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ABSTRACT

Growth equations are established for a population of individuals that have fixed
age dependent reproduction and mortality rates. Equations are obtained both for the
population densily and for the numerical size of the population in a fixed age group. Age
and time dependent migration is taken into consideration. The usual integral equation of
renewal type for these variables is shown to be equivalent to a functional differential
cquation of retarded type; these differential eguations are of main interest in this work.
The role of initial data in characterizing a unique solution of the functional differential
equation is examined in detail. Finally, some special cases for the reproduction and
mortality rates are considered where the functional differential equations take a reason-
ably simple form.

INTRODUCTION

Processes involving the numerical growth of objects that are self-
reproducing and subject to failure occur in a number of different contexts.
An interesting case is where the reproduction (birth) rate and the survivor-
ship (mortality) rate arc dependent on the age of the individual objects.
Properties of interest are the age distribution and the size of the population
of objects. In this work mathematical models of such age dependent
processes are carefully examined. The objectives are: (1) to formulate age
dependent models in terms of functional differential equations, (2} to take
into account initial conditions at + = 0, i.e. representations of the process
previous to ¢+ = 0 that uniquely characterize the age distribution and size
of the population after + = 0, (3) to distinguish between the age density
function and the number of individuals in an age group, and (4) to intro-
duce age dependent migration. Although special classes of age dependent
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processes have been studied in great detail, basic gquestions concerning a
broader formulation of such processes have generally been ignored. The
motivation for this work arises from the area of mathematical demography
[[1], from which much of the terminology is derived ; the ideas should also
be applicable to certain problems in ecology [15], biology [14], economics
{2], and industrial maintenance [I, 12].

The basic equation which usually occurs in the study of age dependent
processcs is the renewal equation [4] which is an integral equation for an
age density function, typically the density of individuals of age zero.
Under the usual assumptions concerning the reproduction and survivor-
ship functions the renewal equation is shown to have a differentiated form,
which can be expressed as a functional differential equation of retarded
type [8). In addition to consideration of the age density function the
numerical size of the population in a fixed age group is also considered.
In fact, this variable is shown to satisfy the same functional differential
equation as that satisfied by the age density function, but with different
initial conditions. Next, the effects of age dependent migration are exam-
ined; the resulting functional differential equations are obtained and the
influence of initial conditions for the migration process is examined,
Finally, 2 number of special cases are considered; the resulting functional
differential equations take some particularly simple forms.

In this work only continuous time and continuous age models are
examined. Discrete time and discrete age models can be obtained from our
models, as in. Ref. 6, by replacing derivatives by the appropriate differences
and integrals by summations. One of the disadvantages of the discrete
model, from a conceptual standpoint, is that one is necessarily concerned
with approximating the process between the specified time points by use of
some numerical integration scheme; such difficulty does not occur in the
continuous model. The process is also assumed to be deterministic. Some
stochastic models have been considered for age dependent processes, as
by Kendall [10], but the models are gererally so complex as to yield little
insight into the process. Finally, the reproduction and survivorship rates
are assumed to be age dependent but time independent ; these rates are also
assumed to be independent of the population variables. Since in this werk
the objective is to formulate certain models these last assumptions could
have been relaxed. These assumptions were included, however, in order to
concentrate primarily on the age dependent effects; extensions of the
models presented here should not be difficult.

PROCESSES CLOSED TO MIGRATION
1n this section equations which describe the age distribution and size
of a single homogeneous population of individual objects that are closed
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to migration are derived. The models are formulated both in terms of
integral equations and functional differential equations.

A quantity of interest is the density of individuals of age s at time ¢,
which is denoted by x(s, t). For an infinitesimal age increment ds, the
number of individuals between the ages s and s + ds is x(s, f)ds. The
vital parameters are the reproduction function b(s) and the survivorship
function S(s). The number of individuals of age zero (births) due to an
individual of age between s and s + ds is given by b(s)ds. S(s) denotes the
proportion of individuals of age zero that survive to at least age 5. The
dimensions of x(s, r) are 1/time, of b(s) are 1/time, and S(s) is dimension-~
less. The age s and the time ¢ are measured in the same units. The func-
tions b(s) and S(s) are assumed independent of time ¢ and the population
is assumed, at this point, to be closed to migration. The only factors
influencing the age distribution and size of the population are reproductive
and survivorship factors. Although the approach is not standard, it is
convenient to use the survivorship function instead of a death density
function; use of the survivership function is both simpler and somewhat
more general. When it is possible to define a death density function d(s),
sometimes called the force of mortality, then

S(s) = exp{—- r d{u) du}, 0<s < oo,

Note that only nonnegative ages are considered. It is clear that the repro-
duction and survivorship functions should be nonnegative for ail allowable
ages, IL.e.

b(s) = 0, s = 0,

S =0, sz 0.
The reproduction function b(s) is also assumed to be a function of bounded
variation (locally) on 0 € 5 < oo and right continuous on that interval.
The survivorship function S(s) satisfies $(0) = | and is monotcnically
nonincreasing; hence it is of bounded variation (locally) on 0 < 5 < o;
S(s) is also assumed to be right continuous. This completes the assump-
tions which are required. Note that the only assumptions not based on
physical arguments are the technical continuity assumptions on b(s) and
S(5). Now consider, mathematically, the relationship between the variables
which have been introduced. It is convenient, for the original derivations,
to assume that — oo < ¢ < oo; this assumption is refaxed shortly.

Using the definition of the reproduction function A(s) and assuming

that the population is homogeneous the density of individuals of age
zero is given by

x(0,1 = j: b{s)x(s, ) ds, —w << . 1)
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Using the definition of the survivorship function the density of individuals
of age w at time ¢ consists only of individuals of age sattime t + 5 — o
that survive from age s to age #. Then
S(u) 0u<w

x(u,t)zgzs/)x(s,t-fs——u), 0 s < oo —mwm<t<om  (2)
The following convention is made: if 0 < w < s then S(s) > 01is explicitly
assumed, if 0 < s < w then S(s) = 0 necessarily implies that 5() = 0
and define 0/0 = 0. Equations 1 and 2 are the two basic equations in this
section.

A single equation for the population density function at the fixed age &
can be obtained. Assume that & = 0 is a fixed age such that S(¢) > 0;
continue to write x(&, ¢) even though ¢ is fixed. Substituting Eq. 2 into
Eq. 1, simplifying and letting s = &, a single equation for the population
density of age & results

11
x(&, 1) = J. bt — w)S(t — wix(&, u) du, — W << 0. 3}
Notice that if x(¢, #) is known for — o < ¢ < oo then x(s, f) can be
determined for all 0 < s < o0, — o0 < ¢ < o0, from Eq. 2. Note also
that the form of Eq. 3 is invariant with respect to the particular age ¢.

Equation 3 is an integral equation for x(, 7); it is basically the equation
studied in Refs. 4, 6, and 11. Under the stated assumptions on b(s) and
S(s) it is shown in the Appendix that x(&, 7) is differentiable as 2 function
of time z; it is not, however, necessarily differentiable as a function of the
age variable . Differentiating Eq. 3, as indicated in the Appendix, a
functional differential equation is obtained for the age density function

t

dx )
d7(€’ 1) = bOyx(&, 1) —f x(&, u) d bt — w)S(t — u)y, (4)

—a
Equation 4 basically represents a balance between the rate of change of
the density function and the rate at which past values of the age density
function contribute to the current time rate of change. Of particular inter-
est in the above is the special case where £ = 0.

The previous equations have been derived based on the stated assump-
tions being valid for — 0 < ¢ < co. Although the derivation of Eq. 4
was straightforward it should be clear that there are an infinite number of
solutions of Egq. 4, i.e. functions which satisfy Eq. 4 identically, on
- o < ¢t < 0. A useful mathematical model should have the property
that it has a unique solution.

To obtain a unique solution consider Eq. 4 only on the interval
0 < t < oo, together with a description of initial data at ¢ = 0 which
summarizes the age density function x(Z, ¢) previous to ¢ = 0. In terms of
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Eq. 4 information is required which summarizes x(£, 7) for — c0 <t £ 0
in the sense that there is a unique solution of Eq. 4 on the interval 0 < 1 <
oc. The initial time is taken arbitrarily as r = 0, without loss of generality.
It should be emphasized that there are innumerable ways of describing the
initial data for the age density function; only the simplest and most
interesting descriptions are considered here.

In order to make clear what information summarizes the age density
function previous to ¢ = 0 Eq. 4 can be rewritten for 0 < r < oo as

t

0 = bORE D) —J *(& ) d,{ble — WS — )}
[}

—_ r (&, u) d, bt — u)S(t — u)}, 0 <t < .

From the theory of functional differential equations [7, 8] it follows that
if the quantities

(1]
— j x(&, u)y d, bt — wIS(t — w}, 0 <t < oo,

x(&, 0),
are known functions there is a unique age density function which is a
solution of Eq. 4 on the interval 0 < ¢ < o0. In this sense it is clear that
knowledge of the age density function X(¢, 1), — o0 < # < 0, is sufficient
to determine

- | xemaino — ose - wp = |7 w6 —0 o0 + st o,

(&, 0) = (E,0) = j : b(u)S(u)A(E, — u) du,

and hence a unique solution of Eq. 4 on 0 < ¢ < oo, To distinguish
information previous to ¢ = 0 the tilde notation is used. Thus Eq. 4 can be
rewritten on the restricted interval 0 < ¢ < oo, taking into account the
initial conditions, as

13

j—g(i, 1) = b0)x(&, 1) —Jv x(&, w)d, (bt — u)S(t — uw)}

0

+ r RE = du(blt + WS+ ),  O<i<oo, (5

(1]
x(€,0) = (£, 0)
Note that an alternate expression for x(&, 0) in Eq. 5 is

X(€,0) = r Bu)SGSE, —u) du.
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These two expressions for x(£, 0) are clearly equivalent if %(&, ¢) satisfies
Eg. 3 on — w0 < < 0. In summary, it follows that knowledge of
X(&, 1), — w0 < t £ 0, determines a unique solution of Eq. 5on 0 < f <
oo, und hence a unique x(s,¢), 0 € 5 < o0, 0 < ¢ < 0. Note that the
initial data #(¢, 1), — oo < ¢t <0, must be specified so that the indicated
indefinite integral is absolutcly convergent. This type of assumption is
required throughout,

Therc are other ways of describing the initial data. Equation 5 is
expressed in terms of the age density function X(&, f), — w0 < r <0, at
the fixed age £. It is possible to summarize the age densiiy function previous
to £ = 0 in terms of the age density function at the fixed time ¢ = 0. By
substituting Egs. 2 and 3 and simplifying, we obtain

- J‘i x{(&, u) d {b(t — u)S(t — u)}

= S(E)J‘o0 M, 0) d bt + u — S + u — &)}, 0 <t < oo,

£ S(u)
N » by — E)S(u —
D) =30 =8
x(Z, 0) = 3(E, 0) = S() f § S

Hence Eq. 4 can also be rewritten on 0 < ¢ < oo as

f)i(u, 0) du.

t

%(zj, 1) = bO)x(E. 1) — J X(&, u) d, (bt — wyS(i — u}}

+S(§)JO0 i;u, 9 diblt +u —ES(t+u— 98}, 0<t<om,
& (1)

x(£,0) = X({, 0), (6
which necessarily has a unique solution for 0 < 7 < o for each function
%(s,0), & € 5 < 0. An alternate characterization for x(Z, 0) in Eq. 6 is
given by

“ by — &)S(u —
0) =8 T
*(5,0) = 5@ j )

The above two expressions for x(&, 0) are equivalent if (s, 0}, { < 5 < o,
is compatible with Eqs. 1 and 2.

Note that in each of Eqs. 5 and 6 the current time ratc of change of
the age density function depends on the sum of the rates of change due to
individuals in the population previous to ¢ = 0 and due to individuals that
have been reproduced since ¢ = 0.

The above two ways of characterizing the initial conditions for the age
density function are only illustrative; they are not exhaustive. For example,
if0 <& < & arefixedthen (s, 0),0 < s < & and %(s, — £),8" — & <
s < o0, also can be used as initial data. Appropriate functional differential

ré)i(u, 0) du.
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equations can be derived which characterize a unique x(&, Hond < t < o
in terms of this data.

Equations have been derived which describe the age density function
x(&, 1) at a fixed age £. It is often convenient to examine a dimensionless
population variable such as the number of individuals in a fixed age
group. For convenience only, consideration is given to the number of
individuals between ages zero and the fixed age i at time 7, which is denoted
by X(n, #}, so that

n

X(n, 1) = j x(s, 1) ds, — << o, ()]
a

In arder to obtain equations solely in terms of X'(», 7) Eqs. 3 and 4 can be
integrated with respect to the age variable to obtain the integral equation

X(n, 1) = S

Tt foliows, as indicated in the Appendix, that X(», r) is differentiable as a
function of the time ¢ and satisfies

t

b(t — u)S(t — W)X, ) du, —w <t < om. {8

%%E(n, 1) = b0)X(n, 1)

i
- 3. X(n, u)d, bt — w)S(i — u)}, -—w<t<w. (9

Note that Egs. 8 and 9 are in the same form as Eqgs. 3 and 4 for the density
functions.

As before, a unique solution for Eq. 9 on 0 < ¢ < oo can be obtained
by summarizing X(n, {) previous to = 0. Using Eq. 9 and proceeding as
in the derivation of Eq. 5 it follows that

t

(;—)t((n, 1) = h(0)YX(n, 1) «J X(n, uy d Sb{t — )S(t — u)}
0

+ jco X(n, —u)d, bt + W)S(t + u)}, 0<t<aow, [(10)

X(n, 0y = X(n, 0),
or alternately in Eq. 10

oy

X(n, 0y = I NS X(n, —u) du,
0

so that knowledge of X(n,7), ~ oo < t < 0, uniguely determines X(», 7),
0 <t < oo. Note that knowledge of (5, 1), 0 < s <n, — o <10,
allows determination of X(i. 1), — oo <7< 0, and hence uniguely
determines X(n, 1), 0 < t < co.
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In terms of the density of individuals at the fixed time r = 0 it follows
by integrating Eq. 6 with respect to the age variable that

t

‘%’(n, £) = BHOX(n, 1) — f A, ) dgb(t ~ WSt~ w}

0

+ _r {f"ﬂ St — H)JE(s, 0) dS} du{bt + wS(t -+ w)j, (A1)

o UJu S(s)
X(n,0) = J"f(s, 0) ds,
1]

so that knowledge of %(s,0), 0 < 5 < oo uniquely determines X(n, 1),
(0 < r < w. An alternate expression for X(», 0) in Eq. 11 is

IR OCOR
X, 0 = JO {JO SGs + u)x(s + u, 0) ds}S(u) du.

The above represent the simplest characterizations of the initial data.
Other characterizations can ¢asily be obtained. Of particular interest is the
special case where n = oo since X (o0, £) is the total number of individuals
in the population of any age.

PROCESSES OPEN TO MIGRATION

With few exceptions models which have been used to describe age
dependent processes have not allowed for migration either into or out of
the population of interest. In this section the previous developments are
modified to include the effects of age dependent and time varying migra-
tion. Functional differential equations for the age density function and
the population size, where migration is allowed, are obtained. The role of
initial data in summarizing both the native population and the migration
process previous to ¢ = 0 is examined.

Both age density functions and functions representing the numerical
size of the populaticn are introduced. In the remaining part of this work
let x(s, #)ds denote the number of individuals in the population, not
including migrants in the population, that arc between ages s and s + ds
at time 7; x(s, 1)ds consists only of native individuals. Let the number of
individuals in the population, taking into account migrants, that are be-
tween the ages s and s + ds at time ¢ be given by z(s, r)ds. Finally let X(n, 1)
denote the number of individuals, not including migrants, that are between
ages zero and # at time ?7; let Z(», t) denote the number of individuals,
including migrants, that are between ages zere and » at time 7.

The migration variables are defined as follows. The migration age
density rate o(s, z) is defined so that u(s, r)dsdt denotes the number of
migrants that enter or leave the basic population during the time interval
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t to t + dt that are between the ages s and s + ds. The correspending
migration age density function is introduced where mi(s, t)ds denotes the
number of migrants at time 7 that arc between ages s and s + ds. The
migration functions are allowed to be cither positive, corresponding to
net immigration into the basic population, or negative, corresponding
to a net emigration from the basic population. Note that the quantity
(s, 2) is a density rate and has dimensions (1/time)* while x(s, 7). z(s. 1)
and (s, #) are density functions of dimensions 1/time. The quantities
X(n, 1) and Z(n, ¢} are dimensionless,
The following relations should be clear from the above definitions
x(s, ) =z(s,1) —m(s5,1), 0<s< =, —w<t<on (12)

i

X(n,t)=J x(s, 1) ds, 0gsn<w, —w<li< oo, 13
Q

Z{n, 1) = j z(s, t) ds, 0€Ln<ow, —o<t<oao, (14)
Q
so that
X(n, ty = Z(n, 1) 4j m(s, 1) ds, 0 n<on, —ow<t<w. (15
0

The reproduction function &(s) and the survivorship function S(s) are
as defined previously and apply to the total population including migrants.
The usual assumptions are made regarding b(s) and S(s).

The dynamic relations between the basic variables are now presented,
Since the population has homogeneous reproduction rate the density of
individuals of age zero, which are necessarily in the native population, is
given by

x(0, 1) = J:o b(s)x(s, t) ds + j: b(s)m(s, ©) ds, —w<t<w, (16)

The native population density of age « at time 7 consists of the density of
individuals of age s at time ¢ + s — u that survive from age s to age w.
Thus

x(u,t)zg%)x(s,l+s—u), 3§322 —w<t<w (7
From Eq. 12 it also follows that
20, 1) = r bs)z(s, B ds,  — o0 < 1< oo, (18)
and ’
z(u, t) = EE_:;%)[Z(S’{ +s5—u)—mis, t + s — u)] + mu, o),

0gu<ow, 0Ks<w, —o<t<ao. (19)
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It is possible to relale the rate at which migrants enter or leave the
population to the age density of the migrants. The migrant of age s at time
t consist of individuals that migrated between times ¢ — s and time 7 that
survive to time ¢. Hence

m(S, t) = fzs §(S>§:)?M)V(S — !+ u, u) du,

0<s <o, —a0<Ii< . (20}

As in the previous section the age density functions are first examined
and functional differential equations are obtained; then the equations
describing the numerical size of the population are derived. In each case
emphasis is placed on summarizing the process previous to ¢ = 0 in order
to characterize a unique selution after r = 0.

An integral equation for the age density function x(¢, t) is obtained by
substituting Eq. 17 into Eq. 16 and simplifying to obtain

*(E, 1) = j

b(t — u)S(t — w)x(&, u) du

+S(§)j.: b(idm(u,t — &) du, —w<t<ow., (2D

Using Eq. 12, Eq. 21 can be written in terms of the density function
z(&, 1) as

z(E, 1 = jl bt — )S(t — w)z(&, u) du

t

+m(&, 1y — J b(t — w)S(t — wym(Z, u) du

+S(§)l. bum(u, t — &) du, —w <t < w.
Q

It is possible to develop the succeeding equations in terms of the density
functions x(&, £} or z(£, ¢}, but it is convenient, and in fact no less general,
te consider here only the case £ = 0. Thus the equations to [ollow are
expressed in terms ol the density of individuals of age zero.

Letting £ = 0 in Eq. 21 and making use of Eq. 20 leads to

x(0, 1) = J

t

bit — u)S(t — u)x(0, u) du

+ [ b{u)miu, 1) du, — o <1< W,
0

or in terms of the migration age density rate
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T

b(t — u)S(t — w)x(0, u) du

. J-x J': bis + 1t — 1;)(.2')(5 +t - u)v(s, u) ds du,

x(0,1) = j“

-

— w <t < w. (22)

Under the stated assumptions it follows, as indicated in the Appendix,
that x(0, 7) 1s differentiable and

Z—;{(O, 1) = b(0)x(0, t) — j[ x(0, uy d,{b(t — w)S(1 - u)}

+ f: b, 1) du + J“_n j: U(SSE;;) dSh(s + 1 — wS(s + 1 — w)} du,

—w <1< ®. (23)

The above equation expresses the fact that the time rate of change of the
density of individuals of age zero consists of a component due to the
inherent dynamic characteristics of the reproduction and survivorship
functions and a component due to the reproduction of migrants.

Even for a known migration policy it is clear that Eq. 23 possesses an
infinite number of solutions on — oo < ¢ < oo. In order to characterize a
unique solution on the interval 0 < r < w0 consideration of the process
previous to 7 = 0 is required. Throughout, the migration process o(s. ¢),
0<s<coo, 0< < oo, is assumed known. The question arises as to
what information sufficiently summarizes the process previous to 1 =0
so that there is a unique age density function and 0 < ¢ < oo. The results
of the previous section indicated several ways in which the history of
x(0, 1) previous to t = 0 could be summarized. In this section consider-
ation is also given to summarizing the migration process previous to ¢ = 0.
There are many ways of summarizing the migration process previous to
t = 0; only the simplest and most interesting ways are considered.

Proceeding as in the previous section Eq. 23 can be rewritten as

T

:—?(O, 1 = HOx(0,1) - f x(0, u) d {b(t ~ 1)S(t — u)}

— jo x(0, w) d,{b{t — W)S(t — u)} + [m b(ww(u, 1) du
w0 o

EL s, u)
+ J; L Sy d{b{s + 1t — W)S(s + 1 — u)} du

0 = A
+ J“w J'O :L(Ss(,:)!) db(s + 1 — w)S(s + t — w)} du,

— <<,
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and it follows that if in addition to o(s, ), 0 < ¢ < w0, 0 < t < o3, the
quantities

- jo x(0, ) d,{b(t — WS(t — n)}, 0 <1< oo,

] * o0
J‘ J (s, u) dibis + t— wS(s +  — w)ldu, 0<t< o0,
—-»Jo S()

x(0, 0)
are known there is a unique solution on 0 < ¢ < so. Using the tilde
notation to denote quantities previous to ¢ = 0 obtain

- J'D x(@, w) d,{b(t — w)S{t—u)}=

r %0, —w) d,SB(t + S + w)},

0

o © s, u)
[ dnts = st - o =

- _ J.: J': IX&S’(ST{) dib(s + ¢t + )80 + ¢ + u)} du,

(0, 0) = %(0, 0} = r B()S(u)S(0, — i) du
o

+ f w f : e ?(f){s  D4ts, - w) ds du.

Hence a functional differential equation for x(0, ) is

£

g(o, 1) = b(0)x(0, £) — J (0, u) d,{b(t — w)S(t — u)}
Q0

+ r (O, —u) d,fb(t + ISt + )} + r bl)v(u, 1) du
o] 0

" J@ J : U(SS(,S;‘) dab(s +  — w)S(s +  — w)} du (24)
- J: ‘f: ﬁgéég} d{b(s + t + w)S(s + t + u)} du, 0<t< o,

x(0, 03 = (0, 0).
An alternative expression for x({0, 0) in Eq. 24 is given by

x(0, 0) = j: Eu)SGOI0, —u) du

© 2 b(s + w)S(s + u),
+ JU j‘O 4&*SM(~S)4*7 —§(s, —u)ds du.
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In summary, for & known migration policy v(s, 1),0 < § < 0,0 < f < <0,
the quantities %(0,2), — o0 < ¢ <0, #{s, 1), 0 <s <0, — 0 <t <0,
determine a unique solution of Eq. 24 on the interval 0 < 7 < oc. The age

density function for the total population, including migrants, can be
determined using Eqs. 12 and 20 to be

(s, Y = S()X(0, t — 5) + J‘O_ Sts f(:)_ u)i'(s —t—u, —u)du

' S(s)
+J‘Omv(s—t+u,u)du, 01 <s, (25)
_ S(s _ ' S
Z(S, t) = S(b)x(o,t S) + ‘[‘r*ss(sﬁ_’_ LBU(S t+ u, u) du,

§ <1< 0.
A similar equation can be developed for x(s, £).

Now consider another representation of the process previous to ¢ = 0.
Using Egs. 18-20 obtain

— jo x(0, u) d,{b{t — w)S(t — u)}

0 ®
—+ J\ . J‘G "(L‘;E:;) ds'lb(q + - U)S(S +t— M)} du

[T EHu,0) (e v
= jvu S dAb(t + w)S(t + u)j,

x(0,0) = 0,0) = [ b(w)z(u, 0) du.
0
Hence from Eq. 23

j—f(o, 1) = bO)x(0, 1) — J (0, w) d, b1 — w)S(t — w)}
0

4 j: Z(su(;())) dJb(r + u)S(t + w)} + j: blu)p(u, 1) du

+ j; JA: L(;E:;) d{b(s + 1 — w)S(s + t — w)} du,

0<y<oa, (26)
x(0,0) = 20, 0).

An alternate representation for x(0, 0) in Eq. 26 is

x(0,0) = jw b(u)z(u, 0) du.
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Thus for known 2(s,2), 0 < 5 < o, 0 < t < oo, the quantities (s, 0),
0 < 5 < oo, determine a unique solution of Eq. 26 on the interval 0 < t <
o. From Eq. 12 it follows that (s, 0), 0 < s < o, and #(5,0), 0 < 5 <
oo, determine (s, 0), 0 < 5 < co; hence they also determine a unique
solution of Eq. 26. Using Eqs. 19 and 20 the age density function for the
population, including migrants, is determined to be

. _ S ‘ S
z(s, 1) = S~ t)L(S —1,0) + fo SG—1+ H)L(S L+ u, u)du,
01t <5,
/ S(s)
5, 1) = S(: - s - 27
z(s, 1) = S(s)x(0, r — 5) + Jv,ﬂ S+ ”)v(s t+ u,u)du, (27)
s K1 < .

A similar equation can be developed for x(s, £).

Functional differential equations have been obtained for the density
of individuals of age zero where migration has been allowed. Two repre-
sentations of the process previous to £ = 0 have been presented; these two
representations are only illustrative of a whole class of ways of summarizing
the process previous to = 0. [n addition, equations have been given for
z(s, 1) in terms of x(0, #) and the appropriate description of the process
previous to f = 0. As mentioned earlier it is possible to obtain explicit
functional differential equations for x(s, t) and z(s, 1) although the resulting
equations are rather lengthy.

Attention now turns to consideration of the number of individuals
between ages zero and the fixed age » at time . By integrating Eq. 21 with
respect to the age variable, we obtain the integral equation:

X(n, = J

i)

b(t — w)5(t — w)X(n, u) du

+ In J% S(Hb(wmu, t — sHduds, —o<t<ow, (28)
oJo

for the number of individuals, not including migrants, between the ages
zero and » at time #. Similarly, an integral equation can be obtained for the
total number of individuals between ages zero and #, including migrants,

Z(n, 1) = ‘-

o

t

b(t — w)S(t — w)Z(n, u) du

+ J r S()bGuym(u, t — s) du ds + J m(s, 1) ds
oJo 8]

_ J' [ bt — S(t — wm(s, u) ds du,  — o0 < L < 0.

4]
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Although functional differential equations can be obtained for X(n, r)
and Z(n, ), in the general case the resulting equations become rather
lengthy. Hence, for purposes of illustration only, a special but important
case is considered: functional differential equations for the total native
population Z{o, f) are obtained. Equations are also obtained which relate
the total population, including migrants, Z{co, 1), to the variable X(0, 7)
and the initial data.

Hence from Eq. 28 we obtain

i

X(oo, 1) = J bt — w)S(t — u)X(oo, u}du

+ -r S(t — u){J.L‘ b(s)m(s, u) ds} du,

—w <t < o, (29)

or its equivalent functional differential equation form

t

ddif(oo, N = b(0)X (e, 1) — f X(ac, u) dfb(t — )S(t — u))

—w

+ rﬁ b(sym(s, 1) ds — [ {jm b(s)m(s, u) ds} d S(r — u),
0 0

—w<t< oo (30)

The first two terms on the right hand side of Eq. 30 represent the time rate
of change of the native population due to reproduction and mortality of
the native population itself, the third term represents the rate of increase
due to reproduction of migrants, while the last term represents the rate of
decrease of the native population due to mortality of offspring of migrants.
In terms of the migration density rate Eq. 20 can be used to obtain

%(ac, 1) = bO)X(0, ) —f X(oo,u)d, (b(t — w)S(t — w)}
J" J'“ (s, u)
+ o(t, s, uy —— “ds du, —w << o, (31)
-xJo S(s)
where
e(t, s, u)y = b(s + 1 — w)S(s + 1 — u)
— jt bis + A — w)S(s + 4 — w)d,S(t — A),

0<s<o, O ust<w,

In order to characterize a unique X(oc,?), 0 < ¢ < oo, it is possible
to proceed as before to obtain



270 N. HARRIS MCCLAMROCH

%)tf(oo, 1) = b(0)X(oc, 1) — J“ X(oo, u) d{b(t — w)S(t — u)
al o

n

+ | X(co, —u)d bt + w)S(t + u)}
J 0

+ f ct, s, u)v(s, 1) ds du

Jodo S(s)
ffoo froo (s, —u) .
+ o(t, s, ~uy— —dsdu, 0<t <o, (32)
oJo 5(s)

X(oz, 0) = X(c0, 0).
An alternate form for X(co, 0} in Eq. 32 is

X(o0, 0) = r bSO (0, —u) du
(1)

10 SCbte s 5 4 0 5 1)
+J0 jO {jo S(Ab{s +u—A)S(s +u }.)d/lj, S(s) ds du.

Thus for a known migration policy o(s,¢), 0 <s< o, 0<1 < 0,
X(eo,8), — 0 <t <0,and #5,4), 0 <5 < oc, — 0 < [ < {, the data
determine a unique solution of Eq. 32 on ¢ < 71 < . The number of
individuals, including migrants, is determined using Eq. 15 to be

_ B Gl e VR
z{w, 1) = X(wo, 1) + jo jo 56 B(s, —u) ds du

t w2 S k t
+ jofo L‘;(S)* Wy w)ds du, 0 <t <0 (33)

Another way of describing the process previous to ¢ = 0 is in terms of
data at the fixed time ¢ = 0. Using Eqs. 13 and 17, it follows that

dT;‘?(OO, I) = b(O)X(CD, l) — J. X(OO, u) dufb(t _ U)S(t _ u)}
0

+ Jw; {J S(s — w) d,[b(t -+ W)S( + u)]}y‘g(’s?) ds

[ 0

n

+ ) jm b(s)wi(s, —u)ds d,5(t + u)
0

o

(= (s, 0)

+ c(t, s, 0)— ds
0 (

o

0 S(s)
X(w, 0) = r 3(s, 0) ds.
0

S(s)
rL o .
+ f s’ D dodu, 0 <1< x, (34)
J 0
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An alternate expression for X(c0,0) in Eq. 34 is

X(0,0) = J‘QC {JW %)Si(s 4+ u,0) ds}S(u) du

+ j j S()b(s)mls, —u) ds du.
4] o]

For a known migration policy o(s, 1), 0 <s < o, 0 <7< w, the
quantities x(s, 0), 0 €< s < o0, and M(s, 1), 0 S s <o, —m <t K0,
determine a unique solution of Eq. 34 on the interval 0 < f < co. The

tolal number of individuals, including migrants, is given by

Z{co, 1) = X(oo, 1) + .[ j’w Mv(s, u) ds du
oo S(s)
P8+ - ‘
jo - 5) ms, 0) ds, 0 <1t <. (15)

Functional differential equations have been developed for the number
of native individuals X(e0, £); two representations of the process previous

=]
to r = 0 have been presented. As expected, the net migration j ms, 1)ds
0

is generally not sufficient to determine X (o0, ¢) or Z(xm, #); knowledge of
the age structure of the migration process is required. As indicated earlier,
functional differential equations for X(#, r) and for Z(x, t) can be developed
using the procedures indicated.

SOME SPECIAL FORMS FOR REPRODUCTION AND
SURVIVORSHIP FUNCTIONS

In the previous sections, concern has focused on the development of
functional differential equations for describing age dependent processes,
for general reproduction and survivorship functions. In this section some
special cases of these functions are considered and the resulting functional
differential equations are shown to assume some rather simple forms. A
number of these special forms have been used as models for growth pro-
cesses in the literature but usually without a clear understanding of the
implicitly assumed underlying age structure of the process. Hence, one of
the contributions of this work is to relate some of the simple functional
differential equations to their underlying assumptions about the age
structure. In the examples to follow the functional differential equations
are expressed in terms of an age depsity [unction at r = 0. Such description
of the initial data is probably of most interest.
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Before considering some special cases in detail mention is made of the
class of so-called branching processes where

b(s) = 2d(s), 0<s5< oo,

S(s) = exp{—r d(r) dr}, 0<s < oo

(1]

Since the reproduction rate is twice the mortality rate, one interpretation
of the above is that if an individual dies then it is replaced, through the
reproduction process, by two individuals of age zero. Such processes have
been extensively studied [9, 13, 19] using integral equations; it should be
clear that branching processes can also be studied in terms of a {unctional
differential equation formulation as develeped in the preceding sections.
To the author’s knowledge such an approach has not been taken.

Now return to consideration of some special forms for the reproduction
and survivorship functions. First, suppose that the reproduction rate is a
constant and the survivorship function is exponential, i.e. the force of
mortality is constant; then

b(s) = b, 0<s5s< o0,

S(s) = e, <5< o,
Then from Eq. 22

! ] b's)
x(Q,1) = j b e (0, u) du + I [ be” " (s, u) ds du,
—w J 0
and from Eq. 23

-0

dx ! —dg—w
E(O, ) = bx{0,t) — dbe " x(0, u) du
1

+ Jm bo(s, 1) dt + j
0

Substituting the first equation inte the second and simplifying vields

—w

I db e™ ™ (s, u) ds du.
0

a0

%(0, H=(b—dx0,0+ bf v(s, 1) ds.

0
The required initial condition is simply
x(0, 0) = Z(0, 0}.
The above equation is a simple ordinary differential equation and has been
used in a number of contexts [2, 11, 14, 15] to describe age dependent
processes. The age density function for the total population, including
migrants, is easily obtained from Eq. 27 as

T

2(s, ) = e ¥ F(s — t,0) + j ey — 1+ u,u)du, 0Kt <,
1]
t

(s, ) = e ¥ x(0, ¢ — 5) + [ e 4Dyl — t ) du, s<E< 0.
t—s

&
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m

Note that knowledge of Z(0,0) and the total mugration j v(s, f)ds 18
a

sufficient to determine the density of individuals of age zero but if the
density of individuals at other ages is desired then the age structure of
Z(s, 0}, v(s, 1), is required. Using Eqs. 20, 29 and 30 the size of the native
population can be shown to satisfy

ks

%;tf(co, H=(h—-dX(ex, 1)+ b e“"J s, 0) ds
(1]
t ol
+ b e*‘“J j. e®* (s, ) ds du, 0<it< oo,
0Jo

X(oc,0) = YO (s, 0) ds,

and the total size of the population, including migrants, is obtained from:
Eq. 35 as

o

(e, 1) = X(oo, 1) + j j e™ 4 uls, w) ds du

t

cJo

+e'“‘J (s, Q) ds, 0<t < w.
0

Note that the specific age structure of the native and migrant populations
at¢ = Oisnot required in order to determine the total population variables.
Also note that the above differential equations have simple interpretations
in terms of the effects of the native population itself, the migrants in the
population at time ¢ = 0 and the migrants that enter or leave the popula-
tion after r+ = 0. An even more specialized, but still interesting, case is
when the reproduction rate & = 0. After some simple computations the
density of individuals, including migrants, is

t

g, D= e " EHs —1,0) + j e (s ~ t + u, u) du,

D

0<1 <y,
T

2(s, £) = "% 20, 0} + J eI s — t 4w du,

t—s

s <<,
and the total population, including migrants, is

Z(oo, 1) = e~ {Jw X(s, 0 ds + Jw (s, 0) a‘s}
0

0

+ I I e s wWdsdu, 0 <t < co.
a

o
19
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Clearly the population consists only of individuals in the population at
t = 0 plus individuals that migrated after + = 0. Also of interest is the
case where the mortality rate d = 0. Then the density of individuals, In-

cluding migrants, is

1
z(s,t):f(s—t,0)+Jv(s—t+u,u)du, 01t <5,
o]

13

v(s — ¢t + u, u)du

z(s, 1) = 9 2(0,0) + j

t—s

t—S ol
+bj e"‘"""’j o(s, u) ds du, st < o,
0

0
and the total population, including migrants, is

Zico, 1) = e'"{r (s, 0) s + r #i(s, 0) ds}

f L)
+ j J. [e*™ — 1]o(s, u)dsdu, 0 <1< co.
oJo

Now consider the slightly more complicated case where reproduction
occurs over a finite age interval and there is a maximum age for individuals;

then
B(s) = b, 0<s< T,
=0, fi€s<w
S =e¢% 0gs5<T,
=0, T, € 5 < ¢,

where 0 < T; < 7,. Without loss of generality assume that %(s, 0) = 0,
T, <s<ow, i50=0 TNH<s<w, and 25,2) =0, T, <5 < o0,
0 < t < ow. The equation for the density of individvals of age zero is

determined from Eqgs. 22 and 23 to be

ng(o, 1) = (b = (0, ) — b e~ KT, — 1,0)

T,
+ bj o(s, 1) dS — bJ e H Wy — t + Ty, u) du,

t
0 0
dx —aT
0,0 = (b = Dx(O.0) = be T O, 1~ T))

T,
+ bL v(s, 1) ds — bJ

=7,

x(0, 0) = 3(0, 0).

OD<t< T,

e M oy — F 4+ T, u) du,

T1§r<00,w

4
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The equations for the age density function are
¥
s, ) =e M Es — 1,0 + j e W p(s — 1+ u, u) du,
0

O<s«<T, 0<1<s,

t

z(5, 1) = e ®x(0,t — 5) + J e M s — t 4 u, u) du,

r—f

0<s< Ty, s<t< w
z(s, 1) = 0, <s<w, 0<t< .

The above are referred to as differential difference equations. Such cqua-
tions have been considered [3, 16] as models for age dependent processes.
Note that the maximum age 7, does not affect the equation for x(0, 1)
since individuals between ages T, and T, do not reproduce. The quantity
(s, 0), 0 < 5 < T, clearly serves as initial data for determination of
x(0, r) and z(s, 7).

The equarions for the native population X(co, ) are obtained using
Eqgs. 20, 29, and 30 as

dX Py+Ta—1
—{w, 1) = (b ~ d)X(c0,1) — b e'“‘f X(s, 0y eds
dt Tyt
T (T:—rtu Tyt
+bJ [ e T s wydsdu + b e"“-[ (s, 0)ds
0Jo a

T
-b e_‘""ZJ. His,t — Ty)ds, 0<t<T,,

Q

dx T ;
7E(cvo, 1) =(b —d)X(co, ) — be " X(o0,t ~ T,)

t FT =1+

+b I e MM uls, u) ds du
t—T JO

T

~be™" ) s, 1 = Tyds, T, <t<T,,

Y

dx ‘
—(00,0) = (b — d)X(e0, 1) — b ™" X(ew, t = T))

4 (T:—t+u
+b J e 4 ys, w) ds du
=Ty JO

t—T> MPTy—t+u
—bJ e 0 s, u) ds du
o Ja

T1+Tz-1
—b e"“[ (s, 0) ds, T,<i<T + T,
]
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1X .
‘d—t(oo, )= (b — d)X(co, 1) — b e~ X(co, 1 — T))

t Ti~r+w
+b j I e 40T o(s, u) ds du

=Ty JO

t—T, Ti—t+u
—bJ j e” W ofs, w) ds du,
t-T-T2J0

T+ T, <t < w,
T2
X(c0, 0)=J (s, 0) ds.
0

The total size of the population, including migrants, as determined from
Eq.351s

t (Ta—t+u
Z(x, t) = X(w, ) + j j. e~ os, u) ds du
0J0O
T:—¢
—l—e_‘"[ (s, 0) ds, 0<t< T,
[+

t T—t+u
Z{w, ) = X(o0, ) + j j e~ MW s, u) ds du,
1—-T JO

T, £t < oo,

Assuming that v(s, 1), 0 < 5 < T3, 0 < ¢t < o, is known, then (s, 0),
O<s<Tand (s, 1), 0K s < T, — T, €t <0, uniquely determine
X(oo, 1,0 <t < oo,and Z(w, 1),0 < t < . Interpretation of the above
differential difference equations can easily be given in terms of the contri-
bution to the time rate of change due to the population at + = 0, due to the
population past ¢ = 0, due to migrants before and at ¢ = 0, and due to
migration past r = Q.

The previous examples are only illustrative of the kinds of assumptions
about the reproduction and survivorship functions which lead to reason-
ably simple forms for the various functional differential equations. Other
special forms for these functions lead to specific functional differential
equations which can be determined using the appreach indicated.

CONCLUSIONS

Functional differential equations have been derived for the age density
function and for the numerical size of the population; the effects of age
dependent migration have been included. Emphasis has been placed on
the role of initial data in summarizing the process previous to ¢ = 0, in
terms of characterizing a unigue solution of the functional differential
equation on 0 < ¢ < oo. The fact that there are alternate ways of repre-
senting the initial data should have important practical implications. For
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example, it would seem reasonable to formulate a mathematical model
for an age dependent process which is based on initial data which 13 most
accessible or most accurate. The importance of the initial data has gener-
ally been overlooked in the literature on age dependent processes. It
should be mentioned that there is no need for the description of the initial
data to be compatible with the appropriate functional differential equations
on the interval — oo < t < 0, if the solution is of interest only on the
interval 0 < t < oo. In fact, the equations which take into account initial
data can be derived by explicit consideration of an initial population;
this is the approach usually taken in the references previously cited. It is
felt that the approach used in this work which began by considering the
case — o < { < oo and then proceeding to the case 0 < fr < o is
simpler.

Recall that each of the functional differential equations considered
are derived from an integral equation. This integral or renewal equation
has received most attention in the literature on age dependent processes
[4. 6,9, 11]. A more recent formulation of age dependent processes using
partial differential equations is due to von Foerster [18]; such an approach
has been developed in some detail by Trucco [17]. However, it is felt that
added insight is given to the dynamical character of age dependent pro-
cesses by using functional differential equations. There are further ad-
vantages in this approach. In either an integral or partial differential
equation formulation much of the mathematical structure of the age
dependent process is obscured. Since there is a reasonably well-developed
theory of functional differential equations [7, 8] this mathematical struc-
ture should be recognized so that it can be used to advantage. Secondly,
there are definite practical advantages of using functional differential
equations in terms of computer simulation. Finally, as indicated by some
special cases, the underlying dynamic character of some age dependent
processes may be rather simple when the process is formulated in terms
of functional differential equations.

In the preceding development the following assumptions are made.
The reproduction and survivorship functions are age dependent but time
independent; the reproduction and survivorship processes are linear
functions of the population process; only a single homogeneous population
of individuals is considered. Each of these assumptions could be relaxed
so that models of age dependent processes could be developed for multiple
population groups whose reproduction and survivorship functions are
nonlinear and time varying. Fredrickson [3] has examined such a problem
using von Foerster's equation. Clearly the models indicated in this work
are a necessary first step in developing a more general theory for age
dependent processes based on the use of functional differential equations.
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This work has been concerned solely with developing models for age
dependent processes in terms of functional dilferential equations. The
usefulness of these models ultimately depends on the analysis of the
behavior of solutions of such equations. Solution properties of the
functional differential equations which ocecur in this work have not been
presenled here; this subject is to be examined in subsequent work. How-
ever, menlion should be made of two general areas of some practical
interest for which the present formulation of age dependent processes
shouid be particularly appropriate. One area is the study of asymptotic
properties of age dependent processes under various fixed migration
policies. A second area is the study of the relationship between a migration
policy, considered as a control, in terms of the succeeding eflects on both
the population density and the size of the papulation. These subject areas
certainly deserve additional study; the formulation of age dependent
processes in terms of functional differential equations should allow a
direct investigation of such subjects.

APPENDIX

It has been asserted that certain integral equations are equivalent to
functional differential equations under the stated assumptions. To mathe-
matically justify these statements, the following theorem is presented.

THEOREM
Let his), 0 € 5 < w0, and k(s), 0 € 5 < o0, be known functions of
bounded variation and let g(t), — co <t < 0, be a known integrable

Junction. Then each solution x(t), — co0 < t < w0, of the integral equation

x(1) = jt h(t — s)x(s) ds

¢
+j k(t — s)g(s) ds, - <1< 0, (A}
is a solution of the functional differential equation

T

f—ij—‘m = h(O)x(1) — J () dh(t — u)

+ k(Mg(n) —J g(u) d k(t — u), — oo <f— oo, (B)

gl

and vice versa.

Proof
For convenience define the function
h(s) = h(s) — R0), O0<s<wm
=0, — <5<
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Caonsider the following string of equalities.

jl {h(O)x(s) -~ j () d (s — u)} ds

= J () du — | [ x(u) dfi(s — u) ds

- J-=J-=

= f x(u)H0) du — r [r x(u) d,a(s — u) ds

-0 -0

- —

= r x(u)h(0) du l x(u) d,, {jt h(s — uw) ds}

= jr x(uOh(0) du ) x(u)d, {I‘ h(s — u) ds}

— J -

= jr x(w)h(Q) du j[ x(w) d, {j[—u h(s) ds}

'

x()a(0) du + j x(@h(t — u) du

e )

T
= J x(udh(r — u) du, — o0 <t < 0.

In the above use has been made of the definition of f(s) and a Fubini
theorem due to Cameron and Martin. Hence

jt ) {h(O)x(ﬁ) _ j x{u) dyls — “)} ds

- -

= J.r h(t — s)x(s)ds, — <t < . (C)

-

Since the left hand side is obviously differentiable so is the right hand
s
h(t — $)g(s)ds

is differentiable. A similar argument to the above yields that

jt {k(ﬂ)g(ﬁ) B j g s u)} N

-

side of the equation. Hence [rom Eq. A, the term x(¢) — I

= Jz k(t — s)g(s) ds, — o <1<, (D)

1
hence J k(i — s)g(s)ds is differentiable and thus so is x{f). Using formu-
las C and D the equivalence of Egs. A and B follows directly.
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