAFS)L—DLEL+DRL+)yG+1, L—1)z(, D}
g _ {4(A+2)%(L2+ L—27)+59L(L+1)—18}[(A+2)]*
(5(A+5)L(L+1)2L+3)QL—1) W(A+1, L)x(A, D)]}
L1 _ {120+2)*~ (L+3W(L+2)L}BA+ L+3)(L—2)(L+4) ]t
(S(A+5)L(L+1)(L+2)QL+Dy(A+1, L+1)x(A, L)}
L+2 (A4+L+4)[24(A+2)(A— LY(A+ L+3)( L+ 5L+ (L—1(L-2)1}

BA+S)(L+1)(L+2)QL+1)QRL+3)x(A, LYW (A+1, L+2)}

24, L) = 4(A+1)*—(L—1)(L+2), WA, L) = 44(A+2)—3(L—1)(L+2).
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HT+7 1D+ TG +TOU+HTHS+HYF+1)T) _Ha+q T+ e+TD) U+TOE+H BT 7
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tiT—7 1+ +7DA—TDTE+NF+NY _H @7 1+ X1 =TYU+TDE+ N +1)T 7
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tle+DE+DOU-1—1) FLE+THDE+FT O E+V(E+ V)8 )
<TOUY|IN0D) 78 = *(£Y)> <CTUWII0D) 7 = »[(g¥)> v7
ppo =T—Y
0 _H (T ‘THVHE+TYU+TVO+N(U+Y)T 77
FLEFT 1D+ A+DOHTHE+T D)
0 _“3 THVEU+TDO+HVU+ )Y 1+7
FLA+T 1M TE+T—D G+
0 $L(T THYHEe+TDU—TDO+VU+VIT] - ~
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0 (T THPIA+TDOHNA+DY 7 -7
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(7 T+ 030+ +1)9 N
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TABLE 9 (continued)

A—L = odd
L (A3 ke = 1Ly; QO)||(A+1,2)x = 2L
i ARA+3)(A—L+3)A+L4+4)(L-1)(L+2))
I BG+DA+4)A+6)p(A+2, L)x(A+1, L)]}
Lo {(A4+32+ A+ 1) L+2}2(A+3)A— L+3)A—L+5)(L—2)(L+1)(L+2)]}
T DG A+ (L —1DQL— D@L+ De(A+2, L)x(A+1, L=2)]}
L {A4+3)UL—3)+A+INL—2)L+D+3(L—-D(L+DHEA+3)A—L4+3)(L+2)}}
N [(A+1A+6)(L—DLRL+1)W(A+1, L—De(A+2, L)}
L {9(A+3)2—2(A+3)L2+ L—3)+9}[(A+3)(A— L+3) (A+ L+ (L—1)(L+2)}#
BA+DA+HA+6)LL+1)QRL—-DQRL+3)eA+2, L)y(A+1, )]}
L4l {(A+3)2(L+4)—A+3)LL+3)—=3LL+2)MA+3)A+ L+4)(L—D]}
- [(A+DA+6)(L+1)(L+2)QL+Dp(A+2, L)y W(A+1, L+1)}
142 {A4+3—(A+ DL+ 1) +2}2(A4+3) A+ L+4) A+ L+6)(L— 1) L(L+ )}
+ [(A+DA+HA+6)(L+2)QL+1)QL+3)@(A+2, L)x(A+1, L+2)1}
A—L = odd
L {(A3)x = 3Ly; QO)||(A+1, 2)x = 2L>
L [(l+2)(L—2)(L+3)tp(l+2, L+
! 20+ DG+ 4)(A+6)2A+1, L)
L [3(/'.+2)(/1—L+3)(A+L+2)(L—4)(L—3)(L~2)(L+2)<p(/1+2, L+
h 24+ D(A+4)A+6)(L—1)LQRL—1)Q2L+1)x(A+1, L-2)
{AML+5)+12}3(A+ L+2)(L—3)(L—2)p(A+2, L))}
L=l — GO 90+ L —DLLI DL D WAL, L— DT
Ny {15(A+2)+2(L2+ L+ 3)H@A+2)(L —2)(L+3)p(A+2, L)}
T BAFDAFHAH6)LL+1)(2L-1)2L+3)y(A+H1, L))}
Lo {A+2(L—4)—2(L+2)}B3A— L+1)(L+3)(L+4)e(A+2, L))}
+ BA+DA+HA+6LL+IDL+2)QL+ D) WA+, L+ D]
L2 3(A+2)(A— L+ 1)(A+ L+4)L+SHL+4)(L+3)(L—De(A+2, L)]?

2A+DA+HA+6)(LHINL+2)QL+ 2L+ (A+1, L+2)

@4, Ly =2(A+1)*~L(L+1), z(4 L) = 4(A+1)*—(L—1)(L+2),
W, L) = 44(A+2)—3(L—1)(L+2).
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TaBLE 9 (continued)

A—L = odd
L C(A3)x = 1Ly QO)||(A—1, 3)x = 1L>
L [2(1—L+3)(1+L+4) w@, L1+
1 L 0+ D090+, L)

Z@A, L=D[6(A—L+3)(A—L+5H(L—-2)(L+D}
[5(}.+1)(A+5)(2L—1)(2L+l)x(}.-}-l, L-2)W(, L))}

{AA—1D@A4+3) QL+ 1D —IL+D(L+NL-)}HA+H(A—-L+3)}
[15A+DA+5)LRL+) WA+, L—-1) W4, L)}

]' {4A—1)(A+3) (SL2+5L+3)—3(L—2) QL*+ 8L+ 15L+2N}(A—L+3)(A+ L+ N}
=~ 45+ 1D@A+35)LIL+1DQL-1D)QL+3) W4, Lyy(A+1, L)}

{4A-DA43)QL+ D) —9L(L=20(L+N}HEA+4) A+ L+

L+l 50+ DO+)L+DELI ) W@ D WAL, LT DI
Lo Z(Ay L+ 1)[6(A+L+4)(A+L+6)L(L+3)]}
T2 BATDGTSCL) QLTI+, LD W, DI
A—L = odd

L, A3k = 3L,; (20)1“(1-—1, Ne=1L>
° 8(A+2) (A4 3)(L—2)(L—1)(L+2)(L+3)]*
! LT G+ DG W, DGt L, D)

L, _ GmL-DBU+A+3)0— LD+ L+ L—HL (LD}

[SA+1@A+5LRL+)QL—1) WA, L)x(A+1, L—2)]}

2{2(A4+2)(A— L—1)+3(L—1D}H@A+3)A+ L+2)(L—=3)(L-2)(L+2)
B [SA+1D@A+S)LIL+DQRL+D W@, LYW @A+, L—D]}

]' 2{6(A—1)(A+42)—2L(L+1)—9}[(A+2)(A+3)L—2)(L—1)(L+2)(L+})]}}
~ L - (ISA+1(A+35)LIL+1)QL—DQL+3) W(4, L)x(A+1, L)}

2{2(+2) (A+L) = 3(L+2)}[(A+3) A— L+ 1)(L—-1)(L+3INL+ D}
- BG+DG+S)LIL+DRLY D) W@, L)W@E+1, L+ D}
A+ L)[BA+2)(A+3)(A— L+ 1A+ L+4)(L+SHL+4)(L+3)]E
BA+D)GE+S)(L+1D)QL+DQRL+3) W@, L)x(A+1, L+2)}

L+1

L+2 —

24, L) = 4(A+1)*—(L—-1)(L+2),
W, L) = 44(A+2) —3(L—1)(L+2),
Z(4, L) = 2M(A+2)—(L+3)(L-2).
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. A—L = odd
L, ((A3)x = 1L;; Q0)||(A—1, 3)x = 3L)
Tr 0
L—3 8(A+2)(A+3)A—L+1)A—L+3)A—L+5)Y A+ L+2)(L+1)(L+2)(L+3)]¢
SA+D@A+SHL—1)QRL+1)QRL—Dy(A+1, L=2)W(4, L)
e _[16(/1+2)(i-+3)(1+4)(1—L+1)(l—L+3)(l+L+2)(L—2)(L+2)(L+3) 1
(SA+1)A+SL—DLRL+D) WA+, L-1)W(4, L)
| L 48(A+2)(A+3)A—L+1DA~-L+3)(A+ L+ A+ L+2) (L—-2)(L—-1)(L+2)(L+3)]*
S(A+1)(A+5S)L(L+1)QRL—1)QL+3) W(A, L)y(A+1, L)
L+l — 16(A42)(A+3)A+4)(A—L+1)A+L+2)A+ L+4)(L+3)(L—1)(L—-2)T+
5G4+ 1DA+S)(L+1L+2)QL+1) WA, LYW (A+1, L+1)
L42 8(A+2)(A+3)A—-L+1)A+L+2)A+L+HA+L+6)L(L—1)(L—-2)]%
S(A+1DA+S5)(L+2)QL+1)QL+3) W((A, L)x(A+1, L+2)
A—L = odd
L, {(A3)x = 3L;; QOM||(A—1, 3)x = 3L
T L _ [2(1—L+1)(/1+L+2)x(,1+1, Lyl+
S(A+D(A+5)W(A, L)
L—2 @(A+1, L-1)[6(A—L+1)(A—L+3)(L—4)(L—3)(L+2)}(L+3)]}
[5GHDA+SUL—1DLRL+1)QL-1DW@A, Lyy(A+1, L—2)}}
I {12042+ (L—1)(L*—TL—2)}B(A+2)(A— L+ 1)(L—3)(L+3)}
[SA+1DA+FSHL—1)LL+1)QLF+)W@R, WA+, L—D]}
I L _{4(/1+2)'(L’+L—27)+(L—1)(L+2)(2L'+2L+9)}[(1—L+1)(1+L+2)]*
(5A+1)(A+5)L(L+1)QL—1)QRL+3)x(A+1, LYW, L)}
L+l — {12(A42)2— (L+2)(L2+-9L+6)}[3(A+2) (A+L+2)(L+4)(L—-2)1}
[SA+1)(A+5)L(L+1)(L+2)QL+1)W@A, LYW (@A+1, L+1))t
L2 @(A+1, L+ 1) [6(A4+ L+2)(A4+L+4)(L+5)(L+4(L—1)(L-2)}}
[SA+DA+5)(L+1D)(L+2)QLF1)QRLH3)W(A, L)x(A+1, L+2)1}
A—L = odd
L, {(A3)x =1, Ly; Q0)||[(A+2, 3)x = 1L
ﬁ I [(/1+4)(/1—L+5)(/1+L+6)x(1+1, Lt
3(A+1)(A+2)(A+6)x(A+3, L)
I I:(/l+4)(l+L+4)(1+L+6)(L—2)(L+l)x(l+1, L-2)1%
A+1)(A4+2)(A+6)QL—1)2L+1)x(A+3, L)
1 2A—L+5)A+L+4)A+L+6)W(A+1, 1.—1)1&
G+1)(A+2)(A+6)LQ2L+1)x(A+3, L)
L (L*+L—3)[2(A+4)(A—L+5)(A+ L+6)x(A+1, L))}

T 3@+ DG+ LL+ DL 1)@L+3)x(A+3, D)
L+l _[2(1+L+6)(1—L+3)(1—L+5)W(l+1,L+1) %
A4+1)(A+2)(A4+6)(L+1)(2L+1)x(A+3, L)
42 I:(l+4)(A—L+3)(}~—L+5)L(L+3)x(7~+1, L4+2)7+
(A+1)(A42)(A+6)QL+1)QRL+3)x(A+3, L)
C(A3)k = 3Ly; QOM||(A+2, ) = 1L> =0 Al L, A~L = odd
W, L) = 4A(1+2)—3(L—1)(L+2),

2(4, L) = 4(A+1)2—(L—1)(L+2),
@A, L) = 2(A+1)2— L(L+1).
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TABLE 9 (continued)
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A—L = odd

L, A3k =1 Ly; (20)||(A+2, 3)x =3L)
. 16(A+3)*(L—2)(L—1)(L+2)(L+3) ]+
d G+DGTDOT A6 G11, Dx(+3, L)
[y _ AG+DQL-9)4IL—HI2(A— L5t L+ L+ DELA+2)L+IR
[+ DA+ A+ 5)A+6)(L—DEL-D)RL+Dg(A+3, Dr(+1, L—2F
I 2{(A+H(L - +2(L—1)}6(A+4)(A+ L+4)(L—2)(L+2)(L+3)]
G+ DG+2)A15)A+6) LIL—DRL+ Dx(i+3, DWG+L, LD
0 L 2§1222 410244216 — QA+NL(L+1)}2(L—2XL—D(L+2)(L+3) )¢
[G+DE+2)A+5) A6 LEL+ DRL—DERL+3IZG+1, DxG+3, Dt
Lol HO+OEL+5) AL 6A+A—L+3)(L DL —DELA+DI
T DU HGrO@+ DI T DALY Dy G13, D) WAL T, L+ D
L2 {A4+2)QL+T)+3(L+4)}12(A— L4+3)(A+L+6)(L—2)(L—1)L}
T2 @EDAT DGO ADRLF DAL 1A+, Dz(+1, LD
A—L = odd
L {(A3)x = 3Ly; Q0)||(A+2, 3)x = 3L
L [(1+3)(1—L+3)(l+L+4)x(l+3, L)1+
2 3A+DA+5)A+6)(A+1, Ly
s [(l+3)(l+L+2)(l+L+4)(L—4)(L—3)(L+2)(L+3)x(l+3, Ly]*
- GFDA+9)A+6)(L—DLRL+DEL—Dg(A+1, L—2)
Loy [BOE)A—LEDG+ LA+ LH4(L—INL+)y(+3, D]
- A+ DA+2)A+5)A+O(L—DLIL+DRLADWALL, L—1)
T (L4 L—2D)RA+3)(A— L+ A+ L+43(+3, D}
~ T BE+DG+HA+OLELF)EL-DELIIG+], DI
Loy [1BAEDA—LEDG— L34 LOL-D(L+4)7(h43, L)]f
o G HATOLELT DI +2@L+ D WGA+T, L+1)
L42 A+3)YA—L+1D)A—L+3)(L+5YL+4H(L—1)(L—-2)x(A+3, L]+

A+1)(A+5)A+6)(L+1N(L+2)QL+1)(Q2L+3)x(A+1, L+2)

x4 L) = 4(A+1)*~(L—1)(L+2), WA, L) = 4A(A+2)—3(L—1)(L+2).
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TaABLE 10
<AO)Ly; ADI|[(Xw’)xL>

A—L = even

L <G0)L; ADIGOLS GOV Ly (DA 1, LS
n SLL+1)]% [(A L+D0+L+) e
2 3013 201 DG+3)

i 30— L+ )G+ L+ DD % Gr LI DU+ LI —DEL 1%

22G+3)CL—1)2L13) GrDGIHRL—DELED
L _ QA+3)[L(L+DH ]} _ 3(A—L+2)A+L+3) J*
MG F)CL—DEL+HE G+DG+3)CL—D)CEL+3
L2 30ALTI0-DEATDLAD|E [ G—DA—L+2(L+2)L %
22G+3) QL+ D@L+ 3) G+DG+IHCL+D) RL+3)
A—L = even
L @0 Ly; ADIG—2, DL <G0)Ly; ADIG—T, 2)
I L I:(l LYA+L+1)4 [(L—l)(L+2) +
22(0+2) A+ D(+2)

L G—L)A—L+2DL—)(L+1)]* G—L+DA+ L+ DL+ D(L+20*
AA+2)QL—-1)Q2L+]) 20+ D (A+2)QL-1)Q2L+1)
3(A—L)(A+LA+1) + QA+3)B(L—1)(L+2))}

"L T012)QL—1)2L+3) WO+ DG+ CL—DQLE )]

L2 G+ L+ DA+ L+30L+2)L* GFL+IG-DLL—1) %
AA+DCL+1)ELT3) G+ DA+2)QL+DRL13)

A—L = odd
L @A) Ly; ANI[G—2, DL> GO Ly; ADI[G+1, DL>
L G—L+ DL+ |4 (EESTEIE
- 20+2)@L1). 20+DELTD) .-
J G+ L+DL % G—L+DL %
L+ = Lamneitn 3G+ DELED
T G—L+D(L—11]% T TGHLIDL-D|*
o 20+2)QL+1) 20+ DEL+D)
2 [(A+L+2)(L+z) ¥ [(/1—1_+1>(1_+z) 3
L+l 20+)Q@L+1) 20+ DQLTD)
A—L = odd
L <O Ly; AD|JA—T, 2)x = OLY GO Ly; ADIA=1, 2)x = 2L —
L, _ @—LiDIGFLIDLE _ [G—LtD(L—DEF DL+
- RA+DCL+ Dot DI 20+2) QL+ Ve, L)
A 11 GFLEDG-LEDETR T TG L)L+ DLE—1) |
RA+DQRL+ Do, D) 2052QL+ D)o@, D)
1 — I:(}.+L+2)(L—1)L(L+l) 4 B QA+ L+NA—L+1)(L+2)]
e 20+ 1)QL+ De(, L) RG+2)QL+De(, DI
ﬁ L1 A—LA4-1)(L+2)L(L+1)]% QA—L4+2) [(A+L+2)(L—D1}
+ 2(A+1)@L+1p(4, L) T RGAIQLA DG, L}

(4, L) = 2(A+1)*— L(L+1).
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TasLE 12 (continued)

A—L = odd
L, {(A2)x = 2L;; ADI||(A2)x = 2L,

QRA=—L+9[(22+524+10)(A4+ L4+2)(L—=2)(L+2)}}
T ARG S LRL+ DeGR A1, L—D}

QA+5){(A2+54+10)—2L(L+1)}
~ T RAA+H2A+3) A+ 54+10) A+ 5) L(L+ Dt

QA+L+6)[(A2+524+10)(A— L+ 1)(L+3)(L-1}

L—1

L+l @G+ )G L+ DRLT DeG+1, LT DI
o, QAEHEO-LENGA LEL—HUL-DL+DL+D]
- [AA+2)A43)NA+5)(A2+5A+100(L—1)LQRL—1)QL+ 1))}
L {3(]112+551+70)—(}.’+51+10)L2—8(21+5)L}[(}{+L+2)(L—2)(L+2)]i
- [4Z(l+3)(l+5)(12+51+10)(L—l)L(L+l)(2L+1)(]J(l+l, L—1)}i
. 3{3(11124+5514-70) —2(242+ 104 +15) L(L+1)}
! 6212+ 3)G15) B+ SA+ 10 LIL+ ) @L—DQRL+ )T
L+l {3(]ll2+551+70)—(12+51+10)(L+1)2+8(21+5)(L+l)}[(l—L+l)(L+3)(L—l)]*
- AT 3) Gt )R 154+ 100 L1 2NL+ DLALT DgG+1, LI DT
L2 QA+ A+ L+4A—L+1)(L+4(L+3HLL-D}
T2 RE DU E ST 10+ (LA DL DRLT )
A—L = odd
L, <(2)x = OLy; (11)I]|(A2)x = 2L,
i [(A=+sz+10)(/1—L+3)(L—1)(L+1)(L+z) 3
- 4A(A+2)(A+5)@L+De(A+1, L—1)
1l
~ (A2+5A+10)(A+ L+4)(L+2)L(L—1)]%
+ TG+ CLT PG+, L1D)
. (2AA+3)(A+8) + A2+ 5A+10)(L— D }H(A— L+3)(L+2) ]k
~ 7 @AGA+2)(A+5) A2+ SA+10)2L+ Dg(A+1, L—D]}
1
~ L+l {2/‘(}.—*-3)(1-}—4)—(12-{—5}»+10)(L+2)}[(/“.+L+4)(L—l)]§

[42(A4-2)(A+5)(A*+54+10) 2L+ Dp(A+1, L+ 1}

@A, Ly = 2(A+1)2— L(L+1).
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WIGNER COEFFICIENTS
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TABLE 12 (continued)

A—L = even

L <(A2)x = 2Ly; ANI|[(A2)x = 2L,
L—1 0
L 3{2(A+2)(4A— Lt —L+14)+ A(A, LY—6(L—1)(L+2)}
I - 20+ 1, L)B@A+SA+ 10 L(LT1)1*
L+1 0
L {2(A4+2)(A+3)— L(L~1)}B(A— L+2)(A+ L+1)(L—3)(L—2)(L+1)(L+2) }
e (A2 +54+10)(L—1)LEL—1)Q2L+De(+1, L)p(A+1, L—2)}
B QA+L+5)[6(A+2)(A—L+2)(L—2)(L+2)}
T T (R +5A+10)(L~DLL+ D)L+ De(+1, L))k
L {2(A+2)B(A, L)—C(A, L)y—2(L—1)(L+2)(4L*+4L—21)
! T e+, DB +5A+10)L(IL+1)QL—1)QL+I) R
Lt QA—L+4)[6(A+2)(A+L+3)(L+3)(L—DI
+ [(A24+5A+100(L+2)(L+1)LQRL+1)p(A+1, L)]}
Lag 2040+ —LADELADIBA—L)A+LIDELAHLA)LEL-D}E

RATSATI00(L+ (LA DRL+DRLA 3P+, Dp(i+1, L+2DR

@4, L) = 2(A+1)*—L(L+1),

A, L) = 2(A+1)(LE+ L—4) +2(A+ 1)L +3L—14) — (L4 +2L3—9L2—10L 4 32),

B(4, L) = 2(A+4)(L+4)(L—3)+TL24+TL+6, ‘

C(A, Ly = 4(A+1)*(L+4)(L—3)+18(A+ 1)2(L+4)(L—3) —2(A+ 1)(LA+2 L3 —34 12 —35L + 186)
—(5L4+10L*—109L2—114L+288).
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TABLE 12 (continued)

A—L = even

L, (A2)x = 2Ly; ADI|(A2)x = 2L,
QA+ L+5)[(A—L+2)(224+5A+10)(L—2)(L+2)}#
- BAA+3)(A+5)LRL+1)p@A+1, L)}
- {—5)4(, L)+2AA+3)(A+4)@A—L2— L+14)—6(A+ DA+ (L —1)(E+2)HC+D)
U 200+ 1, D) AT 3) A+ 5) B+ 51+ 10 LL+ DI
L1 QRA—-L+4)[(A+L+3)(A24+5A+10)(L+3NL—1) ]
+ @A+ )G+ 5L DEL DeG+1, DIF
5, BO+)EH)+A—)LL-DHA+ )G~ L+DO+L+DE=HEL-L+DL+D}
L= BAG+3)AE ) B+ SA+10)(L—DLEL—DQL+ DeGi+1, LypA+1, L—2)R
i {3(1]lz+551+10)—(lz+51+70)L’+8(2).+5)L}[(l—L+2)(L-2)(L+2)]1‘
L= B0+ 3) O+ ) E+ AT L—DLLADRLIDeG+1, DT
(A—35)C@, L)—22(G+3)(A+4)B(A, L)+2(A+1)A+5)(L—1)(L+2)EL+4L—2D)}[(A+2) Tk
I L 2¢p(l+l, L)[61(l+3)(/1+5)(}»2+51+10)L(L+1)(2L—I)(2L+3)]§
{3(1112+55}.+70)—(1’+51+70)(L+1)2—8(21+5)(L+1)}[(1+L+3)(L*l)(L+3)]§
L+l WAL+ )X 1 5A+ 1)L+ 2L+ DLEL+ VgGit1, DI
Lz BOIOLEDTA=ILADLFDHADC+LANC—DE+HLENLE-DE

[4AA+3)(A+5) A2+ 52+ 10)(L+2)(L+ 1)L+ 1)QRL+3)p(A+1, L)p(A+1, L+2)])}

p(2, L) = 2(A+1)*—L(L+1),

4(4, L) = 20+ L2 4 L—4)+2(A+1)(3L2+3L—14) —(L4+2L3—-9L2—10L+432),

B(A, L) = 2(A+4)(L+4)(L—3)+TL*+TL+6,

2@, L) = 4(1+1)’(L+4)(L—3)+18(l+l)’(L+4)(L—3)—2(A+l)(L‘+2L’—34L’—35L+186)
—(5L4+10L3—109L%*—114L+288).
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TABLE 13
{(A0)L,; (40)/|| (244, 0)L>

A—L = even

L, {(20) L,; (40)/]|(A+4, 0)L>
" I [(A—L+2)(l—L+4)(1+L+3)(1+L+5) ¥
5(A4+1D(A42)(A4-3)(A+4)
L—2 6(A—L+4)(A+L+1D)A+L+3)A+L+5(L—1)L+
TOA+DA+2)A+3)(A+4)QL—-1)Q2L+1)
L _ [4(1—L+2)(1—L+4)(1+L+3)(A+L+5) 1
! 1A+ DA +2)G+3)(G+4)2L—1)2L+3)
L2 [6(1—{-L+5)().—L)(}.—L+2)(l—L+4)(L+2)(L+1) +
TA+1)(A4+2)(A4+3)(A+4)QRL+1)2L+3)
L4 A+ L-1DA+L+DA+L+3)A+L+5)(L—3)(L—2)(L—1)L7]+
A+DE+2)(A+3)(A+4)2L—5)Q2L—-3)2L—1)2L+1)
L2 4(A+ L+ DA+ L+3)A+L+5HA—L+4)(L—2)(L—1)L(L+1)] ¢
TA+1)A4+2)(A+3)(A+4)QL—-5)QL—-1)2L+1)(2L+3)
I L 18(A—L+2)(A—L+4) A+ L+3)(A+ L+5)(L—DL(L+1)(L4+2)]*
BA+HFDA+DIA+)A+4)QL-HQRL-)QL+3)2L+S)
Lia — 4A—L)A—L+2)(A—L+4)(A+ L+5)L+3)(L+2)(L+1)LT*
© TA+1DA+2)A+3)A+HQL-1DQL+1DQLA3)Q2L+T)
L4 [(l—L—Z)(l—L)(A—L+2)(l—L+4)(L+4)(L+3)(L+2)(L+1) +
B GA+1DA+2)A+3)A+4)2L+1DQL+3)QL+5)(2L+7)
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