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CHAPTER I

INTRODUCTION

Engineering treatment of the phenomenon of the liquid column
separation frequently accompanying transient pipe flow has lacked rational
interpretation in terms of the governing fluid dynamics. This study of
column-separation attempts to provide better insight into the mechanics
and dynamics of the phenomenon while establishing a more rational physical

basis for its interpretation and analysis.

Description of Problem

Consider the liquid pressure at a point in a pipeline which is
flowing full. Should this point pressure decrease, regardless of cause,
to the vapor pressure of the flowing liquid, a vapor cavity will form. This
vapor cavity is sometimes referred to as a vapor column. The phenomenon of
vapor cavity formation is commonly referred to as a '"column separation,"
meaning separation or interruption of the liquid column. It often occurs
following rapid closure of a valve in a pipeline which is flowing full.
Nevertheless, column separation may also occur under other circumstances,
for instance, following propagation of a transient wave of low pressure
into an elevated portion of a pipeline flowing full. Such a low-pressure
wave, for example, could be caused by a sudden pump failure in a liquid
transmission or distribution system. The severe damage which the high
Pressures associated with collapse of the vapor column can inflict upon
the pipe system causes column separation to be a problem of significant

engineering concern.
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Certain features associated with column separation have been
the cause of speculation in the past. The physical laws, for example,
governing the shape and movement of the vapor column have not been ade-
quately described. Moreover, the nature of the collapse of such a vapor
column is even less well defined. Definition of these physical laws to-
gether with a broader understanding of vapor column collapse would be of
appreciable aid in pfoviding enlightened engineering design and trouble-
free operation of both large and small, closed-conduit, hydraulic systems.

The problem of column separation is clearly an integral part of
the much broader problem of transient liquid flow in both open and closed
conduits; that is, flow in which the velocities and pressures vary with
location and with time. In pipes the phenomenon of transient flow of
liguids is commonly referred to by the imprecise, lay term, "water hammer."
However, column separation has a unique and distinctive feature which sets
it apart from the ordinary water-hammer type phenomenon. In the portion
of pipe momentarily occupied by the vapor cavity, any flow of liquid
occurring beneath the cavity appears to be free-surface flow, in other
words, flow in which gravity would be the principal governing factor.
Thus, transient flow conditions occur throughout a system composed of
both closed-conduit flow (pipe flowing full) and open-channel flow (pipe
flowing partially full). However, in that phase of the problem involving
transient, open-channel flow, the pressure variations which occur with
time and location are manifested by fluctuations of free surface head
(depth of liquid) above a datum.

The motivation for the present study was the belief that perti-

nent information regarding the various undetermined aspects of column
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separation could be qualitatively defined and quantitatively determined
through the development of an experimentally-verified, mathematical model

simulating transient, liquid, pipe flow with column separation.

Review of Literature

Study of transient flow in both open and closed conduits is not
a new area for research in fluid dynamics in any sense of the word. To
be sure, water hammer occurring in pipe flow was a topic of interest to
many of the noted hydraulicians of the early and middle 19th century. How-
ever, rational physical interpretation and true understanding of this closed
conduit phenomenon did not evolve until 1898 when Joukowsky(29) published
his treatise on the subject. His work, an outgrowth of the experimental
studies and mathematical analysis which he conducted while supervising
design of the then new Moscow waterworks, provided many of the basic con-
cepts and relationships essential to comprehension and further study of
closed conduit, transient flow. Some four years later Allievi<l) expanded
and greatly extended Joukowsky's analytic work. However, Allievi did not
publish his rather extensive mathematical and graphical treatment of water
hammer until 1913. Nevertheless, this work became the truly definitive
study from which much of the modern day interpretative analysis of closed
conduit, transient flow can be traced.

Meanwhile, during the decades after the mid 19th century, the
fraternity of French hydraulicians, among them Saint-Vennet, Dupuit, Bresse,
and Boussinesq, were concerning themselves with the analysis of open-channel
hydraulics. In 1871 Saint-Vennet(MS) presented a paper to the French
Academy of Sciences which contained a form of the equation of motion for

unsteady flow in open channels. Six years later in 1877 the Academy
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published Boussinesq's outstanding essay on hydraulics,<7) the third sec-
tion of which presents an analysis of wave stability and wave propagation
celerity in open channels. Taken together, these contributions provided
the foundation necessary for the present day study of transient flow in
open conduits.

Although the rudimentary dynamics of transient flow in both open
channels and closed conduits had been more or less correctly appralsed and
partially formulated by the early years of the 20th century, techniques
for the analysis of the phenomena still remained to be developed and applied.

(6)

Drawing extensively upon Allieve's graphical methods; Bergeron and
others expanded and applied these techniques in order to approximate solu-
tions for various problems involving electrical, mechanical, as well as
fluid transients. It is entirely anachronistic, however, to discover that

(hl,h8,h9,60) had already developed

in 1860, the German mathematician Riemann
and used the then unnamed method of characteristics to achieve an explicit
solution of a second order partial differential equation depicting sound-
wave propagation in steady, two-dimensional air flow. An interlude of
nearly 30 years passed before Massau discovered Riemann's work and trans-
formed his solution into a graphical technique in 1889. Later, in 1900,
after extending the graphical technique to apply to first order partial
(36)

differential equations as well, Massau published a fully-documented
study of his application of the method of characteristics. It is of
particular interest to note that his presentation included examples specif-
ically treating transient, open-channel flow. Yet, despite Massau's im-
portant contribution, the potenfial value of the method of characteristics

as a powerful tool for the explicit solution of problems concerning both

open and closed conduit transient flows, remained largely unrecognized.
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In fact, the basic physical and mathematical similarity of the two flow
situations--the transient, pressure-wave phenomenon in pipes on the one
hand and the transient, gravity-wave phenomenon in open channels on the
other--was cnly vaguely appreciated.

Meanwhile, Thomas,(58) in a particularly noteworthy paper,
attacked the open-channel, flood-routing problem as truly a problem in
transient flow. Starting with the fundamental partial differential equa-~
tions for unsteady flow, he outlined a tentative procedure for their
numerical solution. Stoker, treating the same problem, outlined an im-
plicit procedure(56> based upon an iterative solution of the partial
difference equations. Drgnkers<l5> and Schgnfeld,(u7) studying the closely
related problem of tide-induced, transient flow in estuaries, outlined a
solution technique employing power series as well as one based upon char-

0)

acteristics. Chow(l presented a graphical solution based upon the
method of characteristics as first developed by Lin.

However, all of the above-mentioned solution techniques for
handling problems in both open and closed conduit transient flow suffer
from one common and very serious drawback; namely, an overwhelming amount
of very tedious, exacting, and extremely time-consuming computation. This
formidable drawback has been all but eliminated within the past decade by
the introduction and rapid development of the high speed digital computer
and sophisticated computer programming languages. It is now economically
practicable as well as technically feasible to solve a great variety of
transient flow problems by digital computer techniques as evidenced by

(4,5,21,30,53,54,55)

the recent technical literature.
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During the first half of the 20th century Allieve's analysis of
water hammer was refined and the graphical techniques which he and Bergeron
had devised were tediously applied to a variety of practical, closed-con-
duit, transient-flow problems.(2’28’37’39’u2’52) It was the treatment of
certain of these practical problems which began to focus attention upon
the specific phenomenon of liquid column separation and the associated
free-surface flow taking place beneath the resulting vapor cavity.@l’)1L3>
A search of the literature, however, evidences little actual investigation
of the mechanics of column separation in transient flow systems. Recent
publications by Li(3g’33> and by Walsh(su) are notable exceptions. In
1962 Li presented a theoretical treatment of column separation in a pipe
of rectangular cross section with frictionless flow. Although several
different separation conditions were considered, cavity behavior was treated
as an isolated phenomenon rather than a phenomenon integrally dependent
upon the transient flow conditions prevailing throughout the entire con-
duit system. No experimental verification of the analysis was presented
in the paper. The chief result of this study appeared to be that the form
of the separation void has little bearing on the magnitude of the resulting
ﬁressure decay. Heath(8) also studied column separation accompanying the
rapid closure of a valve located at the end of a long pipe. However, flow
in the pipe was assumed to be frictionless and an equivalent friction loss
was inserted in the graphical analysis.

In a subsequent paper Li and Walsh reported their investigation
of the maximum pressure resulting from the collapse of the vapor cavity.

Escande(l8) treats column separation occurring in a penstock subject to

instantaneous valve closure by using graphical means. However, neither
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the growth nor the collapse of the wvapor cavity, nor the dynamics of the
flow beneath the cavity is adequately treated in the investigations men-
tioned above. What is perhaps more significant is that the cavity resulting
from the liquid column separation waé not interpreted as a manifestation
of free-surface, open-channel, transient flow occurring adjunctly and
simultaneously with closed conduit transient flow in the same pipe system.

In recent years considerable interest has developed concerning
the dynamic conditions and liQuid properties prevailing at the inception
of cavitation. As a result of their investigation of the roles of air
diffusion and liquid tensile stresses upon incipient cavitation, Parkin
and Kermeen<58) have shown that air diffusion in flowing water is respon-
sible for the growth of microscopic bubbles on the solid boundaries in
a region where the pressure is slightly greater than vapor pressure.
Moreover, the microscopic air bubbles serve as nuclei for the explosive
growth of wvapor cavities as the pressure decreases, according to Ripken
and Killen.(uu> Other apparent properties of incipient cavitation are

(50) (27)

Presented by Stepanoff and Kawaguchi and by Hooper.

Scope of Invesgtigation

This study of column separation may be divided into two major
phases. The first phase treats the theoretical analysis and analytical
interpretation of the problem of transient liquid flow with column separa-
tion; the second phase concerns the accompanying experimental investiga-
tions.

A theoretical interpretation of the problem of column separation
is presented in Chapter II. The fundamental, gquasilinear, partial differ-

ential equations representing one-dimensional, transient, liquid motion
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in pipes as well as in open channels are derived and reviewed in Chapter
ITI. The friction losses encountered in both types of flow are included
in the respective sets of equations. Techniques for evaluating these sets
of equations, based upon numerical interpretations of the method of char-
acteristics for first-order, hyperbolic, partial differential equations,
are also developed and presented in Chapter III.

The two sets of partial differential equations together with the
respective evaluation techniques provide the basic building blocks used
to formulate the mathematical model simulating transient liquid flow with
column separation. Chapter IV is devoted to formulation of this model in
terms of an operational program for high-speed digital computer. The
functions and operating sequence of the model are presented in a flow
chart. The digital computer program together with all major subroutines
and supporting programs are presented in Appendices I and II, respectively.

The flow system employed in the second or experimental phase of
the study was specifically designed to facilitate the laboratory measure-
ment of column separation. A rapid-closing, solenoid-operated, gate valve
was employed in order to produce column separation and to fix its initial
occurrence within the system to a face of the gate in the solenoid-operated
valve. Although column separation could certainly have been induced at
the downstream face of the valve gate, the incipient formation of the
vapor cavity would tend to take place while the gate was still in the
process of closing. Moreover, flow separation on the downstream face of
the gate could seriously disturb the liquid flow pattern. Clearly, these
conditions could lead to distortion of the ultimate shape of the vapor

cavity. In order to avoid this possibility, a flow system was selected
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consisting of a long pipe leading from a constant-level, low-head reservoir
to an elevated position. The solenoid gate-valve was situated at the end
of an elevated, horizontal section of pipe. A short return pipe connected
the valve to a sump. Flow was maintained by syphon action such that column

separation would occur without cavity distortion at the upstream face of

the gate of the solenoid-operated valve following abrupt valve closure.
The separation phenomenon was achieved once the initial wave of high pres-
sure produced at the moment of valve closure had propagated from the valve
to reservoir, and the counterpart, low-pressure wave had propagated back
to the valve. Water was used as the liquid throughout the laboratory
investigation. Column separation was confined to the elevated section of
horizontally-mounted pipe. A detailed discussion of the experimental
apparatus, of the instrumentation used in measuring column separation,

and of the measurements themselves is presented in Chapter V.

In order to acquire specific information about column separation
from the mathematical model, it must be activated and numerically eval-
uated by the digital computer for the particular set of bounding parameters
delineating the experimental flow system being investigated in the labora-
tory. Chapter VI presents a comparison of the analytic and experimental
results obtained for various laboratory conditions. A discussion of the
findings and some concluding remarks are also contained in Chapter VI.
Chapter VII briefly summarizes the principal conclusions derived from the
study.

All apparatus used in the experimental phase of the study was
assembled and all experimental work conducted in the G. G. Brown Fluids

Engineering Laboratory at The University of Michigan. The digital computer
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program and assoclated subroutines were written in MAD, the Michigan

(3)

Algorithm Decoder language, and executed on an IBM 7090/1410 digital

computing system at The University of Michigan Computing Center.



CHAPTER II

THEORETICAL ANALYSIS

Contrary to what one might deduce from literal interpretation

of the term '"column separation,"”
J

complete physical interruption of liquid
flow in a horizontal pipe does not take place for the magnitudes of tran-
sient pressures and velocities ordinarily encountered in horizontal

closed conduit fluid systems. In fact, once nascent development of a
vapor cavity has occurred at a point in the pipe, the cavity expands and
propagates in the direction of flow as an elongated 'bubble." A typical
example of a vapor cavity resulting from column separation in water flow
in a horizontal pipe is shown in Figure 1. While the wvapor cavity occupies
the upper volume segment within the pipe, liquid continues to flow with a
free surface in the lower volume segment.

With identification and recognition of the typical physical
circumstances commonly encountered with column separation, two key ques-
tions immediately come to mind. These questions are the following:

(a) Once a vapor cavity has formed and the liquid has pulled
away from the uppermost, inner surface of the pipe, is not
the flow which is occurring beneath the cavity simply
free-surface, gravity flow?

(b) If time is measured from the moment of column separation,
must not the volume of the vapor cavity at any subsequent
instant be equivalent to the accumulated volume of liquid
discharged through the pipe Jjust ahead of the cavity?

Deductive reasoning and rational analytic interpretation of the column
separation phenomenon seem to indicate that the answer <to both of these

questions is unquestionably affirmative.
-11-
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Although a surface tension mechanism must appreciably influence
the actual separation of the liquid from the inner surface of the pipe
wall, the effects of this mechanism can only be very local and temporal
at best. Once separation has occurred and a free liquid surface exists,
the remaining forces--namely, gravity and fluid friction forces--must be
the principal forces acting upon the flow. Of course, the flowing liquid
continues to have momentum. Therefore, one may hypothesize that the flow
occurring beneath the vapor cavity is simply unsteady, open-channel flow
in a circular conduit. More specifically, the free-surface, gravity flow
produced by column separation is hypothesized to be analogous to a nega-
tive surge wave in an open channel of circular section.

Meanwhile, pipe flow ahead of the vapor cavity is assumed to
continue as full-pipe flow. One may further hypothesize that transient
conditions continue to govern the flow in this portion of the pipe system.
However, the magnitude of the pressure fluctuations must rapidly diminish
as a result of the change in the boundary conditions introduced by the
vapor cavity. In fact, liquid motion in the portion of the pipe which
continues to flow full must approximate surge flow.

By way of illustration consider a reservoir and a quick-closing
gate valve connected by a long, horizontal pipe. Let the reservoir be ex-
posed to atmospheric pressure as shown in Figure 2. The mean velocity of
flow in the pipe system is v while the pressure is p = 7(ho - hf) in
which 7y 1is the specific weight of the liquid, hg is the head of liquid i
the reservoir, and hs the head loss created by fluid friction in the pipe.

If the gate valve at point C 1is abruptly closed at time ¢t transient

o v

flow conditions are created in the pipe. A positive (high pressure) wave
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caused by the rapid deceleration of the liquid propagates from point C
toward the reservoir at point A as indicated by the wave front at B .

At time t7 flow from the reservoir‘continues with undiminished velocity
toward B . However, between B and C the velocity is reduced to near-
ly zero; the pressure, which greatly exceeds p , compresses the liquid
and tends to expand and, in some instances, elongate the pipe segment.
When the positive pressure wave reaches A at time to , the pressure is
abruptly reduced to the sustaining pressure of the reservoir. The com-
pressed liquid in the pipe begins to expand and starts flowing toward A .
The pressure between A and B returns to p as the pressure-drop,
delimited by the wave front B propagates toward C at time t5° How-
ever, when the pressure drop reaches C , the entire column of liguid,

AC , is moving toward A with velocity v . Because the gate at point

C remains closed, the water column abruptly decelerates and the pressure
decreases below p . A negative (low pressure) wave tends to develop,

but because the pressure becomes less than the vapor pressure of the liquid,
a vapor cavity is assumed to occur at the uppermost point on the valve
gate at C and column separation takes place at time 1) . The cavity
expands until at time tg the transient velocity in the segment of pipe
flowing full, that is, segment AD , becomes zero. Meanwhile, unsteady,
free surface flow has been occurring beneath the cavity in the pipe seg-
ment DC . However, the differential pressure between the reservoir and
the vapor cavity causes the liquid column, AD , to flow toward C as
indicated at time tg , thereby initiating the imminent collapse of the
vapor cavity. At time t7 the vapor cavity collapses and conditions in

the system are again equivalent to those which occurred at to - The
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phenomenon will continue to repeat itself, although diminished in magni-
tude by the energy losses caused by fluid friction, until the pressure
fails to drop below vapor pressure and column separation fails to occur.

The above description of the sequence of physical events--though
admittedly somewhat oversimplified and idealized--provides a basic famil-
iarity with the transient-flow, column-separation phenomena as encountered
in the experimental system.

A more penetrating and detailed analysis of these phenomena
leads one to hypothesize circumstances which could bring about the genesis,
growth, and collapse of the vapor cavity anticipated at time t) in the
above system. Because the causative drop in pressure first takes place
at the gate valve, it is reasonable to assume that cavitation will orig-
inate at the point of lowest pressure on the upstream face of the wvalve
gate. The actual point of origin is probably at the topmost intersection
of the vertical valve gate with the upstream port in the valve itself.

As the pressure rapidly drops below atmospheric pressure and approaches
the vapor pressure of the water, one or more undissolved microscopic air
cavities--air nuclei--attached to the uppermost edge of the gate or to
particulate matter in the flow begin to expand. Molecules of free gaseous
air coming out of solution in the immediate vicinity of the point of low-
est pressure enter the bubble and help to increase its size. Mutual
coalescence takes place between adjacent bubbles and the larger resultant
bubbles continue to expand until one is of sufficient magnitude that the
difference between its internal pressure and the decreasing external
pressure is enough to offset the surface-tension pressure which is in-

versely proportional to its size. Once this threshold size is reached,
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the bubble will expand explosively as a water-vapor-filled cavity. Cal-
culations show that the threshold bubble diameter must exceed approximate-
ly 8 x lO'u inches (20 microns) in order for vapor cavity expansion to
occur at pressures normally encountered in practical situations. It is
quite probable that for a fleeting moment the water undergoes tensile
stress (as demonstrated<38) in recent water tunnel experiments) until

the nascent bubble can sustain explosive cavitation after which the pres-
sure reverts to the vapor pressure of the liquid water. The complete
hypothesized sequence of events, starting with the rapid drop in pressure
and concluding with the onset of the explosive growth of the vapor cavity,
occurs, of course, in a very brief time span--probably a few milliseconds
in duration at most.

During the same time interval in which cavitation is initiated,
the horizontal column of water (denoted by AC , Figure 2) starts to under-
go deceleration of its flow upstream, toward the reservoir. This deceler-
ation, of which the pressure drop responsible for inception of cavition
is but a manifestation, first occurs in the water adjacent to the gate
valve. Although the considerable momentum of the water moving as a
column. tends to cause it te separete from the vertical face of the gate,
the change in momentum caused by the deceleration of the flow is ordinarily
insufficient to completely overcome gravitational effects. As a result
the tendency for column separation at the gate is satisfied by the ex-
plosive growth of the nascent air bubble into a water-vapor cavity occupy-
ing the topmost segment of the pipe. Gravity causes some of the deceler-

ating flow to remain in the bottom segment of the pipe and in contact
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with the gate. The upstream flow in the pipe continues to decelerate as
the front of the pressure wave, B , delimiting the drop to vapor pres-
sure propagates toward the reservoir. Meanwhile the vapor cavity, ad-
vancing (D) behind this wave front and seemingly tearing the water from
the topmost inner surface of the pipe wall, expands to occupy a volume
equivalent to the volume vacated by the receding full-pipe flow. Surface
tension may have some nominal effect upon the shape of the advancing edge
of the cavity.

Ultimately, the forces created by the frictional resistance to
flow and by the differential pressure between the reservoir and the vapor
cavity bring water column AD to a momentary rest. At the same time the
free-surface, transient flow taking place beneath the cavity (DC) grad-
ually diminishes to a minimum. The vapor cavity will achieve its maxi-
mum expansion at the moment of rest. But because the differential pres-
sure force continues to act, the water in column AD now reverses direc-
tion and begins to flow downstream toward the gate valve. Conditions are
now right for collapse of the vapor éavityo As column AD accelerates
in the downstream direction, one hypothesizes that the interface between
the vapor cavity and the water column becomes & surging, free-surface
front. Although surface tension is believed to be a factor of nominal
overall effect, it is assumed to aid reattachment of this free surface
to the pipe wall. Moreover, the total volume of the cavity decreases at
the same rate at which full-pipe flow is occurring at D . At the instant
of total collapse of the water-vapor cavity, the abrupt deceleration of
the water column by the closed gate valve once again produces high pres-

sures at time t7 . The minute volume of gaseous air which initiated
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cavity formation is readily forced back into solution, and, except for
the loss of energy expended to overcome flow friction, conditions in the
system at time t7 are analogous to those at time t, .

Now that the theoretical concepts of transient pipe flow with
column separation have been hypothesized and explicitly set forth, the
analytic conditions believed to describe and govern these phenomena can

be ascribed. This is done in the following chapter.



CHAPTER IIT

ANALYTIC INTERPRETATION AND EVALUATION PROCESS

Derivations of the basic differential equations describing
transient liquid motion, first in a pipe flowing full and then in a hori-
zontal pipe flowing partially full, are given in this chapter. Flow is
simulated mathematically according to conventional one-dimensional analysis
in which the longitudinal space-dimension and time are the independent
variables governing analysis.

Several underlying assumptions are needed to provide a founda-
tion and a starting point from which to undertake theoretical analysis of
column separation in transient pipe flow. These assumptions concern the
physical properties of the liquid, the physical properties of the pipe
material, and the kinematics of the flow:

(a) The fluid used in the flow system is elastic and of homo-

geneous density when in its liquid state.

(b) The minute fluctuations of the liquid vapor pressure, re-
sulting from the latent heat of vaporization and occurring
at the instant of vapor-cavity formation or collapse, are
insignificant by comparison with the difference between

(33)

atmospheric pressure and vapor pressure. Therefore,
these pressure fluctuations may be, and in fact, are disre-
garded.

(c) The pipe is constructed of a gsectionally homogeneous, iso-

tropic, elastic solid in which the stresses never exceed

the yield point of the material.

-20-
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(d) The velocity and the pressure in the pipe when flowing full
are considered to be uniformly distributed over any cross
section transverse to the pipe, with the result that the
flow may be treated as one-dimensional, closed-conduit flow.

(e) The velocity in the pipe when flowing partially full is
considered to be uniformly distributed over any transverse
cross segment of flow. Moreover, vertical accelerations of
the water surface are considered to be insignificant, imply-
ing that hydrostatic pressure prevails, and thereby permit-
ting the flow to be treated as one-dimensional, open-channel
flow.

(f) The frictional resistance encountered with transient flow,
whether it be in a closed conduit or in an open channel,
is assumed to be proportional to some power of the mean
velocity in a cross section (or segment ) transverse to the
flow. The extent to which frictional resistance may be de-
pendent upon the transient character of the flow is believed

(14,46)

nominal and is disregarded.

(g) Surface tension forces in the regions where the free water
surface intersects the solid, pipe-wall boundary are as-
sumed to be of insignificant overall effect and are disre-
garded. This assumption is somewhat less valid for pipes
of small diameter.

In deriving each of the sets of partial differential equations

according to the assumptions set forth above, elements of water are con-

sidered which are bounded by two fixed planes normal to the  longitudinal
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axis of flow. Discharge and velocity are assumed to be positive when water
is flowing in the positive x direction. A pipe having finite wall thick-
ness is considered in the derivation of the equations describing transient
liquid motion in the pipe flowing full. The laws of conservation of mass
and conservation of momentum govern the derivation of the equation of
continuity and the equation of dynamic equilibrium, respectively, for

both regimes of flow.

Once the sets of partial differential equations describing tran-
sient liquid motion have been derived, they are recognized to be of the
hyperbolic type and are then transformed into sets of total differential
equations which are valid along their respective 'characteristics'" curves.
These sets--one set for the pipe flowing full and another for the pipe
flowing partially full--are then expressed as sets of finite difference
equations readily amenable to solution by high-speed, digital computer.

The actual finite difference technique used in developing the computer
solution is an adaptation of the specific time interval procedure advanced

(11’12’19’20’21’25’26’55) Initial values obtained

by Hartree and others.
from steady flow conditions, together with expressions for the various

boundary conditions encountered at the valve, at junctions between pipes,

and at the reservoir make an explicit solution possible.

Equations of Transient Motion--Pipe Flowing Full

Transient motion in a pipe flowing full is a function of two in-
dependent variables. These variables are the space and time coordinates,
X and t , respectively. -Let x be the axial location measured along
the pipe from some arbitrarily fixed reference point. Two quasi-linear

partial differential equations are written to represent the transient
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velocities and pressures in the pipe. Once derived these relationships

are transformed into a set of four total differential equations which are
the so-called '‘characteristic" equations. The characteristic equations

are subsequently written as finite difference equations after which numeri-
cal methods are introduced and a solution technique developed to permit
their evaluation by high-speed, electronic digital computer. The appropri-

ate boundary conditions which govern the solution are examined and set forth.

Equation of Continuity

The equation of continuity states that the net mass inflow per
unit time into a pipe segment is ‘equal to the time: rate of mass increase
taking place within the segment. This statement 1s premised upon the con-
cept of the conservation of mass. A typical control segment of a pipe
that is flowing full is shown in Figure 3.

If v is the average velocity and p the density of the liquid
flowing into the segment (Figure 3) then the mass influx per unit time is
PpAv , where A 1is the cross-sectional area at (:). At cross section (:)

the efflux of mass from the segment is given by

pAv + éﬁ%ﬁll dx .

The net mass inflow into the segment is

pAv - [pAv + éﬁ%éil dx]
x

or

-%-S—A—Yldx. (l)
X

The total mass in the segment is pAdx . Therefore, the time rate of

mass increase occurring within the segment is
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d(pAdx
Sletax) . (&)

' Equating the expressions given by Equation (1) and (2) according to the

definition above,. one has

S(pAv) dx = d(pAdx) )
ox x ot (3

Normally, x 1is independent of t and, therefore, éé%ﬁl is zero.
However, if the pipe is supported in such a manner that the pipe segment
is subject to axial strain, mn, , then éé%El = g%z dx . In this expres-
sion 7 represents the strain; the subscript x , the direction. Con-
sequently, expansion of Equation (5), subsequently divided by the mass

of the fluid element, pAdx , results in the expression

Ay Px Ay Py dny

+ V=t v =+ ==+ ==+ —==
Ve t Vg VS T 5 e 0 (4)
or by rearranging
!: (vp +p'_t) + .]_‘. (VA +At) + v, + .dn_x =0 . (5)
0 X A X X dt

Here the subscripts x and t denote partial differentiation with the

respective variable. However, since

do _ 9p dx , 9o

— =

at Odx dt ot

or simply
L = oy + 0

and, similarly, because

dA

T - VA T A
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Equation (5) may be written

ldp , a8, x5 (6)
o dt Adt X4t

The essential task, now, is to represent the liquid density and
the pipe cross-sectional area changes with respect to time as functions
of the velocity of the flow and the pressure. First, by recalling that

the bulk modulus of elasticity for liguids denoted by K ig defined as

_ _dp _ _dp
a¥/¥ dp/o ’ (7)

where p 1is the pressure and ¥ is the volume, one can rewrite Equation

(7) as

-2 . (8)

el jen
O

Subsequent differentiation with respect to time gives

QF%
jard

(9)

ol I
218
1l
b

Tn order to treat the change in the cross-sectional area of the
pipe, consider the circumferential strain to be given by n, - Therefore,

the increase in the cross-sectional area with time is given by

dA _ 9nc Cdne 2, 90c
ot = g0 (BR)R = g~ 2nB” =2A =
or
d
1 dA Ne
= 24 = _ 10
A dt dt ( )
Thus, Equation (6) becomes
d d
1dp 4 p Je vy + Mx_ o, (11)
K dt dt dt
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The magnitudes of the various terms in the continuity equation
clearly depend upon the radial or the circumferential strain. But the
circumferential strain depends upon the physical characteristics of the
pipe itself, as well as upon the restraint to deformation imposed by the
particular manner in which it is supported. In order to evaluate the
terms dnc/dt and dnx/dt , a general expression must be developed in
which the physical characteristics of the pipe and its support conditions
are treated as parameters.

The relationship between stress and strain is commonly given by
Stress/E = Strain, where E 1is the modulus of elasticity of the pipe wall
material. Moreover, stresses in any one direction create strains in the
two other normal directions according to Poisson's ratio, u . Thus, the
following relationships can be written to express the radial, circumferen-

tial, and axial pipe strains in terms of their appropriate stresses:

Mr = % [G:r'"“(dc"-cx):l (12)
e = % [0 (o, to,)] (13)
Ny = T [oygn(oy+o)] (14)

The term, o , denotes stress; the subscripts r, ¢, and x denote the
principal directions. These relationships provide the connecting link
which will subsequently allow Equation (11) to be rewritten in terms of
velocities and pressures.(9’uo’59)
Consider the stressed element located within the pipe wall shown

in Figure 4. The element, which is denoted by abcdefgh , has the length,

the curved-width, and the thickness dimensions, dy , rd® , and dr ,
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Figure 4. Definition Sketch Depicting Stre‘ssed Element Located Within
Pipe Wall. Transverse Cross-Section is Shown on the Left
and Three Dimensional Enlargement is Shown on the Right.
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respectively. In Figure 4, d6 is the radial angle subtended by the
element, r 1s the radial distance to the element measured from the axis
of the pipe, R 1is the inside pipe radius, and b is the outside pipe
radius.

When considering the open-ended element shown in Figure 4, one
must be mindful of two basic conditions which are assumed valid:

(a) The axial strain created by the radial stress is constant.

(b) Displacement perpendicular to the axis is radial and de-

pendent only upon the radius.

The unstrained radial distance to the particle is r . Let its strained
radial distance be given by r + & where £ 1is the total increment of

displacement in the radial direction. Thus, the radial strain is

_ dg
Ny ar
while the circumferential strain is
Ne = £
r

The axial strain is a constant,
Ny = constant .

The summation of forces acting upon the element abcdefgh , in
which the outward direction of the radial bisector in Figure 4 is taken
to be positive, is

ol do

0,prdf + oodr i} + gedr -59- - (op + Er_r dr)(r+dr)dd = O

or
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rdo
r )2 a6 = 0

do
r
0,rdé + o,drd® - 0,rdd - 0,drdd - drdé - —= (ar

or, after combining like terms, eliminating higher order terms, and divid-

ing by drdé

Reduced to simplest terms
O‘c I e—— . (15)

Equations (12-14) can be rewritten as follows:

o, - u(ogto,) = 1,E = E 3= (16)
0, - w(oytoy) = NE = E—f;— (17)
oyx - u(opto,) = ngE = constant . (18)

However, by rewriting Equation (17) as
r{gc’“(0r+gx)} = EE
and then differentiating with respect to r ,

{UC'H(GT+Gx)} + é% {UC‘H(Ur+Ux)} = E %% ’ (l9>

one can eliminate E %% from Equation (16) and (19). This is now done.

Let ¥ = o,r in Equation (16) and (19):

r dr dr

g - u(§y+ GX) = 4 (r Q@ - Hrox - u¥

¥ ay a Ay doy ar
FL P i - S P e
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2 do
T Q_% + éﬁ - @ = ur =, (20)
dr dr r dr

Differentiation of Equation (18) with respect to r produces

dox _, doxtoe) _
dr dr

or, written in terms of ¥ ,

Therefore, using Equation (21) one may write

H

do. 5 é@ ) () .y )
dr are

which when substituted into Equation (20) produces the homogeneous linear

differential equation

2
d g +
dr r

|+
7l

SR RN
rg)uu) 0 (22)

By letting ¥ = r¢ for which ¥' = r¢' + ¢ and ¥" = rp" + 2¢' , Equa-

tion (22) may be solved in the following manner:

" ' r+ 202
re" + 20' + @' + = T 0
"+“5"=Oo
¢ - ¢
3 .

The integration factor for this equation is exp[f T dr] = exp(3 1n 1) =
T o 3 , thus

2" + 3r5p' = 0 (23)
for which the exact differential is r5®' . In order for Equation (23)

to be valid r5¢' must equal a constant. Thus,



G
=
T
and
C C
1 2
Cp: (P'dr:—-—-——'l"C: +C_
/ 2T B =270
But because ¢ = g , it is possible to write
C
_ 2
71f——1-7+r05
a si -2
and since 0, =1,
Co
op = C3 + — , (24)
r
and from Equation (15)
d(ro..) Co
r
Oc = - = C3 - ;—2- . (25)

Once the constants 05 and C, are evaluated, the circumferential and
radial stress terms will become known.

Let o, = -p when the internal pipe pressure is p and the

inner radius is R . By the same token let o, = -q when the pressure

acting upon the pipe externally is q and the outer pipe radius is Db .

Then one can write

or

2.2
CE:ML . (26)

Re-b°

Consequently, evaluation of 05 is readily accomplished using Equation (ek).
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gp_g 2R2b2
(R°-1°)R?

or

o PR (27)
Re-b°

pRZ-pb°+pb®- gb®
RZ-b°

Cs = -

Thus, the radial and circumferential stress felationshipsxm%rbe written

)
1 2 2 . R%
0, = pR= - gb“” + (q-p)] (28)
r = 2 g2 [ 2
1 2 2 R°p2
0o = —5—5 |PR" - @b~ - (¢-p) | - (29)
¢ pe-g? [ re

Note, also, that the combined stress term,

)

(E 2 2
+O‘C=2 R—b)

b2-R2

r 2

is independent of bpth the circumferential and the axial positions; thus,
Ox 1s truly a constant at any cross section as originally postulated.
Clearly, there are several methods by which a section of pipe
may be supported. But it should be just as apparent that the tolerable,
pressure-induced strains are governed in large measure by the support con-
ditions. Using Equation (12) and (14), one can write the relationship

given in Equation (ll) in terms of the appropriate stress conditions:

do do do do
ldp, 21 _¢c_ L 4 [ S | e
K at E{dt H\aE at Vx T |t

do do
r cl| _

TLet the external pipe pressure, ¢ , be considered zero. Equation (30) may
then be evaluated for the three commonly encountered conditions of pipe
support described below:

Condition I. Assume a section of pipe anchored at one end, but

otherwise free to deform both radially and axially with respect
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to this fixed location. In order to determine the deformation
which occurs within the pipe let r = R . Then, from Equations

(29) and (28), respectively, it is apparent that

2 2
0o = _PR™_ [1 + P_} (31)
b2-R? R®
while
2 2
_ IR b }
0, = 1l - == . 2
r b2-R2 [ R2 (5 )

The axial stress, which is determined by dividing the end pres-

sure force by the cross sectional pipe area, is given by

2 2
o = —2B . PR (33)
o L(b2-R®)  (b2-R°)

Therefore, Equation (30) can be written

2
1+ oo
R2

2 2
-u_czn(_R_)( S

1dp ., 2[ap[ R
K dt Eldt|p2_g2

2 2 2 2
+Vx+;{_@£(_11_)_u92(1% )(1_p_+l+b_”=o

E|dt| 2 g2 at|,2_ g2 R2 22
or
o 2 2
dpll . 1|R 2b 2
EE[KE(W{5§T“(6E§‘HVO
or simply
apll . 1[ R Ve -
%[K*Em')cl] + 2= 0 ()
2R be
where ¢y = = (L.5 - 3 + =2 (1+p)) (35)

Note that differentiation of R and b with respect to time

t results in insignificant terms which are not included above.
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Condition II. Assume a section of pipe anchored throughout its

length such that axial strains cannot occur, but otherwise free
to undergo radial deformation. In order to determine the inter-
nal deformation within the pipe let r = R . Then, Equations

(29) and (28) give

R2 b2
J¢ = be_Rz‘} * g?} (36)
and
2 2
Op = 2R 2[ - EE} (37)
b-R R

Because no strain is permitted in the axial direction, the axial

stress must be

R2
Oy = 2HUD EETEE (38)

according to Poisson's ratio. In this instance Equation (30)

becomes
2 2
1dp, 2|dp| B® D TR <1 N | RS -~ U
K dat E|dt|p2 g2 22 at|p2 g2 22
or
2 2 2
gﬁ.‘l‘-{—g_—_—R l+-b__—p+u}l_—2p,2 + Vx = 0O
dt (K E'bE_RE R2 R2
or simply
aplL 4+ 2 Be) 4w = o
dt[x E|b-R| © (39)
2
where co = %ER (L -p - 2u2 + b2 (1)) . (40)
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Condition III. Assume a section of pipe with numerous expansion

joints or their equivalent, such that radial deformation may
occur without the occurrence of axial stresses or strains. Let
r = R in order that the inner deformation may be found. Then,

Equations(29) and (28) give

2 H2
o, = EERZ[Ub_g} (51)
b=-R R
and
2 2
oy = B |1 - 33 (k2)
b=-R R
From the conditions stated
gy = 0 (43)
and Equation (30) becomes
2 2 2 2
ap 4 2fap[ B2 | +22) ., e[ )(l-b_]+vx=o ()
dt E|dt b2_R2 R2 dt b2_R2 R2

or

2 2 2
R I R | AL
dt| XK E b-R R R

or simply

dpil , 1| R _ I
dt[K + o= CB] +v, =0 (45)
where
. = 2R (1 + B2 (14n)) (46)
3 7 PR R2 ‘
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Thus, to summarize, the continuity equation may be written

dpil , ¢ _R | =0
dt[K ¥ E (b—R)J T Vx (47)

for which the parameter, c¢ , in the three particular mounting conditions

investigated above is given by the following:

1 2 7
¢y = %§§ 11-5 - 3u + ﬁg (L4). (35)
2R . 2 2 )
Ccp = %i}_ - u - 2u + —;—2— (l+p) | (lI-O)
5 .
2R b
c3 = bTR.[l - u + -I-{E (l+u); . (46)

2k )

Halliwell,( following a different procedure, derived the same results at
approximately the same time. For the limiting condition when b - R and the

Pipe wall becomes thin, the three parameters reduce to simply the following:

cy = g[g‘_ M| (48)
cp = 2{1 - “2] (49)
cx =2 . (50)

The variation of the coefficient; c , is shown as a function of the
ratio of the outside to inside pipe radii for various commonly encountered
values of Poisson's ratio in Figure 5. Each of the three conditions of
support is considered.

By referring back to Figure 3 it is apparent that the pressure

acting at cross section (:) is given in terms of the static head

p = pg(H-z)



o\&

_58_

3 T

|

Condition I

T . T | 1

|
Poissons Ratio' pu =.25

R

LConditions I and IIT
1 | | | | I \

3 T

Condition II

L T | T | T
Poissons Ratio' u = .30

\ Condition III

Condition I
| | | I |

3 T

Condition IT

Condition III _
Condition I

Figure 5.

Curves Defining Relationship Between Pipe Constraint
Coefficient, c¢ , and the Ratio of Outside to Inside
Pipe Radii, b/R , for Various Conditions of Con-
straint and Different Values of Poisson's Ratio.
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Since dp _ QE ax + éE = éR v + QE
dt Ox dt ot Ox ot

s . . Jp d .
it is possible to determine 3= and 5% , as follows:
op _

SE = pg(Hx'Zx) * g(H'Z)px
%3 = pg(Hy-0) + g(H-z)p
t t t
However, Si = - sin6 ; Equation (52) thus becomes
gﬁ = pg(Hyt+sin®) + g(H-z)p
X X
Integration of Equation (8) results in
p=Klnp+ c'

Subsequent partial differentiation of p with respect to x and

pX
= K =
Px o
and
t
pr = K EX
t P

Thus, one may write

] L

- PX A
Px = %T = %? (Hk+31n9) + % (H-—Z)pX

and

o L

t .
Py = %T = %? (Hy) + % (H'Z)pt

or, after gathering like terms

= p° +si L
Py = P g(Hy Slne)(K—pg(H—z )

t gives
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and

I S
K-pg(H-2)

oy = %8 H (56)

Equations(55) and (56) may be substituted into Equations(53) and (54) and

after gathering like terms;

op _ H-z
R =)

and

%R = pg(Hg+Sin9)[L + g —-—LE:EA-——}
X

(K-pg(H-2))

Thus, using the above expressions for %ﬁ and §R , one may rewrite

ot
Equation (51) as

o - g [(Hx+sin9 v o+ Ht] [l + —LE;Z‘Z_‘] . (57)

at € (k-pg(H-2))

Consequently, the continuity equation, Equation (M?), may be written

pg[(Hx+Sin9)V * HJ E% " % (b?R }[l T R:ég%%%ET] t vy =0

or simply

H + v(Hytsin®) = - . vy O (58)
where
1
T )] (50)
Plx " Elb-r
and
) L (60)
. pg(H-2)
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The term a -is an expression for the celerity of the pressure pulse
through the pipe system when flowing full; the term ¢ compensates for
the change in the bulk modulus of elasticity with increasing pressure.

For water the term @® remains approximately unity for moderate pressures.
For the range of pressure heads encountered in this study the magnitude

of ® will be assumed to be unity.

Equation of Motion

According to Newton's second law of motion, the net flux of
momentum from the control segment and the time rate of change of momentum
within the segment must be instantaneously equivalent to the resultant
of the external forces acting on the segment.

Consider again the control segment of a circular pipe flowing

full shown in Figure 3. Recall that the area at cross section (:) is A

and the area at cross section (:) is A+ %é dx . The gradient of the
X
pipe is downward (negative gradient) at an angle 6 . Flow occurs in

the positive x-direction.

The mass of the element is given by

p(A+%%—f{\‘dx) ax .

The acceleration in the positive x-direction is given by the total deri-

vative of the velocity with respect to time

dv _ Ov dx av=va_v+§z
dt Ox dt ot ox ot

The product of the mass and the acceleration is

ov ov 1 JA Ov 2
pAvé;dx+pA-5€dx+§pv—a—}—(—a—X-(dx)
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or, after eliminating higher order terms, simply
pAVVedx + pAvidx (61)
The pressure force acting upon the cross section at <:> is
pgA(H-2z) . (62)
At cross section <:> the pressure force is
-[pea(-2) + (pga(t-2)),ax] . (63)

An additional pressure force acting upon the expanding cross section of

the pipe between (:) and (:) is
[pe(B-2) + (pa(H-2)),ax]Aax . (64)

Fluid resistance to motion is interpreted as a boundary shear force and

denoted by
-T2xRdx (65)

where T d1is the fluid shear stress at the pipe wall. The body force due

to gravity is

dx (66)

pgsinb

The summation of Equations (62) through (66) is the resultant of the forces

acting upon the control segment in the x-direction:

pgA(H-z) - pgA(H-z) - pgA(H)ydx - pgAsinfdx
- pg(H-z)Adx + pg(H-2)Aydy + pg(Hk+sin9)Ax(dx)2

sin6 OA 2

- T2xRdx + pgsinbAdx + pg 5 (dx)
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or upon the elimination of higher order terms
- pgAH,dx - 2TxRdx . (67)

The equation of motion may now be written by equating Equations(61) and

(67),

- PgAH dx - 2TxRdx = pAvvydx + pAv, dx (68)

Now then, for dynamic equilibrium of the flow in the pipe, the
stress-created shear force at the pipe wall must equal the so-called fric-

tional head loss per unit length, L , that is

Ap 2 AHp 2
2 —1 —3
T27R nR Pg AL 7R

where He 1s the friction loss in terms of head loss. The Darcy-Weisbach

expression for head loss per unit length resulting from friction is

Mp _ £ vlv
AL 2R 2g

Consequently, the shear stress is

Therefore, substituting Equation (69) into Equation (68) and dividing

by pgAdx results in the relationship

fv|v 1
Hy + —EéBL e (v vg +vg) =0 70)

The absolute value sign is introduced into the frictional term so that it

has the proper sign depending on the direction of flow.
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Characteristics Equations

The partial differential expressions, Equations(58) and (70),
derived in the previous section and representing transient liquid motion

in a pipe flowing full, may now be rewritten as

f
I =vg +vvy * gH, + ZDV =0 (71)
a? .
o = S vy t Hg + vHy + vsin® =0 ., (72)
g

These two equations form a set of simultaneous, quasi-linear, hyperbolic,
partial differential equations of the first order in two independent and
two dependent variables. Again the subscripts x and t indicate par-
tial differentiation with respect to these independent variables.

The expressions Pl and I's> may be combined linearly such that

Q=17 +nlp (73)
or
na®
Q=vg + (v+—) v, + nHy + (g+nv)Hy
iy .
L + =
* 55 v|v| + nvsing = 0 (74)

Now, if v = v(x,t) and H = H(x,t) are solutions of Equations(71) and

(72)) then
ov ov JH JH
av=ax + Y and am = O oax + B
VEX TS 5x T St
av ax dH dx
or Tl O O = and 3 = Hy + Hy = . (75)

From inspection of Equation 74 it is readily apparent that it may be re-

written



Q= rre +n Tt + o v|v| + nvsing =0 (76)
provided
2
d_X = v + __._na' = 5_____+nv (77)
dt g n

or in other words provided

dv na2
LA, + 4+ Ba_
% - 't (v z ) .

and

%%:Ht+(%+v)}{x.

From Equation (77) one finds

or
n==x+£& (78)

By substituting Equation (78) into Equations(76) and (77), one has the

pair of relations

£ .
adt = av + & aH + 55 v[v|dat + £ vsinodt = O (79)
Ct
at _ 1
dx ~ v+a (8O>
and
Qdt = dv - & aH + A v|v|at - & vsinédt = 0 (81)
a 2D a
C_
a L (82)
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To summarize what has been accomplished, Equations(79) and (81)
are two separate total differential equations for which solutions for v
and H may be determined along the families of characteristics curves
occurring in the x-t plane. These curves are defined by the total dif-
ferential expressions given by Equations (80) and (82), respectively. 1In
other words, the characteristicscurves represent the paths along which
infinitesimally small velocity and pressurehead differences propagate.
Equations (79) and (80) are applicable along a positively directed char-
acteristicscurve, while Equations(81) and (82) are applicable along the

negatively-directed characteristics.

Finite Difference Solution

Equations (79-82) may now be solved by means of a finite differ-
ence technique. If the step size of the increments used in the solution

is small, one can solve by a first order approximation for which
[ f(x)ax & £x)(x1-%0)

otherwise, a second order approximation technique requiring iteration
should be considered. A first order technique is used throughout this
development .

Consider the fact that for a set of two hyperbolic differential
equations the characteristicscurves at a point have real and distinct direc-
tions; therefore, the curves must intersect at the point. Let P; Dbe a
point on the x-t plane as shown in Figure 6. Two characteristicscurves
from the families of positively and negatively directed characteristics

curves are shown passing through Pi .



-L7-

Figure 6. Definition Sketch Showing Intersection of
C+ and C- Characteristics Curves in the
x-t Plane.
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The objective of this solution technique is to provide a means
for obtaining values 5f velocity and head (pressure) at selected locations
throughout the x-t plane. Figure 7 shows a portion of a rectangular grid
in the x-t plane. The two pairs of characteristicsequations, Equations
(79-82), representing transient motion in a pipe flowing full may be writ-

ten in the following manner:

d-t - _d;_}{_ = 0
vta
£ S
av + £ an + (55 v|v| + & vsin@) dt = 0
at -3 - o
v-a
C
dv - % dH + g% v|v| - % vsin@) dt = 0
When written in incremental form these equations become
1
(tp-ta) - Hia) (xp-xg) = 0 (83)
f .
(vp-vg) + (Hp-Hy) éi + 155 v|v| + % vsind|g(tp-tg) = O (84)
(tpte) - 7 (xp-%e) = O (85)
(v-2a)¢
f .
(vpve) - (petic) £ + |Z5 vlv] - & veinoe(tpte) = 0 (86)

where the subscripts P, &, and € refer to locations on the x-t plane
in Figure 7. The grid in this figure has specified incremental distance
and time intervals, Ax and At . The points P, and P, are boundary

points. Note that time *ty = tg = ty = te = tg ; also, note that distance

XP= XM o
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1i Fo -4 —¢—
_~C-
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1

X
t

Ax
At

t /
ot 7

X, X xLz i X Xint Xiv2 Xn- Xn

Figure 7.

Definition Sketch Showing a Space-Time Grid Super-
imposed on the x-t Plane. Positive and Negative
Characteristics Curves are Shown Passing Through
Grid Intersection Points, Py , P; , and P, .
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Clearly, the exact location of P; which is at a grid point is
known with respect to x and t . However, the locations of & and €
although known with respect to t , are unknown with respect to x and
need to be so determined. The values of v and H at the points & and
€ need to be determined in order to determine vp and Hp . It is as-
sumed that v and H are known at specific point (L,M,R, etc.) along
the x-axis at the preceding times ti—l B ti—2 , etc., either by having
been initially given or previously calculated.

Linear interpolation is used to determine v and H at & and

€ , thus

YooV, W' VML

Xo-Xp, | XX | X (87)
and

R™Ve _ YR"'M _ 'R™'M (88)

XR"'Xe XR" XM - AX

In order to determine Wy, Ve, Hy, and He one must note, first of all,
that the two characteristicsequations, namely, Equations (83) and (85),

can be written

Il

xy - X = (vHa)odt (89)
and

Xe - Xy = -(v-a)At (90)

These equations describe C, and C_ , respectively, at @ and € .

Equations (87) and (88) may be respectively rewritten as
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V-V
a 'L
L Ox = xg - X7, (91)
and
VR~ Ve
AX = Xp - X (92)
V-V R €

Inspection of Figure 7 clearly reveals

X - o= A% - ()
or, following substitution of Equation (89),

%o - X1, = &x - (vta)ght

into which substitution of Equation (91) yields

Vy=V
@ L) Ax = Ax - (vta)olt
MV
YANY
Vo = vy, * (vM—vL)[l - (v+a)y E] s
or by approximation
At
Vo = vy, (VM'VL)[ - (v+a)y E:l . (93)

Figure 7 also reveals that

XR - Xe = &X - (xe“XM)
or, by substituting Equation (90),

Xg - X¢ = &x + (v-a)e At ,
into which substitution of Equation (92) yields

Ve = vy + (VM-VR>[1 + (v-a)y 2}{—1 . (9k)
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The linear interpolation expressions used to determine H, and H. are

Hy-Hy,  HyeHp  HyeHp
X=X,  XMXL VAV:

and

fplfie  HprHy ey

Xp=X Xp=Xy Ax

The same general procedure used to determine Vy and v is followed to.

determine Hy and H, , with the result that

Hy = Hp + (HM-HL)[l - (vta)y %‘i} (95)
and
He = Hy + (HM—HR)[l + (v-a)y ﬁ—f{] (96)

In summery, Equations (93)-(96), which define v, Ve, Hy, and H, may

be simply written

Vo = VM - (VM—VL)(V+a)M QX—E (97)
o = By - (ByH) (vea)y T (98)
Ve = vy * (nrvp) (v-a)y & (99)

At

M A (100)

Ho = Hy + (HM-HR)(v-a)

Note that (v+a)y ™ (v+a)y and (v-a)e ® (v-a)y are assumed to be entirely
valid approximations provided the grid of points i1s closely spaced. Using
the four equations for vy, Hy, Ve, and Hg , one can rewrite Equations

(84) and (86) in preparation for determining vp and Hp :
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(vp-vy) + (HP-Ha)(g]M + 5% vl vl ot + (%)M VysinéAt = 0 (101)
(vp-ve) - (HP-HG){g)M + (2% v€|v€|)At - (%)M Vesin6At = 0 (102)

To solve for vp and Hp , Equations (101) and (102) are first added,

2w - ) - (B + (),

(V| v [+ [ v [ )t + (%)M(Va—ve)sinGAt =0

M(voélva|+v€|v(_zl at - %‘%)M(va-ve)sin%t

vp = %(Vd+ve> * %(HQ'HE)(%)M ) (ﬁ%
(103)

and then subtracted,

oy * Ve * 2HP(%)M - (Ha+H€)(§)M

_|..

Dlm

(Vo vy | =ve [ ve | )t + (%)M(vawe )sinbAt = 0

Hp = %(“3'V€)(§)M + %(H3+H€) - (ﬁ%)Mig’M(wmlwyl-velvel)Am - %(va+v€)sinaAt .
(10k4)

Thus, using Equations(103) and (104%) it is now possible to determine the
velocity and pressure head, Vp and Hp , at each interior point on the
x-t grid. The evaluation process advances with time throughout the bounded
X-region.

It should be noted that the size of the increments Ax and At
cannot be selected independently of each other. On the contrary, their
size is integrally dependent. Since the finite difference solution scheme
which has been outlined above converges to the exact characteristics solu-
tion as Ax approaches zero, one can conclude the following: (a) the
values of v and H at any point P within the region of existence of

the solution are determined solely by the initial values prescribed along
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the segment of the x-axis subtended by the two characteristics passing
through P, and (b) the two characteristics through P are themselves
determined solely by the initial values on the segment. The segment of
the x-axis determined by & and € is, thus, the domain of dependence
of the point P as shown in Figure 6. Therefore, when Ax is arbitrar-
ily selected, At 1is automatically limited to an interval no larger in

magnitude than that given by the relationship

Ax

ST

In other words, the point P must lie within the region bounded by the
intersecting characteristicscurves through L and R and the subtended

segment of the x-axis.

Boundary Conditions

The finite difference solution technique used with the character-
isticsequations must now be extended to include the various boundary con-
ditions which are to be encountered.

Consider the situation at the right edge of Figure 7 in which
only the positively directed characteristicscurve C, is shown. One
condition at point P, 1s assumed to be given. This given condition may
be either vp or Hp . In order to calculate the unknown condition, it
is necessary to first calculate Vo @&nd Hy . The given boundary condi-
tion can then be used to determine the remaining unknown condition. Equa-
tions (97) and (98) are used to determine Hy and Vy + If vp is the
known boundary condition at point P, » Equation (101) can be rearranged

to give HPn P
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Hp = Hy - (vP-va)(—Z—)M - {g—D vl vl + (%)M vasine}(g)MAt . (105)

On the other hand, if Hp 1is given, this same equation may be rearranged

to provide vp at point n,

Vp = V- (HP—HOt)(%)M - {5% vl vl + (%)M vasinG}At . (106)

At the left end of the =x-t grid shown in Figure 7, the C_
characteristicsgovern the unknown boundary value. Again one begins by
calculating v, and He from Equations(99) and (100). When vp 1is the
known boundary value at point Py, Equation (102) can be rearranged to

provide Hp at P ,

Hp = He + (vP-ve)(g)M +{2—fﬁ velve| - (%)M vesine}(g—)M At (107)

and when vp 1is the given boundary value at Pp , Equation (102) is simi-

larly rearranged to give

vp = ve t (HP'He)(g)M - {%% ve|vel - (%)M VeSiné}At (108)

Now then, Equations(lOS—lOS) provide the boundary values appropriate for
use in conjunction with the general Equations (103) and (104).

Attention must be given to the boundary conditions occurring at
the junction between two pipes of different sizes and different materials.
A typical portion of the =x-t grid at such a junction is shown in Figure
8. 1In addition to the four boundary equations, Equations (105-108), al-
ready developed above, two other relationships prevail. These relation-
ships are (1) the continuity-of-mass relationship, vID§ = VIID%I , and

(2) the energy-equilibrium relationship Hy=H . Minor losses at the
s I=HIT
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Figure 8. Definition Sketch Showing Relationship Between Space-Time
' Grids and Characteristics Curves at a Pipe Junction.
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junction are ignored. Using the boundary equations one can derive an

expression in vpy and Hp, Dy adding Equations (105) and (106),

2—% Voc|Voz|

Sl = ol - st £y 4 -
vpr + HPI(a My Vo T Hy a g My At - vysin a iy At = ¥
(109)

Similarly, Equations(107) and (108) may be subtracted and combined to give

' £ .
He(%)MII - GZE Velveq Mg At + v€31n6(%)MII At = X
(110)

; 5) -
VP71 HPII(a My Ve

Drrl2
Now, substituting VPI = VPII ‘ﬁ%l) and HPI = HPII into Equation (109),

<]

Dr7)2 g
= VPII (5;‘) + HPII(a)MI )

and rewriting Equation (110),

= - 5 .
X VPII HPII( a)MII ?

one can eliminate VPII
2 2
D D
5) I _%) - juct S
or D o
T
Hp: = Hprp = . ( o " (111)
B
M1\ Dr7 & Myp

Equations of Transient Motion--
Horizontal Pipe Flowing Partially Full

Transient liquid motion in a horizontal pipe flowing partially
full, that is to say, flowing with a free surface, 1s comparable in many

ways to the previously discussed transient liguid motion in a pipe flowing
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full. Analytic treatment of the free surface flow as presented below will
more clearly identify the similarities as well as the principal differences
between the two types of transient motion.

Transient flow in a horizontal pipe having a free liquid sur-
face is a function of two independent variables. These variables are the
space and time variables, x and t , respectively; and are exactly com-
parable to the independent variables used previously with a pipe that is
flowing full. Relative position in space is denoted by x as measured
axially along the pipe. The gate valve is arbitrarily designated the point
of zero reference. For pipe flow with a free surface the two dependent
variables are the mean velocity of the free surface flow, u , and the
depth of flow, z . In order to represent the variable velocities and
depths, two quasi-linear, partial differential equations are developed and
then transformed into four total differential equations--the characteristics
equations of transient, open-channel flow. After being rewritten as finite
difference equations in a manner comparable to the one used with the equa-
tions for the pipe flowing full, numerical methods are again introduced
to enable evaluation by high-speed, digital computer. The governing
boundary conditions are examined and interpreted analytically. The sec-
tion concludes with a brief comparison of the similar analytic properties
of transient, free-surface, pipe flow and transient liquid motion in a

pipe flowing full.

Equation of Continuity

The net inflow of mass into a segment of free surface flow must

equal the rate of mass increase taking place within the segment per unit



..5 9....

time. This statement sets forth the conservation of mass concept upon
which the equation of continuity is based. Figure 9 shows an element of
free-surface flow in a pipe. The element is bounded on the left and right
by cross sections (:) and (:), respectively. For u equal to the mean
velocity and A equal to the cross segmental area at cross section (:),
the mass influx through this segment is pAu . At cross section (:), flow

leaves the element; therefore, the efflux of mass is given by
-[pAu + (pAu)de] .

The net increase of mass in the control element per unit of time is

SAu - [pAu + éﬁ%ﬁ&l dx}

or
-0 (Au),dx (112)
The rate of mass increase occurring in the control segment per unit time is

[% (A + (A + %ﬁ dx))pdx}t

or
2
e 0A
ol (Ag + Ay + 5o57)dx]
or finally

oALdx (113)

after higher order terms are eliminated.
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Figure 9. Definition Sketch Illustrating Element of Free-Surface
Flow in a Pipe. Transverse Cross-Segment is Shown On

the Left and Longitudinal Flow Profile is Shown On the
Right.



-61-

The continuity equation may now be set forth by equating expres-

sions (112) and (113) above:
- p(Au) ax = p(A)dx
or
puhy, + phu, + pAg = O . (114)

Note that the small pressure changes associated with the changes in depth -
accompanying open-channel flow have no significant effect upon liquid
density. Therefore, p is independent of both x and 1t .

The cross segmental area is a function of the flow depth, in
other words, A = A(z) , and thus, dA = Tdz where T is the surface

width 2~JzD-z2 and D 1s the inside pipe diameter. Moreover,

_0AQJz Oz
By = dz ox T3 = Tox (115)
and by the same token
Ay = Ty (116)
Equation (114%) may now be written as
A
uZy t S Uy t 2y =0, (117)

which is the form of the continuity equation used in subsequent parts of

the analysis.

Equation of Motion

The net flux of momentum from the control element and the time
rate of change of momentum within the element must be instantaneously

equivalent to the resultant of the external forces acting on the element.
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The flux of momentum through cross section (:) in Figure 9 is
actually an influx of momentum into the control element, namely —p(Aue) .
' 2
At section (:) the efflux of momentum is +p(Aue) + pd gi dx . There-

fore, the net flux of momentum from the control element is
2
+ 0 -a-ﬁg—u-—) ax . (118)
X

The time rate of increase of momentum within the control element

is .
[Q{A + (A + -g—ﬁ dxﬂ%{; + (u + g% dxg% dx]t
or simply
p(Au) dx (119)

after all higher order terms have been eliminated.
The net hydrostatic pressure force, as is clearly illustrated
in Figure 9, is
A oz
- + = = .
pg(A + 5~ ax) (3 dx)
Once again higher order terms are eliminated to give

-pghAz dx . (120)

The flow resistance force may be attributed to the shear stresses

developed at the pipe wall. It is given by
-TP,dx , (121)

where P, is the wetted perimeter and T the boundary shear stress.
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By equating the terms depicting a change in momentum to the

force terms, one obtains the expression

+ p(Aug)de + po(Au),dx = - pghAz dx - TP dx

t

or
2
2pAqudx + pu~Adx + pAugdx
+ pulidx + pghzydx + TPydx = O .
Division by pAdx reduces this expression to simply

A
——§-+gzx+L=O, (122)

o Ax
2uuy +ut — +tup tu
A pRH

A

The variable RH represents the hydraulic radius. Because the shear

stress can be defined as

T = pr—l—liL (69)

) s
where f is again the pipe friction factor noted previously, the flow

resistance term may be written

TP dx = f pu u[dex
w

8 J
after which, division by pAdx leaves

LI iELEL . (125)

DRH 8RH

Equation 122 can now be rearranged to include this expression,

g2, + u2 % Z, * U %_Zt + 2uu, +oug * i%%ii =0 . (124)
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Write the continuity equation (Equation (117)) with each term multiplied

T
b = 3
VA uA

2

u Zy + u-% zg tuuy = O . (125)

>3

Subtraction of Equation (125) from Equation (124) reduces the momentum

equation to the form

o fulul (126)

82y + uu
8Ry

x T Ut

which is used in the subsequent parts of this analysis.

Characteristics Equations

The set of simultaneous, quasi-linear, hyperbolic, partial dif-
ferential equations which describes transient liquid movement in a pipe

flowing partially full, is rewritten below

A
F5 = uzy tozg g Uy =0 (127)
Ty = gzy +ouuy,  foug * £§%EL =0 (128)
H

Linear combination of the expressions F5 and FA produces

A =Tz +ml) (129)
or
A mfulu
A= mug + Tormulouy fozg + (u+mg)zX + —éﬁﬁrl (130)

The dependent variables u and =z are functions of the space and time
variables x and t by assumption. As a result, if u and 2z are,

in fact, solutions of Equations(127) and (128), then
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du = %% dx + %% dt
or

du_ dwax, du

dt  ox dt ot '’
and

dz = %ﬁ dx + g% dt
or

dz ég ax + dz

dt _ Ox dt ot °

Therefore, Equation (130) can be written

du dz £
=m — + =— ¥ =— =
A=magg T ™0 8Ry uful
provided
A,
ax T i _ m(utmg)
dt ~ m m

Equation (132) is valid if

du A

_— = U + m—om—a +

dt t T %X
and

dz

— = z. + (utm Zoy o

If Equation (132) is now solved for m , one finds that

(131)

(132)

(133)

(134)

(135)
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By substituting Equation (135) into Equations(131) and (132), two pairs of

linear relations are determined, namely,

\/—du+dz +‘\/_—8—£—u|u|dt Adt (136)

C+
dt 1
at _ 1
o TTE (137)
T
and
- /_gé\T du + dz _\/ng 81% ululdt = Adt (138)
C.
dt _ 1 (139)

dx ‘E—:i2§§

which are total differential equations. These four equations are the
characteristics equations governing the transient velocities and depths
in a horizontal circular conduit flowing partially full.

In retrospect, Equation (136) simply states that there is a con-
stant, velocity-depth relationship for a point whose motion in the x ,
t-plane is characterized by Equation (137). Likewise, a similar relation-
ship exists between Equation (138) and (139). In other words, Equations
(137) and (139) define the families of solution curves along which Equa-

tions(136) and (138) are valid.

Finite Difference Solution

The technique devised for finite difference solution of the char-
acteristics equations depicting free-surface flow in a pipe is analogous
to the technique described previously for solution of the characteristics

equations representing liquid motion in a pipe flowing full. The size of
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the stepping increment used in the solution is made small enough to insure
that first order approximation is adequate.

The fact that any point on the x,t-plane is an intersection for
a specific positive curve and a specific negative curve belonging to the
respective families of characteristics curves associated with partial dif-
ferential equations of the hyperbolic type is the basis for the solution
technique. Figure 6 shows the intersection of a positive characteristics
curve with a negative characteristicscurve at P; . Given the necessary
initial and boundary conditions, it is the purpose of the solution tech-. .
nigque to permit evaluation of mean velocity, u , and depth, =z , at point
P; . In more general terms it must permit evaluation of u and 2z at
any network of selected grid points on the x,t-plane, such as the rect-
angular grid illustrated in Figure 7.

Characteristics Equations, Equations (136)-(139), may be rewrit-

ten as follows:

dt—:— E_K =0
c, T (140)
A \E f -
dz + oT du + BT gﬁﬁ ululdt =0
ax
dt - =0
a _R}gé
C_ T (141)
VA VA £ =
dz - = du o7 By u|ulat = 0 .

If written in finite difference form these expressions become

(tpte) = g/ (o +V Y, = 0 (h2)
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(i) [ ) + [V,

(tp-te) - Gepmre)/ (o |3 = 0 (1)

—

(p-2e) gt Cupse) - |/

where the subscripts P, @ , and € refer to locations on the x,t-plane

a(tP'toc) =0 (143)

gf— ulul
Ry

e(g‘% ulul)e(tp‘te) =0 (145)

in Figure 7.

Values of u and 2z are assumed known, i.e., given initially
or computed previously at all the grid points along the x-axis at prior to
time ti—l . Although the:points on the grid are separated by specified
space and time intervals, the locations of @& and € while known with
respect to time are unknown with respect to x . These locations must be
determined. If the solution is to advance with respect to time so that
up and zp can be determined at time t; , the appropriate values of

U and z at O and € must be found first. This may be done using

linear interpolation:

e T e T '
Xq-X[, XX A% (146)
Ur~Ye _ Ur~UM _ YRTUM (147)

XR—XE XR—XM - Ax

Now, by recognizing that xp = Xy , and ty= tg = t¢ , Equations (142)

and (144) can be written

M- X = (u +‘ﬁ OL(tP'tOC) = |u 'f“l/%" OéAt (lh—8)
and
Xe - Xy = —(u —*J%%)e(tp—te) = —(u 'jJéé)e At (149)
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which represent the increment slopes of C+ and C- at & and € ,

respectively. Equations (146) and (147) may be rewritten:

Uo~Y1,

Ax = Xy - X, = &% - (xp-Xo) 150)
WYL . " (
U_R—U.
uR—u; Ax = xp - X = X - (xg-%) (151)

Substitution of Equation (148) into Equation (150) and Equation (149) into

Equation (151) gives Equations (152) and (153), respectively:

u W’ET% y ﬁx—’&} (152)
u \/%) ﬁxi] (153)

By using linear interpolation to determine Zy and z. , and

I

U = Y1,

(UNFuL)[l -

uR - U.e = (U.R—U.M) [l +

then by reasoning in an analogous manner, the equations of depth comple-

menting Equations(152) and (153) are found:

Zo - 2], = (ZM—ZL)[l - |u +~Jé§ ﬁgﬂ (154)
(04
ZR - Z¢ = (ZR—ZM)[l + |u —~J%§)€ %ﬁ] (155)

Hence, the desired values of u and 2z at & and € become known:

Uy =y + (up-uy) | ﬁzf- Mix—t (156)
2o, = 2y + (27-2) |u +j/1Tg')M2—z (157)
ue = wy + (uyug)fu —WFTg M%}( (158)
ze = 7y + (zyrzg) [u -W[L/AT.% Mix_"i (159)
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o N )

u —‘Jé%)M s which is quite reasonable for a closely spaced rectangular

Note that it is assumed that

Y
~

grid,
Mean velocity and depth at point Pi can now be computed.

Equations (143%) and (145) are rewritten

(zp-@x) + —\/z;) (up ~Uy) ( (S%E u|ul Am =0 (160)
(zp-2.) - (‘\/EXE M(uP--ue (’\f (% uul At =0, (161)

then added to find zp ,

iy
2zp = (gtze) *+ (vg-ve) v By

A
e

A
—| At
W@T)M

M(u()fluot‘_ue’ue’ )

1 1 A f A
zp = 5 (gtze) * 3 (ua'ue)(\/% M (Eﬁﬁ wverlval -uelucl) ~\/;Ef u &F
(162)
and subtracted to find up
T
2up = uy *oug t (qx-ze)'\f%; " - eIuel) At

up = % (gx+u€) + % (%1—Z€>(\/;%)M - (ig%ﬁ)<qdlual+ueluel) At
(163)
Clearly, it is now possible to determine the velocity and depth of the
free surface flow at any interior point on the x-axis not only at time
t; but at all times after tj simply by repetitively using Equations (156)-
(159) together with Equations (162) and (163).
As previously pointed out while developing the finite difference

solution for the pipe flowing full, the size of the increments Ax and

At are interdependent. The same is true of the Ax and At increments
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of free-surface pipe flow. With reference to Figure 6, the segment of
the x-axis bounded on the left at & and on the right by € 1is the

domain of dependence of the point Py . Thus, whenever Ax 1is arbitrar-

ily selected, At is limited to an increment of magnitude no larger than

JAVY
FETT N

T
Another way of expressing this is to specify that any point P at which

up and zp are to be computed must lie within the domain of dependence
bounded by the characteristics curves, C+ and C- , passing through L
and R , respectively. Figure 10 graphically illustrates the significance

of this requirement.

Boundary Conditions

At the right edge of Figure 7 where x = x, only one character-
isticscurve, C+ , is shown. This curve passes through the boundary point
Pn . One value, either up or zp is assumed to be given at this point.
By first calculating uy and Zo from Equations (156) and (157), the

given boundary value can then be used to determine the unknown value.

Suppose that wup is the known value. Then Equation (160) can be rewrit-

A
\%)M At . (164)

If zp is the known boundary condition, then Equation (160) can be rewritten

v = v - () B

ten to give zp,

ip = 7 - (upig) Y| - [ ulul
P- 0 P eTly  (8Ryg a

B%Eulu,)a At . (165)

M
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At

Figure 10.

Definition Sketch Illustrating Domain of Dependence
Governed by Characteristics Passing Through Grid
Points L and R . Point P Must Lie Within
Region Bounded by Line Segment IR and Character-
istics Curves C+ and C- .
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At the left edge of Figure 7 where only one characteristics
curve, C- , passes through P, the analogous boundary condition equa-

tions can be found using Equations(158) and (159) with Equation (161),

first for up known and then for Zp known:

zp = 2, + (uP—ue)L\/;%ﬂ gﬁﬁ ulu ) (166)
up = Ug * (zp-zg (.J’— 8RH u|u|)e AL (167)

Before concluding this chapter, it is certainly worth noting
the very pronounced similarity between the equations of transient motion
for the pipe flowing full and the equations of transient motion for a
horizontal pipe with free surface flow. The latter is analogous to un-
steady, open-channel flow. By comparing Equation (72) with Equation (127)
and Equation (71) with Equation (128), one becomes clearly aware of this
similarity. The similarity is further evidenced by comparing the respec-
tive sets of characteristics equations, namely, Equations (79)-(82) and
Equations (136)-(139).

Note that in the closed pipe the celerity of the internal

Pressure wave is

o5+ 3 sl

On the other hand in a pipe undergoing flow with a free surface, the celer-
ity of the infinitesimal surface wave--a pressure wave in the external
sense--is given by the expression _\/%; . In each instance the celerity
is affected by the particular properites of the liquid. It is also af-

fected by the particular liguid-solid and/or ligquid-gas interface conditions.
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When the pipe is flowing full the celerity is a function of the pipe con-
straint and elasticity as well as the liquid properties, whereas, when
the pipe is flowing partially full the celerity is a function of the shape-
geometry of the flow and of the liquid properties. Nevertheless, both
expressions are dimensionally similar.

When one recognizes that transient flow conditions in a pipe
flowing full on the one hand and in a pipe flowing with a free surface
on the other hand are basically very similar hydrodynamic phenomena, then
the similarity of the respective analytic treatments and mathematical re-
sults is not surprising. However, recognition of the hydrodynamic simi-
larity has been delayed perhaps, by the traditional division of hydro-

dynamics into "pipe-flow'" problems and "open-channel' problems.



CHAPTER IV

COMPUTER SIMULATION

Column separation precipitated by transient flow in a pipe
was interpreted theoretically in Chapter II. Its two principal regimes
of liquid motion were the subjects of analysis which included the devel-
opment of numerical processes for their evaluation in Chapter III. In
this chapter the theoretical concepts of transient-flow, column separa-
tion phenomenon, and the mathematical treatment of its two regimes of
liquid motion are used to formulate a working mathematical model for
simulating the phenomenon by digital computer. The specific boundary
criteria applicable to the model are discussed in detail. The sequence
of operations followed in the model is described and presented by means
of a flow chart. The structure of the computer program is discussed
briefly. The chapter concludes with several general remarks about the

operational characteristics of the simulation model.

Flow System

The flow system envisioned for computer simulation of the
transient flow, column-separation phenomenon is physically similar to
the example system considered in Chapter II (See Figure 2). A constant-
head reservoir and a quick-closing gate valve are assumed to be connected
by a long length of pipe. The reservoir is open to atmospheric pressure.
The gate valve is capable of instantaneous closure. Its elevation,
however, is variable with respect to that of the reservoir. The long
length of pipe connecting the reservoir to the valve is composed of two

(or more) pipe segments, each of which may be of unique diameter,

_75_
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wall-thickness, length, composition, and may have different friction-
loss properties as well as support fixity. The pipe segment connected
to the gate valve i1s the one in which column separation is anticipated.
This segment remains horizontal at all times; the other segments are
free to assume any inclined position. Because axial distance along the
pipe system is measured from the valve, this segment is denoted as
segment No. 1. Figure 11 shows a schematic drawing of the flow system.
Initially, the gate valﬁe is assumed to be fully open, thereby
permitting steady flow throughout thevsystem. At some time prior to
the reference or starting time, ty , the velocities and pressure heads
on the x,t-plane at the particular points, Xg,i » are determined from
steady-state conditions. These quantities are the initial conditions
used to begin simulation of the transient-flow, column-separation phenom-
enon in the computer model. The notation, k , is an integer subscript

denoting the particular pipe segment.

Boundary Conditions

The purpose of this discussion is to identify and set forth
the controlling boundary conditions which delimit a unique, well-defined
solution of the mathematical model. Without an explicitly stated set
of boundary conditions, accurate computer simulation of the transient-
flow, column-separation phenomenon observed in a prototype system would
be impossible.

Prior to closure of the gate valve two boundary conditions
govern steady-state flow in the system: pressure head at the entrance
to the pipe and the velocity of flow through the gate valve. Since the

constant head reservoir is unable to sustain a pressure other than its
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Valve

To Sump

Figure 11. Schematic Representation of Laboratory Flow System
Used in Experimental Investigation.
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own static pressure head, Hk,n is known and constant throughout time.
The velocity through the gate valve is equivalent to simply the discharge
divided by the area of the cross section at the valve; therefore, Vl,O
is known, also. Hk,n and vy o are "given" boundary conditions which
are used with Equations(105) and (108) in the numerical evaluation pro-
cess to determine Vk,n and Hl,O .

Transient-flow conditions are initiated by closure of the gate
valve. This occurs at time tp . Therefore, V1,0 is set to zero at
time tp and remains zero until column separation takes place. However,
the pressure head, Hk,n , at the reservoir remains unchanged and continues
to be the second boundary condition needed to define this phase of the
flow.

When the pressure head (Hi,o) at the gate valve falls to
the vapor pressure of the water, column separation takes place. At the
instant of column separation, new boundary conditions must be defined
for the pipe flowing full and another set of boundary conditions intro-
duced to describe conditions governing the free-surface flow in the pipe.

For the pipe flowing full the pressure head at the reservoir,
Hk,n , remains unchanged. However, the boundary condition which formerly
governed the condition of flow atvthe gate valve is now located at the
moving interface separating the full flow regime from the free-surface
flow regime within the pipe. This boundary condition is Hl,O set
equal to the water-vapor pressure head where the subscript zero now
refers temporarily to the position of the interface. Thus, Hk,n and
H o are used with Equations(108) and (106) to determine Vk,n end

vl,O at the boundaries of the full-flow system.
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One of the conditions governing the free-surface flow occurring
in pipe segment No. 1 is the boundary condition at the gate valve. Be-
cause the gate valve is closed there can be no flow (with a free-surface
or otherwise) through the valve; thus, the boundary condition is simply
that the velocity ug equal zero. However, a second boundary condition,
which suitably pertains to the condition of flow at the interface between
the two regimes of liquid motion is not so easily reconciled. A condi-
tion is needed prescribing either the velocity of flow or the depth of
water at the leading edge of the free surface interface. But because
the forefront of the cavity is itself moving with time, this task is
formidable.

Repeated laboratory observations of column separation revealed
that the leading edge of the cavity appeared to separate from the top-
most, inner surface of the pipe wall in a manner which remained basic-
ally unchanged regardless of the prior velocity of flow. In fact, the
foremost edge of the cavity appeared to maintain a profile of more-or-
‘less constant parabolic shape (See Figure 1). Although the mechanism of
liquid separation from the pipe wall is not investigated in this study,
local surface tension is thought to be the principal factor governing
its behavior. The mechanism of liquid separation from the pipe wall,
while fundamentally a three-dimensional flow process, can be adequately
treated as a one-dimensional flow process provided the pipe diameter is
not too small. Thus, if the foremost tip of the advancing wvapor cavity
is assﬁmed to actually have a parabolic profile, a means is at hand by

which the boundary condition, z, , can be prescribed.
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In the simulation model the shape of the advancing tip of the
vapor cavity is assumed to be analytically represented by the similarly
shaped void subtended by a parabolic cylinder which intersects at right
angles with a circular cylinder, i.e., the pipe, as shown in Figure 12.

The equation of the parabola on the x, z-plane 1is
2
(z - 2R(1-0))" = h%(-GR) )

wherein the focal distance, cb , is ©6R ; the latus rectum, ad , is

LOR ; and the vertex, located on the Z axis, is offset from the X

axis by the distance 2R(1-6) . The horizontal length of the subtended
void as measured from the vertex of the parabolic cylinder is the variable,
Xy while 6 'is a preselected decimal parameter. The depth, 2z , at

any point on the surface of intersection depicting the free-surface

profile at the forefront of the cavity is given by
z = 2R(1-6) ;~Vh9Rxp . (168)

The hypothesis advanced in Chapter II asserts that the volume
rate-of-growth of the vapor cavity is equivalent to the full-flow dis-
charge that occurs in the pipe immediately ahead of the cavity. Thus,
since Vl,O can be found by computation and since the pipe diameter is
known, the equivalent volume rate-of-growth of the cavity can be deter-
mined.

The subtended parabolic void representing the forefront of
the cavity takes form at the gate valve, that is, at xg . It expands
in volume and length with time. As soon as its volume is sufficient to

insure an overall. length greater than Ax , thus causing it to extend
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chrabolic Cylinder Trace Tz 8R

T 7\
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— 2R(1-8)

N
— o
|

N
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Circular Pipe Cylinder

Figure 12, Definition Sketch Showing a Parabolic Cylinder Inter-
secting a Circular Cylinder. The Shape of the Common
Volume Resulting from this Intersection is Considered
Representative of the Shape of the Void Typically En-
countered at the Leading Edge of the Vapor Cavity.
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beyond x7 , the value of zo and z] can be determined from Equation
(168). As previously stated uy equals zero. The velocity wu, 1is
arbitrarily set equal to Vl,O , which although an approximation must be
very nearly correct. Thus, the initial velocity and depth of the embry-
onic, free-surface flow at x, and x; are now known at some time ty
on the x,t-plane. These values serve as 'given conditions' with which
the characteristics evaluation process can be initiated to compute the
changing values of velocity and depth at subsequent intervals in time.
Meanwhile, . of course, the actual vapor cavity is continuing to
lengthen and increase in total volume. At Xy the boundary condition
Uy = O remains unchanged. Although the characteristics evaluation
process can be used to simulate the free-surface depths and flow velo-

cities, the boundary depth, =z farthest from the gate valve (in other

m 2
words, the depth at the grid point nearest the cavity tip) must be deter-
mined. This boundary depth is computed recursively with time by means
of the parabolic-void approximation. However, it is worth noting that
this approximation affects only the tip-most portion of the simulated
vapor cavity, chiefly that portion of the cavity extending beyond the
farthest, free-surface grid point on the x axis. The parabolic void
approximation i1s used to approximate the depth during both the growth
and collapse phase of the cavity simulation process. Thus, with the
exception of some slight distortion which perhaps may be introduced by
the boundary condition imposed at the forefront of the vapor cavity, a

well-defined technique for mathematically simulating the column separa-

tion accompanying transient flow in pipes is available.
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Sequence of Operations

The model employed to mathematically simulate the phenomenon
of transient flow in a pipe and the accompanying phenomenon of liquid
column separation consists of a multitude of individual operations per-
formed in a specifically prescribed, logical sequence. The operations
may be grouped into general categories which are related to particular
functions. These functional categories are listed sequentially:

(a) Introduction, predefinition, and initialization of specific
parameters, constants, and control factors used in the
simulation model.

(b) Establishment of the theoretical flow system including
initialization of the pre-transient regimen for the pipe
system (pipe flowing full).

(c) Delineation of the boundary conditions and operating con-
trols determining the transient flow phenomenon in the
pipe system.

(d) Successive calculation of the transient velocities and
depths throughout the system with respect to time while
the pipe is flowing full. The method of characteristics
is used to carry out these calculations. Special means
are employed to apply the method when the increment Ax
equals the overall length of a pipe segment.

(e) Determination of the occurrence of column separation by
means of test conditions. Certain control parameters are
set up in order to integrate an additional sequence of

operations to be followed during periods of separation.
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(f) Predefinition of functions and computation of initial
values and boundary conditions governing free-surface flow.

(g) Computation of transient free-surface velocities and depths
associated With the growth and collapse of the vapor cav-
ity. The computations are carried out by the method of
characteristics for free-surface flow concurrently with
the calculation for the pipe flowing full.

(h) Reinitialization of both major and minor control parameters
and boundary conditions following collapse of the vapor
cavity.

An abbreviated schematic flow diagram depicting the sequence

of operations followed in the simulation process is presented in Figure
13. Much of the mathematical detail has been eliminated from the diagram

in order to emphasize the logic of the simulation process.

Digital Computer Program

The digital computer program used to transmit the statement of
the model simulating the transient-flow, column-separation phenomenon
to the computing machine follows the skeletal structure outlined in the
flow diagram. The actual computef program is composed of a main program
and several subprograms, which whén integrated make up the whole program.
The main program performs the functions outlined in the flow diagram.
Consequently, it is structured similarly. Eleven subprograms or sub-
routines were written to perform various operations required by the main
program. These subroutines are called upon as needed. In addition, six

internal subroutines are defined and embedded in the main program.
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Consider the fact that in the particular prototype flow system
being simulated, the elapsed time, starting with the moment transient
flow is initiated, continuing through the ensuing formation of the first
vapor cavity, and concluding with its collapse, is approximately two or
three seconds. If the digital computer could simulate this portion of
the phenomenon in less than actual time, it would be performing in so-
called "fast time." If it required exactly the same number of seconds

1

it would be performing the simulation in "real time." If the computer
required longer than the actual time to complete the simulation run, it
would be performing in "slow time.'" Because the ratio of the actual
time to that required to simulate the separation phenomenon was approxi-
mately 1 to 240, the digital computer simulated column separation in
slow time.

The computer program (the main program and special subroutines)
is written in the Michigan Algorithm Decoder language commonly known as
MAD. This language is an enriched Algol base compiler language which
has been designed for implementation on IBM 7090 series computing systems
having 32K words of main memory. Certain of the operational characteris-
tics of the program experienced for the particular system configuration
investigated are tabulated below:

(a) Required locations in main memory

Main program--8,139 words
Special subroutines--1,639 words
Complete program--17,390 words
(b) Total comilation time of complete program--127 seconds

Complete listings of the main program and of the subroutines

are given in Appendices I and II, respectively.



CHAPTER V

EXPERIMENTAL APPARATUS AND LABORATORY INVESTIGATION

Experimental investigation of the column separation phenomenon
comprises the second major phase of this study. It serves to complement
the theoretical analysis which culminated in the technique for computer
simulation of column separation discussed in Chapter IV. Experimental
investigation was carried out in a specially constructed pipe system lo-
cated in the G. G. Brown Fluids Engineering Laboratory on the North Campus
at The University of Michigan. This chapter describes the pipe system and
the special instrumentation and apparatus used in the laboratory investi-
gation. It also treats the determination of the resistance-to-flow char-
acteristics of the pipe system as well as the calibration of the instru-
mentation used to measure transient pressure and depth-of-flow. The
chapter concludes with a summary of the procedures followed in conducting

the experimental measurements.

General Description of Pipe System

The laboratory flow system was comprised of four principal ele-
ments: a constant-head weir box; approximately 439 feet of heavy-duty,
one-inch inside diameter copper pipe; approximately 8.5 feet of one-inch
inside diameter plexiglas (cast acrylic resin) pipe; and a solenoid-
operated, quick-closing gate value. The weir box was connected to the
gate valve by means of the copper pipe and the plexiglas pipe. The plexi=-
glas pipe served as the test section in which the anticipated column

separation could be observed. It was therefore connected directly to the
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gate valve. Water was supplied to the weir box from the laboratory
supply and returned to a sump by means of a copper pipe and a heavy
duty hose. Siphon action was used to maintain flow through the system.
A detailed sketch of the flow system is presented in Figure 14,

The constant-head, weir box was designed to minimize the fluc-
tuations in head caused by changes in the discharge in the pipe system.
Two sharp-crested, horizontal, overflow weirs were provided such that
if a maximum flow velocity of 3 ft./sec. in the system were suddenly
reduced to zero, the maximum increase in head in the box would be less
than .01l ft. A manifold was used to introduce water into the weir box
with minimum turbulence.

The copper pipe was composed of six segments carefully joined
together to form a continuous conduit. A short segment only 1.25 feet
in length and integrally attached to the constant-head weir box, serves
as the inlet., The next four segments, each approximately 100 feet in
length, were joined by soldered sleeve connections. To conserve space
these segments were loosely coiled in a helix 5 feet in diameter and
supported by a finger-like wooden frame mounted vertically upon a mobile
hexagonal platform. The pipe was not constrained by the frame, therefore
the coils could freely adjust to imposed strains. Figure 15 shows the
constant-head weir box and the coiled pipe on the supporting frame. The
final segment of copper pipe extended approximately 37.5 feet from the
top of the coil to its junction with the plexiglas pipe. The properties
of the various segments of copper pipe used in the system are listed in

the table below:
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TABLE T

COPPER PIPE PROPERTIES

Inside Wall Modulus of
Segment Length | Diameter | Thickness | Density BElasticity
ft. ft, L. 1b./ft.3 |1b. f£t.2 x 1010
Inlet 1.25 .0824 .00532 546 .2L48
1 100.00 .0836 .00529 558 .24L8
2 100.16 .0831 .00535 558 .24h8
3 100.19 .0832 .00529 558 L2448
i 100.13 .0816 .00540 558 .24L8
Connector 37.46 .0828 .00528 558 24148
Total or
Average Values | 439.19 .0829 .00532 558 .24 48

Because the properties of the copper pipe segments were simi-
lar with respedt to each other, they were treated as one continuous pipe
having average characteristics.

The plexiglas pipe was constructed of two short lengths of pipe
cemented together to form a continuous tube 8.44 feet in length. Plexi-
glas flanges were machined and fitted to the ends of the pipe, thereby
permitting connec£ion to a similar bronze flange attached to the copper
pipe on the one hand, and to another bronze flange attached to the gate
valve on the other hand. O-rings inserted between the flanges in machined
chamfers provided leak-proof connections. A steel frame was used to hold
the pipe firmly in position. Although the pipe could still accommodate
radial strains, the frame curtailed axial strains. The cast plastic pipe
was assumed to be isotropic. Its properties are listed in the table

following:
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TABLE IT

PLASTIC PIPE PROPERTIES

Inside Wall Modulus of
Length | Diameter Thickness Density Elasticity 8
ft. ft. ft. 1b./ft.3 | 1b./ft.2 x 10
8.77 .0828 L0211 73.63 .51l12%
) I‘

*Methyl Methacrylate (acrylic resin) at 26°C.

The steel frame used to secure the plexiglas pipe also
served as a mounting for the quick-closing, solenoid-actuated gate
valve. Because this frame was designed to permit rotational adjust-
ments about a horizontal axis, the value was positioned so that the
axis of rotation passed through the center of the gate opening. How=-
ever, all investigations undertaken in this study were conducted with
the plastic pipe in the horizontal position.

The solenoid-actuated valve was normally in the open
position, When actuated by the solenoid the sliding gate was pushed
dowvnward until the circular passage in the gate was no longer aligned
with the inlet and outlet ports. The time-of-closure was found to vary
from less than 20 milliseconds to nearly 60 milliseconds, depending
upon the phase position of the AC voltage at the moment the solenoid
coil was energized., Clearly, the instantaneéus valve closure assumed
in the theoretical phase of the study was not achieved in the laboratory.
However, because the round-trip travel time of the main pressure wave

was in fact equivalent to instantaneous valve closure,
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Because the flow system was operated under syphon conditions,
the drain hole at the bottom of the valve chamber was submerged in a
reservoir of water.

Figures 16 and 17 show the plexiglas pipe, the solenoid-operated
gate valve, and the steel supporting frame from two different vantage
points, Figure 18 provides a close-up view of the principal test section
in the plexiglas pipe, the solenoid-actuated gate valve, and the support-
ing frame and mounting bracket.

A one-inch inside diameter copper pipe was used to return the
flow from the valve to a lower elevation. A heavy=-duty, one-inch inside
diameter rubber hose connected to this pipe returned the flow to the lab-

oratory sump, thereby completing the flow system.

Instrumentation

Three sets of piezometer rings were attached to the copper pipe
system., The first ring was located just beyond the entrance to the pipe
system at the weir box; the second was placed immediately ahead of the
junction between the copper and the plastic pipes; and the third ring was
positioned just beyond the gate valve. A removable, fourth plexiglas
piezometer ring (shown hanging from the dual manometer stand in Figure
16) was available for insertion at the junction between the plexiglas
pipe and the gate Qalve, When connected to the appropriate manometers
these piezometer rings were used to determine the friction loss charac-
teristics of the flow system.

A Dynisco unbonded strain-gage type transducer was used to
determine the transient pressures at the gate valve, This transducer,

which was mounted nearly flush with the inside wall of the pipe and
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Figure 16. View of Coiled Copper Pipe, Plexiglas Pipe,
Solenoid-Operated Gate Valve, and Assorted
Instrumentation. Plexiglas Pipe and Gate

Valve are Mounted on Steel Frame Clamped to
Structural Column.

Figure 17. Top View of Plexiglas Pipe and Solenoid Oper-
ated Gate Valve.
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normal to the longitudinal axis, was temperature compensated through-

out its full 0-300 psia pressure sensing range. Its range of frequency
response was 0-12,000 cps., The transducer is partially visible on the

back side of the pipe in the center of Figure 18. An Ellis BAM-1 bridge
amplifier was used not only to supply the input voltage needed to acti-

vate the four arms of the Wheatstone bridge circuit in the transducer,

but also to amplify the response signal., The output of the amplifier

was displayed on a Tektronics Model 565 dual beam oscilloscope equipped
with a polaroid camera,

In order to determine the magnitude and shape of the vapor cavi-
ties a series of miniature wave gages were very tediously installed
throughout the length of the plexiglas pipe. Each gage, consisting of
.002-inch diameter nickel-chrome resistance wire threaded in a "W'-like
pattern through the walls of the pipe and cemented in place with epoxy
resin, could serve as a single leg in a variable conductance Wheatstone
bridge circuit. The gages were vertically oriented in a plane normal to
the axis of flow. The first gage, located as close to the gate valve as
possible, was .342 foot from the near face of the gate while the second
gage was .500 foot from the face. The next 17 gages were spaced at
2-inch intervals, the following 16 gages at 3-inch intervals, and the
remaining gages at 6-inch intervals. A total of 37 gages were installed
in the plexiglas pipe. Figure 19 shows a sample miniature wave gage typi-
cal of the gages installed in the plexiglas pipe. Several of the actual
gages are visible in Figures 16-18.

Two Sanborn Twin-Viso oscillographs equipped with A.C. amplifiers
(2400 cps) were used to activate the gages, amplify the responses, and

record the resulting signals. Four identical bridge circuits were provided
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Figure 18. Close-Up View of Principal Test Section Depth
Gages and Pressure Transducer Mounted in Plexi-
glas Pipe.

Figure 19. Enlarged View of Sample Depth Gage.



-101-

in order that any four gages could be monitered simultaneously. A
schematic diagram of the bridge circuit is shown in Figure 20, The

two Sanborn units were interconnected and their circuits slightly modi-
fied in other ways to eliminate beat frequencies and minimize cross-
signal feedback. Figure 21 provides a closeup view of the two oscillo-
graph units, the camera-equipped oscilloscope, and the bridge amplifier

unit used in the study.

System Calibration

The unique frictional resistance characteristics of the labora-
tory flow system were investigated for the full range of anticipated rates
of discharge. The head losses in both the plexiglas pipe (pipe segment
1) and the copper pipe (pipe»segment 2), were determined for 55 different
rates of dischérgea Two differential manometers were used to measure the
head losses, while weigh-tank observations were used to determine the flow
velocities. These data, together with the appropriate kinematic viscosity
data, were ﬁsed to obtaln the steady-state, frictional flow-resistance
term f, and the associated Reynolds number, Figure 22 is a graphical
representation of £he typical flow resistance relationships obtained by
plotting the respective data versus the associated Reynolds numbers,

While the relationships shown in Figure 22 admittedly represent steady
state flow resistance characteristics, the flow resistance relationships
for transient flow conditions are assumed to be equivalent,

Before undertaking the investigation of the column separation
accompanying transient flow in the experimental laboratory apparatus,

both the pressure-sensing instrumentation and the wave or depth-sensing
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Figure 20. Diagram of Circuit Designed for Use with a Miniture Wave
Gage.
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instrumentation had to be thoroughly checked, adjusted, énd fully cali-
brated., In fact, these operations had to be repeated frequently in
order to insure that all equipment was functioning properly and that
the observed readings were indeed meaninéful and accurate.

The pressure transducer was carefully checked for accuracy of
full-scale reading using a dead-weight gage tester., Then the prope;
scaling was established on the Ellis bridge amplifier and on the oscilli-
scope to give the proper beam deflections on the dual beam cathode ray
tube. The deéd welght gage tester was used to determine the desired
scaling,

Maintenance and calibration of the depth sensing gages proved
to be a tedious, complex, and often difficult task. Although these gages
were all of similar design, each one had unique calibration characteristics
which had to be taken into account. Calibration of these gages consisted
of establishing (or reestablishing) the zero flow or dry pipe adjustment
of the apprépriate oscillograph channels. Next the full-flow reading was
used to adjust the various oscillograph channels for proper scaling with
a particular gage. Another reading had to be taken to compensate for the
pressure condition in the pipe. This reading was subsequently used as
an adjustment applied to the recorded values during appropriate periods
in time.

The time required to adjust, calibrate, and stabilize the opera-
tion of the wave gages ranged from one or two hours to as much as a day
or longer. Fortunately, once proper operation was achieved only minor
adjustments were required between successive column separation experi-

ments in a sequence of investigations.
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Experimental Procedures

Actual column-separation experiments could be undertaken only
after all electronic equipment had operated sufficiently long to insure
its stability and after all instrument calibration had been successfully
accomplished, ‘The first step in an experiment was to prime the pipe sys-
tem and thereby esfablish syphon flow. The priming operation was done by
temporarily attaching a hose to the inlet of the system in the weir box.
Water drawn under pressure from the laboratory constant head tank was
used for priming and for flushing out entrapped air, All piezometers
were bled to eliminate air which may have become trapped in the piezome-
ter rings. Flow in the system was regulated by means of a throttle
valve in the sump return pipe., The steady-state discharge was determined
by using a stop watch and a scale to time and weigh, respectively, several
sampled quantities of water passing through the system, Water temperature
readings and mercury barometer readings were recorded at frequent inter-
vals throughout an experimental period,

To initiate transient flow and the subsequent column separation,
the recording oscillographs were started and the shutter of the polaroid
camera, attached‘to the oscilloscope was opened immediately prior to the
instant the solenoid valve was switched shut. When the valve closed, the
self-triggering, beam-sweep circuits in the dual-beam oscilloscope caused
the trace of the pressure wave sensed by the transducer at the gate valve
to be recorded on film. The upper beam was used to record the individual
pressure peaks superimposed, one upon the other, using an expanded time
scale, The lower beam recorded the entire sequence of pressure peaks
separated by periods of column separation during a 5=-gsecond sweep inter-

val, The trace of transient pressures observed at the gate valve and
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shown in Figure 23 for laboratory run No. 19 is typical of the data ob-

tained from the pressure transducer. In this figure a major division

in the vertical direction is equivalent to 55 psia. A major division in
the horizontal direction on the upper scale is equivalent to .05 second;
on the lower scale, .5 second.

Meanwhile, the oscillographs recorded the depth of flow at
selected points within the travel range of the cavitation void. Figure
24 shows a typical set of data obtained simultaneously on one of the
twin-channel, étripmchart oscillographs during laboratory run No., 33,
The upper trace represents the depth of flow observed at miniature wave-
gage No., 1; the lower trace, the transient pressures at the gate valve.
The trace of the transient pressure was frequently recorded on one of
the four oscillograph channels to assure the simultaneity of time base
for all recording media, One=-second tick marks are visible along the
lower edge of the chart in Figure 23; the major chart divisions are
S5mm., the minor divisions are 1 mm, so that the chart speed was 100 mm,
per second, Simultaneous strip-chart traces representing the depth of
flow at two other wave gages were recorded on the second, twin-channel
oscillograph.

On certain laboratory runs photographs of the cavitation void
were taken,

Once column separation had ceased and the transient pressure
wave had diminished due to friction, the solenoid valve was opened and
the recorded data was removed from the recording instruments and marked

for subsequent identification, The system could then be reinitialized
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and made ready for the next experimental run. It was found essential
to recheck all instrument calibrations before starting each new labora-
tory experimental run,

The experimental results are presented in the next chapter and
compared with the theoretical results obtained from computer simulation

for the same physical conditions.



CHAPTER VI

COMPARISON AND DISCUSSION OF EXPERIMENTAL AND THEORETICAL RESULTS

The study of column separation accompanying the transient flow
of liquids in pipes culminates in this chapter with comparisons of the
laboratory-observed, experimental results and the computer-simulated,
theoretical results derived from the mathematical model, The ability to
throttle the syphon-flow velocity and to vary the elevation of the sole-
noid-operated valve throughout a range of approximately 26 feet, as well
as intrinsic fluctuations in the atmospheric pressure and in the water
temperature offered a limitless combination of experimental conditions
for laboratory investigation., However, practical constraints on the time
which could be profitably expended analyzing laboratory data and economic
sanctions on the use of computer time, limited this study to the investi-
gation of only a few selected conditions., These conditions are briefly
presented in the first section., A detailed comparison of the experimental
and theoretical results obtained for one particular set of investigated
conditions is presented in the subsequent section., Analysis and discus-
sion of the similarities and dissimilarities between the theoretical and
experimental pressure rises are followed by a similar appraisal of the
theoretical and experimental column-separation voids. The significance

of these findings is discussed in the final section,

Conditions Investigated

Experimental data were gathered for three distinct sets of lab-
oratory conditions, These conditions differed, one from another, because
of differences in the elevation of the solenoid-operated gate valve, dif-
ferences in the initial steady-state rate of flow, or because of both,
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However, minor changes in atmospheric pressure and in water temperature,

along with slight fluctuations in the initial rate of flow resulted in

subset conditions within two of the principal sets of conditions. Table

TIT is a summary of the 34 data runs considered in the experimental phase

of the study.

The grouping of the various data runs according to labora-

tory conditions is tabulated below:

(a)

(v)

Group I: Runs No. 1-10

Valve Elevation (HEL) = 27.980 feet

il

Location (Loc 1) 39.00 feet

li

Tnitial Steady-state Discharge (Q) ¥ -0.0107 cubic feet
per second

Group II: Runs No. 11-25, 31-3k4

Valve Elevation (HEL) = 34.719 feet

Location (Loc 1) 18.00 feet

Tnitial Steady-State Discharge (Q) = -0.0107 cubic feet
per second
Group III: Runs No. 26-30

Valve Elevation (HEL) = 37.719 feet

I

Location (Loc 1) 18.00 feet

~

Tnitial Steady-State Discharge (Q) = -0.0078 cubic feet

per second

These same parameters, together with other parameters describing

the nonvariable experimental conditions, were used as input data to the

computer program.

laboratory conditions.

Computer simulations were then carried out for the three
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Comparison of Results

In the theoretical analysis presented in Chapter II, the assump-
tion was made that the pipe flow ahead of the void created by column separa-
tion would continue to be full-pipe flow. That this assumption is, in fact,
not valid became apparent rather early in the experimental phase of the
study. While the free-surface, vapor-filled, column-separation void formed
as anticipated, small gaseous cavities--bubbles--were observed to occur
ahead of the void and throughout the remaining length of the plexiglas
pipe. Moreover, with continued propagation of the low-pressure wave toward
the constant head reservoir, similar bubbles were heard to occur through-
out most of the length of the copper pipe. With the iminent collapse of
the column-separation void and with the subsequent creation of a new
high-pressure wave propagating toward the reservoir, the cavitation bub-
bles were observed to diminish, first, and then, to disappear completely
(or almost completely), respectively.

The occurrence of vapor-cavity bubbles ahead of the void has a
significant bearing on all aspects of the transient-flow, column-separa-
tion phenomena. This significance will become fully evident in the com-
parisons and detailed discussion which follow.

Two experimental runs, Numbers 25 and 34, were selected from the
laboratory data in Group IT for detailed comparison with the corresponding
computer-simulated results. These runs were considered to be entirely

representative of the other experimental runs comprising Group II.

Pressure Rises

Figure 25 presents a time comparison of the transient, absolute

pressures occurring at the gate valve as derived from the mathematical
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model and from laboratory measurements (experimental runs Numbers 25 and
34). Time is measured from the instant the gate valve was closed. For
each of the three examples shown, column separation occurs at the wvalve
during the time intervals between the successive pressure rises. Figures
26 and 27 provide detailed overlay comparisons of the computer-simulated
and experimentally-determined initial pressure rises and second pressure
rises, respectively. Figures 28 and 29 are reproductions of the respec-
tive oscilloscope photographs on which the absolute pressure-head data for
runs Numbers 25 and 34 were recorded. The numerical data used to plot the
experimental results of Figures 25, 26, and 27 are tabulated in Appendix
IIT; many of the data used in plotting the theoretical results are con-
tained in Appendix IV.

Comparative study of Figures 25-27 discloses several factors
of note.  Principal among these factors are the following:

(a) In broad terms the overall appearances of the three pres-
sure diagrams shown in Figure 25 are similar; abrupt
pressure rises separate intervals of subatmospheric pres-
sure during which time column separation occurs.

(b) Despite some minor pressure fluctuations and local pres-
sure differences evident in the experimental results, the
three initial pressure rises closely resemble each other
in time of occurrence, as well as in shape, duration, and
magnitude of the pressure rise.

(c) The experimental second pressure rises, while manifesting
the same minor pressure fluctuations and local pressure
differences noted in the initial experimental rises, com-

pare favorably in shape and duration with the corresponding
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Numbers 25 and 34.
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Numbers 25 and 3k.
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Figure 29. Transient Pressures Observed at Gate Valve
During Laboratory Run Number 34.
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theoretical pressure rise. However, the magnitudes of the
experimental pressure rises are appreciably less than is
the magnitude of the theoretically-determined rise.

(d) The recurrence intervals between successive, experimental
pressure rises are of appreciably less duration (35-40 per-
cent less) than are the corresponding intervals determined
theoretically. (The third theoretical pressure rise, al-
though not shown in Figure 25, was determined to occur
beginning at approximately 5.09 seconds after valve closure. )

(e) Appreciable differences occur between the experimentai data
of laboratory runs Numbers 25 and 34 with regard to the
magnitudes of the pressure rises and the duration of the
recurrence intervals. Yet, both runs were made ostensively
under the same laboratory conditions.

(f) Minor pressure fluctuations appear superimposed on all of
the experimental pressure rises. These fluctuations have
an épparent duration ranging from 0.0068 to 0.0072 seconds.

(g) Although the duration of both the experimentally and theoret-
ically determined initial pressure rises is very close to
0.2 seconds, a slight tendency toward increased duration
appears to develop in the second and subsequent experimental
rises. This tendency appears to accompany the deterioration
in the abruptness with which thé‘pressure rises collapse.

Among the féctors listed above two very significént findings are

apparent. One is the considerably shorter duration of the experimental,

pressure-rise recurrence interval as compared with the duration of the
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theoretically-predicted interval, The second is the more rapid rate at
which the magnitudes of the second and all successive pressure rises
diminish, again as compared with the theoretical findings. Without even
comparing the experimentally and theoretically-determined column-separa-
tion voids, it is apparent that the duration of these voids must also be
considerably shorter than anticipated from theory. It is probable that
the extent of their travel will prove to be similarly reduced,

Taken together the two complementary findings are strong evi-
dence suggesting that during periods of column separation the rate of
energy dissipation which occurs in the flow ahead of the void is much
higher than anticipated, The obvious question is, "why?" There are
several conditions which lead one to believe that a higher energy-dis-
sipation rate could be a direct outgrowth of the '"bubble" or '"plug'" flows
taking place in the pipe ahead of the column=-separation void., However,

a thorough discussion of these circumstances is deferred to a subsequent
section,

The laboratory flow system was designed to minimize sources of
potential disturbance to pressure wave propagation, The intent, of course,
was to assure a clean, uncluttered wave form, It was for this reason that
syphon flow was preferred over flow induced by a turbine pump located at
the outlet of the system. Nevertheless, not all disturbance-producing
elements could be eliminated. Using an expression for the round-trip
time-of-travel of a pressure wave in fully confined flow, namely, the
expression ty =2 Lt/al s one finds that the distance, L , from the
transducer to a disturbance having a propagation and return interval, t. ,
of 0.0066 to 0.0072 seconds ranges from 8.1 to 8.9 feet. The term aj

represents the celerity of propagation of a pressure disturbance in the
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plexiglas pipe. This places the source of the disturbance at or Just
beyond the junétion between the copper and plexiglas pipes. The super-
imposed, minor, pressure fluctuations appearing on the experimental
pressure-rise data are believed to be caused by pressure reflections from
the small annular chamber of the piezometer ring attached to the copper
pipe and situated 0.3 foot from the pipe junction (8.7 feet from the

pressure transducer).

Column-Separation Voids

Figure 30 presents a modified isometric diagram showing the
absolute pressures at the gate valve, as well as the column=-separation
void profiles at five successive distances measured from the valve, all
with respect to time, The data on this diagram were derived entirely
from the mathematical model by digital computer simulation. Figures 31
and 32 are the companion diagrams presenting the corresponding experi-
mentally-derived data from laboratory runs Number 25 and Number 3k,
respectively. In each of the diagrams the depth of flow, z, in the pipe
is measured on the vertical plane passing through the axis of pipe and
normal to the bottom inner pipe surface., Figure 33 presents a more de-
tailed comparison of the superimposed depth profiles for both the experi
mentally-determined and theoretically-determined voids with respect to
time,

In Figures 30-33, the column~separation voids are compared on
the basis of profiles in the 2z - t plane at a particular location, x .
The voids can also be studied as phenomena occurring in the x = z

plane at a selected time t . Figures 34 and 35 present time-seqguence
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An Tsometric Representation of the Experimentally-Determined Transient Pressures
. at the Gate Valve and Concurrent Free-Surface Profiles at Selected Distances from

Figure 32.

the Gate Valve Due to Column Separation During Laboratory Run Number 3kL.
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families of profiles derived from the mathematical model by computer simu-
lation. Figure 34 presents the time-sequence of the water-surface pro-
files for the initial period of column separation; Figure 35, the water-
surface profiles for the second period of column separation. Note that
in both figures dissimilar horizontal and vertical scales were used. In
each figure the growth sequence of the theoretical void is depicted in the
top diagram while its collapse sequence is traced in the bottom diagram.
Unfortunately, there were insufficient experimental data with which to
plot the companion experimental curves. However, Figures 36, 37, and 38,
as well as Figure 1, are typical photographs of the column=-separation
voids observed in the laboratory. Each of the partial profiles shown in
these figures may be thought of as one profile out of a family of profiles
similar to the theoretically-determined profiles of Figure 34. Because
the photographs shown in Figures 36, 37, and 38 were taken at close range
using a camera with a very shallow depth of field and because the inverted
tape measure was positioned behind the plexiglas pipe, the apparent dis-
tances of points in the void from the gate valve are somewhat distorted
and have only approximate significance.

Most of the data used in Figures 30-35 are tabulated in Appendixes
IIT and IV.

The principal factors noted from comparing the theoretically-
derived and experimentally-determined column-separation voids are cited
below:

(a) The similarities which exist between the corresponding com-

puter-simulated and experimentally-determined void profiles
shown in Figures 30-34 are limited largely to similarities

in the gross sense of the term. The shapes of the initial
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Figure 36. Advancing Column-Separation Void Photographed
During Run Number 19. Inverted Scale Gives the
Approximate Distance to the Inner Face of the
Gate Valve in Inches.

Figure 37. Advancing Column-Separation Void. Notice the
Cavitation Bubbles Ahead of the Void and the
Ripple Behind the Void.
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(c)

-1%2-
experimentally-determined void profiles, especially the
profiles recorded at wave gage Number 1, have an identifi-
able resemblance to the corresponding profiles determined
from theory despite topical differences and differences in
duration.
The shortened duration of the experimentally-determined
voids ig coincident with the reduced experimental recur-
rence interval noted in the previous section. As antici=-

pated the extent of travel of the experimental column-

separation void is much reduced =-- approximately 50 percent

reduced during the initial column-separation cycle -- from
that which is predicted by the mathematical model. The
experimental maximum extent of travel for each of the in-
itial column-separation voids comprising Group II data is
given in Table IIT.

The depth of free-surface flow observed in all laboratory
runs, but spécifically as shown for runs Numbers 25 and
34k, is much greater than that derived from theory. This
factor, together with the reduced extent of travel, dic-
tates that the transient volumes of the experimentally-
determined voids are very much smaller than the predicted
volumes.

The differences between the experimental void profiles re-
corded at the various wave gages during laboratory runs
are even more pronounced than the differences noted for

the comparisons of the experimental pressure-rise data.
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For example, the two experimental =z - t profiles re-
corded at gage Number 1 have g fair resemblance to each
other. Both voids form and collapse at approximately

the same times respectively. Yet the associated profiles
at gage Number L4 are certainly less comparable.

(e) The leading front of the experimentally-determined void is
less bulbous than the front computed for the simulated void.
Moreover, the front of the laboratory-produced void is
usually followed by one or more surface ripples not pre-
dicted by the mathematical model (see Figures 1, 36-38).

(f) Small ripples appear on the free-surface of the experimental
flow throughout the void. These ripples are not manifest
on the theoretically-determined free surface profile,

(g) On the basis of comparisons with the theoretical conditions,
the second experimental column-separation void has, propor-
tionally speaking, an even smaller extent of travel than
does the first experimental void.

The single most significant finding evident from the list of
factors above is that the experimental void is of less physical magnitude
and of less duration than is predicted by the simulation model. The
shorter extent-of-travel, the greater depth of free-surface flow which
conversely results in a void of shallower depth, the shorter recurrence
interval, as well as the proportionally diminished extent-of-travel
during the second void cycle, all lend additional support to the belief
that during column separation, the rate of energy dissipation occurring

in the flow ahead of the void is much higher than anticipated.
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The small differences in the appearance of the leading edge
of the theoretically and experimentally-determined void profiles are
not unexpected, The boundary condition used with the simulation model
to represent separation of flow from the pipe wall at the leading edge
of the void is premised on a one-dimensional concept of the flow process.
Moreover, the effects of surface tension are not considered. Thus, dif-
ferences -- even greater differences than those observed -- were antic=-
ipated, Moreover, as the separation front of an advancing void moved
in the pipe, a thin film of water was observed to flow around and lat-
erally down the inner surface of the pipe and rejoin the free-surface
just in back of the void front. This flow, entering the free-surface at
either side of the pipe, is believed to be the cause of the rather pro-
nounced ripple trailing the separation front of an advancing column-
separation void (see Figures 36 and 37).

The factor(s) causing the other small ripples appearing on
the experimental void profiles is unknown. One can speculate, however,
that these ripples may have been produced by some slight pressure fluc-
tuations occurring ahead of the separation front or by some slight
anomaly in the pipe system.

Comparisons of the simulated results and the experimental re=
sults were not carried out in as great detail for the laboratory condi-
tions of Groups II and III. However, the same general results were ob-
served, The experimental results obtained in the laboratory had three

common characteristics:
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(a) Although the first pressure rise compared favorably in
magnitude, form, and duration with the simulated pressure
rise, the second pressure rise was of lesser magnitude
than its simulated counterpart.

(b) The duration of the first experimental void was consider-
ably shorter than the duration determined from the mathe-
matical model.

(c) The extent-of-travel of the first experimental void was

considerably shorter than predicted by simulation.

Significance of Findings

The significance of the theoretical and experimental findings
cannot be interpreted properly without considering the apparent effects
that cavitaﬁion and the resulting bubble flow have upon the column separa-
tion phenomena. Thus, it is of value at this point to describe in some
detail the flow conditions observed in the laboratory during separation
and to briefly review the role of gas nuclei and gaseous diffusion in
incipient cavitation.

The formation of bubble cavities ahead of the main void was
observed regularly during periods of column separation for all of the
laboratory conditions investigated. The bubble cavities were observed
to develop generally near the pipe wall in the topmost quadrant of the
plexiglas pipe and in the portion of the flow-wake immediately behind
the individual wires of the wave gages. Bubble cavities were never ob-
served to form in the flow in the lower half of the pipe., Formation
occurred very rapidly; so rapidly, in fact, that it was difficult to

perceive that it occurred progressively along the pipe with time. The
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ultimate size of these bubble cavities varied from nearly spherical
bubbles having an approximate diameter of less than .0l foot to larger,
elongated bubbles exceeding 0.3 foot in length (see Figures 1, 36, 37,
38)., No variation in bubble distribution throughout the length of the
plexiglas pipe could be visually detected during any given occurrence.
However, the number and ultimate size of the bubble cavities did vary
appreciably from one experimental run to another, even under ostensibly
unchanged flow conditions. Sometimes many larger bubbles developed; at
other times the bubble cavities would be predominantly smaller and more
numerous.,

It is noteworthy that the smaller bubble cavities appeared to
move more or less with the flow whereas the larger ones moved rather
sluggishly and tended to "roll" along if they moved at all. Yet, with
collapse of the first column-separation void the bubble cavities col-
lapsed and disappeared or at least diminished to a subvisual level,

The bubble cavities reappeared during the second and subsequent column
separation voids., However, after the collapse of the third or fourth
column separation void, the largest bubble cavities did not always dis-
appear completely. Occasionally, a few very small bubbles could be ob-
served remaining in the flow.

It has been fairly well established that under ordinary engi-
neering conditions the inception of cavitation in water results from the
growth of submacroscopic nuclei containing liquid vapor and undissolved

(13,16,38,k4L4)

(free) air. These nuclei may be present in the water, or

they may be attached to the boundary surfaces or to particulate matter
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in water. For a small spherical bubble in static equilibrium in water,

one may write the equation

(169)

R ]Q

Pg * Py = Py = 2

where p, 1s the local ambient pressure, p, 1s the liquid vapor pres-
sure, Pg is the gas partial pressure, ¢ is the surface tension, and
r 1s the bubble radius., The pressure, Pg > of a known weight of a

perfect gas at constant temperature is

where w 1is the weight of the gas, T 1s its absolute temperature, ¥
is its volume, and R is the gas constant (53.35 ft. lb./lb./Deg,Rankin).

Thus, this expression can be written

o 3wRT I
& bar3 13

where J = 3wRT/4n is a parameter indicative of the weight of the gas

in a bubble at a particular temperature., Egquation (169) becomes
Pgm Py =% -~ — . (170)

The minimum pressure at which this equilibrium relationship is

valid is found by differentiating with respect to r :
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Therefore, the critical pressure, r* , is
1/2
r¥ = 3 .
\2co
Consequently, the minimum pressure, (pa - pv)min = p¥ , is

J - 20
(33/20)3/2  (35/20)/?

p* = (pg - Pv)min=

or simply

- Lo

3r¥

(171)

p* = (Py - Pylmin =

for which the critical pressure is below the vapor pressure. If the
ambient pressure is decreased even slightly, the bubble (water-vapor-air
nucleus) becomes unstable and grows without bound. At greater than
critical pressures the bubble is stable and assumes an equilibrium radius
according to Equation (170). Figure 39 shows the static relationship
between the pressure head and the bubble radius for various masses of

gas as given by the parameter J, From this figure it is clear that in
order for small diameter bubble nuclei to expand, the pressure must be
lesg than the vapor pressure. Moreover, Strasberg<5l) shows that bubbles
having a dismeter of less than 20 microns (6.6 x 107 foot) require nega-
tive absolute pressure for cavitation inception,

These simple bubble-nuclei equilibrium arguments are only gen-
erally relevant to the observed cavitation phenomenon, since the dynamic
effects of an expanding, moving bubble are ignored. Moreover, the argu-
ments assume constant temperature and constant air mass. Nevertheless,
these arguments do provide a basis from which to appraise the laboratory

findings.
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The water used in the experimental phase of the study was ob-
tained from the main recirculated supply available in the laboratory.
Tt was found to be nearly saturated with air under atmospheric conditions.
The fact that the water must have been in a supersaturated state at the
point in the laboratory flow system at which column separation occurred
might lead one to presume that the cavitation may have been gaseous
cavitation. However, Parkin and Kermeen(38) determined that even with
convective diffusion aiding gaseous cavity growth, the time required for
such growth is measured in hundreds of milliseconds, whereas, the time
required for true vaporous cavitation is of the order of a few microseconds.
Moreover, as noted by Strasberg(5l) true vaporous cavitation is virtually
independent of the dissolved air content of the water, except insofar as
the dissolved air may influence the size and growth of subcritical nuclei,
Vaporous cavitation with its explosive bubble growth requires the pressure
to fall below the liquid vapor pressure, if only for an instant. Gaseous
cavitation, on the other hand, can occur at a pressure above the vapor
pressure provided this pressure is maintained long enough to sustain the
comparatively slow diffusion process. Thus, three factors indicate that
the main column separation void, as well as the cavitation occurring ahead
of it are, in fact, of vaporous origin: (a) the almost instantaneous
explosive character of bubble-cavity formation, (b) the insufficient
time for gaseous cavitation, and (c) the complete (or nearly complete)
disappearance of both the separation-void and bubble cavities with the
sudden reoccurrence of high pressures.

Recent studies by Ripken and Killen(uu)

offer a possible ex=-
planation for the appearance of the vaporous bubble cavities near the

top, inner surface of the pipe and in the wakes behind the wires of the
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wave gages, Thelr research revealed that vorticity and boundary-layer
turbulence promote the diffusive growth of the entrained air-water-vapor
nuclei, thereby promoting vaporous cavitation in these regions at the
onset of subcritical pressures,

From the laboratory observations and information pertaining
to cavitation phenomena presented above, it appears that the mechanism
of column separation and the accompanying bubble cavitation occurring
ahead of the separation void may be described as follows: The initial
high pressures in the pipe are relieved by flow of water toward the
reservoir. When the motion of flow extends to the interface between
the water column and the closed gate valve, tensile stresses tend to
form in the water adjacent to the gate and the local pressure abruptly
decreases below ambient pipe pressure, Minute gquantities of dissolved
air leave solution in free, molecular form and coalesce with the already
present submacroscopic air-water-vapor nuclei, Pressures at the gate
valve continue to decrease and to propagate from the valve toward the
reservoir as a low=-pressure wave. The rate of propagation is of the
order of 2.5 to 4.5 x 103 feet per second, Concurrently, a submacro=-
scopic nucleus in the vicinity of the topmost region of the water-column,
gate-valve interface is subjected to less than the critical equilibrium
condition and expands explosively., The result is formation of a column=-
separation void. The void continues to expand and propagate from the
gate valve toward the reservoir, but with a celerity of only a few feet
per second, Other nuclei situated between the propagating, low-pressure,
wave and the much more slowly advancing separation void encounter less
than critical conditions and expand explosively, also, These, then, are

the bubble cavities observed to occur ahead of the void,
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Contrary to the assumption of Chapter II that flow ahead of
the separation void would be full-pipe flow, the bubble cavities pro-
duce a highly transient, metastable, two-phase flow characterized by
intricate flow geometry and by ever-changing boundary conditions. The
outlook for a rational interpretation of the energy dissipation rate
under such conditions is dismal at best. However, the rate of energy
dissipation that occurs under somewhat similar flow conditions is known
to be greater than for comparable single-phase, steady-state, full-pipe
flow557> This is so, first of all, because of the complex character of
the two-phase flow pattern and, second, because of the energy losses

(33)

associated with cavitation itself. Nevertheless, the treatment of
energy dissipation in two-phase flow, either by rational or empirical
means, is beyond the scope of this study.

Tn order to test the notion that a higher rate of energy dis-
sipation would shorten the duration of the theoretically-determined col-
umn separation intervals and would thereby bring the computer-simulated
results into closer agreement with the experimental findings, the friction-
loss coefficient in the simulation model was arbitrarily adjusted, The
computer program was temporarily modified so that whenever the absolute
pressure head at any point in the pipe fell below 12 feet of water during
periods of column separation, the friction coefficient at that point was
increased by a factor of 3., The simulated results obtained with this
‘arbitrary modification did indeed verify the notion; the duration of
the first column separation interval was decreased, the distance of tra-
vel of the separation void was reduced, and the magnitude of the second

pressure rise was brought more nearly into agreement with the laboratory

finding., The simulation was not carried beyond the second pressure rise.
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From a qualitative point of view, the better agreement between
the theoretical and experimental results tends to support the arguments
for increased energy dissipation. Quantitatively speaking, however, the
arbitrary increase in the friction coefficient is of no significance be-
cause the column separation phenomenon is dependent upon the following
related factors:
(a) The nucleation characteristics of the water -- specifically
the size spectrum and quantity of submacroscopic nuclei,
(b) The vorticity and turbulence-generating characteristics of
the particular pipe.
(c) The diameter of the pipe and the velocity of the flow in
the pipe,
(d) The magnitude and occurrence characteristics of the negative
pressure initiating column separation.
Although iteration methods could be used to determine the friction coef-
ficients which would bring the theoretical findings into very close agree=~
ment with each of the experimental results, such coefficients would be
highly empirical and would have very little transfer value to other flow
conditions., Thus, the significance of this discussion may be summarized
as follows: The theoretical representation of the column separation phe-
nomena depicted by the computer model is a limiting condition. During
actual column separation under typical transient flow conditions, the
separation void(s) that form will be of shorter duration and lesser ex-
tent, and the pressure rises after the initial rise will be of lesser

magnitude than predicted by the mathematical model, The actual column
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separation phenomena will tend to approach the theoretically predicted
conditions derived from the model only when a deficiency of air, water-

vapor nuclei in the water inhibits the full development of two-phase

flow ahead of the void.,



CHAPTER VII

CONCLUSIONS

The primary objective of the study was to provide better in-
sight into the fluid dynamics of liquid column separation. The approach
used was to develop a ratibnal, generally applicable, mathematical model
with which to numefically simulate transient flow, including liquid col=-
umn separation, and thereby dﬁplicate the essence of the phenomena with-
out actually attaining reality. The findings derived from simulation
were then systematically compared with the corresponding findings obtain-
ed from concurrent experimental investigations conducted in the laboratory.
The conclusions drawn from the study are:

(a) The two sets of partial differential equations, describing
the transient pressure waves in a pipe flowing full on the
one hand, and transient, free-surface, gravity-type waves
in the partially-full pipe on the other hand, are both of
the nonlinear, hyperbolic type and directly amenable to
solution by the method of characteristics, The appropriate
effects of fluld friction upon each type of transient flow
are readily included in the solution,

(b) By means of the appropriate boundary conditions and by con-
sidering other controlling physical parameters, a sensitive,
articulate, and highly sophisticated mathematical model re=-
presenting the transient-flow, column-separation phenomena

can be created,

-145-
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Experimental laboratory studies of transient flow with
column separation reveal that vaporous cavitation occurs
throughout much of the length of the pipe under conditions
of supposedly full-pipe flow ahead of the void. As a di-
rect result of this cavitation, flow is temporarily trans-
formed into highly transient, metastable, two-phase flow.
Comparison of computer-simulated and experimentally-
determined transient flows accompanied by column separa-
tion reveals that the mathematical model does indeed re-
produce the characteristics of the phenomena, e.g. the

time sequence of pressure rises at the closed valve sepa-
rated by column separation voids. The magnitude, duration,
and form of the first simulated pressure rise compared very
favorable with its experimentally-derived equivalent. How-
ever, after the first experimental pressure rise the sub-
sequent rises are observed to diminish in magnitude more
rapidly with time than their simulated counterparts. More-
over, the duration and extent~of-travel of the successive
experimental voids are also considerably less than predicted
from the mathematical model.

An overall similarity in shape is apparent between the ex-
perimental voilds and their model-derived counterparts.
However, free-surface ripples and other small perturbations
are evident on the free surface of the experimental voids
that do not appear on the rather idealistically smooth

free surface of the simulated voids.
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(f) The higher rate of energy dissipation associated with the
two-phase flow produced by cavitation ahead of the void
is responsible for the shortened duration and extent of
the experimental voids and for the diminished magnitude
of the experimental pressure rises subsequent to the first
rise, Whereas the model assumes viscous energy dissipation
governed by the velocity of the full-pipe flow, the two-
phase, cavitation-producing flow is accompanied by thermo-
dynamic as well as more vigorous viscous energy dissipation.

(g) Computer-simulated transient flows determined from the math-

ematical model represent a limit or maximum condition which
will be approached only when cavitation ahead of the void
is nominal. Hence, the model has direct engineering appli-
cation in the determination of design criteria.

Future study of transient-flow accompanied by column=-separation
should be directed toward incorporating the thermodynamic aspects of liquid
column separation into the mathematical model. Vaporization, heat con-
duction, and condensation are factors of greater significance as a result
of the occurrence of cavitation ahead of the separation void.

Further experimental investigation is desirable using larger
diameters of pipe and higher velocities. It is recommended that for any
future experimental study stroboscopic photography be used to determine
the form of the separation voids rather than the wave gages used in this
study. Such a procedure would remove the possible influence of the wave
gages on the formation of cavitation, provide more data on the void, and

eliminate troublesome instrumentation requiring repeated calibration.



10,

11,

12,

SELECTED REFERENCES

Allievi, Lorenzo, Theory of Waterhammer. (translated from Italian
to English by BEugene E. Halmos for the ASCE, 1925), Rome, Italy,
printed by Richardo Garoni, 1913.

Apelt, C. J., "Investigations of Waterhammer', Journal, The Institute
of Engineers, Australia, Vol. 28, No. 3, Sidney, Australia, (1956),
75-81.

Arden, B., Galler, B., and Graham, R., MAD -- Michigan Algorithm
Decoder, University of Michigan, Ann Arbor, Michigan, November
1963, 120 p..

Baltzer, R. A., and Shen, John, Flows of Homogeneous Density in
Tidal Reaches. U.S. Geological Survey open file report, Washington,
D. C., September 1961, 110 p.

Baltzer, R. A,, and Shen, John, Computation of Flows in Tidal Reaches
by Finite-Difference Technique, Proceedings, The First National
Coastal and Shallow Water Research Conference, Tallahassee, October

1961, p. 258-26k.

Bergeron, Louis, Water Hammer in Hydraulics and Wave Surges in
Electricity. New York: John Wiley and Sons, 1961.

Boussinesq, Joseph, Essai sur la theorie des eaux courantes, Institut
de France, Academie des Sciences, Memoires par divers savants,
Vol. 23, Paris, 1877.

Carstens, M. R., and Hagler, T. W., Jr., Water Hammer Resulting
from Cavitating Pumps, Proceedings, American Society of Civil
Engineers, Ann Arbor, Michigan, Vol. 89, No. HY6, (1964), pp. 161-
18k,

Case, J. C., The Strength of Materials. 3rd Ed., London, England:
Edward Arnold and Co., 1939, p. 437-442,

Chow, Ven Te, Open=-Channel Hydraulics. New York: McGraw-Hill Book
Co., Inc., 1959, p. 525-585.

Courant, Richard, and Friedricks, K. 0., Supersonic Flow and Shock
Waves. New York: Interscience Publishers, Inc., 19438, p. 37-92.

Courant, Richard, and Hilbert, David, Methods of Mathematical
Physics, Vol. II, New York: Interscience Publishers, Inc., p. 407=-
90,

-148-



13.

1k,

15.

16.

17.

18.

19.

20.

21,

22,

23,

2k,

-149-

Daily, J. W., and Johnson, V. E., Turbulence and Boundary-Layer
Effects on Cavitation Inception from Gas Nuclei. First Interna-
tional Symposium on Cavitation in Hydrodynamics, Report No. 4,
National Physics Laboratory, Teddington, England, 1955, 13 p,

Daily, J. W., and Jordaan, J. M., Effects of Unsteadiness on
Resistance and Energy Dissipation. Hydrodynamics Laboratory,
Massachusetts Institute of Technology, Technical Report No. 22,
Cambridge, Massachusetts, 1956, 48 p..

Dronkers, J. J., "Methoden van Getijberekening (Methods of Tidal
Calculation), De Ingenieur, Bouw en Waterbouwkunde, Vol. 49,

(1947), p. 121-137.

Eisenberg, Phillip, and Tulin, M. P., Cavitation: Handbook of
Fluid Dynamics. Section 12, edited by V. L. Streeter, New York:
McGraw=-Hill Book Co., Inc., 1961, p. 1-46,

Ellis, A. T., Slater, M, E., and Fourney, M., E., Some New Approaches
to the Study of Cavitation, Proceedings, IAHR - Symposium on
Cavitation and Hydraulic Machinery, Sendai, Japan, (1963), p. 59-
70.

Escande, M. L., Arret Instantane du Debit d'une Conduit forcee
avec Cavitations, Proceedings, IAHR - Symposium on Cavitation and
Hydraulic Machinery, Sendai, Japan, (1963), p. 113-12k,

Fox, L., Numerical Solution of Ordinary and Partial Differential

Equations., London, England: Addison-Wesley Publishing Co.,, Inc.,
1062, p. 205-366.

Garabedian, P. R., Partial Differential Equations. New York:
John Wiley and Sons, Inc., 1964, p. 458-510.

Gray, C. A. M., "The Analysis of the Dissipation of Energy in
Water Hammer', Australian Journal of Applied Science, Sidney,
Australia, Vol. 5, No. 2, (1954), p. 125-131.

Greenspan, Martin, and Tschiegg, C. E., "Effect of Dissolved Air
on the Speed of Sound in Water', Journal of the Acoustical Society
of America, Vol. 27 (1956), p. 501.

Greenspan, Martin, and Tschiegg, C. E., "Speed of Sound in Water
by a Direct Method", Journal of Research of the National Bureau
of Standards, Vol. 59, No. 4, Washington, D. C., (1957), p. 249-
25)+ ]

Halliwell, A. R., Velocity of Water Hammer Waves in an Elastic
Pipe, Proceedings, American Society of Civil Engineers, Ann Arbor,
Michigan, Vol. 89, No. HY4, 1963, p. 1-21.



25,

26,

27.

28,

29,

30,

31,

32,

33,

3k,

35

36.

-150-

Hartree, D. R., Some Practical Methods of Using Characteristics
in the Calculation of Non-Steady Compressible Flows, Atomic
Energy Commission, Report LA-HU-1, Los Alamos, 1952,

Hartree, D. R., Numerical Analysis. New York: Oxford University
Press, Inc., 2nd Edition, 1958.

Hooper, L. J., Experimental Investigation of Initiation of Cavita-
tion Behind an Accelerated Circular Disk, Proceedings, IAHR -
Symposium on Cavitation and Hydraulic Machinery, Sendal, Japan,
1963, p. 125-1h1.

Jaeger, Charles, Engineering Fluid Mechanics. (English edition),
New York: St., Martin's Press, Inc., 1957, Pp. 359-381.

Joukowsky, N. E., Waterhammer (translated by D. Simin from the
Memoires of the Imperial Academy of St. Petersburg, Russia),

New York, American Water Works Association, Vol. 2L, (1898), p. 34l1-
Lok,

Lai, Chintu, A Study of Waterhammer Including Effect of Hydraulic
lLosses. Ph.D. Thesis, University of Michigan, Ann Arbor, Michigan,
1961, 96 p. .

Te Conte, J. N., "Experiments and Calculations on the Resurge Phase
of Water Hammer', Transactions, American Society of Mechanical
Engineers, New York, Vol. 59, 1937, p. 691 =694,

Li, Wen-Hsiung, Mechanics of Pipe-Flow Following Column Separation,
Proceedings; American Society of Civil Engineers, Ann Arbor, Michigan,
Vol. 88, No. EM:i, 1962, p. 97-118.

Li, Wen-Hsiung, Thermal Effect on Growth and Collapse of Cavities,
Proceedings, IAHR - Symposium on Cavitation and Hydraulic Machinery,
Sendai, Japan, 1963, p. 1-16.

1i, Wen-Hsiung, and Walsh, J. P., Pressure Generated by Cavitation
in a Pipe, Proceedings, American Society of Civil Engineers,
Ann Arbor, Michigan, Vol., 90, No. EM6, 1964, p. 113-133.

Lister, Mary,"The Numerical Solution of Hyperbolic Partial Differ-
ential Equations by the Method of Characteristics". (Chapter 15

of Mathematical Methods for Digital Computers. edited by Ralston,
A., and Wilf, H. S.), New York: John Wiley and Sons, Inc., 1960,

p. 165-179.

Massau, Junius, Graphical Integration of Partial Differential Equa-
tions with Special Applications to Unsteady Flow in Open Channels
(a translation by Henri J. Putman of Portions of Memoire sur
1'Integration Graphigue des Equations aux Derivees Partielles)
Rocky Mountain Hydraulics Laboratory, Allenspark, Colorado, 1900,
129 p.




37.

38.

39.

Lo,

41,

Lo,

L3,

b,

L5,

L6,

L7,

48,

k9.

50,

-151-

O'Brien, M, P., and Hickox, G. H., Applied Fluid Mechanics. New York:
McGraw-Hill Book Co., 1937, p. 242-255,

Parkin, B. R., and Kermeen, R, W., The Roles of Convective Air Dif-
fusion and Liquid Tensile Stresses During Cavitation Inception,
Proceedings, IAHR - Symposium on Cavitation and Hydraulic Machinery,
Sendai, Japan, 1963, p. 17-35.

Parmakian, John, Waterhammer Analysis. New York: Prentice-Hall, Inc.,
1955, 145 p.

Prescott, John, Applied Elasticity. London: Longmans, Green and Co.,
1924, p. 326-332,

Reddick, H. W., and Miller, F. H., Advanced Mathematics for Engineers.
New York: John Wiley and Sons, Inc., 1957, p. 110, 11k, 139-143,

Rich, G. R., Hydraulic Transients. 2nd Ed., New York: Dover Publi-
cations, Inc.,, 1963, p. 1-73, 166-187.

Richard, R. T., "Water-Column Separation in Pump Discharge Lines",
Transactions, American Society of Mechanical Engineers, New York,

Vol. 78, 1956, p. 1297-1306.

Ripken, J. F., and Killen, J. M., Gas Bubbles; Their Occurrence,
Measurement, and Influence in Cavitation Testing, Proceedings,
IAHR - Symposium on Cavitation and Hydraulic Machinery, Sendai,
Japan, 1963, p. 37-57.

Saint Venant, J. C., B. de, Theorie du Mouvement non-permanent des
eaux, Institute de France, Academie des Sciences Comptes Rendus,
Vol. 73, Paris, (July 1871), p. 147-237.

Schonfeld, J. C., "Resistance and Inertia of Flow of Liquids in a
Tube or Open Canal", Applied Science Research, Section A, Vol. 1,
No. 13, Netherlands, (1948), p. 169-197.

Schonfeld, J, C., Propagation of Tides and Similar Waves,
's-Gravenhage, Netherlands, Staatsdrukkerji Vitgevenijbedijf, 1951,
p. 31-69.

Solkolnikoff, I. S., and Redheffer, R, M., Mathematics of Physics
and Modern Engineering, New York: McGraw-Hill Co., Inc.,, 1958,
p. 509-521,

Sommerfield, Arnold, Partial Differential Equations in Physics.
New York: Academic Press, 1949, p. 52=-55.

Stepanoff, A, J., and Kawaguchi, K., Cavitation Properties of Liquids,
Proceedings, IAHR - Symposium on Cavitation and Hydraulic Machinery,
Sendai, Japan, 1963, p. 71-85.



51,

52,

23,

5k,

55,

56,

57.

58,

9.

€0,

-152-

Strasberg, M., Undissolved Air Cavities as Cavitation Nuclei.
First International Symposium on Cavitation in Hydrodynamics,
Report No. 6, National Physics Laboratory, Teddington, England,

1955, 19 p. .

Streeter, V, L., Fluid Mechanics. 3rd, Ed,, New York: McGraw-Hill
Book Co., Inc., 1962, p. 211-222,

Streeter, V. L., and Lai, Chintu, Waterhammer Analysis Including
Fluid Friction, Proceedings, American Society of Civil Engineers,
Ann Arbor, Michigan, Vol, 88, No. HY3, 1962, p. 79-112,

Streeter, V. L., Keitzer, W. F., and Bohr, D. F., Pulsatile Pressure
and Flow Through Distensible Vessels, Circulation Research, American
Heart Association, Vol, XIII, No. 1, 1963, p. 3-20,

Stoker, J. J., Numerical Solution of Flood Prediction and River
Regulation Problems, New York University, Institute for Mathematics
and Mechanics, NYU-200, 1953, 36 p. .

Stoker, J., J., Water Waves, New York: Interscience Publishers, Inc.,

1957, p. 291-31k, 151-509.

Tek, M. R., Two-Phase Flow: Handbook of Fluid Dynamics. Section 17,
edited by V. L, Streeter, New York: McGraw-Hill Book Co., Inc.,
1961; p 1-39.

Thomas, H. A.,, The Hydraulics of Flood Movements in Rivers. Pittsburgh,

Carnegie Institute of Technology, 1934, p. 9-45,

Timoshenko, S., Strength of Materials. DPart II, New York: Van Nostrand

Co., Inc., 1930, p. 528-533.

Tollmein, W., Theory of Characteristics (translated from German),
National Aeronautics and Space Administration, 1942, 28 p.



APPENDIX I

MAIN COMPUTER PROGRAM

A complete syntactical listing of the MAD language computer
program for simulation of transient flow accompanied by column separa-
tion in the pipe system shown in Figure 14 is presented below. The
program, which is designated MAIN, is divided into several subsections,
each of which is identified and briefly described by comments regard-
ing its primary function. These subdivisions also correspond to the
subdivisions of the flow diagram of Figure 13. All internal subroutines
are included in the listings. ZExternal subroutines, however, are listed

syntactically in Appendix ITI.
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