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1. INTRODUCTION

In recent years, particularly by the work of Palais and Smale, considerable
progress was made in extending the Morse Theory of critical points of real-
valued functions defined in a finite dimensional space to functions defined
in a Hilbert space. Surveys of this development may be found in [19, Chap.
IV] and in [2].

The present paper deals with the following situation: let £ be a real Hilbert
space with elements x, y,.. with scalar product <{x, y>, and norm
[ %] = v/{x, x). Let ¥ be a bounded open set in E satisfying the following

AssuMpPTION A. (i) V¥ is arcwise connected, and there exists a positive
constant C of the following property: To every couple x, , x, of points in V'
there corresponds a continuously differentiable curve x = x(t) C V' with
x(0) = %, , ¥(1} = x, such that

1
h

(ii) the boundary ¥ of V is a smooth hypermanifold in the sense of
[17, Definition 3.2]. (We will need the property of such manifolds to have a

unique exterior unit normal at every point [17, Theorem 4.1}.)
Let f be a real valued function defined on the closure V of V.

gf
dt

dt < C oy — (1.1)

AssuMPTION B. fisnot constant in any ball. Moreover, f has a continuous
and uniformly bounded differential df (x; #) for x € V' (‘‘differential” means
Fréchet differential). Moreover we assume that for some constant M,
g = grad f (defined by df (x; h) = {g(x), k)) satisfies the inequality

fexll<M forxel. (1.2)
377
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DeFiNiTION 1.1, The point x € V is called a critical point of f if

2(x) =0, (1.3)

where @ denotes the zero element of E. A real number ¢ is called a critical
value (or critical level) of f if there exists a critical point x such that

f(x)=c. (1.4)

AssumpTION C (Palais-Smale condition). If on the set S C V, fis bounded
while || g is not bounded away from zero on S then the closure S of S
contains a critical point [11, Condition C].

AssumpTioN D. The critical levels of f are isolated.

AssumprION E (Regular boundary condition). g is exteriorly directed on
v, ie.,

{g(x),n(x)>) >0 forallxeV, (1.5)

where n(x) denotes the exterior unit normal to V at .
For any real number 7, we set

{f>r}={xeV|f(x)>r} fr=1{xeV|f(x) <7}
fr=eV|f@<r, {f=ri={&eV|f(x)=r}

and for any couple of real numbers b > a, Hy( f; , f,) denotes the g-th singular
homology group of the couple (f; , f,) with a fixed coefficient group over a
principal ideal domain [3, Chap. VII].

In the classical theory of Morse there is attached to every critical level ¢
and every nonnegative integer ¢ a group by the following

DermviTionN 1.2. If @ < ¢ < b, and if ¢ is the only critical level in the
closed interval {a, b] then the g-th critical group Cy(c) at level ¢ is defined by

Ce) = Hy(Jy» Ja)- (1.6)

It is, therefore, the first task to establish the legitimacy of this definition
i.e., its independence of a and b under the assumption made above. This is
done in Theorem 2.3 in whose proof (via Theorem 2.1) Assumption E
plays a decisive role. (In the special situation where V' is a ball, where g(x) — x
is completely continuous, and where the number of critical values is finite,
these results are contained in [16]).

We conclude Section 2 with two theorems on the existence of minima and
of critical levels and with a few simple examples.
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By Assumption D the critical values form a countable set. If we denote
them by ¢, , ¢, ,..., we set

Cfe) =C4, Mji=rakC/i, M,=Y M. .7

Section 3 deals with sufficient conditions for the validity of the inequalities
R, <M,, (1.8)

and of the equality
R,=M,, 1.9

where R, denotes the g-th Betti number of V i.e., the rank of H(V)). We
recall the following

DreriniTion 1.3. Let (B, A) and (D, C) be two pairs of sets in E with
(B, 4) 2 (D, C). Let I denote the unit interval, and let 3:

(B x I, A x I)—~ (B, 4)

be a continuous map. Then § is said to deform (B, 4) into (D, C) if it has
the following additional properties: 8(x, 0) is the identity map, and under §

(Bx1,4x1)—>({D,C), (DxI,CxI—(D,C).

Theorem 3.1 states that (1.8) is true if in addition to assumptions A-E the
following one is satisfied.

AssumpTION F. Let b > ¢, and suppose that ¢ is the only critical level
in [¢, b]. Then there exists a deformation deforming f, into f, . (We follow
the convention by which [ ] indicates a closed, and ( ) an open interval.)

The proof of Theorem 3.1 is based on a result of Seifert and Threlfall
[20, Section 5, Satz II] according to which (1.8) is true if their axiom I [20,
p- 24] is satisfied. It will be shown that the validity of this axiom follows from
our assumption (Lemma 3.3).

Similarly the discussion of (1.9) is based on a result of Seifert and Threlfall
[20; Section 6].

Assumption F is automatically satisfied if the set I of critical points is
finite (Theorem 3.3).

The addition of Assumption F to our previous assumptions allows us to
establish the following facts by the same method by which they are established
in the finite-dimensional case [12, Sections 7 and 8]: If o(c) denotes the set of
critical points at level ¢, then

Cyle) ~ Ha(fc I — a(c)) (1.10)



380 ROTHE

(Theorem 3.4), and from this, by excision,
Ce) = Hlfe N W, Jo 0 W — o(e)) (L.11)

for any neighborhood W of o(c) whose closure contains no other critical
points than those of o{c). (Theorem 3.5; the symbol & denotes isomorphism.)

So far no nondegeneracy assumptions have been made, In Section 4 the
definition of nondegeneracy of order p > 2 is recalled (Definition 4.2; for
p = 2, this definition coincides with the usual definition of nondegeneracy).
A critical point which is nondegenerate of order p is isolated (Lerama 4.3);
therefore, it follows easily from Assumption C that there are at most a finite
number of such critical points. Consequently, if we assume that each critical
point is nondegenerate of some finite order, there will be only a finite number,
say N, of critical levels. (There exists at least one critical level by Theorem
2.5). Our notation will be such that

< <-rey (1.12)
(cf. the line above (1.7)). Moreover, we set
Cfe;y=C;F fori=1,2,..N, (1.13)

and denote by ¢, j = 1, 2,... n;, the critical points at level ¢;. If W is a
neighborhood of o whose closure contains o;? as the only critical point, then

C:7 defined by
Cy =H(f, 0 Wi, f.,,n W —a) (1.14)
is independent of W, and is called the critical group at ¢,. We have
C, ~ direct sum cy’ (1.15)

(cf. the corollary to Theorem 3.5). Therefore,
M} =Y, Mo/, (1.16}
=1

where M} and M (c,%) denote the rank of C? and C7, respectively (cf. (1.7)).
M (o) is called the g-th type number of the critical point o,

We are thus led to consider a nondegenerate critical point of order p = 2
which we assume to be ® and a neighborhood W of ® whose closure contains
@ as the only critical point. If, in addition. we assume that

f(@) =0, (1.17)
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then the g-th critical group C(®) at @ is given by
CAO) = H(fyn W, /,n W — 6), (1.18)
and the ¢-th type number M () at © is given by
M (0) = rank of C(®). (1.19)

When it is necessary to emphasize that these quantities refer to the function
£, we write C((@; f), M(©, f), etc. Theorem 4.1 then states that

CH0,f) ~ CL8, ), (1.20)

if Y(x) is the p-form given by the p-th differential of f at €. This is a familiar
result if E is finite-dimensional and if p = 2 in which case it is proved by
bringing the symmetric quadratic form ¢ to its diagonal form. In the general
case the proof of Theorem 4.1 is based on the approximation Theorem 4.2
which gives sufficient conditions for an approximation  to f to satisfy (1.20)
(this theorem seems to be new even in the finite dimensional case); it is then
shown that these conditions are satisfied if ¢ is the p-th differential of f.

The proof of the approximation theorem is given in Section 6 and is based
on the econcept of a “cylindrical neighborhood’ of an isolated critical point
which was introduced by Seifert and Threlfall [20; Section 9] in the finite-
dimensional case. Section 5 is devoted to its generalization to Hilbert space.

In Section 4 the approximation Theorem 4.2 is applied to a Taylor approx-
imation ¢ of f. In Section 7 it is applied to obtain a reduction to a finite
dimensional space. Here, in addition to the assumptions of Section 4, we
assume f to be of the special form

S(x)=(py | x|” + F(x), p>2andeven, (1.21)
where

G(x) = grad F(x) (1.22)

is completely continuous. (Scalars of this form were treated in [15], and
Section 7 is closely related to some of the results of that paper but care has
been taken that the present section may be read independently.) It will be
shown (Theorems 7.1 and 7.2): There exists an #ny-dimensional linear sub-
space E™e of E such that to every linear subspace E" of E containing E™, there
corresponds an approximation f, to f of the following properties: If £, denotes
the restriction of f, to E® then, grad f, C E*, and

CO,f) = Cy(®, f) = CO, f,)- (1.23)

From (1.23) it can be deduced that Cy(®, f,) is finitely generated (Theo-
rem 7.3).
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In Section 8, we return to the global situation under the assumption that
each critical point ¢,* (defined in the line following (1.13)) satisfies the assump-
tions made in Section 7 concerning the critical point 8,i.e.0,’ is nondegenerate
of even order p;; > 2, and in some neighborhood Wi of ¢/, f is of the form

F@) = () Ml x — o [P + Fylx — o), (1.23)
where
Gii(x — o) = grad Fy(x — o) (1.24)

is completely continuous. The goal is to prove the Morse relations [10,

p- 143]
M, > R,
M, — M, =R, — R,
My —My+ -+ (—D)MZ2R— Ry + -+ (— 'Ry (1.25)
M, —M + -+ () My=R,— R, ; + -+ (—1)' Ry,

forn =mn,.

Now the proof for these relations given in [12, Section 11] shows that it is
sufficient to verify that certain groups are finitely generated. Under the
additional assumption that the homology groups H (V') are finitely generated,
this verification is carried out in Section 8 by the use of Theorem 7.2.

The “principal parts” (1.23) cannot be given arbitrarily since they deter-
mine the M, which must satisfy the relations (1.25). This author has not
treated the problem whether these relations represent the only restriction
on the principal parts. (The related question whether the inequalities (1.25)
are the only relations between the M, and R, has in the finite-dimensional
case an affirmative answer if all p;; = 2 as was proved by F. John [5a] (see
also [10, p. 145]).

The Appendix (Section 9) contains continuity proofs for the deformations
used in the earlier sections.

2. THE CriticaAL GROUPS

As pointed out in the introduction, the main object of this section is to
legitimize Definition 1.2.

Lemma 2.1.  f(x) is bounded in V.

Indeed, if x is an arbitrary point in ¥ and if M is as in (1.2), one easily
derives from (1.1) the inequality | f(x)] < |f(x)| + MC| x — x, || for any
x in the bounded set V.
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LemMa 2.2.  There are no critical pointson V =V — V.

This is obvious from Assumption E.

Lemma 2.3. (1) The set I of critical points of f in V is compact; (ii) The
set A of critical levels is finite.

Proof of (1). Let x,, %, ,..., be a sequence of points in I. We have to
prove the existence of a convergent subsequence. Since by Assumption B, f
is not constant in any ball and since g is continuous, it is easily seen that I
contains no ball. Using again the continuity of g, we see that there exists a
sequence y; , ¥, ,..., of points in ¥ such that

&yn) # 0, | gyl =18(yn) — gl <ml,
R (2.1
%, — yull <m

Then if S denotes the set consisting of the elements of the sequence {y,},
the closure S of S contains a critical point y, (Assumption C and Lemma 2.1),
and there exists a sequence of integers #; such that y, converges to y,. But
then by (2.1), x, converges also to y, .

Proof of (ii). Suppose the assertion is not true. Then there exists a
sequence {c,} of different critical levels, and a sequence {x,} of different
critical points such that ¢, = f(x,). By (i) there exists a sequence n; of integers
such that x, converges. The limit point x, is critical, and, therefore, a point
of V (Lemma 2.2). But ¢, =f(x,) converges to f(xo). Thus the critical
level f(x,) is not isolated in contradiction to assumption D.

LemmMa 2.4, For p >0, let
K, ={xeV]dx) = u}, 2.2

where 3(x) denotes the distance of the point x from the critical set I'. Then there
exists a positive m = m(p) such that

g = mp) forxek,. (2.3)

Proof. If the assertion were wrong there would exist a sequence of points
%, in K, such that limg(x,) = 6, and by Assumption C and Lemma 2.1,
some point of I" would be in the closure of the sequence {x,}. This contradicts
the fact that, by definition of K, , the distance of x to the set I' is not smaller
than the positive constant p.

LemMA 2.5. Let P be a closed set of real numbers which has no point in
common with the set A of critical levels. Let p, be a positive number not greater
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than the distance between the sets P and A. (Such wg exists by Lemma 2.3).
Finally, let

Sp={xeV|f(x)eP}. 2.4
Then
SrCK, (2.5
Sor
0 < i < o MC), (26)

where M and C are as in (1.2) and (1.1) respectively.
Proof. Let xy eV, but
% ¢ K, 2.7)
for some p satisfying (2.6). We have to prove then that
Xo & Sp . (2.8)
By definition of K, , (2.7) implies that
8(xp) < 1o < po(MCY. (2.10)
Since I' is compact, there exists a y, € I” such that
8(xp) =l % — vl - 2.11)
Now from (1.1) and (1.2) it is easily seen that
|/ (%0) — f(vo)l < MCli(x0) — %ol -
From this, (2.10) and (2.11), the inequality
Lf (%) — F(vo)l < o (2.12)

follows. But y, € I, and f(y,) € A. Thus (2.12) implies that f(x,) has a
distance less than g, from A. Thus, by definition of g , f(x,) ¢ P which by
(2.4) proves (2.8).

THeOREM 2.1. In addition to the assumptions made previously, we assume g
to be Lipschitz. Let x(t) = x(t, x,) be the solution of the problem

d.
7;“. = —gx), 2(0,x) =xp€ V. (2.13)

Then, x(t, x,) € V for all positive t.
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Proof. The assertion is obvious if x, is a critical point, for then x(t) = x,
for all ¢.

Let x, € I be not critical and suppose the theorem to be wrong.
Then, there exists a positive ¢, , such that x; = x(#;) € V while x(t) e V
for 0 < ¢ < t,, and from (2.13) and (1.5) we see that

(ntw. (), ) = — <ot gy <0

To arrive at a contradiction and thereby prove our theorem, we will show
that

dx
<n1 , (—d—t—) t=t1> >0  where  n; = n(x,). (2.14)

Now the tangent space T to V at x, is a linear subspace of E of codimension 1
[17, Theorem 3.1]. Consequently, every =z € E has the unique representation

g = ony + 17, o real, neT. (2.15)
In particular,
x(tz — L:(tl) =o(fyn + ), 0<1t<4y. (2.16)

Let us assume first that there exists a f, in the open interval (0, ¢,) such that
o(f) = O for £, < t < t, . Since 7 and #, are orthogonal, we see from (2.16)
that

<n1,’it1—:f—(t—1)>=a(t)>0 fort, <t <t
e

which obviously proves (2.14).
If the assumption just made is not true, then there exists a monotone

increasing sequence of positive real numbers #,, f; ,..., converging to ¢; and
such that o{t,,) < 0, or by (2.16),
<x(t m) = *t) > <o. @.17)
t—t
We will show that
i () — (1) N
m< — > =0, (2.18)

which implies (2.14).
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Now let ¢ € V and, as before, x, = x(t;). Then from (2.15), with
z2=¢—x,

E— % =on + . (2.19)

We recall the following facts [17, Theorem 3.2]:  is, for a small enough
neighborhood of x; , an admissible parameter for V:

¢ = &), (2.20)

with the additional properties
%, =§6), dE6,n) =n. (2.21)
Moreover [17, pp. 370, 371], there exists a positive € such that the “cylinder”
Z={=£n+Mmlln]l<e|A]|<e (2.22)

has the following properties:
(8) (2.20) and (2.21) hold in ¥ N Z such that, in particular, by (2.21)

) —m—n+rt)  wih lmi%_e @2

(b) the points of Z are interior or exterior with respect to ¥ according to
whether A is negative or positive

(c) Z contains a spherical neighborhood N of x, .

With the notation x(t,,) = x,, , we see from (2.15), with 2 =x,, — x,,
that

Xy — ¥y = Oty + Ny , Oy Tel, Nm € T.

Since ¢,, — t, , there exists an integer m, > 2 such that x,, = %(¢,) CNe Z
for m = m, . Therefore (see (2.22))

X = E(y) + Apny , A,y real, m>=mg.
Subtracting x; and taking the scalar product with #, , we obtain
<xm—x1’n1> = <f(7]m)_’x1yn1> +A'm

From this equality, from (2.17) and (2.23), and by noting that ¢,, — #;, <0
for m > m,, and that %,, and », , are orthogonal we see that

0 <<y —xp, 1) = + 7()y 1) + A (2.24)
= (M) 71 + Am -
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But by assumption, x,, = %(t,) €V for m > 2. Therefore, A, <0, by
property (b) above, and we see from (2.24) that

0 < (oo — %y, 190 < (), m)-

Thus for the proof of (2.18) it will be sufficient to show that || 7(z,,)/(,, — )}
converges to zero. For this again, it will, on account of the second part of
(2.23), be sufficient to prove that

N N U N T
‘tm_tll !lxm—xl!l ltm"“t1|

is bounded in m. But the first factor at the right is <{ 1 since v, is the projec-
tion of x,, — &; on the tangent space T while the second factor approaches

(%), = e

as m— 0.

TueorEM 2.2. Let a < b, and suppose that the closed interval [a, b] contains
no critical level. Then

H{f,,f) =0 (2.25)

(for the notation used, see the lines following the statement of Assumption E in the
Introduction).

Proof. If f, = ¢, the empty set, then f, = f, since f,Cf,, and (2.25)
is true (see [3; I, Lemma 8.1]).

Let now f, 5 ¢, and x, € f, . Then by Theorem 2.1, x(2, x,) stays in the
domain V of f and g for all positive . Moreover, from Lemma 2.5 (with
P = [a, b]) and Lemma 2.4 follows the existence of a constant m such that

| g(x)l = m >0, (2.26)
if
a<f(x) <b (2.27)
These facts imply that the deformation 4 defined by

A(xo,f,a,b):A(x0,7)=x(ﬂm%ﬂ,xo), 0<r<1, (228)

deforms in the sense of Definition 1.3 the couple (f,, f,) into the couple
(fo, fo)- For the proof of this assertion we refer to [16; pp. 242, 243; in

409/3 6/2-11
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particular, Lemma 4.12]. This proves the theorem by [16, Corollary to
Lemmas 2.1 and 2.3].

THEOREM 2.3. Let b=B>c>a>a, and let ¢ be the only critical
value in [a, b]. Then

Hyfo,fo) = H{fa, f.) (2.29)
(Jor Ja) ~ (s, o) (2.30)

where the symbols ~~ and ~ denote isomorphism and homotopy equivalence
[3, 1, 11.1 or 16, Definition 2.3, resp.].

Proof. (2.30) implies (2.29) [3, I, 11.2]. To prove (2.30), we will show
that

(ﬁi 7foz)~(f2? ’fa)N(fb ’fa)- (2.31)

Now from the properties referred to in the proof of Theorem 2.2 it is easily
seen that A(x, , 7, a, «)) (defined by (2.28)) deforms the first couple in (2.31)
into the second. This proves the equivalence of these couples by [16, Lemma
2.1]. The equivalence between the second and third couples in (2.31) is
shown correspondingly.

Obviously, Theorem 2.2 makes Definition 1.2 legitimate.

We conclude this section with applications of the previous results and some
simple examples.

THEOREM 2.4. There exists at least one critical point in V.

Proof. Let us assume that the assertion is wrong. We claim first that
under this assumption there exists a constant m such that (2.26) is true for all
x € V. Indeed, otherwise there would, by assumption C, exist a critical point
in the closure ¥ of V. But then by Lemma 2.2, # € ¥ in contradiction to the
assumption made in the first line of this proof.

Thus (2.26) is true in V for some m. If x(¢) is as in Theorem 2.1, we see
from (2.13) that df (x(t))/dt = — | g(x)|* << — mZ Therefore, f(x(t)) > — o0
as t — + o0. This contradicts Lemma 2.1, since x(¢) € V for all positive ¢.

TueOREM 2.5. (i) There exists an ¥ € V such that
f@)<f(x) foralxel. (2.32)

(i) if % satisfies (i), then T € V.
(i) of & satisfies (i) then & = f(¥) is a critical level, and every x satisfying
¢ = f{(x) is a critical point.



CRITICAL POINT THEORY IN HILBERT SPACE 389

Proof of (i). By Lemma 2.1, f has in V a finite greatest lower bound a.
Under the assumption that our assertion is wrong, a is not in the range of f
and, therefore, not a critical value. On the other hand, there exists a smallest
critical value ¢ (Theorem 2.4 and Lemma 2.3). Then a < ¢. If b is such that
a < b < ¢, there exists an x; € V such that

a <<f(x) <b<ec (2.33)

Now the interval [a, 5] has from the set /1 of critical levels the positive distance
¢ — b. Therefore, there exists a positive m such that (2.27) implies (2.26).
Now, again, if ®(¢, x,) denotes the solution of the problem (2.13), then by
Theorem 2.1 and by the definition of a

a <f(x(t, x)) fort=0. (2.34)

The inequalities (2.33), (2.34) together with the fact that f(x(¢, %)) is decreas-
ing in ¢ imply that (2.27) holds with x = x(¢, %) for all positive z. But then
(2.26) holds with x = x(t, x,) for all positive ¢, and from this we conclude
as in the last paragraph of the proof of Theorem 2.4 that f(x(, x,) — — c©
as t — -+ 0. But this contradicts (2.34}.

Proof of (ii). Let us assume there exists an ¥ € V satisfying (2.32). Then
for ¢ positive and small enough, ¥ — on(¥) is an interior point of I since
— n(X) is the interior unit normal to ¥ at ¥ [16, Definition 4.1]. Therefore,
we see from (2.31) that f(¥ — on(¥)) — f(¥) = 0, which implies

(L5 — o] >0 (2.35)

G=0

On the other hand, the left member of (2.35) equals — {(g(%), n{¥))> and is,
therefore, negative by (1.5) in contradiction with (2.35).

This finishes the proof of (ii). Assertion (iii) is an obvious corollary to
assertions (i) and (ii).

ExampLEs. Let E be the Hilbert space of points x = (%, , %, ,...) with
> x? < o0 and with {x,¥> = x;y,, and let f(x) = (2) X xX1 + A),
where A; | 0.

If V = V, is the open unit ball it is easily verified that all assumptions of
Theorem 2.5 are satisfied, and that ¥ = @ e V is the only minimum and the
only critical point of f in . We note that the point (1, 0, 0,...,) € V is the
only maximum point in V. This shows that Theorem 2.5 becomes wrong
if the minimum condition (2.32) is replaced by the corresponding maximum
condition.
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IfV = V,isthering: I <|/ x| < 2, then it is easily verified that Assump-
tion E is not satisfied at the points of the unit sphere S; C V,, and that f
takes no minimum in ¥, .

V, is convex, V, is not. But the validity of the assumptions of Theorem 2.5
is not restricted to convex domains as is easily verified in the following
example:

f@) =2 ix|—17 V=V={&]272<|=]<2}

Here g(x) = x(|| || — 1)/l x| . The critical and minimum points are the
points of the unit sphere S, C V.

3. O~ THE ReraTIONS (1.8) AND (1.9)

DermviTiON 3.1. Lets, beasingular g-simplex in E, i.e. amap s, : 4,— E,
where 4, denotes the closed Euclidean g-simplex whose vertices are the unit
points on the axes of the (g 4+ 1)-dimensional Euclidean space E¢*1 [3, VII,
2.2). Then the support |s,| of s, is the point set s,(4,)CE. If, for
j=12,..,1 s, are singular g-simplices in E, and if g/ are nonzero elements
of the coeﬁicxent group, then the support |¢,| of the singular g¢-chain

}:j 15,77 is the set Uy—l | s | C E. The support of the zero ¢-chain is
the empty set ¢. For any set S, “c, C 8" means that | ¢, | C S.

Lemma 3.1. (a) |¢,]| is compact, (b) a real-valued continuous function
defined on | c, | takes there a maximum and a minimum.

Indeed, (2) is obvious since 4, is compact, each .S,/ is continuous, and the
union defining | ¢, | is finite. (b) follows from (a).

Derinition 3.2. Let V and f be as in the previous sections. Then, for
any singular g-chain ¢, , whose support is in V, we set

Mer) = max f(&). @3.1)

Moreover, it £, is a nonzero element of H ('), i.e., a homology class of non-~
bounding singular cycles 2, C V, then

ue) = inf wlz) (3.2)

(Cf. [20, p. 24)).
It follows from Lemma 2.1 that u(£,) is finite. Obviously,

plzy) = p(8,) forallz, e, (3.3)



CRITICAL POINT THEORY IN HILBERT SPACE 391

and fore >0

w(z) < m(8) + €  forsomez,€%,. (34

LemmMa 3.2, w(3,) is a critical value.

Proof. Let ¢; < ¢y << *** ¢y be the critical values of f (cf. Lemma 2.3).
We will first show that

AT (3.5)

Suppose this inequality is not true. Then, by (3.3) and (3.4), there exists a
2, € £, such that

#E) Sl <o (3.6)

Now u(z,) = f(x,) for some x, €| 2,| CV by Lemma 3.1. But
& = min f(¥)

by Theorem 2.5. Thus u(z,) = f(x,) = ¢; which contradicts (3.6).

From (3.5) thus proved we see: If our lemma is not true, then
¢ < (&) < ¢4y , for some positive integer { not greater than N provided
we choose for ¢y, 2 number greater than max(cy , u(%,). Let now q, b be
such that ¢; << a < u(%,) < b < ¢4, . Then by (3.3) and (3.4), there exists a
2, € £, such that

e < a < pl8y) < plag) < b < crpa 3.7

Since [a, b] contains no critical value, the deformation (2.28) deforms f, into
f.. In particular, the cycle z, is deformed into a cycle 2,/ Cf,. Then
u(z,) < a, which, by (3.7), implies u(2,’) < u(£,). This contradicts (3.3),

since g ' e 2‘

Derinition 3.3. Let £, be a nonzero element of H(V). A cycle 2z, € £,
for which p(z,) = u(%,), 1s called a minimal cycle for £, [20, p. 24].

Lemma 3.3. Provided that the Assumptions A-F stated in the Introduction
are satisfied, the homology class 2, of the preceding definition contains a minimal

cycle.

Proof. By Lemma 3.2, u(%,) is a critical value. Therefore, by Lemma 2.3,
there exists a b’ > u(%,) such that p(%,) is the only critical value in [u(%,), b'].
Then by (3.3) and (3.4), there exists a cycle 2, € éq such that
w(Z) < ulz,) < b'. If the equality holds here, the lemma is true. If the
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inequality holds, let 8 be a deformation with the property postulated in
assumption F with ¢ = u(%,) and b = u(z,). Then the support of the cycle
3, obtained from z, by the deformation 8 lies in f, , i.e., u(2,) < ¢ = u(%,).
Here the equality sign must hold, since 2,” € £, . Thus 2, is a minimal cycle.

THEOREM 3.1. Under the assumptions of Lemma 3.3, the relation (1.8) is
true.

Proof. The theorem is a consequence of Lemma 3.3 since as proved by
Seifert and Threlfall in [20, p. 25, Satz 2], the existence of a minimal cycle
implies {1.8).

Remark. Seifert and Threlfall work with singular chains as defined by
them [20, Section 2] and with integers modulo 2 as coeflicients. However,
their proof, referred to above, remains valid if, as in the present paper,
singular chains as defined in [3, VII] with coeflicient groups over a principal
ideal domain are used. Let us mention that in other respects their proof
covers a more general situation than the present one: E is a neighborhood
space and f is continuous.

Our next goal is to find sufficient conditions for the validity of (1.9).

DeFinTioN 3.4, We say that Assumption F is strictly satisfied if, among
the deformations whose existence is required by Assumption F, there is one
leaving every point of f, fixed during the deformation. (In other words, f,
is a deformation retract of f;).

Lemma 3.4. Let Assumptions A-E be satisfied, and suppose that the closed
interval [a, b] contains no critical value. Then f, is a deformation retract of f, .

Proof. For xyefy—f,, 0 <<t <1, let x(2, x,) be the solution of the
problem

dx g(x) -
y il (f(x) — a) Te@E’ 2(0, xp) = %, . (3.8)

We then set, for 0 <t <1,

_{x(2, xp) forxef, —f,
8 ) = gxo for xg€f, . (3-9)

Noting that (2.26) holds if (2.27) is true, and that

df (dxt(t)) _ <g(x(,)), %> = — (f(%) — a), (3.10)
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and that, therefore,
F(t) =f (%) — (f(xo) — @) 8, (3.11)

one easily verifies that 8(x,¢) is the required deformation retraction (cf. [16,
Section 5]).

Levma 3.5. Let Assumptions A-F be satisfied, the last one strictly. Let 0,
be the zero element of H{V), and let z, be a bounding cycle in V, i.e., z,€0,.
Then there exists a number y = y(2,) such that

() =, bounds on f,, i.e., there exists a chain ¢, Cf, with oy = 2,.

(i) =, does not bound on f, .

Proof. We set

y==_inf max f(x) (3.12)

Cqr1=%g ¥€1Cq4ql

and claim that y has the required properties. Since
w(zo) = max f(¥) < max f(x)

for every ¢,,, whose boundary is 2, we see that

mzg) <. (3.13)

Now since there are only a finite number of critical values (Lemma 2.3),
there exists a & > v such that the half open interval (y, b] contains no critical
value (whether v is a critical value or not), and by definition of y, there exists
an « in this interval and a ¢,,; such that

max f(x) <o and {gy =2,
LAY

Now there exists a deformation which retracts f; onto f, , by Lemma 3.4 if y
is not a critical value, and, by assumption (cf. Definition 3.4), if y is a critical
value. Then, if ¢;,;, denotes the deformed ¢,,, , we have ¢;,, = %, since, due
to (3.13), 2, remains pointwise fixed under the deformation. This proves
assertion (i). Assertion (ii) follows directly from the Definition (3.12) of y.

Derinirion 3.5. Let 2, € H(f,,fi), and z,€ 4,. Then 2z, is called a
relative g-cycle on f, modulo f;; such 2, is said to be extendable below b (to an
absolute cycle) if there exists a g-chain ¢, C f, such that 2, 4 ¢, is a cycle
[20, p. 26].
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If b is not a critical value and if Assumptions A-E hold, then it is easily
seen from Lemma 3.4 that every relative cycle on f, modulo f, is extendable
below b.

THEOREM 3.2. Let Assumptions A-F be satisfied, the last ome strictly.
Suppose that for every critical value ¢ any relative cycle on f, modulo f, is
extendable below c. Then (1.9) holds.

Proof. By Lemma 3.3 every nonzero homology class contains a minimal
cycle; moreover, to every bounding cycle there corresponds a number y
of the two properties stated in Lemma 3.5. But these two properties together
with the condition stated in the second sentence of the theorem imply (1.9)
as was proved by Seifert and Threlfall in [20, pp. 26, 27]. (Cf. the remark
following the proof of Theorem 3.1.)

We now give a sufficient condition for Assumption F to be satisfied
strictly.

THrOREM 3.3. Suppose that Assumptions A-E are satisfied and that the
set I' of critical points is finite. Then Assumption F is strictly satisfied.

Proof. Let b > ¢, and let ¢ be the only critical level in [¢, ). We have to
define a deformation 8(x, , 2) retracting f, onto £, . This is done by using the
x(t, x,) defined in the proof of Lemma 3.4 (with a replaced by ¢ in (3.8))
with the difference that in the present case (¢, x,) may not be defined for
¢t = 1 since || g(x){| = O for some points x on the level c. However, f(x(z, x,))
is decreasing for 0 <{ ¢ < 1, and lim,_,_f(¢, %)) = ¢ by [16, Lemma 5.3].
Moreover, on account of the assumed finiteness of I, lim,,- x(f, x,) exists
[16, Theorem 5.1]. Due to these properties, we may define

x(2, %) if  xef,—F 0t <1
8w, 1) = {lim x(z, %) if % efh—F, t=1 (3.14)
o if  xyef, 0],

and 8 is seen to be a deformation retracting f, onto f, (cf. the proof of Lemma
5.4 in [16]). For the continuity of 8(x, , ¢) see Lemma 9.2.

In establishing Definition 1.2 of the critical group C(c) at level ¢ we used
Assumptions A-E. By the use of the additional Assumption F it is possible
to write C,(c) in a new form useful for later purposes and also to define a
critical group at an isolated critical point. The rest of this section is devoted
to this task. The technique used is essentially the same as the one employed
in [12] for the finite dimensional case (cf. also [18]).

THuEOREM 3.4. Suppose Assumptions A-F to be satisfied, the last one strictly.
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Let ¢ be a critical value and let 0 = o{c) denote the set of critical points at level c.
Then,

CG(C) ad Hq(fc ’fc - 0)'

Proof. Let a, b be such that @ < ¢ < b and such that ¢ is the only critical
level in [a, b]. We have to prove

Hu(fo afc —o)~ Ha(fb rfa)‘ (3.15)

Now by assumption, there exists a deformation which retracts f, onto f, .
Since f, Cf, such deformation retracts the couple (f,, f,) onto the couple
(f; » /o). Consequently, (see, e.g., [16, corollary to Lemmas 2.1 and 2.2])
H(f, , f)~ HSf,,f.), and it remains to prove

Hf. ’fc'—a) ~ Ha(fc ’fa)- (3.16)

Now if ¢ is a minimum value then f, is empty and the right member of (3.16)
equals Hy( [, , ¢) = H{f.)- But, by Theorem 2.5, all points at the minimum
level ¢ are critical. Therefore, f, — o is empty, and the left member of (3.16)
also equals H( f,).

Let then the critical value ¢ be not a minimum value for f. Then, by
Theorem 2.5 there exists a minimal critical value ¢’ <C ¢. By definition of q,
we see that ¢’ << a < ¢, Thus f, D f,, which shows that f, is not empty. We
now consider the triple £, D f, — o D f, . Since f, is not empty we conclude
from [3, I Theorem 10.4] that (3.16) is a consequence of

Ha(fc - a’fa) ~ Ha(fa 1fa)’ (3.17)

To prove (3.17) we note that g(x,) 54 @ for x, € (f,— ¢) — f,. Thus one
sees easily that the deformation obtained by replacing in (3.9), f, by f; — o
retracts the couple ( f, — o, f,) into the couple (f,, f,). This proves (3.17).

Remark to Theorem 3.4. In a similar way, it may be proved that
Cfe) ~ Hf Y o, fo).

TreoREM 3.5. With the notations and assumptions of Theorem 3.4, let W
be a neighborhood of o whose closure contains no other critical points than those
of a. (The existence of such a W follows easily from Lemma 2.3). Then

Ce) ~ H{f, 0" W, f,n W — o). (3.18)

Proof. This follows from Theorem 3.4 and the excision-theorem {3, VII,
9.1] since the couple at the right member of (3.18) is obtained from the couple
(fs,f. — o) by excising f, — W.
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CoroLLARY 10 THEOREM 3.5. With the assumptions and notations of
Theorem 3.5 we assume that ¢ = |); o; , where the o; are closed and disjoint.
Let W; be a neighborhood of o; such that the closures W; are disjoint and such
that the closure of the neighborhood W = \); W; of & contains no critical points
not belonging to o. Then Cc) is isomorphic to the direct sum of the groups
H(f. 0 W;,f.n\ W; — 0)). Indeed, this direct sum is isomorphic to the
group at the right member of (3.18) by the ““direct sum theorem” [3, 1, 13.2]. It is
easy to see that the groups H( f. N W; , f. N\ W; — o,) are independent of the
particular choice of W; .

With the notations used in (1.7) and (1.12) let *, 0%, W2, Wi(i = 1, 2,... N;
Jj =1, 2,... ;) be defined with respect to ¢; as o, o; , W; , W were just defined
with respect to ¢. Moreover, let

M (of?) = rank of H(f, " Wi, f, N Wi — a7). (3.19)
Then, by the above corollary

M= Mo, (3.20)

7=1

DerinrTioN 3.6.  If the set I” of critical points is finite then the component
o of I' introduced above will always denote a set consisting of a single point,
In this case, we call the group whose rank is the right member of (3.19) the
g-th critical group of f at the critical point ¢ and denote it by C,(g); its
rank (3.19) is called the g-th type number at o;%. If there is need to emphasize
that we deal with the function f, we write Cy(o%; f), M (o/; f) etc.

4. NoN DEGENERATE CRrITICAL POINTS OF ORDER p

Forp > 2 let E, denote the product of E p-times by itself. Let
O(hy , hy ..., h,) be a map of E, into the reals which is linear and continuous
in each %; . Then, as is well known,

[Q(ry s By seves By) S C LAy | [ By | o [y | (4.1)

for some constant C. If, in addition, Q is symmetric, it is called a p form.
In this case, we set

Q) =Qhy , by oy by)  if  hy=bhy ey by =h (4.2)

and

Ot k) = Oy s by ooy by g k) if By =hy= by g =h  (43)
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The differential dQ(k; &) of Q(h) with “increment & exists and is given by
dQ(h; k) = pO(h; k). (4.4)

(This is easily seen from the binomial formula for Q(x + h); see, e.g.,
[9, Section 40 (3)]). Since, by definition of the gradient,

dQ(h; k) = (grad Q(h), k>,

we see from (4.4) that grad O is homogenous of order p — I.

DrrFinitioN 4.1, The p-form Q is called nondegenerate if there exists
a positive constant m such that

| grad Q(h)! = m || & ||, (4.5)

We recall some facts about differentials. Let N = N(x,) be a convex
neighborhood of the point x, € E, and let ¢ be a map of N into a Hilbert
space F. For the definition of the j-th differential d’(xy; by ,..., i) of P at x,,
we refer to the literature (see, e.g., [1; VII1.12] or [4]). We note that continuity
of the differential at x, means that to each positive ¢ there corresponds a 8
such that

| A Iy ) — A5 e ) ws)

<elibyll N All forffe — xff <.
We set d%(x) = y(x), and for j = 0, 1,..., we write ¢ € C¥(x,) to indicate that
d?y(x; ky ..., b;) exists and is continuous for all x in some neighborhood of x, .
For every set S C E, we write ¢y € C/(S) to indicate that ¢s € C¥(x,) for every
xy € S. Since the j-th differential is linear and continuous in each A;, it
follows from (4.1) and (4.6) that for a s € C(x,) there exists a neighborhood N
of x, and a positive constant K such that

@ by oo B)| < KBy || Byl forxeNGy).  (@47)

We recall further that if s € C(N) for some open convex neighborhood N of
%y , then dii(x; hy ,..., B;) is symmetric in A, ,..., A; for each x € N. Thus for
such x, di(x; k) (see (4.2)) is a p-form in A. From (4.7) we see that for some
N(x,) and some positive K,

| d?(x; B)] < K R[> for x € N(x,). (4.8)

LemMA 4.1. Let = f be a real-valued function in C**1(x;) (p = 0). Then
g = grad f € C?(x,) and

A (3 By ooy ) = dYg(x5 By sy By g ) B> forj=1,2,, p 4+ 1. (49)
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We omit the proof since there is no difficulty in extending (by induction)
the proof given in [17, Lemma 2.2] for the case p == 1 to arbitrary p.

LemMma 4.2. Let f be as in the preceding lemma with x, = 6, and let
g = grad f. We suppose that

dif(@; k) =0 forj=1,.,p—L;p=2. (4.10)
Then there exists a constant K and a neighborhood N of x, such that for x € N
lf(x) —f(O) <K| x| (4.11)

and

I g(x)l| < Kl %" (4.12)

Proof. By Taylor’s theorem [1, VIII, 14; 5] we see from (4.10) that,

_ (1 -1
f(x) —£(8) = f asf (15, %)y -
This together with (4.8) proves (4.11).
To prove (4.12) we note that by Lemma 4.1, g € C?(0), and that by (4.9)
and (4.10)

dig@;h) =6  forj=0,1,.,p—2 (4.13)

Therefore, (4.12) follows again from Taylor’s theorem (applied to g) and
(4.8) (with ¢ = g and with p replaced by p — 1).

DErINITION 4.2 (cf. [14, Definition 2.6]). The real-valued function f is
said to have O as nondegenerate critical point of order p > 2 if f € C*+{(@), if
(4.10) is satisfied, and if the p-form d?f(0; k) is nondegenerate in the sense of
Definition 4.1.

LemMma 4.3. O is a nondegenerate critical point of f € C**Y8) if and only if
there exists a neighborhood N(0) of 0 and two positive constants k and K such that

Ellx|Pt <[ gl <K[ x| for x € N(O). (4.14)

Proof. Let the symbols d, and grad, written in front of d?f(x; k) denote
differential and gradient operations, resp., operating on the second variable %,
while, as before, d and grad refer to the first variable x. With this notation,

dyd?f(O; hy ..., hy; k) = pd®f(O; hy ..., By y3 )
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if by = hy ..., by, = h (cf. (4.4) and (4.3)). From this and (4.9), we obtain
add?f(O; hy .., by R) = (pd? (O by ..., By ), k>  forhy = =h, =h;
and from this we conclude that

grad, d% (O; k) = pd?-'g(B; h). (4.15)

This equality together with Definitions 4.1 and 4.2 shows that a necessary
and sufficient condition for @ to be a nondegenerate critical point of order p
is that, in addition to (4.10),

dr-1g(0; h) > m, || h{P1 (4.16)

for some positive constant m, .

Suppose now that @ is nondegenerate of order p, and let us prove (4.14).
Then, since (4.10) holds by assumption and since, as shown in the proof of
the preceding lemma, (4.10) implies (4.13), we see from Taylor’s theorem
that

d71g(6; x) — f)p-1
(-1 (p— 1!

From this, from (4.8) (with ¢ = g), and from (5.16) (with % replaced by x),
we see that in some neighborhood of @,

g(x) = 4 f dog(tx; x) Lm0 4y (4.17)

o (=Kl x}))
(-1t 7

which obviously proves the assertion pertaining to the left part of (4.14).
The right part of (4.14) follows from (4.12).

Conversely, suppose (4.14) to be true. We have to prove (4.10) and (4.16).
For the proof of (4.10), it will, on account of (4.9), be sufficient to prove (4.13).
Suppose, (4.13) not to be true, and let j, be the smallest nonnegative integer
< p — 2 such that the jj-th differential of g at @ is not zero. Then the equation
which is obtained from (4.17) by replacing p — 1 by j, holds. From that
equation, from the left part of (4.14), and from the fact that j, <p — 2,
one easily obtains an inequality of the form

[l g@)i = Il = |7

1 d%g(®; x)|| < const || x|***  for|| x|

small enough which is in contradiction with dig(@; x) 'being homogeneous
of degree j, .

From (4.13) thus proved we see that (4.17) holds, and from this equation,
from (4.14), and from (4.8), an inequality of the form (4.16) (with 4 replaced
by x) is easily derived for small enough )| x ) .
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THEOREM 4.1. Let O be a nondegenerate critical point of order p for f. For
convenience, we assume

f(®) =0. (4.18)
Let

Folx) = ﬂ.ﬁlﬁ) . (4.19)

Then, for every q =0, 1, 2,...,
C6;1) = Ci(8; 1), (4.20)

where C(O; f) and C(0; f,) denote the g-th critical groups at © of f and [, resp.
(cf. Definition 3.6).

The proof is based on the following.

THEOREM 4.2 (Approximation Theorem). Let O be a nondegenerate critical
point of order p for f. Let (4.18) be satisfied. Let R and m be two positive numbers
such that

lg@)l = 2m x| for|lxf <R (4.21)
(Such m and R exist by Lemma 4.4). Let s € C**Y( @) with (0) = 0. We suppose

that y(x) = grad (x) has the following property: To each v > 0, there corres-
ponds a positive R, << R such that

lg(®) — vy <mnlix]Pt  for|x] <2R,. (4.22)

Under these assumptions, (i) O is a nondegenerate critical point of order p for J,
and (ii)

C(0;/)=C(B;¥) forq=0,1,2,... (4.23)

The proof of this theorem will be given in Section 6. We now prove that

Theorem 4.2 implies Theorem 4.1 by showing that i = f, satisfies the

assumptions of Theorem 4.2. Obviously, (@) = 0. Moreover, by (4.15)
and (4.19),

drf(@;x) drg(0; x)
»! (p—D"7

y(x) = grad, 4.24)

which shows that y(®) = 6. Finally, it follows from (4.24) and (4.17) that in
some neighborhood of 0, g(x) — y(x) equals the integral in (4.17). Its norm

is, therefore, (cf. (4.8)) majorized by (K || x||/p!) || #/|*-1, which shows that,
for 7 given, (4.22) holds if K2R, [p! < 7.
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5. Tue CYLINDRICAL NEIGHBORHOOD OF AN ISOLATED CriTicAL PoINT

This useful concept was introduced by Seifert and Threlfall in [20,
Section 9] in the finite-dimensional case. In the present section this concept is
generalized to the Hilbert space case. In the next section it will be applied
to the proof of the Approximation Theorem 4.2.

Let O be an isolated critical point of f. We assume (4.18). For R > 0, we
denote by B(R) = B(0, R) the open ball with center ® and radius R. We
assume R to be such that @ is the only critical point in B(2R). We consider
the solution £(t) = &(t, x,) of the problem

T {(3) B B
&= T TeoE 0% =%eBR) — {6} (s.1)
Since
af(&(2)

ED (60 %) =1 fED) S =~ (D)

we may introduce a new parameter

T = f(&(1)) and set x(7) = x(7, %) = &(2), 7y = f (%) (5.3)

With these notations, the problem (5.1) takes the form

v gx) _
7 = e %(r,) = %, € B(R) — {O}. (5.4)

We refer to the solution x(r) of (5.4) as the gradient line through «, .

LEMmMA 5.1. Let x(r) and B(R) be as above.

L ‘ We consider x(r) for 7 <{ 7y = f(xp). Then either there exists a point
% € B(R) such that

i .
Tllft&) ®(1) =X

while x(r) € B(R) for f(X) <t < f(x,), or

lqi_i'lol x(r) = 0. (5.5)

In this case we say that the gradient line x(r) ends at 6.



402 ROTHE

II. We consider x(r) for f(xo) = vy < 7. Then either there exists a
point ¥ € B(R) such that

Sy () = %,

while x(7) € B(R) for f(x,) < v < f(%), or

l,i%’ x(r) = 0. (5.6)

In this case, we say that x(7) starts from 6.

Proof. 'The proof given for I in [15, Lemma 4.8] remains valid under the
present assumptions if in that proof the reference to the corollary to Theo-
rem 2.2 of [15] is replaced by reference to Lemma 2.1 of the present paper
while the reference to Lemma 4.5 of [15] is replaced by reference to Lemma
2.4 of the present paper. The proof of Il is essentially the same as that of I.

DerFiniTION 5.1. Let R be as above, let 0 < R, << R, and let ¢ be a
positive number. Then the cylindrical (R, , €)-neighborhood C(R, , €) of &
is defined as follows:

CR,,e)=CHe) U C-(e) U Z(R,, e) U {6}, (5.7)
where
C+(e) is the set of those points x, on gradient lines ending at @ for which
0 <f(x) <e
C(e) is the set of those points ¥, on gradient lines starting from @ for which

— € <f(x0) <0)

and where Z(R,,¢) is the set of points x, satisfying two conditions:
(i) — e <f(x,) <e, (ii) ¥, lies on a gradient line which intersects the set
Z(R) ={x|f(x) =0 and 0 <| x| < R,}. If we want to emphasize the
role of £, we write C(R, , ¢, f) for C(R, , €), and use the corresponding nota-
tion for the other sets in (5.7).

Remark 1. The designation of C(R,,e€) as “neighborhood” will be
justified later (Lemma 5.4).

Remark 2. 1If the critical point 9 is a maximum or a minimum, then
C(R, , €) reduces to C—(e} U {®} or C*(e) U {O} resp.

Remark 3. The sets at the right member of (5.7) are mutually disjoint.
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Limma 5.2. To a positive Ry << R, there corresponds an € > 0 such that
C(R, , ¢} C B(R). (5.8)
Proof. The proof is based on

Levma 5.3. Let R be as in Lemma 5.2. Let [, , [, be real numbers satisfying
the inequality

0<f <l <R (5.9)
Finally, let x(r) be a gradient line satisfying
LI <G form <7<y, (5.10)

Then there exists a positive constant m = m(ly , §,) such that

Tg — T1

| %(rg) — 2(r)ll < m .

(5.11)

Proof. The ring P(,, 0,) : & < |} x|} < I, has a positive distance from
the set of critical points of f. Therefore, by Lemma 2.4 there exists a positive
m = m({; , {,) such that

gl =m  forxeP(L, L) (5.12)
Since, by (5.4), || dx/dr |} = || g(x)||"L, we see from (5.4) and (5.12) that

™ da(r) i
3(r) — st = | [ S| < [t ar,
2 1 | f o @7 f -
which proves (5.11).
We now return to the proof of Lemma 5.2. We claim that (5.8) is true if
0<e<(R— R)m(R,,R), (5.13)

where m(R, , R) is as in Lemma 5.3. We have to show that each of the sum-
mands at the right member of (5.7) is contained in B(R).
We start with Z(R, , €). Let x, € Z(R)), i.e.,

0 <|lx | <Ry <R, 70 = f(%) =0, (5.14)

and let x(7) be the gradient line through x,, i.e., satisfying x(0) = x, . We
have to show that

[#n)| <R for—e<r<e (5.15)

409/36/2-12
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Suppose (5.15) is not true. Then because of (5.14),
()l = R, (5.16)

for some  in one of the open intervals (0, €), (— ¢, 0). It will be sufficient
to carry out the proof for the case that the first of these intervals contains a =
satisfying (5.16). Clearly, then there exists a 7, in that interval such that

| %(7o)ll = R, fe(@ <R for0<<r<my<<e (5.17)
since

[#O) =l %[ < Ry <R. (5-18)

We see from (5.18) and (5.17) that || x(v)]| = R, for some 7 in the interval
(0, 7,), and from this the existence of a 7, follows easily for which

[#ril =Ry, R <[l*(7)| <R form <r<m. (519)

From this, (5.17), and Lemma 5.3 we obtain

Tg — T1 < €
m(Rl ’ R) m(Rl ’ R) ’
(5,20)

R — Ry = || a{rp)ll — || a(ry)]l < || #(rg) — a(ry)] <

an inequality which contradicts (5.13).
This finishes the proof of the inclusion Z(R, , ¢) C B(R), and we turn to
the proof of

CH() C B(R). (5.21)
Let x(r) be a gradient line for which (5.5) holds. We have to prove that
| %7}l < R (5.22)
for
0<r<e (5.23)

Suppose this assertion not to be true. Since by (5.5), || x(7)]] < R for small
enough 7, we infer the existence of a 7, in the interval (5.23) such that

I2(m)| =R, [ar)|<R for0<r<r,. (5.24)

But, again by (5.5), || x(s)l| << R, for small enough 7. It follows the existence
of a 7, for which (5.19) holds, and from this and (5.24) we infer by Lemma
5.3 the inequality (5.20) which contradicts (5.13). Thus (5.21) is proved.
The inclusion C—(¢) C B(R) is proved the same way.

This finishes the proof of (5.8) since, obviously, {®} C B(R).

Lemma 5.4. Let (5.8) be satisfied. Then C(R, , €) is open.
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We start the proof with the following remark which for later reference we
formulate as

Lemma 5.5. Let o : B(x,, o) — E. Suppose that  is Lipschitz and that
there exists a constant m > O such that

I(x)j <m™  for x € B(xy, o). (5.25)

Then, the unique solution x = x(t) of

RO (5.26)

is defined at least for | t — t, | << om and satisfies there the inequality
| ®(t) — x|l <m 2|t —1ty| <o. (5.27)

This lemma is simply a statement of the classical local existence theorem
for (autonomous) differential equations (for the validity of this theorem in
Hilbert space, see, e.g., [15, Lemma 4.3]).

We return to the proof of Lemma 5.4. We have to show that every
%, € C(Ry , €) is an interior point of C(R, , €):

A, Let xy = @. We choose an R, such that 0 << R, < R, < R. Since
(4.18) is assumed, there exists a positive Ry < R, such that

| f(x)] < minfe, (R, — Ry) m(R,, R,)}  for||x|| <Ry. (528)
We will show that
%, € C(Ry , €) (5.29)
if
0 <ll@ | <Ry, (5.30)

which will obviously prove that x, = @ is an interior point.
For #, satisfying (5.30), let x(7) be the gradient line satisfying

®(ry) =,  where 7, =f(x). (5.31)
We distinguish three cases:

I. x(+) ends at ©. Then, x, € Ct(e) C C(R, , €) since |f(x;)| < e by
(5.30) and (5.28).
II.  x(r) starts from @. Then, &, € C~(¢) C C(R,, ¢) by the same argu-

ment.
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III.  x(r) neither ends at nor starts from ©. Then we distinguish two sub-
cases:

IMla. 7, = f(%) = 0. Now, by (5.30),
O0<ll#]|<Ry<R, <Ry, (5.32)
and we see that
2, €Z(R)CZ(R,,e) CC(Ry, e).

IIIb. 7y = f(x%;) # 0. We consider the case 7, > 0, the proof in the case
7; < 0 being essentially the same. We will show that

%, CZ(R, ,¢) C C(Ry , €). (5.33)

Since || #; || < Ry (cf. (5.32)) and since we are not in Case I or II, it follows
from Lemma 5.1 that there exists a 7, such that

lima(r) B(R,) while |x(r)] <R, for my<7<7. (534)

Denoting this limit by », , we have
x3 =x(rg), [l x(m)ll =Ry, (5.35)

and it follows from (5.32) that || x(z)|| = R, for some 7 in (r, , 7;). Therefore,
there exists a 75 such that

#(rs) =Ry, and Ry <|[x(r)| <Ry formy <7 <7y <my. (5.36)
From (5.35), (5.36) and Lemma 3.3, we conclude

Ry — Ry, = || #(ro)l| — | 2l(ra)ll < || %(70) — 2(7s)l|

1L T2

m(Ry, Ry)

(5.37)

T3 — T2

<
= m(Rz » Rl)

<

But 0 << 7y = f(xy) << (R, — Ry) m(R; , R,) by (5.32) and (5.28). From this
inequality together with (5.37) we see that f(x) = 7, < 0. Since
f(#) = 7, > 0 the existence of a 7 in (1, , ;) follows such that f(&) = 0 for
X = x(7). Moreover, [|%|| < R,, by (5.34). Thus, ¥ C Z(R,). Now x, lies
on the gradient line through & and | f(x,)| < € by (5.30) and (5.28). These
two properties prove (5.33), and the proof that x, = @ is an interior point is
finished.
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B. x,eZ(Ry), ie.,

0<|x)] <R <R (5.38)

and
J(xg) =0. (5.39)

Let
{=min{|xl/4, (R —lx%l/4 (5.40)

and let P(x, , 2{) be the ring
Py, 28) = {x | | %]l — 28 <= || <%l + 28} (5.41)

It is easily verified that the closure of this ring is contained in B(R,)—{6}.
Therefore, there exists, by Lemma 2.4, a constant m = m({) such that

g =ml) >0  forxePx,, 20). (5.42)
But on account of (5.39) there exists a positive {; << { such that
| F(x)] < min{{m(L), s  for x € B(x, , ). (5.43)
We will show that
B(xy, L) CZ(R,, €) CC(R, , €). (5.44)
We note first that because of {, < {, the inclusion
B(x; , {) C P(xy,20)  forx) € B(xy, &) (5.45)

is easily verified. Consequently, the inequality (5.42) holds for x € B(x, , ),
and it follows from Lemma 5.5 that the solution x(7) of the differential Eq.
(5.4), with the initial condition x(r,) = %, , 7, = f(x,), satisfies

x(r) € B(x;, L)  for|r— 7 | < Im(0). (5.46)
But, for &, € B(x, , {,), it follows from (5.43) that
10— m | =] | =|f(x)] < Im(l).
Therefore, (5.46) shows that
x(0) € B(x, , {) C P(x,, 20) C B(R)).

Thus 0 < || #(0)]] < R, , and we see that x(0) € Z(R,), since f(x(0)) = 0. But
x, lies on the gradient line through x(0). Moreover, for x, € B(x,, {,), we
conclude from (5.43) that | 7; | = | f(%,)] < e. This completes the proof of
(5.44).
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C. xyZ(R,,¢), € 0. Let x = x(r, x,) be the solution of the differential
Eq. (5.4) satisfying x(7y, %) = %y, 79 == f(%,). Then, by definition of
Z(Ry; €),

& = x(0, x,) € Z(Ry). (5.47)
Thus,
0 <[jx] =20, %)| <R, 7=0=f(%) (5.48)

From (5.47) and the proof given for case B we conclude the existence of a
positive {; such that (5.44) holds with x, replaced by :

B(x, ;) CZ(Ry, ¢). (5.49)
We claim the existence of a positive {; such that
B(xy, §;) C Z(Ry, ) C C(Ry , ¢). (5.50)

We define £, as follows: Since | f(%,)] < ¢, by definition of Z(R, , €), we may
choose {; such that

[flx)] <e, (5.51)

if
%, C B(xg , &7)- (5.52)
But since x(r, x;) depends continuously on the initial value »;, = x(r, , %),

we may subject {, to the additional restriction that (5.52) implies the inequal-
ity || %(F, %y) — #(F, %,)l| < & , or by (5.48), (5.47) that

(0, x,) € B(%, {,). (5.53)

By (5.49), this implies that ¥, = %(0, x,) C Z(R,;, ¢). Consequently, &,
lies on the gradient line through some point y, of Z(R,), i.e., there exists a
solution x = y(6, y,) of the differential Eq. (5.4) with the initial condition
(0, ¥o),f () = 0O, such that, for some 6, say, 8 = 0, , %(0, x,) = &, = ¥(6, ¥,)-
By the uniqueness theorem for differential equations this implies that
®(r, %) = ¥(r + 6, %,). Therefore, x(— 6, , %) = (0, 3,) € Z(R,) for x,
satisfying (5.52). This proves (5.50).

D. x, € Cte) U C(¢). It will be sufficient to treat the case that
%y € CH(e). If x = x(r, x,) is the solution of (5.4) satisfying

x(7g 5 %) = %y € CH(e), 0 <71y =1(x) <e, (5.54)
then

li a(r, %) = ©. (5.55)
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Now, by 4, there exists a positive { such that
B8, ))C C(Ry, €), (5.56)
and by (5.55) there exists a ¥ such that
=7, %) €B(®,0), 0<7<<7. (5.57)

We claim that there exists a positive {; such that

B(xy, L) CC(R,, €). (5.58)
We determine {; as follows: Because of (5.54) we may choose {; such that
0<f(x) <e (5.59)
if
%, € B(x,, {y)- (5.60)

Moreover, with the usual notation x(r, x,) for the solution of the differential
Eq. (5.4) with the initial condition x(r,, x,) = %, , we may, because of
(5.57), require

H x(f) 'xl) - ‘iH == ” x(i’) xl) - x(f, xl))”
to be so small that
%, = x(7, %) € B(O, ) CC(R,, ¢€), (5.61)

provided x, satisfies (5.60).
Now let y(8, %) be the solution of the differential Eq. (5.4) satisfying

(@), 7)) = & = %(7, xy). (5-62)

Because of (5.61), ¥(6, ¥,) is one of the gradient lines used in the construction
of C(Ry, €). The same is true for x(r, x,), since, as seen from (5.62) and the
uniqueness theorem for differential equations, x(r, %,) = y(r + f(&)— 7, ¥,).
This together with (5.59) proves that x, € C(R, , €) if x, satisfies (5.60). Thus
(5.58) holds.

6. PrRoOOF OF THE APPROXIMATION THEOREM 4.2

Assertion (i) of this theorem follows in an obvious way from the assumption
made on g, from (4.22), and from Lemma 4.3.

We turn to the proof of (4.24). By Definition 3.6 we have to exhibit neigh-
borhoods N(f) and N(i) of 6, both contained in B(R) for which

H(fo "N(f), fo O N(f) — {8} ~ Hyfho N N(), b 0 N() — {6)). (6.1)
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Now by Lemma 4.3 we may suppose R and a constant K be chosen in such a
way that in addition to (4.21) with m = %

Ki

S > lge)]  forxe B(R), (6.2)

If we set

{ = min 217, K k3o

> , (6.3)

it is easily verified from (4.21), (6.2), and (4.22), with 5 replaced by ¢, that
K|x|P2 =]l y@)] = k] x|7* forxeBR)eBR). (64)

We note that because of (6.3) also

|l g(x) — y(@) < nllx|P*  forx e B(R,). (6.5)
‘We now keep 7, and therefore {, fixed and set
PR)={x|R<|x| <2B), R=2C, (6.6)
We then see from (4.21) (with m = k) and (6.4) that
” ig;” > kR for x€ P(R). 6.7)

It now follows from Lemma 5.2 and its proof (see, in particular, (5.13) with R
replaced by 2R, and R, by R) that

CR, ¢ f)
P M C B(2R), (6.8)

if we choose ¢ in such a way that

% < e <kRe, (6.9)

We will now prove (6.1) with
N(f)=CR,ef), N@)=CR ), (6.10)
where, as usual, the bar denotes closure. We set

N~f)=fNN(f), N-) =g n NW), (6.11)
X' = N~(f)V N~().
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Then (6.1) will be proved, once it is shown that

HyZ, 2 —{8}) ~ H(N~(f), N-(f) —{6}), (6.12)
and

Hy(Z, 2 —{6}) ~ Hy(N~(§), N=($) — {8}). (6.13)

It is sufficient to prove (6.12), as is clear from the fact that (6.4) holds if y
is replaced by g (as follows from (4.21) and (6.2)), that (6.7), (6.8) are the
same for g and y, and that (6.5) is symmetric in g and y.

As a first step towards proving (6.12), we show that

H(Z, Z —{0}) ~ H(Z N fy, 2N fo —{6}). (6.14)

To this end, we construct a deformation

8(xp,2): 2 X [0,1] > 2 (6.15)
such that
8(xg,t) =y forxge ZNfy, 01, 6.16)
while for all x, € X
8(x,0) =x,, x,,1)eXNS,. (6.17)

Because of (6.16), we have to define 8(x, , t) only for x, € Z — (2 N f),
ie., for

X e N-(p) N {f > 0}. (6.18)
To do this, we note first that for such x, by (6.11), (6.10) and (6.8)
%€ N-)CC(R, ¢, $)C BQR),  f(z,) >0, (6.19)
and thus
— e <(xg) <O <f(o)- (6.20)

We now consider the ‘“‘-gradient line” x = £(r, x,) defined by

i _ . _ __
&oTeE:  Lem =%, n=de)  (621)

and recall that

$(é(r, %) = 7. (6.22)
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We will prove the existence of one and only one r; = 7,(%,) in the interval
—e<T< T, (6.23)
for which
F (15 %)) =0, (6.24)
and then define, for x, as in (6.18),
8(xy, 1) = &((7y — ) t + 74, %), 0<t <1, (6.25)

To prove our assertion concerning 7, , we consider the ring

P(x;) = gx | &’;"ﬁ” <llx] <3 @i : (6.26)

Now |[x,!] <2R by (6.19). Therefore, P(x,) C B(3R) C B(R;), the last
inclusion following from (6.6). Consequently, we see from (6.4) that

-1
I >l > k|2 forxePm),  (627)

and this inequality holds a fortiori in the ball
o — syl <[ 3 (6.28)

which is contained in P(x,). It, therefore, follows from Lemma 5.5 that

I &r, 26) — %]l < %‘l‘ : (6.29)
if
(7 —ry| < k|2 (6.30)
We will now show that
F(&(r, %)) <O, (6.31)
if 7 is in the interval
ro—“% pk<r<70—,-’;—°p§— (6.32)
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Indeed, if we add the inequality f(xg) — 2¢(x,) > 0 (which follows from
(6.20)) to the identity f(&(r, %) == f(&(r, %)) — $(&(7, %)) + H(E(r, x,)) and

observe (6.22), we see that

S (&, xp) < f(E(r, %)) — P(€(r, %)) + f(&(mo » %)) — (&0, %0)) + 7 — 7 .
(6.33)

Now if = is in the interval (6.32), and, therefore, in the interval (6.30), we
know that x = £(r, xp) € P(x,) C B(R,). But for any x € B(R,)

CHxH

1f () — ()] <=5 (6.34)

for

S0 =) = | [ <etot) = 5tst), > a
<l f let) — Aol do

from which (6.34) follows on account of (4.22) with % replaced by {. Now
from (6.33), (6.34), (6.29), and (6.32) we see that

F(6r ) <5 D1 w7 + 10 7] + 7 — 7

1

X,
< 0

Here the bracket is negative by (6.3). This proves (6.31) and also the existence
of a 7, satisfying (6.24) since f(£(ry , x,) = f(%,) > 0 by (6.20). It remains to
prove the asserted uniqueness of such 7, . We do this by showing that

3—{ (&(r, %)) > 0. (6.35)

Now, by (6.22), we have (in obvious notation)

df 1 +d(f ¥ (6.36)

But by (6.21), (6.4), (4.23) (with 5 replaced by {), and (6.3),

8|

v, % g — 7l

ol

g

which together with (6.36) proves (6.35).
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Thus the deformation defined by (6.25) satisfies the requirements (6.15)-
(6.17). This proves (6.14).
Now, by Lemma 5.4, there exists a positive 7 such that

B, = B(6,7)C C(R, ¢ f). (6.37)

By excising from X' N f; the intersection of this set with the complement of
B, , we see that

H(EOJy, Z0J, —(0) ~ H(EN/,N B,, Znf,n B, — {6)). (6.38)
But it is easily seen from (6.37), (6.10), and (6.11) that
ZNnfyn B, =N~(f)nB,.

Therefore, the right member of (6.38) is H(N—~(f) N B,, N-(f) N B, — {6}),
and this group is isomorphic to H(N-(f), N-(f) — ©) as is again seen by
excision. This shows that (6.38) together with (6.14) implies (6.12).

7. SurrICIENT CONDITIONS FOR THE CRITICAL GROUP C(8, f)
TO BE FINITELY GENERATED

We assume now that Assumptions (1.21) and (1.22) are satisfied in addition
to those made in Section 6. Then

&(x) = grad f(x) = x[| % [|”~* + G(x), (7.1)

where G is completely continuous.

ExampLE. Let E be the Hilbert space of real functions x(f) whose square
is Lebesgue integrable over [0, 1]. Let p be an integer > 2, and let

F(x) = i n? fl flK,,(tl ooy 1) X(ty) - x(t,) dty - dt,,

where each K, is symmetric in its arguments and square summable over its
domain of integration and where

i (f: f: [Knlty oo ta)] dty - dtn) "< . (1.2)

n=p

Then

s 1 1
Glx) =Y nrH f f K5, 11 s tu_g) #(ty) = 2(tn_y) dt, - dtyy (1.3)
n=p 0 0
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(see, e.g., [21, Section 21.2]). Assume

1 1
wlalipee ot [ oo [OK (s, ty e tpa) () ) |ty o ity |
0 0

Zmlix|Pt

for some positive m. Using (7.1)~(7.3) and Lemma (4.3), it is not hard to see
that f is nondegenerate of order p at €.

We return to the general case. To obtain conditions as indicated in the
title of this section we use finite-dimensional approximations.

If E” is a given finite dimensional (linear) subspace of E of dimension 7,
we denote by y™ or (y)* the projection of the element y € E into E™. Moreover,
we set

fol®) = p7t{{ % ([P + Fo(), (7.4)

where F,(x) = F(x™) and

gu®) = x| x[[P~* + Ga(x), (7.5)
where G,(x) = (G(x™))". Then, by [15, Lemma 2.3},
g =grad f, . (7.6)

We state the following fact whose routine verification we omit as

Lemma 7.1. Forr = 1, 2,..., p, the r-th differential of G,, exists and is given
by
drG,(x; hy ..., b)) = (d"G(x,; ~",..., B, 7.7

THEOREM 7.1. There exists an ny-dimensional subspace E™ of E of the
following property: If En D E, then 6 is a nondegenerate critical point of f,
of order p, and

CfB;f) = C8; f)- (7.8)

Proof. We will show that ¢ = f,, satisfies the assumptions of the approxi-
mation Theorem 4.2. By (7.6), y = grad = g, , and, by (7.4), (4.18), and
(7.5), Y(®) = 0, y(0) = 8 for any E* C E. Moreover, iy € C?+1 by Definition
4.2 and Lemma 7.1.

It remains to prove that to every n > 0 there corresponds an E™ and
an R, such that (4.22) is satisfied, i.e., for E* D E™ and x € B(2R,),

| 8(*) — gn(®)l| =11 G(¥) — Gxm)y* <7l = (1.9)
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We will prove, for suitable E* and R, , the inequalities

1G@) — G| < F-|xlP*  forxeBQR)  (7.10)
and
16 — (G| < 3-lix|*  forxeBQR),  (7.11)

which together imply (7.9).

Starting with the proof of (7.11), we recall the following well-known fact
(which follows, e.g., from [8, 2nd lemma, p. 51]): If N is a bounded closed
neighborhood of @ and if G is a completely continuous map N — E, then to
each positive 7, there corresponds an E™ such that for E»D E™

I Glx) — (G | <m(x €N). (7.12)
We want to apply this for some N with
G(x) = d»1G(0, x). (7.13)

That this G is (for small enough N) completely continuous follows from
Lemma 7.2 which for later use is formulated in more general terms than
would be necessary for the present purpose. (It is a modification of a well-
known lemma by Krasnolseskii [7; II, Lemma 4.1].)

Lemma 7.2. Let N, be a neighborhood of ©. Let G be a completely continuous
map N, — E which is an element of C?(N,). Then there exists a neighborhood
NC N, of O@such that for r = 1,2,....p — 1, d"G(x; hy ..., h,) is completely
continuous as map of N X E, X -+ X E, into E.

Proof. With d°G = G, the statement of the lemma is true for r = 0 by
assumption. We assume it to be true for r — 1 <Cp — 1 for some neigh-
borhood N,_; C N, . We may assume N,_, to be spherical and its radius { to
be so small that for some constant K

[ @ 1G(x; Ay yoey Bl S E K | N by | forxeN,,  (7.14)
(cf. (4.7)). Let N, C N,_, be a spherical neighborhood of @ with radius

{ 28

7:1,31? . (7.15)

a<ming

Suppose now the lemma not to be true for 7. Then taking into account the
linearity of d"G in each %, , we see that there exist a 8§ > 0 and sequences &?,
ki (p=1,.,r,i=1,2,.) such that

G Byt vy ) — A(G(w3 By, b)) =8, ¥ €N,, | b1 = 1. (7.16)



CRITICAL POINT THEORY IN HILBERT SPACE 417

By Taylor’s Theorem for arbitrary A, ,..., k., and for x and k,eN,,

A1G(x + by By ooy Byy) — d7VG(5 By ey Byy)

7.17
— A" G(; by sy By g B S R By s By ),
where
R(x’ hl 1"1') h'r-l ’ hr) (718)
- j d™1G(x - thys by ooy by y s by ) (1 — 1) dt.
0
From (7.18) and (7.14) we see that
K | 2
| R(xes By 5eeey By, B < 5 (RIS ey A (7.19)

for arbitrary h, ,..., h,_; , and h, , x having norms not greater than o. We now
set in (7.17), x = «%, h, = h} for p = 1,...,r — 1, and A, = ok}, and from
the equality thus obtained we subtract the one obtained from it by replacing
the index ¢ by the index j. We then see that

ld™ G(x' + ok, b’y i) — d7™7 Gy + oh,s by, B!
+ 1 d7IG( by By — TG B, B
= || d"G(x% by, By, ohY) — A'G(X; Ry, By, ok
— || R(x*s By, By, ah D)) — | R By By, o))

Now by (7.16), (7.19), and (7.15), the right member of this inequality is not
less than 8¢/3. Thus the inequality is in contradiction with our induction
assumption for r — 1.

We return to the proof of (7.11). By Lemma 7.2, the G defined by (7.13)
satisfies (7.12). We may assume the neighborhood N of (7.12) to be spherical
of radius £ and choose 5; < {?-1/4. Then, taking into account the fact that
G(x) is homogeneous in x of degree p — 1, we conclude the existence of an

Em such that for E»D Eno
| G(x) — (Gx)* || < % Jx]Pt  forallxcE,

and, therefore,

| G — (Gl | < -l < - x pt, (7.20)
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We now apply (4.17) with g replaced by G. We then see (cf. (7.13)) that

G") — (Gl = 1), [G=") — (G(x™)] + R(x") — (R(x"y",  (7.21)

(> —D!

where R(x) denotes the integral in (4.17). From (7.21), in conjunction with
(7.20) and (4.8), we conclude that for some constant K and for x in some
neighborhood of &

|66 — (@)l < =gy [F11 1P + 2K 1]

R
This inequality implies (7.11), if || x|| < 7/8K.

Turning to the proof ot (7.10), we note that again by (4.17) with g replaced
by G:

G(x) — G(x™) = D [G(x) — G(x™)] + R(x) — R(x™),  (7.22)

(P

where G(x) and R(x) have the same meaning as in (7.21). As in the preceding
paragraph, we see that for || x || small enough

| R(x) — R(")|| < 2K || = 7. (7.23)
To estimate the first term at the right member of (7.22), we use the follow-
ing
Lemma 7.3. Let N be a spherical neighborhood of 0, and let G be a map
N — E of the following properties:

(«) G is a completely continuous gradient map,

(B) dG(x; k) exists and is completely continuous considered as map
N X E-> E. Then to given positive € there corresponds an E™ such that, for
E?* D Em,

1 6() — GGl < 7 (7.24)

The lemma is a restatement of [15, Lemma 2.5]. We now verify that
G = G (cf. (7.13)) has properties («) and (8). Property («) follows from (7.13),
Lemma 7.2, and (4.15). As to property () we note that

dGi(w; k) = dod?1G(6; %y yeves ps; Kooy 1o
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(cf. the definition of d, given at the beginning of the proof for Lemma 4.3).
Therefore, taking into account that G(x) is homogeneous of degree p — 1,
we see from (4.4) that

dG(x; k) = (p — 1) d*2G(0; 21 vy X533 R)ayeooay s -

On account of Lemma 7.2 and the complete continuity of G, this equality

proves (B). B
Thus the conclusion (7.24) of Lemma 7.3 holds with G = G. But since

G{(x) is homogeneous of degree p — 1 and since for any positive o, ()" = ax®,
we conclude that

| G@) — Gl < -1l 2.
Combining this inequality with (7.22) and (7.23), we see that
I G(x) — GG <l 24 [F- + 2K || 1] -

This obviously proves (7.10) for || x || < 5/8K, and Theorem 7.1 is proved.

For any E" C E, we denote by f, and §, the restriction to E" of f, and g, ,
resp. ( f, equals the restriction of f to E®, but g, is, in general, not the restric-
tion of g to E*). With these notations, we have

THEOREM 7.2. There exists an E™ C E such that, for E» D E", © (as zero
point of E™) is a nondegenerate critical point of order p for f, , and

Cy(6, fn) = C6, 1) (7.25)

Proof. We choose E™, according to Theorem 7.1. Then @ is a non-
degenerate point of order p for f, and, therefore, by Lemma 4.3, also for f, .
To prove (7.25), we note that, by [15, Lemma 3.1], for any small enough
spherical neighborhood N of 8, the couple (N N (f.)s, N N (£,)o — {6))
is a deformation retract of the couple (N N (f,)g , N N (Fo)o — {6}). There-
fore, C(0, f,) ~ C(8, f,), which together with (7.8) implies (7.25).

THEOREM 7.3. C(®, f) is finitely generated for every nonnegative integer q.
For q > ny , the g-th type number of f at 0 (see Definition 3.6) is 0.

This is a corollary to Theorem 7.2 (see, e.g. [20, Section 10].

409/36/2-13
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8. RETURN TO THE GLOBAL SITUATION

We suppose conditions (A)—(E) of the Introduction to be satisfied. In
addition, we assume each critical point of f to be nondegenerate of some order
= 2. Then, by Lemma 4.3 all critical points are isolated. It follows easily
from Lemmas 2.3 and 2.2 that the set I" of critical points is finite. In addition
to the notations explained in Definition 3.6 and in the paragraph preceding
it, we will use the following ones (cf. [12, p. 17]): a,, @ ,..., ay are real
numbers satisfying

ay <6 <o < <apy < <a - <ayy <cey<ay,

where ay, is supposed to be larger than sup fin ¥ (cf. Lemma 2.1). Moreover,
let A, =V Nnf, fori=1,2,..,N,and 4, = O, the empty set.

TueoreM 8.1. In addition to the assumptions made above, we suppose that
H (V) is finitely generated and that for every critical point o of f the representa-
tion (1.23) holds in some neighborhood of o, where p,; is an integer = 2 and
where G;; = grad Fy; is completely continuous. Then («) the groups H(A4;)
(i =0, 1,..., N) are finitely generated, and (B) the Morse inequalities (1.25)
hold.

Proof. HA;, A, ;) is the critical group at level ¢;, and, therefore, (see
corollary to Theorem 3.5) isomorphic to the finite direct sum over j of the
groups C(0;%), each of which is finitely generated by Theorem 7.3. Thus the
groups H (A4, , A; ) are finitely generated. To prove (x), we consider the
part

H,y3(As, Aiq) > Ho(A4i1) > Hy(4:) (4.2)

of the homology sequence. If we first set £ = [V, then the two extreme groups
of (4.2) are finitely generated, the one at the left as just proved and the one at
the right by assumption, since A5 = V. From the exactness of the sequence
(4.2), it follows easily that H(Ay_,) is also finitely generated. Now, setting
i = N — 1 in (4.2), we see, by the same argument, that H (Ay_,) is finitely
generated. Continuation of this procedure proves («). But («) implies (8)
as Pitcher’s proof of the Morse relations [12, Section 11] shows.

9. APPENDIX

In the preceding sections, various facts concerning existence and continua-
tion of solutions of ordinary differential equations in Hilbert space were used.
Concerning these, we refer to the remarks made in [15, Lemmas 4.3, 4.4]
and [6, Section 3].
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Those remarks, however, are not sufficient to guarantee the joint continuity
in x, and ¢ of the deformations used in the present paper, viz., the deforma-
tions (2.28), (3.8), (3.14), and the deformation defined by (6.16) and (6.25).

This Appendix is devoted to the continuity proof for the two last-named
of these deformations, the proof for the first two being considerably simpler
because of the absence of interfering critical points.

We start with the following lemma and its corollary both of which represent
obvious generalizations of theorems classical in the finite-dimensional case.

LemMAa 9.1, Let u = u(z) be a map of the real interval [«, B] into the Hilbert
space E. We assume the existence and continusty of du/dt in this interval. More-
over, we assume the existence of a positive constant X and a nonnegative constant p.
such that

|5l <Niu) 4 fortefn Bl o.1)

Then, for any couple ty , t in [«, B]:

1W0”(62/\|t~t0| —~1)

T <o) 0! 5 , (92)

where M, denotes the maximum of || u(t)| for t € [«, 8].

Proof. From (9.1) we obtain

|21
dt

=2 (ut, S | < 0t + 200

By a well-known lemma, this inequality implies (9.2) (see, e.g., [6, p. 93,
Hilfssatz 2]).

CoroLLARY TO LEMMA 9.1. Let &(t) and £,(t) be solutions of the differ-
ential equation in Hilbert space df|dt = x(€). Suppose that the £(t) exist for
t € [o, B], and that y satisfies, in this interval, a Lipschitz condition with Lipschitz
constant A. Then,

1 &(1) — O < Ete) — &lt) 0 fort tee[w B (9.3)

Indeed, u = &, — &, satisfies (9.1) with p. = 0, and (9.3) follows from (9.2) with
p=0.

Lemma 9.2, Under the assumptions of Theorem 3.3 the deformation 8(x, , t)
defined by (3.14) is jointly continuous in x, and 3.
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Proof. Let (x,, t,) be the point at which we want to establish the con-
tinuity. We distinguish four cases:

(@) xef,, 0,1

(b) xeh—Ff 0<t<1

(© me{f=ch0<t,<1

(d) xoefb"—f;,to:l.

Proof for Case (a). Since f, is open, there exists a neighborhood N(x,)
of x, such that N(x,) € f, . Then, 8(y,, t) = ¥, for y, € N(x,) and ¢ € [0, 1],
by (3.14). Thus, 8(y,, t) — 8(xy, 2y) =¥, — %, -

Proof for Case (b). We recall that x(¢, x,) denotes the solution of the
initial-value problem (3.8) (with a replaced by the critical value ¢). We write
shortly »(2) for x(z, x)) and set y(t) = (¢, y,), where y, denotes another
initial value.

We will first show that x(z) and, with proper choice of y,, also y(¢) are
bounded away from the set I" of critical points, if

0<i<t <L 9.9)
Indeed, from (3.11) (with a replaced by ¢) and from (9.9), we see that
b—eZ2f(0)) —ec=(1—8(f(x) — ) = (1 — 1) (f(x) — ¢)-

This inequality shows that f(x(¢)) for ¢ satisfying (9.9) is bounded away from
the set A of critical levels. Therefore, x(¢) is bounded away from I' by Lem-

ma 2.5.
We will now define a positive e such that 3(#) is bounded away from I, if

2 —yll <e O0<LE<< <], where [ — 1| <e (9.10)

Again, by Lemma 2.5 it will be sufficient to choose € such that f(y(z)) is
bounded away from A. Firstly, we require € to be so small that ¢, < 1.
Our next requirement on ¢ is that, for y, satisfying (9.10),

[F(x0) — F(3a)]l <, (9.11)

where the positive number { is chosen in such a way that the interval [5, & + {]
contains no critical level. Noting that f(y(2)) is decreasing in ¢, we see that
b4+ L= f(y(®) =f(¥(ty), for t satisfying (9.10). This inequality shows
that it will be sufficient to subject ¢ to the third requirement that, for y, and ¢,

satisfying (9.10),
F(¥(t) —¢>0. 9.12)
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To show that it is possible to satisfy this requirement, we note first that, by
assumption,

f(x(tg)) — ¢ >0. (9.13)
But

F(x(8)) — f(x(te)) = (1 — 20) (f(¥0) — f (o) + (f(¥o) — ©) (81 — %),
(9.14)

as is seen by subtracting from (3.11), with @ = ¢ and ¢ = 1, the equation
obtained by replacing x(z) by y(¢), and ¢, by ¢, . Now the absolute value of
the right member of (9.14) is less that | (o) — f(x)| + @+ L — ) | £, — % |.
Clearly, ¢ may be chosen in such a way that this quantity is less than one
half of the left member of (9.13) for y, and ¢, satisfying (9.10). But with this
choice of ¢, we see from (9.13) and (9.14) that (9.12) is satisfied.

Our goal is to find, for every p > 0, an ¢, such that

| ¥(t1) — 2t < p, 9.15)

for y, and t; satisfying (9.10). We assume that e satisfies the three require-
ments made above. Since then, as just proved, x(t) and y(t) are bounded away
from I, it follows from Lemma 2.4 that

IS, 0t

I gy 0<t<t, (9.16)

for some positive constant m. Since y(¢) satisfies (3.8), we see from (9.16) that
hd ty —t,
1560 = 36 = (Foo) — 9| [ Far| < +plazrel.

This shows that € can be chosen in such a way that || y(t,) — y(%)l| << p/2
for t satisfying (9.10).
Obviously, it will, for proving (9.15), be sufficient to choose € such that

li5(0) — 2l < 5 0.17)

for y, satisfying (9.10). To this end, we set u(t) = x(t) — y(t)and ¢ = g/|| g |2
We then easily obtain, from (3.8),

% =93 [f (¥0) —f(x)] + (f (%) — €) () — ¥(=)).  (9.18)
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Now, it follows easily from (9.16) that g satisfies (in the intervals indicated) a
uniform Lipschitz condition (see, e.g. [16, p. 245]). Calling the Lipschitz
constant L, we see, from (9.18) and (9.16), that

du
“:17“ S f(90) —f(o)l + @ —)Ljlull.
Applying Lemma 9.1, we obtain the inequality

” u(t)[[2 < ” u(O)”z ezL(b-c)t + W (ezL(b—c)t — 1)’ (919)

where R denotes the diameter of our domain such that

| w(@)] < I %)l + | ¥} < 2R.
It is evident from (9.19) that e can be chosen as required.

Proof of Case (¢). In this case, 8(x,, ) = x, for all ¢ in [0, 1]. We will
prove: To every p > 0, there corresponds a positive ¢ such that, for all #
in [0, 1],

” S(J’o ’ t) — %o “ < P> (920)
if
| % — 3ol <e (9.21)

Our assertion is trivial if y, € f,; for, then, 8(y,,%) =3, . Let yo€f, — f. .
We will first prove our assertion for ¢ in the half open interval [0, 1). The
interval [c, b] has a positive distance from /-{c}, the set of critical levels other
than ¢, From this it follows easily (by a slight generalization of Lemma 2.5)
that there exists an ¢, such that, forall x € f, — f,,

la—v|l=Zeg>0 forallyel —{f=c} (9.22)
We may and will assume that ¢, satisfies the additional inequality
6 <p. 9.23)

We note that (9.22) holds, in particular, for x =¥, and ¥ =y,. Now
f(x,) = c is a critical level. Thus x, may or may not be critical point. But, in
any case, since by assumption I is finite, there exist constants e, , €; such that

P> > 6y > 63 >0, (9.24)
and such that the ring

Plrg) ={x| e <lix — %[ < &} (9.25)
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has a positive distance from I'. Consequently, by Lemma 2.4 there exists
a constant m such that

lg@)| = m >0 for x € P(x,). (9.26)
Let now ¢ be a number satisfying the requirements
eg>e>0, |f(y)—cl<(2—e)m (9.27)

for y, satisfying (9.21). Clearly, such e exists since f (%)) — ¢ = 0 and since f
is continuous.

With such choice of € we claim that (9.21) implies (9.20) for 0 <t < 1.
Because of (9.24) it will be sufficient to show that (9.21) implies

18(yg,1) — x|l < e for0 <t < 1. (9.28)

Suppose this not to be true. Then, there exists a y, satisfying (9.21) and a
t' €[0, 1) such that

1830, 1) = % > . (9.29)
But
[18(29,0) — %l =l — Xl <e < < ey (9.30)
The last two inequalities together imply the existence of a " such that
18(ye,t") —xll=¢, O<t"<t <l (9.31)
This equality together with (9.30) implies the existence of a #” such that
Ho(we, t") — x|l = &5, O <<t <t 9.32)

Clearly, then, there exist also t”, ¢ which, in addition to satisfying (9.31) and
(9.32), have the property

& <8y, ) — apll <oy fort” <<r <t

Le. that 8(y, , t) € P(x,) for the ¢ values indicated. Therefore, the inequality
(9:26) holds with x = §(y,, t) = x(t, y,) = »(t), and we see, from (9.31),
(9.32), (9.26), (3.8), and (3.11) (with @ = ¢), that

0 <er—e =830, 2) — %l =11 8(30, ") — o]
" d
<080, ) =80, = | [ 20 |

SUGo) =" —t)ym = (f (y(t”)) — f(y("))) m~.
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Observing that f()(2)) is decreasing in ¢, that ¥(0) = ¥, , and that by (3.11)
(with @ = ¢), lim,,;- f(¥(f) = ¢ we see, from the preceding inequality, that
0 < e — ¢ < (f(90) — ¢) m™. But this inequality contradicts (9.27).

This finishes the proof for ¢ €0, 1). But

118305 1) = %ol <11 8(305 1) — 830, O + 1 8(30, 1) — %[ (9.28)

Note now that the ¢, which we constructed to some given p, did not depend on
t for t € [0, 1). Thus the second term at the right member of (9.28) will not be
greater than p for ¢ € [0, 1) if y, satisfies (9.21) with this e. But by [16, Theo-
rem 5.1] and the Definition (3.14) of &(y,, 1), the first term at the right
member of (9.28) tends to zero as £ — 1~. This completes the proof of (9.20)
fort =1.

Proof for Case (d). We set

& =06(xy,1)= }LI}I_ x(xg , 2). (9.29)

We have to prove: To every p > 0 corresponds an € > 0 such that
I18(y,2) — %) <p (9.30)
if
Iv—%l<e 0<l—t<e (9.31)

Now since f(¥) = ¢, the arguments and definitions leading up to (9.26) hold
literally in the present case with x, replaced by & Moreover, we see from
(9.29) that there exists a  such that

}]x(xo,t)——a?||<£23— fori <t < 1. (9.32)

In addition, we require of Z that
G+L—a)(1—)<(eg—&)m (9.33)

where { is as in (9.11). Let now e be a positive number satisfying the following
two requirements: Firstly,

f(y) >c¢  for y, satisfying (9.31). (9.34)

(This is possible since f(x;) > ¢). Secondly,

%3 » ) — %%, )| < 123_ for0 <t <# and for y, satisfying (9.31).
(9.35)
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That this is possible is simply the assertion of case (b) with ¢, replaced
by £.

We claim that with this choice of ¢, (9.11) implies (9.30). In the first place,
we have for y, satisfying (9.31)

l2(yo, ) — &l <ey. (9:36)
Indeed, the left member of (9.36) is not greater than
[ %(yo , 1) — %(xq , D)l + [ %(xy , £) — %[ -

Thus (9.36) follows from (9.35) and (9.32).

We will now show that (9.31) implies the inequality obtained from (9.30)
by replacing p by the smaller number ¢, (see (9.23)). If this inequality were
not true we could, by the arguments used in the corresponding part of the
proof for case (c), conclude the existence of two constants ¢” and #” such that

t<t"<<t" <1, ¥(¥o,t") = €3, x(yy,1") =¢
0 3 0 2 (9.37)
Y, )eP(E) fort”" <t LY,

and derive the inequality 0 < e, — €5 < (f(¥,) — €) (¢ — ¢”) m~L. But here
the right member is, by (9.37) adn (9.33), smaller than

() =)0 =)mt <G+ L— (I —D)m <e— .

We thus arrive at a contradiction.

LemMa 9.3. The deformation 8 defined by (6.16) and (6.25) is jointly
continuous tn x, and t if the assumptions of Theorem 4.2 are satisfied.

Proof. We denote the solution of the initial value problem (6.21) by
&(7, 7y, %) such that &(7y, 7y, %) = %o and 7, = P(x,). Then, (6.25) reads

(%o, ) = £((ra(%0) — 70) ¢ + 705 70 » %o)s (9.38)

where 7,(x,) denotes the solution of (6.24).
We should prove the following three statements:
(@) 7y(xy) depends continuously on ¥, .

(b) The right member of (9.38) depends continuously on its third argu-
ment.

{c) The 8 given by (6.25) ““fits continuously” at ( f == 0} with the identity
map (6.17).
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Now (b) follows easily from the corollary to Lemma 9.1, and the proof
of (b) is routine once (a) is proved. Therefore we restrict ourselves to giving
the more complicated proof for statement (a).

Let then &(r, 7, ¥) be the solution of the differential Eq. (6.21) satisfying

&7, 7, %) =&, 7 = (%), 9.39)

and let 7 = 7,(¥) be the root of f(&(, 7, ) = 0.
We have to prove: To every positive p, there corresponds a positive ¢ such
that

[ 71(%) — 74(xo)] < p, (9-40)
if
[F— x| <e (9.41)

We will subject € to a successive number of compatible restriction. The
first of these is

IEN
0<e< i, (9.42)

It is then a matter of direct verification that, for ¥ satisfying (9.41),

i ;?H ) CB (xo ’ l xoﬂ) C P(x,). (9.43)

B(ﬁ,s .

(We recall that B(x, a) denotes the ball with center x and radius ¢; see also
(6.26)). Therefore, by (6.27),

for x, € B (53 =), o)

” ¥(x) 1
I 8

- 1
Y| = T <FTRET

It follows from Lemma 5.5 that

S o |7 —7]
| é(r, 7, &) — X|] < FTaZ P (9.45)
for
_ 3., xg 71
jr—rl<glElk|R (9.46)
‘We now remark that
-1
ro— 5 k|27 <) <o, (9.47)
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as follows from (6.31) and (6.32) together with the fact that f(x,) > 0 (see
(6.20)).
Our second requirement on e is that, for ¥ satisfying (9.41),

1 4
17— | = [9(E) — )l < 35| 2| (9.48)
With this choice, the interval
1 o |7
7 — i < g k| 3 (9.49)

is contained in the interval (9.46) as is seen by a direct verification, using
(9.48), (9.47), (9.49), and the fact that || x4 || < 111 £{//10 by (5.42).

We now describe our last two requirements on the ¢ corresponding to the
given p (cf. (9.40), (9.41)). First, let p; be such that

0 < p, < min gp, -3% K| : (9.50)

21— ()

Since f(&(r, 74 , %) 18 increasing in 7 and vanishes for 7 = 7,(x,), the inequal-
ity

FEr(2e) — prs 7o %) <O < fEmilxo) + o1 s 705 %o)

holds. Consequently, there exists a positive { such that

f®) <0 < f(x"), 9.51)
if

[ & — &(ry(%e) — py > 7o %)l <{ (9.52)
and

" — &(ra(%0) + p1s 7o, %) < L. (9.53)

Our additional requirements on € then are, for x, satisfying (9.41),

[T — 70| =1 (%) — thlxo)l < 5% %{H (9.54)
for x, satisfying (9.41) and
0<e< é exp (— M |’ -’;ﬂ”’”) , (9.55)

where A denotes a Lipschitz constant for y(x)/|| y(x)|2 for x C B(x, , || #4/2 ).
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We will show that for such € with & satisfying (9.41),
x, = f(7-1(‘x‘)) —~P1> i’ 'f) and x” = f(Tl(xO) + P> f’ ‘f)

satisfy (9.52) and (9.53), resp., and, consequently, (9.51). Thus there will
be a zero of f(€(r, 7, ) in the interval (r,(x;) — p,), T4(%,) + p;) which will
prove our statement (a).

It will be sufficient to prove the first of the two assertions just made the
proof for the second one being essentially the same.

Now,

Il é(ry(%0) — p1 > 7> &) — E(73(%0) — p1, 7o » %o)ll
|| Erolxo) — Py 7, &) — E(ra(%0) — prs 70 F)| (9.56)
+ [ E(ro(%0) — p1s 70> ®) — E(ra(%0) ~— 1, 7o, W) -
We will prove that both terms at the right member are majorized by /2. We
note, first, that &(r, 7y, &) = é(r + + — 74, 7, &), both members of this

equality satisfying the differential Eq. (6.21) and both reducing to ¥ = for
7 = 74 . Thus, the first term at the right member of (9.56) equals

| é(ra(%0) — p1» Ty &) — E(ry(2g) — py + T — 74, 7, X))

71 (g} -0y

f ri{w)—oy+1—74 (H—;’—W) dr| .

(9.57)

Now, by (9.48) and (5.50), the interval of integration is contained in the
interval [r(xg) — % R || %/2 [|?, 7y(%)], and, therefore, in the interval (9.49)
which in turn (as proved above) is contained in the interval (9.46). Conse-
quently, it follows from (9.45) and (9.43) that

x:f(r,v‘-,a'c’)CB(xo,|

2D

for = in the interval of integration. Thus the estimate (9.44) holds
for the integrand and the norm of the integral in (9.57) is less than
| 7 — 7o | (B %4/2 ]|P~2)~ which is less than {/2 by (9.54).

This proves our assertion concerning the first term at the right member
of (9.56). But the second term is, by the corollary to Lemma 9.1, not greater
than || & — x, || exp(A | 4(%) — py — 7o |), and, therefore, by (9.47), (9.50),
and (9.55), not greater than /2.



CRITICAL POINT THEORY IN HILBERT SPACE 431

REFERENCES

1. J. DieuponnE, “Foundations of Modern Analysis,” Academic Press, New York,
1960.

2. J. Eriis, Jr., A setting for global analysis, Bull. Amer. Math. Soc. 72 (1966),
751-807.

3. S. E1LeEnBERG AND N. STEENROD, “Foundations of Algebraic Topology,” Princeton
Univ. Press, Princeton, N. J., 1952,

4. L. M. Graves anD T. H. HiLpeBranDT, Implicit functions and their differentials
in general analysis, Trans. Amer. Math. Soc. 29 (1927), 127-153.

5. L. M. Graves, Riemann integration and Taylor’s theorem in general analysis,
Trans. Amer. Math. Soc. 29 (1927), 163-177.

5a. F. Joun, Ueber die Vollstindigkeit der Relationen von Morse fiir die Anzahlen
kritischer Punkte, Math. Ann. 109 (1934), 381-394.

6. E. Kamke, “Differentialgleichungen reeller Funktionen,” Akademische Verlags-
gesellschaft, 1930.

7. M. A. KrasnoseL’sk11, Topological methods in the theory of nonlinear integral
equations, Macmillan, New York, 1964 (translated from the 1956 Russian edition).

8. J. LEray anD J. ScHAUDER, Topologie et équations fonctionnelles, Ann. Ecole
Norm. Sup. 51 (1934), 221-233,

9. L. A. Lyusternik aNp W, L. SopoLew, “Die Elemente der Funktionalanalysis,”
Akademie Verlag, Berlin, 1955 (translated from the 1951 Russian edition).

10. M. Mogsk, Calculus of variations in the large, Am. Math. Soc. Coll. Publications,
vol. 18.

11. R. S. Parais anD S. SMALE, A generalized Morse theory, Bull. Amer. Math. Soc.
70 (1964), 165-172.

12. E. PrrcHER, Inequalities of critical point theory, Bull. Amer. Math. Soc. 64 (1958),
1-30.

13. E. H. Rorrg, Completely continuous scalars and variational methods, Ann. of
Math. 49 (1948), 265-278,

14. E.H. RoTHE, A remark on isolated critical points, Amer. Journal of Math.74 (1952),
253-263.

15. E. H. Rorsg, Leray-Schauder index and Morse type numbers in Hilbert space,
Ann. of Math. 55 (1952), 433-467.

16. E. H. RoTHE, “Some Remarks on Critical Point Theory in Hilbert Space,”
pp. 233-256. Proc. Symposium on Nonlinear Problems, University of Wisconsin
Press, 1963.

17. E. H. RortHg, Critical point theory in Hilbert space under general boundary
conditions, J. Math. Anal. Appl. 11 (1965), 357-409.

18. E. H. RoTHE, Some remarks on critical point theory in Hilbert space (Con-
tinuation), J. Math. Anal. Appl. 20 (1967), 515-520.

19. J. T. ScuwarTz, “Nonlinear Functional Analysis,” Lecture Notes, Courant
Institute of Math. Sci., New York, University, New York, 1963/64.

20. H. SerrerT AND W. THRELFALL, Variationsrechnung im Grossen (Theorie von
Marston Morse), Leipzig und Berlin, 1938.

21. M. M. VAINBERG, Variational methods for the study of nonlinear operators,
Holden-Day, San Francisco, 1964 (translated from the 1956 Russian edition).



