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NOMENCLATURE 
thermal diffusivity; 
gravitational acceleration; 
temperature; 
velocity in the x-direction; 
velocity in the y-direction; 
coordinate axis parallel to the surface of the 
plate; 
coordinate axis perpendicular to the plate; 
T-T,; - - 
stream function (u = @/a~, v = - @/ax); 
similarity independent variable. 

Subscripts 
W, conditions at wall; 
m, conditions at infinity. 

Superscripts 
’ ” “‘, first, second and third derivatives with respect , , 

to 7. 

ANALYSIS 
A SMLARITY analysis is made of the natural convection 
heat transfer of non-Newtonian fluids of the Ostwald-de 
Waele type over a non-isothermal vertical flat plate. The 
importance of such a flow system and the limitations on 
the power law model representing the natural convection 
flows of non-Newtonian fluids were discussed in detail 
by Acrivos [l]. It was also found by Acrivos that similarity 
solutions do not exist for the case of an isothermal plate. 
The basic equations for such a system are well-known 
and can be written as 

a* as* --- 
ay axay 

g~=mg&q’-‘g)+g/?e (1) 

and 
a* ae a* a8 a28 --- 
fi ax ax aJ="@ (2) 
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with the boundary conditions 

y = 0; 
3 
& = 0; 

a* 
TX = 0; I9 = e,(x) 

The application of the similarity analysis which has the 
goal of reducing equations (1) and (2) to ordinary 
differential equations will cause restrictions to be im- 
posed on the function B,(x). The group-theoretic method 
is employed; the details of which are discussed in 
reference 2. Two distinct classes of transformations will 
be employed-a linear group of transformations and a 
spiral group. 

1. Linear group 
A one-parameter group of transformation is chosen of 

the form 

4 = Aa3& 0 = A’4‘B 9 (3) 

where ai, as, as, a4 and A are constants. We seek values of 
the ai such that the form of the equations (1) and (2) is 
invariant under the transformation except for a multipli- 
cative constant. Substituting these expressions into 
equations (1) and (2), equating the powers of A (to insure 
invariance of the equations under this group of transfor- 
mations) and solving the resulting equations, one finds 
for n # 1, 

a2 = +a, a3 = 3a1, a4 = -gal (4) 

The constant n of the power law model appears in a 
common coefficient of (n - 1) and is cancelled. This step 
does not exist for the case of n = 1, i.e. Newtonian flow. 

Next, we seek “absolute invariants” under this group 
of transformations. Absolute invariants are functions 
having the same form before and after the transformation. 
It is seen from equation (3) and (4) that 

Y Y 
p = R’/” (5) 
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This combination of variables is therefore invariant under 
this group of transformations and, consequently, is an 
“absolute invariant”. We designate this functional form 
by 

Y 
7 = X1/3 

where a = aa/ar is an arbitrary constant. lt follows that 
similarity solutions exist if 

6,(x) = czxm = czxr-‘ra (15) 

where m is also an arbitrary constant. By replacing a 
by (1 - m)/4, the transformations, equations (12)-(14), 
become those of Sparrow and Gregg [3]. 

By the same reasoning, other absolute invariants are 

(7) 

and 

Applying the transformations, equations (6)-(8), the 
basic equations, equations (I) and (2), are transformed to 
the following ordinary differential equations 

- j ($?j’- f Fd$= ,,, ; (ld$-‘d$j + gSC (9) 

x=X+&b, y=ePzbL (16) 

4 = easb& 0 = eb4b 0 

where 81, j3z, j33,,34 and b are constants. By following the 
same steps as above, the following results are obtained. 
For Iz # 1, 

L3z;=y3 = 84 = 0 (17) 

This means that the variables, x, y. # and 8, are them- 
selves invariants under this group of transformations and 
therefore similarity solutions do not exist for this group. 
However, for n = 1, the absolute invariants are 

The transformations, equations (6)-(8), show that 
similarity solutions exist only if 

8,(x) = c1x-1’3 (11) 

Only with these torms of B,(x) may constant boundary 
conditions be imposed on (Fv) and G(q). The boundary 
conditions are transformed to 

(10) 

?=O: F=O, g = 0 
dv ’ 

G = C, 

dF 
7j-tcci: -- 

dr, 
=0, G=O 

This is, of course, necessary for the solution of ordinary 
differential equations (9) and (10). This contirms Acrivos’ 
result that, for constant wall temperature, (& = con- 
stant), similarity solutions do not exist [I]. 

For n = 1 (i.e. Newtonian Bow), the absolute in- 
variants are found to be 

7= Y 
G 

04 = Y& 

G(T) = ,& 

(12) 

(13) 

(14) 

2. Spiral group 
A one-parameter group of transformations is chosen in 

the form (see reference 2) 

F(v) = ;$. 

7 = es (18) 

(19) 

Again, fi(=/?a/pl) is an arbitrary constant. Examination 
of the boundary conditions show that similarity solutions 
exist only if 

e,(x) = c3 emz (21) 

By replacing /3 by (-m/4), the results of Sparrow and 
Gregg [3] are obtained. 
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