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Assuming that  the zero  mult ipl ic i ty  l imi t  of the Poisson dis t r ibut ion in mul t ipar t ic le  production 
is re la ted  to the non diffract ive par t  of the e las t ic  sca t t e r ing  cross  sect ion,  we obtain the pion mul t i -  
plici ty expressed  in t e r m s  of Regge p a r a m e t e r s  and other  observable  quanti t ies .  The agreement  with 
the exper imenta l  data for the proton proton reac t ion  is reasonable .  

A r e c e n t  c o s m i c  r a y  e x p e r i m e n t  [1] i n d i c a t e s  
t h a t  a) the  c h a r g e d  p a r t i c l e  m u l t i p l i c i t y  tic in  the  
p r o t o n - p r o t o n  c o l l i s i o n  i s  a l i n e a r  f u n c t i o n  of 
I n s ,  s b e i n g  the  t o t a l  c . m . s ,  e n e r g y  s q u a r e d ,  and 
t h a t  b) the  c r o s s  s e c t i o n s  a n f o r  m u l t i p a r t i c l e  
p r o d u c t i o n  e x h i b i t  a P o i s s o n  o r  q u a s i - P o i s s o n  
d i s t r i b u t i o n  [2]. T h e s e  r e s u l t s  w e r e  e x p e c t e d  in  
the  m u l t i p e r i p h e r a l  m o d e l  [3 ,4] ,  in  the  s t a t i s t i c a l  
m o d e l  [5,6] o r  in  the  p a r t o n  m o d e l  [7,8] and in  
s o m e  c a s e s  w i t h  the  r i g h t  o r d e r  of m a g n i t u d e  fox' 
t he  s l o p e  in  the  ~c - I n s  r e l a t i o n ,  a l t h o u g h  the  
c o n s t a n t  t e r m  i s  an  a d j u s t a b l e  p a r a m e t e r  in  t h e s e  
m o d e l s .  

An i n t e r e s t i n g  q u e s t i o n  c o n c e r n i n g  the  P o i s s o n  
d i s t r i b u t i o n  i s  m u l t i p a r t i c l e  p r o d u c t i o n  p r o c e s s e s  
i s  t h a t  of the  l i m i t  of z e r o  m u l t i p l i c i t y  of the  
c r o s s  s e c t i o n s  

a n = Crinel exp(-~)(~)n/n~.  (1) 

In eq.  (1), a i n e l  s t a n d s  f o r  the  t o t a l  i n e l a s t i c  
c r o s s  s e c t i o n ,  n f o r  the  n u m b e r  of the  p i o n s  p r o -  
d u c e d  and  ~ fo r  t h e i r  a v e r a g e  ( the  p i o n  m u l t i -  
p l i c i ty ) :~ .  At 25 GeV lab .  e n e r g y  

Crinel = 30 m b  , ~ = 4 ~ 5 (2) 

and  we t h u s  o b t a i n  

l i m  (Yn = ao  = 0.55 ~ 0 .20  m b .  (3) 
n ~ 0  

T h i s  v a l u e  i s  m u c h  s m a l l e r  t h a n  the  o b s e r v e d  
e l a s t i c  t o t a l  c r o s s  s e c t i o n  [9] 

a e l  = 9 m b  , at  25 GeV. (4) 

* Work supported in par t  by the US Atomic Energy 
Commiss ion .  

:~ We neglect  the production of pa r t i c les  o ther  than 
pions.  

T h e r e f o r e ,  we c a n n o t  i d e n t i f y  ¢r o w i th  the  e l a s t i c  
t o t a l  c r o s s  s e c t i o n .  If the  f o r m e r  h a s  a n y t h i n g  to 
do w i th  the  e l a s t i c  a m p l i t u d e ,  i t  m u s t  be a s s o c i -  
a ted  wi th  a p a r t  of the  l a t t e r ,  but  not  w i th  the  fu l l  
a m p l i t u d e .  

We p r e s e n t  a m o d e l  w h i c h  r e s o l v e s  the  q u e s -  
t i on  r a i s e d  a b o v e  and  l e a d s  to the  o b s e r v e d  r e -  
l a t i o n  

ffc = A  I n s  + B (5) 

w i th  r e a s o n a b l e  v a l u e s  f o r  the  p a r a m e t e r s  A and  
B. 

The  e l a s t i c  a m p l i t u d e  m a y  be d iv ided  in to  two 
p a r t s ,  the  d i f f r a c t i v e  and  the  n o n - d i f f r a c t i v e  a m -  
p l i t u d e s :  

f e l  = f d  + f n d  • (6) 

The  d i f f r a c t i v e  a m p l i t u d e  f d  i s  p r o d u c e d  a s  a 
r e s u l t  of i n e l a s t i c  p r o c e s s e s  t h r o u g h  u n i t a r i t y  
and  p r o b a b l y  h a s  n o t h i n g  to do wi th  the  z e r o  m u l -  
t i p l i c i t y  l i m i t  of the  i n e l a s t i c  p r o c e s s e s .  T h e r e -  
f o r e ,  i t  i s  n a t u r a l  to r e l a t e  the  l i m i t i n g  c r o s s  
s e c t i o n  cr o to the  n o n - d i f f r a c t i v e  a m p l i t u d e  f a d '  

We a s s u m e  t h a t  

(I) (r O = f ~ -  d t  (7) 
- s/2 nd ' 

(II) the  d i f f r a c t i v e  a m p l i t u d e  i s  r e p r e s e n t e d  
by the  e x c h a n g e  of the  P o m e r o n  and  the  cut  a s -  
s o c i a t e d  wi th  i t ,  and  

(III) the  n o n - d i f f r a c t i v e  a m p l i t u d e  i s  c o n -  
s t r u c t e d  by the  e x c h a n g e  of R e g g e  p a r t i c l e s  and 
the  c u t s  a s s o c i a t e d  w i th  t h e m .  F o r  s i m p l i c i t y  
we a s s u m e  tha t  the  n o n - d i f f r a c t i v e  p - p  s c a t t e r i n g  
i s  d o m i n a t e d  by c o - e x c h a n g e .  

T h e  p and A 2 e x c h a n g e  a r e  known  to g ive  a 
s m a l l e r  c o n t r i b u t i o n  t han  t ha t  of the  c o - e x c h a n g e  
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in nucleon-nucleon scattering [10,12] as is ex- 
hibited in an approximate equality of the pp and 
np total cross sections. The contribution of the 
f°-exchange is not well known since its effect is 
overshadowed by the Pomeron and its cut. Should 
a more accurate analysis of the scattering data 
in the future reveal the relative importance of the 
f°-exchange, we would have to take its effect into 
consideration. 

Neglecting the cut contribution, we may, then, 
write down the non-diffractive differential cross 
section as 

( d d ~  g 4  (F(t)) 4 ( s ) 2 c e ( t ) - 2  , (8) 

nd - 47r m4 7oo 
co 

whe r e  gco and moo a r e  the co-p-p coupl ing  cons t an t  
and the m a s s  of the co p a r t i c l e ,  r e s p e c t i v e l y ,  the 
p a r a m e t e r  s o i s  t aken  to be 1 (GeV) a, and the 
Regge t r a j e c t o r y  func t ion  c~(t) of the co i s  

a(t) = a o + a l t  (9) 

with 

a o = 0.4 and,  a 1 = 1 (GeV) -2.  (10) 

The f o r m  fac to r  F(t )  of the w-p -p  v e r t e x  is  

F(t )  = exp (at) , (11) 

whe r e  the va lue  of a i s  fixed as  

a = 2.8 (12A) 

if F(t)  i s  ident i f ied  with the e l e c t r o m a g n e t i c  f o r m  
fac to r  ~ or  

a ~ 1 (1213) 

if the e f fec t ive  f o r m  fac to r  pp s c a t t e r i n g  at 8 GeV 
i s  used  [11,12] : 

e x p ( 2 a  l l n ( s / s  o) + 4 a ) t  = e x p 9 t .  (13) 

The  d i f f e r e n c e  be tween  (12A) and (12B) for  the 
eva lua t i on  of the s lope a may be due to the fact  
that  the c o n t r i b u t i o n  of the cut i s  l ike ly  to give 
an u n d e r e s t i m a t e  for  the s lope  in eq. (13). 

F r o m  eqs.  (1), (7) - (11), it  fo l lows that 

Crinel exp (-~) = 

4 ( s  ~2ao-2  go) 1 1 
(14) 

m 4 \ ~ o "  2a I n ( S / S o ) +  47r 4a 

which leads to the expression for the pion multi- 
plicity 

It is easily shown that the dipole form factor gives 
the same result, as far as our problem is concerned. 

n = ( 2 - 2 a o ) l n . ~ o + l n  l(2alln~S"o+4a) 4 ~ r q i n e l m 4 ~  g 4  I" 

(15) 
The f i r s t  t e r m  in  eq. (15) was  sugges ted  by 

F e y n m a a  [7], a l though he did not spec i fy  which 
t r a j e c t o r y  should be used .  
If we had a s s u m e d  that 

~o = Crel (16) 

we would have had to use  the P o m e r a n  i n t e r c e p t  
d o = 1. Then  the f i r s t  t e r m  of eq. (15) d i s a p p e a r s ,  
and we would have 

= l n l n s  + coast .  (17) 

T h i s  r e s u l t  c o r r e s p o n d s  to the case  c o n s i d e r e d  
by K a i s e r  [13] who has  conc luded  that ~ i s  
bounded by 3 in I n s .  As was  poin ted  out in  the 
p r e c e d i n g  sec t ion ,  the a s s u m p t i o n  (16) i s  i n c o n -  
s i s t e n t  with the e x p e r i m e n t a l  data .  

We now a s s u m e  that the cha rged  pion m u l t i -  
p l i c i ty  i s  ~ of the to ta l  p ion  m u l t i p l i c i t y  ~ and 
that  ave r age  p ro ton  n u m b e r  ~p i s  a cons t an t  over  
a wide r ange  of the inc iden t  ene rgy .  Then  the 
cha rged  m u l t i p l i c i t y  i s  g iven  by 

2 
n c  = 3 ( 2 - 2 n o ) I n  S/So + 

{ s o 4n~inelm4 } 
1n 2al(In +4a) 4 + ~p . (18) 

g~5 
The coefficient of in s in eq. (18) is estimated by 
using the value of eq. (I0) , 

-2-(2-2ao) = 0.8 (19) 
3 

which should be compared with the empirical 
formula of ref, [i], 

nc = (0.71±0.10)ins +2.04 ± 0.19 . (20) 

Although all parameters in eq. (18) can be 
determined, in principle, by other experiments, 
the average number of protons, which is less 
than 2, is difficult to measure, especially at 
high energies. In table I, we list the values for 
the pair of parameters ~p andg2/4n which give 
a good fit to the experimental data (shown in 
fig. i). We notice that the second term in eq. 
(18) is almost constant in the range of energies 
considered. Since the value of the coupling con- 
stant g2/4~ obtained in our analysis is close to 
the estimate given elsewhere [12,14] 

g2/4~r  = 4 ~ 8 , (21) 

we may  conclude  that our  a s s u m p t i o n s  ( I ) -  (III) 
a r e  not  far  f r o m  r ea l i t y .  
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Table 1 
The values of p a r a m e t e r s  which give the best  fit  for  the 

charged mult ipl ici ty (fig. 1) 

(A) F(t) = exp2.St  03) F(t) = expt  

0.6 4.3 3.5 
0.8 5.0 4.0 
1.0 5.8 4.7 
1.2 6.3 5.4 
1.4 7.9 6.3 
1.6 9.1 7.4 
1.8 10.6 8.5 
2 12.3 9.9 

A s  fo r  the  v a l u e  of ~p, we m a y  quo te  the  e s t i -  
m a t e  of r e f .  [15] w h i c h  s u g g e s t s  ~._ = 1.4 at  19 

P 
GeV.  A s i m i l a r  v a l u e  i s  o b t a i n e d  a t  30 GeV if 
one  u s e s  the  p a r a m e t e r i z a t i o n  [8] fo r  the  v+ 
s p e c t r u m  in  the  e x p e r i m e n t  pp ~ 7r + + a n y t h i n g  
and  the  f o r m u l a  

n p  : (½nc + 1) - (½nc - 1) n~+,/filr- , (22) 

w h e r e  ~v+ s t a n d s  f o r  the  a v e r a g e  n u m b e r  of 
c h a r g e d  p i o n s * .  At 12 GeV,  one  g e t s  ~p ~ 1 by 
i n t e g r a t i n g  the  v ± s p e c t r u m  [16] **. S ince ,  how-  
e v e r ,  t h e s e  p a r a m e t e r i z a t i o n s  of the  u± s p e c t r u m  
a r e  b a s e d  on i n s u f f i c i e n t  e x p e r i m e n t a l  d a t a ,  the  
a b o v e  m e n t i o n e d  e s t i m a t e  of tip i s  not  c o n c l u s i v e .  
It  would  be v e r y  u s e f u l  i f  the  7r± s p e c t r a  w e r e  
m e a s u r e d  o v e r  a w i d e r  r a n g e  of the  m o m e n t u m  
t r a n s f e r  ( e s p e c i a l l y  f o r  s m a l l  hp2 ,  w h i c h  g i v e s  
a l a r g e  c o n t r i b u t i o n  to the  a v e r a g e  n u m b e r  ~v±).  
T h i s  would  a f f o r d  a t e s t  of the  a s s u m p t i o n  t h a t  
the  v a r i a t i o n  o f / L  i s  s m a l l .  p 

T h e  i n c l u s i o n  of the  c o n t r i b u t i o n  of the  cut  a s -  
s o c i a t e d  w i th  the  c o - e x c h a n g e  would  r e d u c e  the  
v a l u e  of the  r i g h t  hand  s i d e  of eq. (18) : I t  s h o u l d  
be  m u l t i p l i e d  by the  f a c t o r  

(1 - 2 X / l n s )  , (23) 

w h e r e  X d e s i g n a t e s  the  s t r e n g t h  of the  cu t  c o n t r i -  
bu t i on .  T h i s  e n h a n c e s  the  v a l u e  of g~,~/47r in  t a b l e  
1. It i s  no t  c l e a r ,  h o w e v e r ,  w h e t h e r  the  m o s t  
i m p o r t a n t  cut ,  w h i c h  i s  an  i n t e r f e r e n c e  e f f e c t  of 
the  c o - e x c h a n g e  and  the  P o m e r o n - e x c h a n g e ' s h o u l d  
be  i n c l u d e d  in  ou r  c o n s i d e r a t i o n .  

We m a y  u s e  the  c a n o n i c a l  v a l u e  f o r  the  s c a l e  
p a r a m e t e r  

s o = 2 m  2 (24) 

w h i c h  f o l l o w s  f r o m  t he  f o r m u l a  

* Eq. (22) follows f rom charge  conservat ion ,  2 = 
rip+ nrr+-n-rr- and the definition ~c = gp+fi~r++E~r- • 

** We use the pa rame te r i za t i on  of ref .  [8] or that of 
Yao (private  communicat ion) .  

8r 
I 

71 j 

5 ~ ~ j ~ J  

_ 5 :- T r - o /  nc; o ~  

~i~---4 / 
2 i  o Ref 1 and ~he data quoted there ] 

, i I ! * pp data q, uoted in RCF 20 

o ~  . . . . . . . . .  , -J 
10 10(] 1000 

s (Gev) 2 

Fig. 1. Charged mult ipl ici ty in the proton-proton r e -  
action versus  the c .m.s ,  energy squared in the log 
scale.  The solid line is the theore t ica l  predict ion,  eq. 
(18),witb the values of p a r a m e t e r s  given in table 1. 

_ c o s O t  _ 2s  s , fo r  s m a l l t  . (25) 
4m2N-I 2 m  2 

The  v a l u e  of ~p in  t a b l e  1, then ,  s h o u l d  be i n -  
c r e a s e d  by 

2 ( 2 - 2 a  o) l n s  o = 0.5 . (26) 

We p r e s e n t  s o m e  i n t e r p r e t a t i o n s  of the  r e s u l t  
of the  m o d e l  w h i c h  i s  d i s c u s s e d  in  the  p r e c e e d i n g  
s e c t i o n .  

(a) M u l t i p e r i p h e r a l  p r o d u c t i o n  
If the  p i o n s  a r e  p r o d u c e d  by the  p a i r  a s  in  

f ig .  (2), the  m u l t i p l i c i t y  in  eq.  (18) m u s t  be the  
n u m b e r  of p a i r s .  T h e r e f o r e ,  the  p ion  m u l t i p l i -  
c i ty  i s  

= 2 ( 2 - 2 a  o) i n s  + . . .  (27) 

T h i s  f o r m u l a  can  be  c o n s i s t e n t  wi th  e x p e r i m e n t  
only  if  

a o ~ 0.7 . (28) 

T h i s  would  be the  c a s e  if  the  f ° - t r a j e c t o r y  h a s  
the  i n t e r c e p t  of eq.  (28) and  d o m i n a t e s  in  the  
p - p  s c a t t e r i n g .  The  m a g n i t u d e  of the  c o u p l i n g  
c o n s t a n t  g f  of the  fo _p_p v e r t e x  m u s t  be  a l s o  
a p p r o p r i a t e  in  o r d e r  to f i t  t he  e x p e r i m e n t a l  da t a .  
H o w e v e r ,  t h i s  m o d e l  p r e d i c t s  t ha t  the  p r o d u c -  
t ion  of an  e v e n  n u m b e r  of p i o n s  d o m i n a t e s  o v e r  
tha t  of an  odd n u m b e r  w h i c h  s e e m s  an  u n l i k e l y  
c a s e .  

On the  o t h e r  h a n d ,  the  m u l t i p e r i p h e r a l  m o d e l  
in  w h i c h  the  co and  p in the  c r o s s  c h a n n e l  a l t e r -  
n a t e  a s  i s  shown  in  f ig .  3, would  p r e d i c t  eq. (18), 
p r o v i d e d  the  r e l a t i o n  b e t w e e n  the  c o u p l i n g  c o n -  
s t a n t s  

~ = g p  
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Fig. 2. Multiperipheral production of pions due to ¢o or 
f Regge exchange. The dotted lines are pions. 

Fig. 4. Nonperipheral  mult ipion production by pp col l i -  
sion. 

i s  s a t i s f i e d .  As  p o i n t e d  out  b e f o r e  t h i s  s e e m s  not  
to  be  the  c a s e .  

B a s e d  on the  d i s c u s s i o n  of t h i s  s u b s e c t i o n  we 
m a y  c o n c l u d e  t ha t  t he  a s s u m p t i o n s  ( I ) - ( H I )  m a y  
b e  i n c o m p a t i b l e  w i t h  a n a i v e  f o r m  of m u l t i p e r i p h -  
e r a l  m o d e l s  s u c h  a s  e x h i b i t e d  in  f i g s .  2 and  3. 

(b) Our  a s s u m p t i o n  (I) - (III) would  be c o m p a t -  
i b l e  w i t h  d i a g r a m s  in  f i g s .  4 and  5, p r o v i d e d  the  
p i o n s  a r e  p r o d u c e d  in  an  u n c o r r e l a t e d  way so  
t h a t  the  P o i s s o n  d i s t r i b u t i o n  i s  o b s e r v e d .  Of 
c o u r s e ,  t he  d e t a i l e d  a n a l y s i s  of t h e s e  m e c h a n i s m s  
of m u l t i p a r t i c l e  p r o d u c t i o n  i s  ye t  to  be  s t u d i e d .  
We no te  t ha t  the  d i a g r a m s  (4) and  (5) m a y  c o r r e -  
s p o n d  to n o n m u l t i p e r i p h e r a l  p r o c e s s e s  o r  a m o r e  
c o m p l i c a t e d  f o r m  of m u l t i p e r i p h e r a l  m o d e l  in  
w h i c h  bo th  the  f e r m i o n  and  b o s o n  R e g g e  p a r t i c l e s  
a r e  e x c h a n g e d .  

T h e  a u t h o r  i s  i n d e b t e d  to F. H e n y e y ,  L . W .  
J o n e s  and  h i s  g r o u p ,  G . L .  K a n e ,  I. K i m e l ,  A . D .  
K r i s c h ,  D . E .  Lyon ,  B. Roe ,  M . H .  R o s s ,  J .  
V a n d e r  V e l d e ,  L. W o l f e n s t e i n  and  Y. P .  Yao f o r  
u s e f u l  s u g g e s t i o n s  and  d i s c u s s i o n s .  T h a n k s  a r e  
a l s o  due  to D. N. W i l l i a m s  f o r  r e a d i n g  the  m a n u -  
s c r i p t .  

Fig.  5. Mul t iper iphera l  production of pions due to the 
fe rmion  and boson Regge exchange or  nonmul t iper iph-  

e ra l  production.  

, , 1  b 

, I I I ,  

Fig. 3. Multiperipheral production of pions due to alter- 
nating 0)and p Regge exchange. 
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