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Abstract—An analysis of the space and energy dependence of neutron fluctuations is presented, and
applied to the results of reactor fluctuation experiments. Two experiments, measurements of Power
Spectral Density and Variance to Mean, are singled out for special attention. These are of special
interest, since previously published experimental results seem to be interpretable by space and energy-
independent theories of neutron fluctuations.

Both infinite and finite-geometry reactor models are treated, and calculations are presented to
illustrate the effects of detector size, shape and location, and delayed neutrons. In any event, agree-
ment with actual experimental results is achieved only when the effect of fast diffusion is included
through a two-energy group model. It is seen that when the migration length is sufficiently large by
comparison with a typical reactor dimension, the results of the space-energy independent theory
appear as a first approximation. Thus it is argued that experiments on larger reactors would yield
results not in agreement with the space—energy independent theory.

1. INTRODUCTION

OUR purpose in this paper will be to attempt a careful analysis of two types of experi-
ments which measure neutron fluctuations in a steady-state reactor. In the first type,
the power spectral density (P.S.D.) of the current produced in a single detector in
or near the reactor is measured. In the second, the ratio of the variance-to-mean
(V/M) of the number of counts recorded by a detector as a function of the counting
interval is measured. The first is typified by a P.S.D. measurement performed by
RICKER ef al. (1965) on the ORNL pool-type critical facility, and the second by a
VM measurement by ALBRECHT (1962) on the University of Michigan Ford Nuclear
Reactor. Motivation for the consideration of these experiments, and for the related
studies discussed here, stems from the desire to understand the success of a seem-
ingly space and energy-independent theory of neutron fluctuations (RICKER et al;
ALBRECHT) in interpreting the data. Of course, experiments which measure the kinetics
of the mean neutron distribution can often be interpreted by a space and energy-
independent theory (i.e. point reactor kinetics) in which fast and thermal leakage
rates are included. This is accomplished by assuming a space-time decoupling of the
mean neutron distribution in a finite reactor. Thus, the absorption rate in the point
kinetic equations is modified to include the fast and thermal leakage rates. But there
is no reason to believe a similar decoupling can be applied to the higher moments of
the neutron distribution which describe neutron fluctuations. It will be part of the
burden of this paper to show that in general there is no similar decoupling for the
higher moments, but that for the specific systems considered by RICKER and ALBRECHT
an approximate decoupling does occur which makes possible the interpretation of
experiments performed on them by a space and energy-independent theory, a theory
in which infinite reactor parameters are replaced by appropriate finite reactor
parameters.

* A.E.C. pre-doctoral fellow.
557



558 M. NateLson, R. K. OsBorN and F. SHURE

Our programme is as follows:

(a) First we explore the relations between the quantities measured in P.S.D. and
V[M experiments and the various moments of the neutron distribution.

(b) We then evaluate the effects on the results of these experiments due to
(i) Detector Volume (SHEFF, 1965)
(if) Detector location with respect to the reactor (SHEFF)
(iii) Detector geometry
(iv) Reactor Volume (SHEFF; HARRIS, 1965)
(v) Delayed neutron production, (SHEFF; RAIEVSKI, 1960; OsBORN and
AKkcasu, 1965).*

(c) Finally we apply the above to the specific experiments of RICKER ef al. and
ALBRECHT, and propose certain new experiments.

The entire analysis will be performed in the framework of a physical, rather than
phenomenological, theory of neutron fluctuations. The theory has been introduced
previously by the authors (OsBorRN and Yip, 1963; OsBORN and NATELSON, 1965)
and detailed derivations are presented there.

In the physical theory the basic quantities are: NP(x, f), the detected particle
singlet density, the expected number of detected particles (e.g. «-particles in a BFy
detector) accumulated per unit volume about x in a counting interval of ¢ sec; and
NPD(x, X', t) the detected particle doublet density, the expected product of the number
of detected particles accumulated per unit volume about x and the number accumula-
ted per unit volume about x" in a counting interval of # sec. They are related to the
first and second moments of the neutron distribution—the neutron singlet and doublet
densities, N¥(x, v, f) and N¥¥(x, v, x’, v', #) and thus to the various reactor parameters.

In a P.S.D. experiment the frequency spectrum of the fluctuations in the current
from an ionization chamber in or near the reactor is measured. This spectrum
®(w) is obtained experimentally from the cosine transform of the chamber current
autocovariance, i.e.

DO(w) szdt cos wid(1), H
where ’

T

$(1) = lim f dri(r)i(r - 1)
70 T Jo

is the chamber current autocovariance,t and i(r) = #(r) — [ is the fluctuation of the

chamber current; #(r) being the instantaneous chamber current and / the steady-state

or d.c. chamber current. The autocovariance, ¢(f), can be related directly to the

detected particle correlation function, XPD(x, x', t), according to

F2 3. 3 az DD '
¢(t)=?vadfovdx—a?X (x, X', 1), 2

* The role of delayed neutrons in noise analysis experiments has received such extensive attention,
that we have referenced only three papers, each representing a different approach.

t Of course a given experiment measures only an approximate value for ¢(z).

1 Whether ¢(r)is measured with respect to i(r) or .#(r) is of no consequence to the P.S.D. measure-
ment, as the difference would only appear at zero frequency.
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where XPP(x, X, t) = NPP(x, x/, 1) — NP(x, t)NP(x', 1), D.V. = detector volume,
and I' is an appropriate conversion factor from detection rate to current. A derivation
of this relationship has been presented in the spirit of the physical theory by one of us
(OsBORN, 1965) and by others using various inductive arguments (PLUTA, 1961; SHEFF
and ALBRECHT, 1964; BENNETT, 1960). Entering (2) into (1) yields the desired relation
between the measured P.S.D. and the detected particle correlation function of the
physical theory, i.e.

N2

o« 2
DO(w) = I—J dt cos wtf d‘"‘xf d3x’ g XPP(x, x', t). (3)
2 Jo DY, D.v, ot

In a V/M experiment a time record is made of the current pulses produced in an
ionization chamber located in or near a reactor. The record is divided into equal
intervals and the mean 7 and mean square n2 number of pulses recorded for a given
interval are computed. This process is repeated for intervals of different duration.
Thus the variance-to-mean, (n2 — 72/, as a function of counting interval, can be
computed. By definition, the relationship of the detected particle densities to this
measured quantity is

2 52
z - ? r :j d3xf d3x XPP(x, x/, r)/f d*xNP(x, r). (4)
il D.V. Dy, D.V.

It is clear from relations (3) and (4) that the P.S.D. and V/M experiments are
closely related; both in some sense measure XP? (x, x’,7), the detected particle
correlation function. Of course the technical problems in handling currents and
counting records are quite different. Thus, the limits of applicability for the two
experiments will not be the same. However, for the reactors (small cold clean cores)
and power levels (milliwatts) involved in the experiments of Albrecht, and Ricker
et al. either experiment could have been done on either system. We will, therefore, be
able to consider simultaneously effects on both experiments of the various reactor-
detector properties.

In Section 2 the set of equations relating the detected particle and neutron densities
is introduced. A reduction from the transport to a diffusion description is made in a
mathematically consistent manner. The resulting set of working equations is then
applied to the second and third phases of the analysis in the subsequent sections.

In Section 3 an infinite-volume model of a thermal reactor is considered, and the
effect of detector configuration is investigated for P.S.D. and V/M experiments which
might be performed on a reactor described by such a model. The results are not in
accordance with the experiments of either Ricker or Albrecht. In fact, the experi-
mental measurements agree with computations using an infinite detector, whereas if
detector geometry similar to the actual detectors is used in the calculation, the results
are substantially different from the measurements.

In Section 4, we study a finite, cubical reactor. A particular reactor-detector
configuration is considered which is intended to represent the systems studied by both
Ricker and Albrecht. Here again, if we assume as before that the neutron population
is adequately described by considering only thermal diffusion, the results are not in
agreement with these experiments.

In Section 5 we incorporate diffusion during moderation into the reactor model of
Section 6. We obtain immediate agreement with the experimental results. We note
that for reactors of the type utilized by both Ricker and Albrecht this modification

VIiM(r) =
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effectively eliminates higher mode contributions to the spatial dependence of the
various correlation functions and thereby we are led to an explanation (and also a
qualification) of the success of the space—energy independent theory.

In this section we also consider hypothetical P.S.D. experiments onalarge graphite-
moderated reactor with various detector configurations and positions. The results
obtained demonstrate the need to include the effect of finite reactor size, even for a
reactor of this magnitude. The infinite reactor model of Section 3 will be shown to
have only limited applicability for such a reactor.

2. THE BASIC EQUATIONS

The system of equations relating the measured quantities, NP2 (x, x’, 7) and
NP (x, 1), to the first and second moments of the neutron distribution and thus to the
various reactor parameters have been derived previously (Osborn and Yip; Osborn
and Natelson). This derivation will not be reproduced here, though it is well
to recall two of the approximations involved: the neglect of neutron-neutron
collisions, and the neglect of correlations between the neutron and reactor nuclet
distributions. For brevity the equations will be displayed in reduced form. Delayed
neutrons are ignored, and averages are taken over particle speeds. The energy-
averaged parameters (e.g. scattering and absorption rates) are assumed equal, whether
a singlet or a doublet density has acted as a weight function in the averaging process.
This assumption is implicit in all theories of neutron noise where energy dependence
is not explicitly considered. The delayed neutrons, on the other hand, have been
ignored only for simplicity. Their effect on measurements in the time and frequency
intervals of interest here is considered in Appendix A and seen to be negligible. Our
working set of equations (with the above considerations in mind) are exhibited as
equations (5)-(8), (10), (11):

NP, 1) _ p(X) f dQNV(x, 2, 1). (5)
ot J
g NPD(x, X', 1) = rp(x) f dQNYP(x,Q, X, 1) + rp(x)) j dQNYP(x', Q' x, 1)
+ rp(x) 0(x — x/)fdszN-"(x, Q, 1. (6)
{% + B} NYP(x, R, X', ) = rp(X) f dQNYV(x, Q, x', Q', 1) + ==~ S(X D NP(x, t)
— rp(x) 8(x — x)NV(x, R, 1). (7)
[aa + B]N\D(x Q,x, 1) = rD(x)J‘dSZNV‘(x Q x, Q. 1+ = S(x ) NP(x, 1)

— rp(x) 8(x — x)NV(x', &', 1), (8)
where S(x, t)/4n is the expected number of neutrons produced by external sources,
per unit volume about x, per second (production assumed isotropic in velocity) and
where the operator B is defined according to

BN(x, ) = ()R - VN(x, &) + r,N(x, )
—r f dQF(Q" — Q) N(x, Q") — % r, f dQ"N(x, Q7). (9)

The conditional probability that a neutron having been scattered while travelling in
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direction &', will be found travelling in the solid angle dQ about 2 is represented by
F(Q' — Q) d&, the scattering frequency.

E + B} NY(x, &, 1) = S(x, 1)/4. (10)
t

F + B+ B'] NYMx, &, x, Q1) = Sx. 0 NN, Q1) + S, 1) NY(x,R, 1)
ot 47 47

4L 8(x — x') 0(R — Q)HS(x, 1)/4w

+ o(x — x)I'NM(x, &, 1), (1)
where

INMx, R, 1) = 6(R — sz'){rtNA“(x, Q1+ rJ dQF(Q — QNY(x, Q" 1)
7 2
+ i> 1 f dQNNx, Q, z)} — r,F(Q — QN Nx,Q', 1)

—rF(SZ—».Q)N\(x Q, z)— rANYNX, R, 1) + NV(x, ', ). (12)

The various parameters appearing above are deﬁned as follows: The ‘r’s refer to the
reaction rates, r, for total, r, for scattering, r, for fission and r, for detection. (v) is
the mean neutron speed, (j) the mean number of prompt neutrons produced per fission,
and (j2) the mean square number per fission. The production of neutrons by fission
is assumed to be isotropic.

The equations are reduced by a truncated spherical harmonics expansion.

For densities which depend on a single-direction vector we have:

N

Nex @) = B S0 gin: (13)
4m
and for those dependent on two direction Vectors,
, N(x, x) 3
N(x, &, x', Q") = —>— Q-
(x, 82, x', ) . %(4)2 $(x, x)
3 ’ ! ’ 14

+MWQ%ML@+(VQQQQX)U®

Applying these expansions to equations (3)-(7), and assuming that all neutron
densities have reached their steady-state limits, we obtain the following system of
equations [equations (15), (16), (17), (19), (21), (22), (23), (25)-(27)]

0

3 NP(x, 1) = rp(x)H(ON™(x), (15)

where H(t)=0fort <0, = 1fort >0, and § H(t) = ().
t

%N”@rﬁ:nﬂmmwﬁxno+mwwmwﬁﬁxo

+ rp(x) 8(x — X')H(I)N‘V(X). (16)
|:5at + a] NYP(x, X', 1) = rp(xX)NVY(x, X', HH(t) + SX)NP(x', 1)
— rp(x)H(1) 8(x — xX)N(x) — (/) V.YP(x, x', 1), (17)



562 M. NATELSON, R. K. OsBorN and F. SHURE

where az=r,— {ory (18)
[a% + b}w«x, X, f) = rp()HOGY(x, X)

— rp(x)H(t) 0(x — x)pY (x) - %VNND(X, x, 1), (19)

where b=r,+ (1 — {wWr, (20)
and (u) is the first moment of the scattering frequency.

aNV(x) = S(x) — () V - $Y(x). (1)

bdpV(x) = — % VNY(x). (22)

2aN"N(x, x') = SENY(x') + SE)INY(®) + 8(x — x)CNY(x) + S(X)]
— )V ¥, x) — ) V' M (x, x), (23)
where C=a+ (j(j— Dy (24)
(a + b)PY¥(x, x') = S(x)$Y(x) + d(x — x)ap™(x)

— % VNY(x, x) — () V' - Q(x, X).  (25)
(a + b)¥Y(x, x) = SH)PY(x') 4+ d(x — x)adp™(x)
— <?U>V/NN‘V(X, x)— 0y V- Q(x,x'). (26)

2bQ(x, x') = L o(x — x NC'N¥(x) + S(x)]

0D N 0 N
— 3 Ve x) - VX))

where C'=2b—r, + {1 (28)
and Lis the identity dyadic.

3. INFINITE REACTOR MODEL

It is instructive to consider first an infinite homogenous reactor. The reactor is
assumed to be in the steady state in the sense that the external neutron sources are
assumed time independent, and the neutron singlet and doublet densities will have
reached their asymptotic values. Moreover, we assume that the detector does not
perturb the neutron distribution.

This infinite reactor is described by equations (15)-(17). In view of the transla-
tional and rotational invariance we have:

(i) The neutron singlet density is independent of position, and thus the singlet

current ®¥(x) is zero.

(ii) The neutron doublet density depends upon spatial variables only through the
magnitude of the vector x-x’".
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The solution of these equations for N¥, N¥¥(x, x'), and )V - $¥¥(x, x’) follows
straightforwardly:

NY = Sja, - (29)
NNN(X, X’) _ {NN}Z + ‘}/NA\' (S(X . X/) + ﬁNN eXp (—\/a/DlX — X l) , (30)

47D |x — x|
V¥ V(x, x) = ANV §(x - X') - apN" exp (~y/a/D |x — x') , (31)

47D |x — X'
where

o \2

EC__—._—_-# ¢ 1—‘2(19 ﬂ%e——c+avay, and ;<_U)_ (32)
2(a 4+ b) 2 2b

We consider first the power spectral density (P.S.D.). Keeping the geometry of our
detector quite arbitrary, we can write a generalized definition of P.S.D. for the
infinite homogenous reactor as follows:

. 0 2
(%)(D(x, X', ) —fo dt cos u)ta%2 XPP(x, x', 1)

= rp®{XY0x, X', i) — XVP(x, X', —io)}io

_ 4 rp(x) 6(x — X )N, (33)
where X¥? (x, X', 5) is the Laplace transform of the neutron-detected particle correla-
tion function (i.e. N¥2(x, x’, 1) — NY(x)NP(x’, 1)). We have made use of equation
(11) and the fact that in an infinite reactor

rp(ONYP(x, X', 1) = rp(x)NYP(X, x, 1). (34)
In addition we have utilized the relationship between the cosine and Laplace trans-
forms:*
FOT(w) = 3[F*"(iw) + F*T(—iw)]. (35)
Applying the definitions of X¥P(x,x’,r) and the neutron correlation function
(N¥¥(x, x) — NYN¥) to (17) and (19) we find that:

|: % . a} X¥P(x, X', 1) = rp(xXYHHOXYV(x, X)

— rp(x"YH(1) 8(x — x’)NN — 'V -¢‘\'D(x, x, 1), (36)
and

[% + b]¢“’(x, X', 1) = rp(x)HOS  (x, x) — —<§—> XYk, x, 0. (37)
The solution of the transform of equations (36) and (37) for X¥2(x, x, s) follows in a
straightforward manner with the application of (30), (31) and the boundary conditions
X*2(x, x’,0) = 0 and $p¥P(x, x’, 0) = 0.
We find that
rp(€)BNY exp (—/alD |x — X))
547D |x — X/|

rp(X)(s + ) — sty — DINY exp (—/{s F a)(s + b)/bD |x — X))

— . (38)
s*47Db |x — X'|

* This is obviously valid whenever the integral for the cosine transform converges, and is, in any
event, correct in the sense of generalized functions.

XMx, X/, 5) =
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Equations (33) and (38) provide us with a solution for the generalized P.S.D. in an
infinite reactor. Analysis of both single and double detector experiments is possible.
In accordance with our primary aim of understanding the specific experiments
mentioned in Section 1, we shall restrict ourselves to a single detector.

The P.S.D. is obtained by integrating the r.h.s. of (33) over the detector volume
[see equation (3)]. For a spherical detector of radius R, we obtain:

(r%)q’(w) = rp{XM(R, i) — XYP(R, —io)}io + rpNYVy,

where V;, = (4mR3/3) is the detector volume, and

(39)

XVD(R, 5) — M G(A/z R)
’ s*4xD D S —
s+ DB - sy — DINYE® ( A/(s = a)(s + b) R). (40)
s*47Db bD
-0 | X 4

-20t ~ d
\\ [.,/'_"
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FI1G. 1.—Characteristic frequency dependence of the P.S.D. as calculated for spherical
detectors of various radii in an infinite water moderated-reactor (r, = 8000 sec™?,
ko = +99,and D = 36,590 cm?/sec). Calculations a are carried out with equations (38)
and (48), calculations b with equations (38) and (39). The asymptotic infinite detector
frequency dependence (1/w?) is displayed along with the asymptotic point detector

dependence (1/w'/%).
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FiG. 2.—Chara'cteristic frequency dependence of the P.S.D. as calculated for spherical

detectors of various radii in an infinite graphite-moderated reactor (r, = 1000 sec™?,

ko =96, and D = 182,954 cm?fsec). The calculations are performed using equations
(38) and (39).

The integral G(AR) is given by

1 g2 =Xl 2 1 1
GzR:_f d3xf d3’——:82[~ ~——FZR], 41
(R) R? Jixi<r X'|<R x x — x| i 3(AR)? ()~R)5 (AR) ], (41)

where
F(AR) = (1 + AR)? e *E + (AR)* — 1. (42)

The quantity (2/T"?)®(w) — r,N¥V}, is plotted in Figs. 1 and 2 for water and graphite-
moderated systems for a number of detector radii. However, before discussing these
results, we should make note of two limiting cases for ®(w).

The first, which provides a check with the space and energy-independent theory is
the large detector limit. For R such that

,\/x o' 4 w¥(@® 4 b*) + a®h* £ (ab — o) R ~1, (431)

bD
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we find that
(4m)?
, 44
G(4 ).__WR)2 (44)
and the P.S.D. is given by:
Ny S0 —1pr
(FZ)(D((U) ~ rI)N\ Vp + r 2NV m (45)

This is the well-known space and energy-independent theory result. However, it must
be pointed out that conditions (43+) are met for a detector of large but finite radius,
given a and b, only for frequencies greater than some w, [which can be determined
from the condition (43—)].

The second limit is for the small or ‘point’ detector. Here if

1 2 2 2 272 2
A/\/w + wi(a* + b*) + a*b” + (ab w)R<1‘ (46+)
bD
Then
47\ 9
G(AR) = (—) [— _ AR}, 47
(AR) 3 ) 1T (47
and the P.S.D. becomes
2 [y —1— gjb}
(Pz)q)(w)N rpN~Vp, + 1PNV, 2———————27TDR

NSV [N ob + w¥a? + b%) + a?b® — ab +
27D N bD '

As before, conditions (46-+) are met for some range of frequencies for a given R, a
and b. Here this range includes all frequencies less than some w, determined by
condition (46+). The P.S.D., ®(w), is independent of frequency for R sufficiently
small that the first and second terms on the r.h.s. of (47) dominate. For R such that
the third term is dominant, we find that when ¢ << w < b, which is the frequency
range of experimental interest, ®(w) goes as w12 (for all thermal reactors b > a).

In Figs. 1 and 2 both limiting cases [(45) and (48)] of ®(w) are exhibited. In
addition it can be seen that for intermediate values of R the P.S.D. displays the ex-
pected combination of behaviours, point-detector-like for low frequencies and as a
large detector for higher frequencies.

In Fig. 1 we have also plotted ®(w) as computed by a much simpler approximation
scheme. Noting that b (the transport or scattering rate) is much greater than all other
rates (namely r,, r, and o in the range of experimental interest) we can take the ratios
of these rates with b to be zero. Expression (40) for the power spectral density is thus
greatly simplified as

o AU o 4] o [T o

This approximation can also be applied to the working equations by ignoring terms
containing ratios of the various other rates to b (the transport rate): i.e.

19 o0, dpviao, &
b ot b b

1

(48)

~ 0, and I:—f ~ 0. (50)
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Applying these conditions, we find that equations (19), (20), (25), (26) and (27)
become respectively:

VP, X, 1) = — % VNN X 1), (51
N D LY

$MN(x, x) = — % VNMY(x, x') 3—D\ V' Q(x, X)), (53)

\ {‘\U/ o
& V¥(x, X) = — /RV’N“"V(X, x) —22v.Qx x), (54)

(v (v -

and

Q = 310(x — X)NV(). (53)

From Fig. 1 it is clear that the new approximation scheme is very good as compared
to our more general scheme. Since we will always have in mind systems in which the
scattering rate is much larger than all other pertinent rates, we shall use (51)-(55) in the
remaining analysis. It should be pointed out that this scheme corresponds to that
used by AKCASU (to be published); MATHES (1962); HARRis, and SHEFF in their
inductive approaches to these problems. SHEFF has reported results for a cubical
detector of arbitrary size in an infinite reactor in terms of the auto-correlation function
and for the P.S.D. in the point detector limit. Agreement between their results and
those presented here seems to be very good.

Finally, the most important conclusion to be drawn from Figs. 1 and 2 is that a
finite spherical detector in an infinite homogenous reactor in no sense describes the
particular P.S.D. density experiment which we are attempting to understand. The
active volume of the detector used by Ricker er al. clearly places it in the point
detector limit, and yet his experimental results (see Fig. 3) are in complete agreement
with the large detgctor limit.

Before giving up the infinite reactor description, we must look at the possibility of
detector geometry being an important effect. Of primary interest will be a long thin
cylinder, as this is the geometry of the detector employed in the experiment of Ricker
et al. Computing the P.S.D. for such a detector is straightforward in the new approxi-
mation scheme. We will use the generalized definition [equation (33)] of the P.S.D.
but first we insert (51) into (17) to obtain

[a% +a—D Vﬂ X¥(x, X', 1) = rp(xXYH(OX (X, X') — rp(X)H(1) 6(x — X )N,

(56)
where
XY, x') = NY¥N(x, x') — [NV}? (57)
and
vp . N _ T~ _ ’
NNN(X, x/) — {NAV}2 + 6(X . xr)N]\' + <J(.] 'J(— 1)>rfN CXP( \/a/D IX X l) . (58)

87D |x — x/|
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[Note that (30) reduces to (58) simply by letting b go to infinity.] Solving equation
(56) for X¥P (x, x’, t) we find that:

+ rp(X)rp(x) , (59

where we have used the identity:
exp (——JG/—D [x — x'|) 1 f d%k ek (x—x)
47D |X — x’] (277)3 (Cl 4 Dk2)2 + (1)2 .

The integration of ®(x, x’, w) over any single detector is facilitated by noting that:

GG+ 1)>rfN‘VJ‘ dPk e % (2%
(2m)* (a + DK*? + o?

(60)

2
f d3xf dx’ ek ) f dix e Y (61)
D.V. D.V. D.V.
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CONSTANT TERM

FiG. 3.—Measured and calculated P.S.D. for a small water-moderated reactor near
critical /A = 117 sec™®, L = 2-88 cm. The solid squares are the measured values (by
RICKER ef al.} for the P.S.D. The upper curve is the P.S.D. as calculated by equation
(85) with D = r,L2. The solid triangles represent the P.S.D. minus the constant term as
obtained from the measured data by subtracting an appropriate constant. The lower
curve is the P.S.D. minus the constant term as calculated from equation (85). The
reactor detector geometry is chosen to represent the experiment (a 50 cm on a side
homogenous bare reactor, and a 2 % 2 cm X 30 cm rectangular parallel-piped detector
whose outer is 5 cm in from the side of the reactor).
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The final result is simply

NY¥VpR? tan™ (w/a)

(1%2)(1)(0’) = rpNYVp + rp?G(j — D)ry (62)

where V, = 7R, R being the detector radius, and / the detector length. This approx-
imate result is applicable for / large enough that:

A// 2 2
Jat 4+ o +a
— >1, 63
D > (63+)
and R small enough that:
2 2
A/‘/—————“J““i““zzél. (64)
2D

Ricker’s detector (a BF; tube), which has R~ 3 cm and [/~ 30 cm, will satisfy the
second condition (64) over the frequency range of interest, but conditions (634-) are
met (using the reactor parameters in Fig. 1) only for frequencies in excess of 100
r.p.s. Thus according to this model the detector should behave like a point for
frequencies somewhat less than 100 r.p.s., and as a line for frequencies greater than
100 r.p.s., but in no case like an infinite detector. Clearly the finite cylindrical de-
tector, infinite reactor model dosen’t explain Ricker’s experiment.

We have also calculated the P.S.D. for a large, thin rectangular plate detector, just
as for the long, thin cylinder, and it displays a still different frequency dependence;
ie.

2 - i(j 4+ 1)), NYV 1
( IT2)<1>(m) — PNV /)2_3 P 1{ / . (65)
o N Vai + o’ vVyat+ ot +a
where Vp = hiyls,
//ﬁ
var+ o'+ a
L. > 1 66
D 23 > (66)
and
SRR
A/ Ve +otta, 67)
2D

In Table | the characteristic frequency dependence (2/I®)®(w) — ryN¥V, near
critical @ &~ 0 of the P.S.D.’s, for each of the limiting cases of detector geometry that
have been considered, is displayed. These results argue strongly that knowledge of

TABLE 1.—CHARACTERISTIC FREQUENCY DEPENDENCE OF THE P.S.D.
NEAR CRITICAL (@ ~ 0) FOR VARIOUS DETECTOR GEOMETRIES

Detector Small Long thin Thin Large
geometry sphere cylinder plate sphere

2
T2 D(w) — ryN

1
2 Vo ‘© w3/? ?
™ DO) — rpN
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the manner in which the neutron doublet density (the density of correlated neutrons)
is sampled by a detector is very important to the interpretation of any experiment
which purports to measure neutron noise phenomena. Therefore we are forced to
conclude that in the case of Ricker’s P.S.D. measurements considerations other than
detector geometry must play an even more important role. The role of finite reactor
size and geometry is logically the next to be investigated. However, before proceeding
with this, we must look at the companion experiment, the measurement of the
variance-to-mean with a finite detector in an infinite reactor.

The definition of the variance-to-mean (4) for an arbitrary detector in an infinite
reactor becomes:

VIM = f d3xf d*x' XPP(x, X', t)/rp, NV Vpt. (68)
. D.V.

In order to find XP”(x, x', ) we make use again of the solution of equation (56) for
X¥P(x, x', £). The result is

XPO(x, x', 1) = rp(x) 8(x — xX')N™t

UG = Dr N { f ke
+ rpX)rp(x’) 2ny (a + DK

+J* —(a+])k )t) e—zk _— )} (69)
(a - DKt J

If we perform integrals over x and x’ for an infinite detector (one whose radius is such
that V'a/d R> 1, we get the following result for the variance-to-mean:

e —at

(V/M)large detector — 1 + %%%__l)kﬂ;;; l:l - 1_’%:|, (70)
where k., = ({j)r;/r,) is the infinite medium multiplication factor. This is the space-
energy-independent theory result to which Albrecht was able to fit his variance-to-
mean measurements. However, Albrecht’s detector is small (in the sense that
VaJd R <1) so that we should properly integrate X??(x, x/, t) only over the finite
detector volume. When this is done we obtain a complicated expression for V/M.
For the sake of comparison, it is sufficient to consider the long time limit, which gives:

m (V/M — I)Small Detector _ 1(A/z R>3 (71)
t2 o (V/M - l)Large Detector D

This is small (~1/10®) for parameters appropriate to Albrecht’s experiment. Thus we
see that we are in exactly the same uncomfortable position with respect to explaining
a variance-to-mean measurement in terms of a finite detector, infinite reactor system
as we were with the P.S.D. measurements.

4. FINITE REACTOR MODEL

We attack the problem of the finite reactor in the approximation scheme of equa-
tions (51)~(55) by an expansion in the eigenfunctions of the Laplacian operator appro-
priate to the geometry of the system. Singling out these eigenfunctions which are
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zero on the extrapolated boundaries of the reactor, we can define the following
complete orthonormal set:

V2W7L(x) = _anwn(x)’ (72)
fu . d’x,(X)p,.(X) = 9,,,, (73)
Z P (), (X) = 8(x — X)), (74)

n=1

where R.V. = reactor volume. The functions in this set are sometimes referred to as
the reactor modes. It is convenient to use correlation functions instead of doublet
densities and to treat only neutron co-ordinates in the expansion. We therefore write:

XV, 1) = 3 AN D) (79)
N0 = 3 4,5, (76)

509 = 3 5,4,9. (77)

XN X) = 3 A (00,(0), (78)

The solution for 4,¥ follows immediately from equations (21) and (52)

A4,Y = S,/(a + DB, (79)

We have assumed that the neutron densities have achieved a steady state, and for now
the spatial distribution of the external neutron sources (i.e. the S,’s) will remain
arbitrary.  A4,,,""is found by taking moments of the appropriate equation for
XM(x,x"). Th1s equation (in the new approximation scheme) is the result of com-
bining equations (23), (53), (54) and (55):

[2a — D V® — DVAX¥¥(x, x') = 8(x — x)[CNY(x) + S(x)]
+ 2DV - V' §(x — x)N¥(x). (30)

Taking the moments of (80) with respect to the reactor modes we thus obtain:

NN EC {(C+a4—DB 1 DB,? 81
nm Zn’ln 1v (2a 0 DB + DB ) 3
where
Comm = f XXX (). (82)

Finally we need the equation for 4,%P(x’, f). The appropriate equation for
X¥P(x, x', 1) is:

[56; 4+ g DVz] X¥(x, x', 1) = rp(x)H()XVMx, x')
— rp(xXYH(1) 8(x — xINN(x), (83)
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where equations (17) and (51) have been combined. Proceeding as above we find
immediately that:

a o ’ < ' (C _ a)
Y DBn2j|AnND , [) = H CmmA1 m ).
[at tat (> ) = rp(x) (t)i,mz=1 \(2a = DB+ DB, 3" )

‘ (84)
The solution of this equation for 4, (x’, 1) provides us with expressions for the P.S.D.,
the two detector or ‘cross P.S.D.’, or the variance-to-mean, all for arbitrary detector
location and geometry in reactors of arbitrary configuration. In the final results [for
example ®(w)], geometric effects are contained in the't',’s; i.e. in the set of constants
C,.n and in integrals of the ¥',’s over the detector volume.
For the generalized P.S.D. we find:

(i‘z_z) D(x, X', w) = rp(x) 6(x — xINY(x)

<J(] _ 1)>rf(a + Dan)wn(x)W'm(x,)
(2a + DB, + DB,})l(a + DB,})? + o

o) i : 2 '
F oK) S Comd GG — 12)>rf(a + ZDBm (X );p;,,(X) |
i o m=1 (2a + DB,* + DB, [(a + DB, 4+ w?]

To analyse specifically Ricker’s P.S.D. experiment we represent his reactor as a cube,
and generate the various reactor parameters from a measured $/A (fraction of delayed
neutrons over neutron lifetime in units of k, the multiplication constant) and a rep-
resentative L(diffusion length) for his reactor. Of course (85) has been derived ignoring
delayed neutrons; however, if we include a single group of delayed neutrons, and then
keep only terms of zero order in the small quantity 4/r, (A being the single precursor
group time constant) we obtain in the frequency range of experimental interest
(A <€ w < b) an identical expression for ®(x, x’, ) where the critical condition is
now a — ({)r; + DB2 = 0 (({) being the mean number of delayed neutrons
produced per fission). This result is demonstrated in Appendix A.

In Fig. 3 a comparison is made between Ricker’s measurement of the P.S.D. for
his system in the critical limit and the corresponding result obtained from @(x, x’, w)
integrated over an appropriate detector (one which resembles the actual detector as
closely as possible). The configuration of the detector-reactor system is also illus-
trated in Fig. 3. The comparison is clearly not very satisfactory. Our expression for
theP.S.D.does not fit Ricker’s data, and no small variations of the reactor parameters
will make it do so. A similar result has been obtained by Sheff for a reactor much
the same as that treated here, but for a point detector located at approximately the
centre of our finite detector. His result is equally unsatisfactory as far as explaining
this experiment is concerned.

It is important to note for future reference, that in order to compute ®(w) with
sufficient accuracy, it is necessary to keep 64 terms in the modal expansion of equation
(85). This is the direct result of the smallness of the ratio L/R where R is a charac-
teristic reactor dimension, and the fact that the leakage rate is proportional to the
square of this ratio.

Again a change in our reactor model is called for. An experiment which was
analysed, with what has appeared to be great success, by the simplest of theories
seems to demand more and more detail from a more general theory.

+ rp®rp(x) Y Cippdd
i,n,m=1

(85)



Space and energy effects in reactor fluctuation experiments 573

5. FINITE REACTOR MODEL—FAST LEAKAGE INCLUDED

We show here that the difficulties encountered with the reactor model of the
preceding section disappear when fast diffusion and leakage are taken into account.
It is well known that the picture of neutrons thermalizing at a point (implicit in the
treatment of Section 4), is unrealistic. In fact, in the small, water-moderated reactors
used by Ricker and Albrecht, fast leakage is the primary contribution to the leakage
from the core. Moreover, as we shall show, it turns out that a reasonable treatment
of fast diffusion is crucial to the understanding of reactor fluctuation experiments.
When fast diffusion is taken into account we not only find immediate agreement
between our calculations and the experimental results, but we are also able to arrive
at an explanation for the practical success of the space-independent theory in treating
correlation problems where space effects, by definition, should play an important role.

First, we sketch a generalization of the treatment of Section 4, and apply it to a
two-group problem. The details of this are shown in Appendix B. Along with the
neutron doublet density N which we now take to mean thermal neutron doublet
density, we now work with N*" N"¥ N the thermal-fast, fast-thermal and fast
neutron doublet densities respectively. In place of equation (80) one obtains four
coupled equations for the corresponding correlation functions, and is hence led to a
coupled set of equations for expansion coefficients 4,,,~~, 4,,,"Y, 4,,,"~ and 4,,,,"".
An approximate solution for the thermal neutron doublet expansion coefficient is
obtained to lowest order in the small parameter r,/rp, (r 5 being the removal rate from
the fast group, see Appendix B), with the following conclusions:

(i) The resulting expression for the P.S.D. is similar in form to the one-group
result with extra factors of (1 + 7B,?)"1 appearing in various places. These
serve to depress the effect of higher mode contributions to the P.S.D. In fact,
for the reactor used by Ricker, the two-group treatment has the effect of
collapsing the infinite sum in (85) to a single term, n = m = 1, whereas before
it was necessary to keep approximately 64 terms to represent ®(w) adequately.

(ii) For the surviving term, the two-group result may be obtained directly from the
lowest mode contribution to equation (85) by a transcription which simply
replaces the diffusion length L by M, the migration length, where

M? = [* 4 7, + = neutron age to thermal. (86)

This can also be seen from the Fermi age treatment of thermalization utilized in
Raievski’s inductive theory of neutron noise.

In Fig. 4, the single term expression for P.S.D. with M replacing L is compared
with Ricker’s experimental results, and the agreement with the measured spectrum
(the solid squares) is excellent. To facilitate comparison the first term approximation
of ®(w) is presented in a notation analogous to that used by Ricker. The dependence
on the delayed neutron precursor decay constant 4 is left explicit. The details of this
lowest mode calculation are also found in Appendix A. For a subcritical reactor
(with external sources distributed in the lowest mode)

/ — —_— . . 2
(E)dJ(w) — rpNY 4 Ny U =) (A% _
r Al ( * _ )2+ w2(é+ y) )‘
w® + i* P B w4
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Fig. 4.—Measured and calculated P.S.D. for the same system considered in Fig. 3.
Where now the calculations are performed from the first term in the sum (85) with D =
r,M? M = 7-06 cm (the migration length).

and for a critical reactor

(f'z-z)(b(w) - rD—NTV + I‘p2mc_ <J({A<_>1)> — (A/ISKZ : 2
v w A
(a)2+12)+w(‘8 +a)2_‘_12>

(88)
where
A zf ExA, V(%) (89)
D.V.
is the mean neutron population in the detector,
C EJ;) v d*)Crya p1(X) (90)
is the importance factor for detector geometry and configuration,
=+ oD
is the total mean neutron production per fission, and
o re = a1+ MBS )

<§>rf

is the reactivity in units of .
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Comparing these expressions with those used by Ricker (p. 67) we can see that each
corresponding expression has precisely the same form.

It is now possible to give an explanation for the practical success of the space
and energy-independent theory. The manner in which a detector samples the density
of correlated neutrons may, in general, play a role in determining the P.S.D. For a
given detector, the P.S.D. depends upon the spatial dependence of the doublet density
and therefore on reactor configuration, neutron energy distribution, and degree of
multiplication. However, in a reactor such as that used by Ricker et al., the ratio of the
migration length to the greatest linear dimension is large enough to render the non-
singular part of the doublet density a factorizable function of its two spatial variables.
The spatial dependence is given by the product, y,(x)y;(x), of the lowest eigenfunc-
tions of the Boltzmann operator. Different detectors sampling such a density may
yield different results for the overall magnitudes of the P.S.D., but the characteristic
Lorentzian frequency dependence will be the same in each case. This dependence is
fixed by the approximate factorizability of the doublet density as a product of eigen-
functions of the appropriate Boltzmann operator. Thus since the space and energy-
independent theory doublet density is trivially factorizable in this sense, the success
of this theory in analysing Ricker’s experiment is guaranteed. Of course the full space
and energy-dependent analysis is necessary to interpret the details even of these exper-
iments. The relative magnitudes of the plateaus in the P.S.D. (see Fig. 4) are de-
termined by C, the detector configuration importance factor, and r ), the detection rate.

C does not arise in the space and energy-independent theory, and the plateaus in
the measured data must be fitted by choosing a value for r,* which is interpreted to
be an effective detection rate for the real detector smeared out over the reactor volume.
Finally the overall magnitude of the P.S.D. is seen in the general treatment to be
proportional to NV, the expected number of neutrons in the detector volume; whereas
for the space and energy-independent analysis the proportionality is with the average
neutron density (number/cm?®) for the reactor. But as there has been little practical
interest in the absolute magnitude of the P.S.D., this discrepancy has not hindered the
interpretation of experiments.

The explanation above also applies to the success of the space and energy-inde-
pendent theory in interpreting Albrecht’s variance-to-mean experiment. From
equation (84) our general expression for the detected particle variance follows
immediately:

XPP(x, X', 1) = rp(x) 8(x — X)NY(X)t + 2r (X p(X)j(j— D),

% i C. A'A\' Wn(x)wm(x,)t
im=1 " [2a + DB,? + DB, *la + DB}
f 1 — e~ (etDB
X 41 — ————— 1 (93)
| (a + DBt

Again, taking fast diffusion into account, for a reactor small enough and near enough
to critical, this sum is well represented by its first term with D set equal to r,M2. The

* We also used r as a fitting parameter, for as c depends critically on the extrapolated boundaries
and detector geometry chosen to represent the system, we would not expect our calculated P.S.D. to
fit the relative plateau heights as measured by Ricker. However, the particular value of r, (8-35 x
102 sec™?) chosen to effect a fit, is of the correct order-of-magnitude for the type of detector actually
used: and we are, therefore, confident that the calculated C (and thus our reactor-detector configura-
tion) is not unrealistic.



576 M. NateLsoN, R. K. OsBorN and F. SHURE

result for the variance-to-mean follows immediately and is seen to be of the same form
as that obtained from the space and energy-independent theory used by Albrecht, i.e.

VIM=1+¢ U+ 1) [ Lo (180 = p/AT)) gy
@B + K(1 — B)I[1 — p] (1 — p)/Alt
where
c= __ "™ 3 . rC )
T r, + DB, fD.V.d *Caupi(x) = r. + DB %)

is the detector efficiency, and
K= r,[(r, + DB (96)
is the multiplication factor.
It is interesting to note that C can be written in the following form:

~ 1%
c=2 97
VR$ 97)

where
V = detector volume,
V p = reactor volume,
and ¢ = the appropriately weighted (by Cy;;) average of the lowest
mode over the detector volume.

We are thus in agreement with the interpretation of detector efficiency commonly used
in conjunction with the space and energy-independent theory (i.e. € being proportional
to the ratio of detection rate to total neutron loss rate in the reactor).

We therefore conclude that the success of the space and energy-independent
theory in the analysis of the experiments considered here is limited to the class of
reactors in which the migration length is large enough with respect to the overall size.
The choice of a different reactor (one in which M/R < 1) might give results which
such a theory could not explain. To support this claim, we have displayed in Fig. 5
results calculated for the P.S.D. in a large graphite-moderated reactor (the XP-10 at
Oak Ridge*) with a variety of detector configurations and locations. Specifically we
consider a ‘point-like’ detector (represented by a single BF; tube) and ‘line-like’
detector (represented by three disjoint BF; tubes feeding a single output.) Calculations
of the P.S.D. are made for these detectors located first at the centre of the reactor and
then off-centre (see Fig. 5) where higher reactor modes have more influence. The

‘characteristic behaviour’ of these P.S.D.s ((2/T2)®(w) — r,N¥) is plotted, and the
™2 behaviour, characteristic of the space and energy-independent theory, definitely
does not appear.

It should be pointed out that P.S.D. measurements in such a system may be
experimentally difficult to achieve. If rj and/or V', cannot be made sufficiently great,
the constant term in the P.S.D. will swamp all frequency dependence. The detector
used by Ricker ef al. would not be satisfactory. Perhaps ‘cross’ P.S.D. measurements,
in which no constant term appears, are better suited for such reactors.

* The authors wish to thank Professor S. H, Hanauer for pointing out the experimental possi-

bilities for XP-10, and for additional valuable discussions on the nature of the reactor on which he,
Ricker and Mann performed their P.S.D. experiments.
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Fig. 5.—Characteristic frequency dependence of the P.S.D. as calculated from equation
(B.24) for various detector configurations in a large graphite-moderated reactor (5/A =
7sec™l,r, = 1000 sec ' koo = 1:035and M* = 560). The reactor is a bare homogenous
cube. Curve 1 represents the frequency dependence for a single 2 X 2cm x 30cm
rectangular parallel-piped detector located at the centre of the reactor. Curve 3 is for a
similar detector located 250 cm from the bottom of the reactor and 125 ¢m in from two
adjacent sides. Curve 2 is for a three segment detector whose middle segment corre-
sponds to the single detector of Curve 1. Curve 4 is for a similar three segment detector
whose middle segment corresponds to the single detector of Curve 3.
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As a final note on Fig. 5, it is interesting to observe that for detectors placed in
regions of the reactor where the higher modes have greatest importance, the reactor
seems to appear infinite. The resulting P.S.D.s are very much like those predicted in
the infinite reactor, finite detector model (see Table 1). It should also be pointed out
that when fast diffusion is taken into account the infinite reactor results of Section 3
are modified (in the frequency range of interest a ~ « < r, < rp) merely by the
replacement of L2 by M? in the diffusion coefficient. The calculation is shown in
Appendix C. This emphasizes the non-trivial nature of the interaction between
detector configuration, reactor size and the distribution of correlated neutrons in
P.S.D. measurements. For a given detector configuration the inclusion of fast diffu-
sion takes the calculated P.S.D. farther away from a Lorentzian shape for an infinite
reactor and closer to it for a finite reactor.

Acknowledgment—We wish to express our gratitude to Professor Ziva Akcasu for many stimulating
discussions and helpful suggestions.
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APPENDIX A

Here we shall include the statistical behaviour of a single group of delayed neutron precursors.
It turns out that the expression (85) for the generalized P.S.D. is not affected by this, at least to lowest
order in the small parameter A/r, = e where 1 is the precursor decay constant.

We use the superscript A4 to refer to precursor quantities. The basic set of equations (see Section 2)
is generalized as follows:

FatND(x, t) = rp(xX)H(t)N¥(x), (A.l)
[a — DVEIN¥(x) = AN4(x) + S(x), (A2)
AMA(x) = {OrN¥(x), (A3)

where ({) is the expected number of precursors produced per fission

[a% +a— DV X¥D(x, x’, t) = rp(xYH()X¥¥(x, X'} + AX40(x, X', 1)
—rp(xX)H(t) 6(x — X' )N¥(x), (A.4)
t
[éa} + /1:] XAP(x, X', 1) = rp(XYH ()XY 4(x, X) + ({r X%, X', 1), (A.5)
[a — DV? 4+ AXY4(x, x) = (OrX¥¥(x, x) + AX44(x, ')
—0(x — X)ANYx) + (OrNY(x) — (XD N (x)], (A.6)

[2a — DV2 — DV 2X¥¥(x, X’) = AXF4(x, x’) + AXF4x’, x)
4 0(x — xX)[CN¥(x) + ANAX') + S(x)]

+ 2V V' é(x — x)N¥(x), (A.T)
2AXA44(x, x7) = ({HrXFAx, X)) + (Or XY 4(x', x)
+ d(x — xXDrNY(x) + AN4(x)], (A.8)
8% XPD(x, X', t) = rp(X)H()X¥2(x, X', 1) + rp(XYH()X¥ (X', X, t)
+ rp(X)H(t) 6(x — X)N¥(x). (A9)

The reactor is considered to be in the steady state, and the approximation scheme discussed in Section
3 has been applied.

Using the eigenfunction expansion of equation (78), we are led to the following set of coupled
equations for the expansion coefficients of X¥¥(x, xX’), X¥4(x, x), X¥4(x’, x), and X44(x, x'):

2]
[2a + DB,? + DBu?lAun™ — AApy®t — AMp¥4 = Y CinmAF[C + a -+ DB+ DB, (A.10)

i=1
0
_<C>rfAnmNN + [a + DBn2 + }']AnmNA - lAnmAA = - Z CinmAiN<§>rf[<j> - 2]5 (All)
i=1
0
_<§>rfAnmNN + [a + ‘DBm2 + )*]AmnNA - }“AnmAA = - z C,-,,,,,A,vN<C>r,[(j) - 2]’ (A12)
i=1
0
— (O s Ann®A — A+ 2hAgn*t =2 Y ConmA Dy, (A.13)

i=1
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with the solution:

o0
Aan®¥ = Y CinnASC + a + DB, + DB, A4

i=1
+ <Oy — 2AB — AC) — 2(rAD}AM, (A.14)
where
2a + DB, + DB, —A —A 0
—L{Oors a+ DB2+ A 0 -
AM = = [2a + DB,* +- DB,*] AA
— Oy 0 a+ DB+ =k 4 (DOrdAB — AC),

0 —(Lors —(Drs 24
(A.15)

and where A4, AB, AC and AD are the minors of the elements of the first column of AM. Similarly,
the solution for A4,,,~4 is:

AnmNA - z Cz'nmAi‘v{"[C +a-+ DBn2 e DBmglAE
i=1
+ DG — 2MAF — AG) + 2D AHYAM  (A.16)
where AE, AF, AG and AH are the minors of the elements of the second column of AM.

For the generalized P.S.D. we need only examine the expression for 4,%2(x’, 5), which is obtained
by Laplace transforming and combining equations (A.4) and (A.5):

[+ (a + DB, + N5 + Ma + DB, — (Dr)A~ 4K, 5)
RN - |6+hH n /A
=10 3 (A = 3 ComA | =7 pulx) £ 1) 3 A Sypn). (AID

m=1 i=1 m=1

From equation (A.17) and the definition of the P.S.D. (3) the following expansion in reactor modes
is found for the P.S.D.

(F%) D, X, X) = rpx)dx — XINV) + rprpx) X pa(ya(x)

n,m=1

f w¥a + DB, + 2(a + DB, — ({)r) - B
~ l((;L(a + DB’ — ({r) — @ + w¥a + DB,* + /1)2) [A"’"M ,glc""’"A" ]
#a + DB, — (Dr) — jw? el
* ((ﬂ(a + DB, — ([)ry) — 0% + wa + DB, + /'-)2) Aun™|
+ rpr(x) 2 palX () {22 m). (A.18)
a,m=1

In the frequency range of experimental interest w 3> 4, thus the quantities appearing in (A.18) can
be obtained to lowest order in e simply by setting the rate 4 = 0 wherever it appears, except when it
is to be compared with the rate @ + DB,* — ({)r; which becomes small near criticality, or perhaps
when it multiplies the rate a + DB,” which can be large for large n. We therefore consider the term
n = m = 1 in the double sum (A.18) separately from the others.

For the case n = m = 1, we combine the exact expressions (A.10-A.13) with n = m = 1 to obtain
the lowest mode contribution to the P.S.D.

2
(ﬁ) ®,,(x, X', w) = rp(x)0(x — xIN¥(x)

§ CinA (X (x)(@? + 22[1 + GHOKGG — DD

GGG = D 2 G+ DBE — D) @ T wia + DBF T B

(A.19)

The constant term has been included to emphasize the comparison with Ricker’s results (p. 27).
Indeed Ricker’s expression, with slight notational changes is identical with (A.19) with the small term
(DI — 1)) neglected.

We note that there is no difficulty in taking the limits A — 0 and @ + DB,? — ({)r; — 0 (critical
limit) separately, or together in either order.
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In the case when either z or m is greater than 1, we perform the asymptotic analysis directly on the
expression (A.18) for the P.S.D. and the solutions (A.14-A.16) for the A,,’s. The frequency-
dependent coefficients in the double sum (A.18) both possess the same denominator. To lowest order
in Afw, the term A(a + DB,* — ({)r;) may be ignored regardless of the value of », since for o < a +

DB,? we have
Ma + DB — {{r)) — w* L wla + DB.? +7), (A.20)

whereas if @ is at least the same order of magnitude as @ -+ DB,? we have
Ma+ DB — (D) <L (A.21)
Thus the denominator becomes simply
Denominator ~ w¥w? + (a -+ DB,Y)?). (A.22)

We have also made use of the fact that 1 <€ ({)r,.
The determinental solutions for (A.14), (A.16) for the A,,’s may also be easily evaluated to

lowest order in ¢. We find
AB AC AD AB AC AA 1

AN AN A~ 3A~aa~? ™ XN @ T DB F DB

(A.23)

Thus to lowest order in ¢

A mzﬁc A.N{l 4 U= D } (A.29)
nm /[:1 mmsiy (2a + DB,nz + DBmz) . .

Anm™# may also be computed to lowest order in ¢ but this is not necessary, since the frequency-

dependent coefficient multiplying it in (A.18) is higher order in ¢ than the coefficient multiplying the
/ ©

term(A,.,,,”” —~ 2 ConmAF

Finally, to lowest order in ¢, the coefficient of the term( Z CinmA; )can be written as
( w¥a + DB,®) + Aa + DB,* — ({)ry) ) N a + DB,? A2S
(T DB —(Tr) o) T o't DB ) ~at @+ DB (AP

and combining (A.24), (A.18) [with A = 0] and the first term result (A.19) we have the desired expres-
sion for the generalized P.S.D.

(i) D(x, x’, 0) = rp(x) 6(x — XIN¥(x)

AiNWn(x)lpm(x,)(a + Dan)
-+ ZYD(X)VD(X )<](_]_ 1)>rf z Cmm [2a+ DB"2+ DBmZ][wz—i‘ (a+ Dan)z]

i,nm=1

+ 0(e) (A.26)

Although this is identical in form with the expression (85) obtained by ignoring delayed neutrons, it
is actually different since the parameters a and D are now related according to the critically condition

where delayed neutrons are taken into account, i.e.

a -+ DB* — ({ry = 0. (A.27)

APPENDIX B

Here we shall consider neutrons in two energy groups, thermal and fast, carrying out calculations
of the P.S.D. to lowest order in the small quantity r,/rz = ¢ (where ry is the removal rate of neutrons

from the fast to the thermal group).
The basic equations are generalized for two groups as follows:

2 N0, 1) = R HONG) ®.1)

where the superscript N refers to the thermal group. The superscript n will refer to the fast group.
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The detector presumably responds to thermal neutrons, so the formula (33) for the P.S.D. is still
correct, with the new notation understood.

[re — DVN?(x) = ryN*(x), (B.2)
where D = r,L? is the thermal diffusion coefficient (L is the diffusion length),
[re — D'VEIN™(x) = (jir,N¥(x) -~ S(x), (B.3)

where D’ = rpr is the fast diffusion coefficient (r is the neutron age). S(x) (the density of external
sources) only contributes to the fast group,

[a—i +r, — sz] X¥(x, X', t) = rpX"?(x, X', t) + rp(xXYH()X¥¥(x, x')
— rp(X)YH(t)6(x — x)N*, (B.4)

2
[5 +org — D’Vz] Xm2(x, X', 1) = {HrXY0(x, x', 1) + rp(x)H (@)X (x, x'), (B.5)

[2r, — DV? — DV2X¥¥(x, x') = rp;X"¥(x, X’} + r®X"¥(x’, x)
+ 0(x — X[, NY(x) + rpN"(x)]
- 2DV - V'6(x — x)N¥(x), (B.6)

[Fg 4+ rg — DVE — D'V2IX"¥ (X', xX) = rpX™(x, X'} + (HrX¥¥(x, x°)
— 6(x — X)[rN"(x) = {Hr,N¥(x)], (B.7)

[2rg — D'V? — D'V2X™(x, X') = (ir,X"¥(x, X') + (e X"V (x', X)
+ 0(x — x)[S(X) + regN"(x) + {HrN¥(x)]
+ 2D’V - V'd(x — xIN(x), (B.8)

a—at XP(x, X', t) = ry()HOXY2(x, X', 1) + rp(xYHEOXYP(X', X, )
T rp(H(DSX — X INF(x). (B.9)

For simplicity, we have considered the reactor to be in the steady state, no delayed neutron produc-
tion, and no fission or capture in the fast group. In addition the approximation scheme discussed in
Section 3 has been applied.

As in Appendix A, an eigenfunction expansion leads to the following set of coupled equations for
the expansion coefficients of X*¥(x, x), X"¥(x, x'), X"¥(x’,x) and X"(x, x"): (extrapolated
boundaries are assumed the same for the fast and thermal group).

[2”‘“ + DBn2 + DBmzlAnmNAv - rRAnmmv - rRAman = z CinmAiN(zra + [)Bn2 —I" DBmz)a
i=1

(B.10)
o0
"(j)rfAnmNN *‘ ["a + 1§] + DB'n2 + l)/Bmz]AﬂmMV - rRAnmnn = - z Cinm[rRAi" 'j" <j>rfAiN]7
t=1
(B.11)
©
’_<j>rfA7nmNN + [i“a + e + I)Bm2 + D/anlAmn"N - rRAnmnn = Z Cinm[rRAiﬂ + <j>rfAiN]’
i=1
(B.12)

D0
“<j>r!Anmmv - <j>r/Amn"N + [zr}z + D/an + D/Bmg]Amn'm = z Cznm[<_](_] - 1)>rfAiN
i=1
+ (2ry + D'B,2 + D'B,D)A*]. (B.13)
The formal solution for A,,%¥ is:

A = 3 Conmll2r, + DB, ++ DB,FIAYAA + [rpd” + (r A7 NAB — AC)
i=1
~[G(j — DirsAY + Q2rg + D'B,* + D'B,HAADIAM, (B.14)
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where '
2+ L¥B,2+B,2) —1/e —1/e 0
—ke 1+12B,2+e1(1+78,2) 0 —1/e
AM=r?
—ky 0 14-12B,2+e Y1 +7B,2) —1/e
0 —kw —k g e1Q+HB2+B,2)

(B.15)
=r2[(2r, + DB,> + DB,DAA — {jr(AB — AQ)],

and A4, AB, AC and AD are the minors of the elements of the first column of the determinant
appearing in AM. k is the infinite medium multiplication constant, {/)r/r,, and ¢ is defined as the
ratio r,/rz. The solution for A,,"¥ is obtained in a similar fashion:

A =, Conmt M —[2r, + DB,? + DBASAE — [rpd” + (jr,AXNAF — AG)
[

+ [G( — DorA® + (2rg + D'B,* + D'B.)AAHNAM, (B.16)

where AE, AF, AG and AH are the minors of the elements of the second column of AM.

We should note that AM (B.15) has the same form as its counterpart in Appendix A. One can
obtain therefore, an expression for the P.S.D. to zero-th order in €, just as in Appendix A. It is not
necessary to treat the n = m = 1 term separately.

First we note that to zero-th order in €

AA (1 + 7B.)( + 7B,%) B.17
AM ™ @r, & rlXB T B + B+ 7B — G2t «Bi T By 0 B1D
AB A 1
AM=  AM (1 + B’ (B.18)
AC A4 1 5.1
AMEAM 0185 (B.19)
L od ! B.20
AM= T AMI L BH0 1 +BD (B.20)
It thus follows from equation (B.14) that to lowest order in ¢
o .y .
. GG — Dyry
NN — R
A ; ComA T T BT + 7B + DBD — (o] (B21)
+ [+ B2l + 7B + L2B,D) — {jr]
Next we find that to lowest order in e
AE AF AG AH
0. B.22)

AM ~AM AN T AM
Thus A4, must also vanish to this order. Finally, to obtain the P.S.D. we examine the equation for
A N2(x’, t) which follows directly from (B.4) and (B.5):

0% d 0
[,— (A B 4 el + LB g+ (L 7B+ LB — (r) | A, 1)

= }‘D(X’)H(t)(l + Tan) z [AnmNN - E CinmAiNj| "/Jm(x/) + rD(xl)H(t) z Anm"Nwm(xl)
m=1 i=1

m=1

+ rp(x)e o) > [Am” -y c,-,.,,,A,-N] Yu(x).  (B.23)

ta m=1
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The bracket in the first term on the r.h.s. is considerably simplified by the use of (B.21). Using the
approximations of equation (50) we solve (B.23) to lowest order in ¢, and insert the result into the
definition (33) for the generalized P.S.D. The final result is:

(&) @0 x, @) = r0) x = XIN )

o

D G = D Conmp (X)X Wa + DB HASN
(l + TBn2)(1 + TBmz)[Za + D,B.? + DmBmZ][(a - DnBrL2)2 =+ w2]

<,/(_/ — I)>rfCinm1Pn(x/)wm(x)(a + DmBm2)AiN

+ X p(x)
tam=1

+ rp(x)rp(x’) Z

) 2 AT -BA(1 + ~B.A2a + DB + DBl + DuBo¥ — i’ B2
where D, is defined according to
k
Dy =r, [L2 o — fB , T] . (B.25)

This is just equation (85) with extra factors of {(1 + 7B,3)(1 + 7B,%)] ! and with an ‘effective’ migra-
tion length M,.* = L? + k » /(1 + 7B, for the n-th mode. For the higher modes M,? ~ L, but the
extra factors become small and supress the contribution of these terms.
For the n = m = 1 mode, since
koo | 1

T+7B2 7 1++B*
the result is the same as the lowest mode result of the one-group treatment, with L? replaced by the
migration length M* = L* 4 +. It should be pointed out that

a+ DB, = (1 — k)JI™, (B.27)

1 (B.26)

where
k= (rer(1 + =B + L*B,?), and 1" = 1/r,(1 + L2B?). (B.28)

Thus one obtains the familiar form ~(w? 4 (1 — k/I"™)®)! for the frequency dependence of the P.S.D.
The thermal lifetime /*" occurs here rather than the expected total lifetime. Of course

1707 = (1 + O(e)), (B.29)
and the occurrence of /*" rather than /797 in our result is due to the neglect of terms of order .
APPENDIX C

Here we apply the two energy group model of Appendix B to the infinite homogenous reactor. We
shall show that in the frequency range of experimental interest a ~ @ < r, and to lowest order in
the small quantity r,/r; the P.S.D. results of Section 3 are modified merely by the replacement of
L® byM?in the diffusion coefficient.

The two-group equations of Appendix B in the infinite reactor limit become:

7]
Fn NP(x, t) = rP?(x)H(t)N~. (Cc.1)
FNY = ppN™, (C.2)
rpN®™ = (jr,N~¥ + S. (C.3)

0
[5-[ +r, — DV | X¥P(x, X', 1) = rpX"2(x, X', t) + rp(x)VH ()XY ¥(x, X)

— rp(x)H(t) 8(x — xX)N¥ (C.4)

3
[9_1‘ 4 g = D'VE XX, X7, 1) = (or XYP(X, X, 1) + rp(X)HEXF (X, X). (C€.5)
[re — DV72IX¥(X") = rpX"¥(x") + 6" )r,N¥ — DV §(x")N”?, (C.6)

where X" = x — x’,
[ry + rp — (D + DY)VHXH(X) = rpX™™(x") -+ { orX¥¥(x") — 0()[rgN™ + {jr,N¥]. (C.7)

[rr — D'V2IX(xX") = (jir,X"¥(x") + 6(x") I:rRN" -+ S—I-Q—Z_—ID r,NN:l — D'V §(x" )N (C.8)

-aa—t X22(x, X', t) = rp(X)H(E)XY2(x, X', t) + rp(XVH()X¥P(x', X, 1) + rp(x)H(£)(x — x )N,
C.9
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If we define

GY(x") = X7¥ (x”) — (x")N¥ (C.10)
and

G™(x") = X"(x") — 8(x")N?,

then equations (C.6)—(C.8) become:

[re — DVIGH¥(x") = rpX"¥(x"), (C.11)

[r -+ ra — (D + DIVIX(X") = rpG™(X") + (jr,GY¥(x"), (C.12)
i1

[rz — D'V7IG™(X) = (orXm¥(x") + 0(") 9(12—» reNY. (C.13)

The coupled set of equations (C.11)-(C.13) may be solved for G¥¥(x") and X"¥(x") by Fourier
transform.

GYI(x") = reXj(j — DHr,N¥ &k exp ik - x”
2(2m)? (ro + re + (D + DYWA(r, + Dk*(rp + D'k? — {jirrzl
(C.14)
and
Xn¥(x") = relj(j — Dr,N¥ 4K exp (—ik - x")[r, + Dk?]
2(2m)y (ra + rp + (D + DYKS(r, + Dkrg + D'k — {Joryrg]
(C.15)

Next equations (C.4) and (C.5) are Laplace transformed and combined to give the following
relationship between X¥2(x, x’, 5), G¥¥(x") and X"¥(x").

[8? + (ra + 1z — (D + DIVAS + (r, — DVi(rz — D'V?) — (Hre?]1 XY2(x, X, 5)

=)y D 4 s, x) + 20

reX"¥(x, x). (C.16)
Solving (C.16) one obtains
Srp(x)X¥P(x, X', 5) = rp(x)rp(x") il

— 1)orrp®N¥ f o P (—ik(x — X)) [S+ y(k)]

A7
227y SISO
where
yilk) =1, + rp + (D + D)3, (C.18)
and Yolk) = (r, + Dk¥ry + D'k®) — {jrsry. (C.19)
Thus using the definition of the infinite medium generalized P.S.D. (33) we can write
(7 — 2NN
(_22) O(x, x’, w) = rp(x)3(x — XINY + rp(x)rp(x’) Gy = Dirra™NY
1 2m)®
exp (—ik - (x — x))
3k . )
f K0 = o T i Tk — o — oy @] (€20
The integral in (C.20) can be evaluated by the residue theorem.
1 exp (—ik: (x — X)) 1
_ 3 _ T -7
@ny fd K5 o = top @I — @ —iwp @] x —x|ampp AT A BB
(C.21)
where
_ exp (—oy|x — x'|)
4= [yz(ial) — w? + iwy1(i“1)][a22 — a,?]’ (€.22)
B— exp (—aqx — x'|) (€.23)

[yz(io‘2) — w?+ iw)f'l(imz)][o‘z2 - o,?]’

and oy, ioy*, io,, ixy* are the four zeros of the denominator in (C.20) located in the upper half &
plane. To lowest order in the small quantities r,/r, and w/rg

e A/V(Mz/f)“r(w/ra)u(MZ/T) L ~/WM%)2+(w/ra)h(Mz/T), (C.24)
- 212 2L2
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and

mee Y@+ ta,; [Vato—a (C.25)
TRYE TRYE

Now as the real part of «, is much greater than the real part of «, the contributions from 4 and 4*
to O(x, x’, w) can be ignored. We find, therefore, that to lowest order in w/ry and r,/r, the general-

ized P.S.D. is:
/2% & o —
o exp—( /M._ﬂx—x])
GG~ Doy 2r, M?

47r M? x —x'|

2L2 :T‘ /_—.,_“?:-
2(—:-) cos M_Y x — x| - sinA/ﬁz_jLE)z___a2 Jx — x|
ra\ M 2r,M? 2r,M?*
(w\? 2L27)2]
“’[1 + (7) ( M?
From equation (59) the one-group generalized P.S.D. is obtained directly. It is:
y Va ot
GG — Dyryexp — A/_._____}.l(—x’
J 1 €Xp L I I
4mr L2 [x — x|

. Vat+ @ — ,
sin A/ Yato —an_y
2r, L*?
w

(%) O(x, x', ) = rp(x)0(x — XINY -+ rp(X)rp(x?)

X (C.26)

(75 @0 X ) = r3x — XIN 4yl
(C.27

X

In the frequency range of experimental interest 1 > (w/r 2L*r/M?*). Thus it is clear that (C.24) and
(C.25) are identical except for the replacement of L* by M? and the presence of the cosine term in
(C.24). But it is necessary only to note that the presence of the factor w/r,(2L*r/M?), typically 10~
105, in front of the cosine term means that the sine term dominates except for a narrow range of
values of x and x’. Hence, when the integration over detector volume is carried out it is easy to see
that the main contribution to the P.S.D., ®(w), will come from the sine term, except possibly in the
limiting case of small detector size. In this limit the integration over x and x’ may be performed
easily by replacing the cosine and the exponential by unity and the sine by its argument. With this
approximation we find immediately for a spherical detector of radius R:

w( 3L27)

(DCosine term (w) ~ r_a M*

Osine term (@) ~ R /m ’ (C.28)
My 3

Even for a detector as small as 1 ¢cm radius, this ratio does not exceed 10" in the frequency range of
interest.



