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dynamic storage allocation

1. The two-thirds rule for dynamic storage allocation
unde: equilibrium

In this note we consider a dynamically allocated
storage system for variable-size records, as described
by Knuth [1] (Section 2.5). We assume that storage
is allocated according o a “best-fit™ strategy. Frezs
memory blocks are kept in the linked list AVAIL
while USE is the set of reserved blocks. Let N and M
be the average number of blocks in USE and AVAIL,
respectively. As in [1] we assunwe that the system is
in “equilibrium”, sc that NV and M remain constant.
Let (1-p) be the procability that a request for a
block of size x is satisfied exactly by one of the
blocks in AVAIL. Xnuth shows that undes ~quilib-
rium implying that all requests of storage are satis-
fied (i.e. no overflow occurs),

M=1pN ()

and reports a simulation experiment verifying this re-
lation when p & 1. Since usually p = 1, (1) is known
as the “fifty-percent rule™ [1,2].

The purpose of this communication is to derive a
relationship between f, the average size ¢ the blocks in
AVAIL, and r the average block size in USE. With this
information one can then determine the fraction of
storage space which is reserved wnen th system oper-
ates undar cquitibrium
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fifty percent rule

equilibrmam behavio:
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(i.e.. IV, M are constant). It will be shown that for
p=1

wie

P=3, 3)
indicating that operation under equilibrium is ineffi-
cient in memory utilization. This value of p is sup-
ported by Knuth’s simulation experiment [1] since he
reports that a memory overflow occurred (equilibrium
was destroyed) if the reserved portion of the total
mernory capacity exceeded—’a—.

The blocks in USE will be of three types, accord-
ing to their location in memory with respect to the
blocks in AVAIL, assuming that the memory locations
are numbered consecutively 0, 1, ..., K—1 where K is
the capacity of the memory. Each block of the fizst
type, a, will have a free block at its “‘right” and *“left™*.
Each block of type  will have a free block either at
its right or ieft, but not both. Blocks of type vy will
have a block from USE at their right and left. There
are A, B, C blocks of type a, 8, ¥ respectively in USE.
Obviously {1]

N=4+B8+C

* A block of memazy is a set of consecutively numbered
memory locations, If » is the largest location number a
block occupie, then the block at its right begins at loca-
tion n + 1. The blnck at its left is defined analogously.



ipproximately (neglecting blocks at “edges” of
memory)

h = "(“A +B) “4)

1 be an allocatnon of a block of free stor-
cord. Sincs the system is under equilibrium,
~assume that on the average only one block in
enters AVAIL (becomes “free™) in the time be-
yeen two consecutive events. If  is the average (over
_AVAIL) of free block sizes, after a block in USE enters
: ’AVAIL f shanges to
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,ﬁwe the newly frced block could have originated
from o, 8, ¥, with probability (4/N), (B/N), (C/N)
‘respeciively®, and because if it is of type a the num-
of blocks in AVAIL will have decreased M by one,
* while if it was of type v it would have increased M by
one. A newly freed block of type §wonld leave M un-
’d:anged. Therefore

w4 B, €
f=f2r 'NW—1)+M{+N(M'+1)]
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M thdy (for large M)

r ~f+—+‘4~9f ©
Ezuth [1] shows that under equitibrium
C-4= (l"pw ’ (7)

%% bbuck type and its lifetime ate independent of each

C-.-r B¢, Two- thirds rule for dynamic storage allocation

therefore
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Immediately after an event, however. /” is changed to
£ as follows.
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This is because if a perfect fit [with probability (1—p))
is obtained M decreases by one and the average block
in AVAIL remains of the same size, ™hile if the fit is
not perfect M remains unchanged : ad a new block of
size (f'—r) is added to AVAIL. Theiefore

r=r-%
=f+--_ &.:Blf_..n?;

But if f remainc unchanged (in equilibrium) after each
‘event we must hve

(10)
independently of p. Thus from (2) we cotain
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vielding (3) whenp = i.
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