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Using the DGS r ep re sen t a t i on  and the scal ing phenomena we suggeat  that  the nature  of the sca le  break ing  
t e r m  of YW 2 in ine las t ic  e -p  sca t t e r ing ,  shoul be of the form G2(o))M2/Q2. Using Regge theory  it  is then p r e -  
dicted that  G2(W ) would be a constant  for  large  co, and is es t imated  to be approximately  -0.06. These  p r e -  
dict ions,  in pa r t i cu la r  the constancy of the s lopes for  v W 2 versus  1/Q 2 plots for  la rge  co (w > 8), compare  
ve ry  well  with the r ecen t  exper imenta l  data. S imi lar  r e su l t s  for  WI(V ,Q 2) a re  also discussed.  

T h e  S L A C - M I T  d a t a  [1] on  i n e l a s t i c  e - p  
s c a t t e r i n g  h a s  r e v e a l e d  s o m e  s c a l e  b r e a k i n g  
e f f e c t s  f o r  the  s t r u c t u r e  f u n c t i o n  vW2(v, Q2). It  
i s  found  t h a t  vW 2 i n c r e a s e s  w i t h  the  i n c r e a s e  of 
Q 2 f o r  a f ixed  l a r g e  w (co > 8). T he  n a t u r e  of the  
Q2 _ d e p e n d e n c e  of the  s t r u c t u r e  f u n c t i o n s  ( a s  
r e v e a l e d  in f ig .  17 of r e f .  [1]) ,  i n d i c a t e s  a v e r y  
s i m i l a r  c h a r a c t e r i s t i c  f o r  a l l  l a r g e  ¢0, s u g g e s -  
t i n g  t h e r e b y  an  u n d e r l y i n g  s i m p l e  s t r u c t u r e  f o r  
the  s c a l e  b r e a k i n g  t e r m .  In t h i s  p a p e r  we d e -  
m o n s t r a t e  how t h i s  c an  b e  u n d e r s t o o d  s i m p l y  
f r o m  a D e s e r - G i l b e r t  S u d a r s h a n  [2] (DGS) r e -  
p r e s e n t a t i o n  of the  f o r w a r d  v i r t u a l  C o m p t o n  
s c a t t e r i n g  a m p l i t u d e ,  s u p p l e m e n t e d  w i t h  s c a l i n g  
and Regge behaviour. 

The  e l e c t r o p r o d u c t ~ o n  s t r u c t u r e  f u n c t i o n s  [3] 
W2(v,Q 2) and  Wl(v,Q z) a r e  g i v e n  by the  a b s o r p -  
t i ve  p a r t  of the  f o r w a r d  v i r t u a l  C o m p t o n  s c a t -  
t e r i n g  f r o m  an  u n p o l a r i z e d  t a r g e t .  T h e r e f o r e ,  
s i n c e  the  DGS r e p r e s e n t a t i o n  * d e c r i b e s  a c a u s a l  
m a t r i x  e l e m e n t  of two c u r r e n t s  b e t w e e n  s t a t e s  
h a v i n g  the  s a m e  f o u r - m o m e n t u m ,  i t  i s  v e r y  
s u i t a b l e  [4 -6 ]  f o r  s t u d y i n g  t h e s e  i n e l a s t i c  s t r u c -  
t u r e  f u n c t i o n s .  We b e g i n  by w r i t i n g  a DGS r e -  
p r e s e n t a t i o n  f o r  the  s t r u c t u r e  f u n c t i o n  W2(v,  Q2) 
in the  f o l l o w i n g  f o r m  

• The DGS rep resen ta t ion  can be obtained f rom the 
following form of the J o s t - L e h m a n n  (LJ) r e p r e s e n -  
tat ion 

oO 

F(ao, q ) = f  d3u f dt  2 ~ ( t ,  u) A(q-U,  t) . 
u 2 < p 2  0 

Although this  r ep resen ta t ion  is a special izat ion 
of the JL  represen ta t ion ,  i t  has  been shown by 
Nakanishi to hold in every  o rde r  of pe r tu rba t ion  
theory.  
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W2(v, Q2)=Q 2 f dxf d~2(x,~) 
0 -1 

× 5 (2M~v+M2fl 2 -Q2 -X)  . (1) 

H e r e  we h a v e  o m i t t e d  an  ~ (My+ ~M 2) f a c t o r  
s i n c e  we a r e  i n t e r e s t e d  in r e s u l t s  f o r  l a r g e  v 
(v > M),  and  we h a v e  i n c l u d e d  the  Q2 f a c t o r  to 
e n s u r e  the  k i n e m a t i c  c o n s t r a i n t  t h a t  a s  Q2 g o e s  
to z e r o  

vW 2 ' ( 4 ~ 2 a )  -1 Q2a~,(~) ,  (2) 
Q2 ~ 0  

w h e r e  a~  i s  the  t o t a l  p h o t o - a b s o r p t i o n  c r o s s -  
s e c t i o n  f o r  p r o t o n .  

It  i s  r e a s o n a b l e  w i t h  the  DGS f o r m a l i s m  to 
a s s u m e  t h a t  the  s p e c t r a l  f u n c t i o n  a2(• , 8) f a l l s  
off  r a p i d l y  a s  k i n c r e a s e s .  T h e n ,  n o t i n g  t h a t  the  
e x p r e s s i o n  i n s i d e  the  5 - f u n c t i o n  can  be  f a c t o r i z e d  
and  r e m e m b e r i n g  t h a t  the  l i m i t s  of  the  ~ - i n t e g r a -  
t ion  l i e s  b e t w e e n  1 and  - t ,  we  o b t a i n * *  f o r  l a r g e  v 

** The /}-function can be wri t ten  as 

~(213Mu + M 2 ~ 2 - Q  2 -  ~) = 

-~(u2+Q2+~t) -½ [~}(/V/E+u-~/u2+Q2+~t} 

+ ~(Mfl+u + ~ f u 2 + V 2 + ~ ) ]  . 

For  large v and Q2 and fixed w we can write 

~/V2 +Q2 +~. = p~u~-+Q2 [1 +O (k/Q4) ] . 

Then since large k values are  assumed to be 
damped out by the spec t ra l  function, for f i r s t  
o rde r  cor rec t ion  to scal ing , k inside the square  
root  can be neglected.  
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W 2 ( h Q 2 )  ~ 

Q2 ~ Q2 Q 4 

o - 
2 M S  

We see immedia te ly  that in o rde r  vW 2 to be 
finite in the Bjorken l imi t  (~,Q2 --.oowith w = 
2Mv/Q 2 fixed) we mus t  have [4] 

o O  

f d~ (x2(~, 1/to) = O, (4) 
0 
for a l l  to. We have therefore  to go to higher o r -  
de r  t e r m s  inf(to)/v. Thus 

¢ O  

J~  ¢) / w,, __+.~2  ,2v. .~.  Bj ¢o p=l p:(2M)P uP -I 
oO 

f d i ( ~ X  M 2 P - - ~ )  a2P(x,1/to) (5) × 
0 

where 

crP2 (X , 1/to) = ~pa2 (X, ~) a,P at  fi = 1 / to .  

Since we a re  in te res ted  in the nex t - t o - s ca l e  
breaking  t e rm ,  we keep only the f i r s t  two t e r m s  
in eq. (5) neglec t ing  t e r m s  of o r d e r  1/Q 4 and 
obtain 

~ / l + Q 2 / v  2 vw 2 ~ F2(to)+~" 2 (to)M2/Q2 , (6) 

where ***, 

i of x~;.(x,i/~) F2(to) = ~-- to dk (7) 

and 

~2(to)__ i . f dXX2 ~ (/,i/to) + 
4M ;~to~ 0 

-=----zf d?tXcro(X, l/to). (8) 
2Mto~ 0 

It i s  expected that the sca le  b reak ing  t e rm  must  
be such that it  vanishes  in the Bjorken l imi t ;  but 
it  was not c l ea r  a p r i o r i  what the funct ional  form 
of this t e rm would be. Eq. (6) gives us a s imple  
1/Q 2 form for the breaking te rm.  

*** Here we have omitted terms of the type 
fwod~ crP (k, 1/to ), which barring pathological eases 

uld ¢anish by eq. (4). 

For  an ana lys i s  of the data we now expand 
~/1 +Q2/v  2 and keep only t e r m s  up to i/Q2 and 
obtain ~ [7] 

vW2(v, V2) ~. F2 (to) + G2 (to) M2/Q 2 (9) 

where 

G2(to) = G2(to) " (2/to2)F2(w) " (1o) 

We have plotted in fig. 1 the avai lable  exper imenta l  
data [1] for vW2(v, Q~2) as a function of 1/Q 2 for 
seve ra l  fixed values  of to. Since vW2 is  quite 
sens i t ive  to the value of R, which is not known 
with good accuracy ,  we have used only the 6 ° 
data where the e r r o r s  due to uncer ta in  R will 
be min imum.  We have taken the SLAC-MIT data 
analyzed for R = 0.18. The f igures  show definite 
indicat ions  that the data may fall in s t ra ight  l ines  
for Q2 > 0.5 (GeV/c) 2 as p.redicted by eq. (9), 
Note that vW 2 i n c r e a se s  TTI[8] for a fixed to and 
that the data for different  to seem to have a lmos t  
the same slope. We shal l  p resen t ly  show why we 
expect this form a theoret ica l  point  of view. 

We shall  f i r s t  argue that G2(to) has a weak 
dependence on to for at l eas t  la rge  values  of w. 
Our reasoning  will essen t ia l ly  be that if vW2 
goes to a constant  for la rge  ~o, a~. (~t, fl) should 

• ~ TI  . 

have a pole m fi as ~ 0, and then a 2 (~t, fi) will 
have a double pole as /3 -~ 0. This behaviour  
will  make F2(to) and G2 (to) independent of to 
for large to. F ina l ly ,  for la rge  to, 2F2(to)/w2Q2 
can be neglected compared to F2(to ) leading to 
the r e su l t  that G2(to ) ~ G'~2(to) (i. e. the slope 
of vW 2 aga ins t  l/Q2 plots)  be constant  and hence 
same for all  large to. 

To obtain more  informat ion  orr G2(to), let  us 
now study the Regge l imi t  (v -~ o% Q'2 fixed) of the 
s t ruc tu re  function. Since (~2(~,, fi) fal ls  off for 
la rge  X, and eq. (4) must  be sat isf ied we ob-  
tain 

t That the breaking of scaling phenomena be of this 
nature was also predicted from a study of the trans- 
verse momentum distributions in the parton model. 
In that formalism [7] each parton is given a rea- 
listic momentum distribution and hence has a 
component of momentum which is orthogonal in a 
four-vector sense to the nucleon momentum. This 
generated a scale-breaking term as a power series 
in Q2/v2 = 4M2/Q2to2, and thus vanishing in the 
Biorken limit. 

~t This was first pointed out in ref. [7] and also in 
a phenomenological analysis of the data by Gardiner 
and Majumdar in ref. [8]. 
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Fig. 1. Values of PW2 are plotted against 1/Q 2 for several fixed ranges of o~. The points are taken from ref. [1] 
for 0 = 6 ° measurements analyzed for R = 0.18. The straight line drawn in all the three figures has.the same 

slope -0.053. 

co Q 2 1 and 
- ,,, Z: p, w2( ' R p=1 

0 

Now, f rom Regge ana lys i s  of the / - channe l  
p roce s s  ~ + ),-~ N + N, one finds [9] that 

W2(v ' Q2) ,R2(Q2) va-2 (12) 
R 

and 

WI( v, Q2) T RItQ2) va (13) 

where a is  the leading Regge- t r a j ec to ry  at  t = 0 
with na tu ra l  par i ty  and even charge conjugation. 
The pomeron  with a = 1 would be the leading 
t ra jec tory  for this p r o c e s s  and P '  and A 2 t r a -  
j ec to r i e s  both with a ~ 1/2 can also contr ibute .  

To achieve the r e su l t  for pomeron  dominance ,  
as  wr i t ten  down in eq. (12), f rom our  spec t ra l  
r ep resen ta t ion  eq. (11), we a re  now led to a s -  
sume that ~ (k, ~) has a s imple  pole at  ~ = 0. 
This behaviour  has the addit ional  advantage of 
producing a constant  asymptot ic  behavtour  for 
F2(w) for la rge  co. Thus we take 

cr.2(k,/3) =rl(X) In~ + T (X) ,~1 - a + X(),, ~ ) , (14) 

where a < 1 and X' (X,/3) is the least singular 
part of a~()t,/~) as /~-~ 0. Eq. (4) then implies 
that 

co 

f r l (k)  dk = O, (15) 
0 

co 

f r(~t) dX = 0, (16) 
0 
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oo 

f x ix ,  a) = 0 ,  
0 
when 5 is independent  of X. 

After  obtaining the Regge l imi t ,  if we let  
Q2 -. 0, we obtain f rom eq. (2) 

o o  

4~2a f d ~ ( X )  i n X .  
%(~_oo) =-~-M-- o 

After es tab l i sh ing  the behaviour  of o2(X, ~) 
as  f l - '  0, we now go back to the Bjorken l imi t .  
The leading contr ibut ions  a re  easi ly  obtained 
from eqs. (7) and (8) 

o o  

+ o ( 1 /~ )  

(i7) 

(18) 

o o  

1-~ 1 fdXX~(x) 
2M c o l - d  0 

(zg) 

and 

o o  

1 f dXX2~Cx) 
G2(~) = " 4-~ 0 

co 

a( 1- a) 1 f dX k2 v (X) +O(1/to 2) . (20) 
4M 3 J-~0 

Following experimental indications if we now 
accept that the Bjorken limitlng value of PW 2 
i.e. F2(co) is approximately given by 0.32 (and 
this seems to be true for w >10), then conside- 
ring only the leadlng terms of eqs. (19) and (20) 
we obtain 

F2(~) ~ ~-~ dXXn(x) ~ o.a2 (21) 
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and 

G~2(~0)~_ 4M 31 / d;~;~27?(k). (22) 

This shows that as w increases along with F2(w) , 
G2(w) also becomes independent of w. 

To obtain some estimates, we now employ 
an approximation procedure of saturation at 
k =X of the following kind. Let 

cr~(~) ~ 4~2a 1 f dkk 77(k)= F 2 ( w ) .  (23) 
2M X 0 

Since a~(~)  is  approximate ly  [10] 108 pb,  we 
obtain from eqs. (21) and (22) 

= 0.33 (GeV) 2 (24) 

s t ruc tu re  function Wl(V, Q2). F rom the k inemat ica l  
re la t ion  between W 1 and W 2 we find that in the 
Bjorken l imi t  

w G I ( W ) M 2 / Q 2  (26) 2 M W  1 ,.~ Fl(~0)+ ~ -  R- 

where 

Fl(W ) = w F2(w) / ( I + R )  (28) 

and 

G 1(~0) = G"2(w) + (2/w 2) F2(w) . (29) 

F rom eq. (10) we than obtain a predic t ion  be-  
tween the two slopes of v W  2 and W1, namely  

Gl(W ) - G2(w) = (4/w 2) F2(w) (30) 

and 

M2G~(w) ,.~ -½XF2 (w) -- 0.053 (GeV/c) 2. (25) 

This is  our  predic t ion  for the slopeTT. In figs. 
l a ,  lb  and lc  we have drawn a s t r a igh t - l i ne  
which has this slope of -0.053, and the data 
within e r r o r s  do seem to fall  along this slope. 
To test  the reasonabi l i ty  of our  approximat ion 
we have calculated fdx V(x) In k with the help 
of the ~ approximat ion and also exactly from 
eq. (18) and found that both give approximate ly  
1.8 for this  in tegra l .  This means  that our  
approximat ion of In X for eq. (23) is  quite good 
and the rough es t imate  obtained should not 
be unreasonable .  

Thus f roma DGS rep resen ta t ion  of the v i r tua l  
forward Compton ampli tude and the concepts 
of scal ing and Regge behavior  we suggest  that 
the appraoch to scaling,~ in  vW2(v,  Q2 ) would be 
of the type G2(~0)M~/~ 2 and that the slope, 
of the vW 2 ve r sus  1/Q ~" graphs be independent  
of ¢~ for la rge  ¢0. We have then argued that the 
slope be negative and have es t imated  i ts  value 
to be ~ -0.053. All these p red ic t ions  a re  well 
accommodated by the p r e s e n t  exper imen ta l  data. 

S imi la r  ana lys i s  can be made for the other  

i '~ If we saturate the integral by a &kind of function, 
say 77(h)=-a ~}"(h-k), then a reasonable estimate 
is obtained fora = 0.45 and-~ = 0.3 which gives 
F2(¢O) = 0.24 and G'2(W) = -0.07. Again, if we take 
an exponentially decreasing function with only two 
parameters say 77 (k) = fi (oGt-1) exp (-oth) which 
satisfies eq. (15), then also we obtain reasonable 
estimates for ot = 6 andfi = 12.5 which gives 
F2(~0 ) = 0.2 and G2(O)) = -0.06. 

and hence, as w becomes large, the two slopes, 
as defined above, will approach each other. 

At present it is not possible to test the de- 
tails of the scale invariance breaking of W 1 
since several data points for a fixed ¢o are not 
available. It has been claimed by Chen [II] that 
W 1 exhibits small but definite deviations from 
scale invariant behaviour. He finds that for R = 
0.18, 2MW 1 / [w(l +Q2/v2) ] can be accomo- 
dated by a scaling curve in the region for 
from 1.3 to 7.5. This means Gl(~0) = 4 F2(c~)/w2 
for this kinematical region. Bloom et al.[1] finds 
no scale breaking of vW 2 for 4 ~< ¢o ~< 6. That is 
G2(¢o) = 0 for this region and hence it agrees well 
with our prediction eq. (30). For w less than 
3.5, it is claimed by Bloom et al.[1] that vW2 
decreases with increase of Q2. Eq. (30) then 
predicts an increase of Gl(W) for lower ¢o values. 
The verification of this result must await for 
detailed data at lower w. Note that for all of our 
analysis we have assumed R to be constant, and 
a significant deviation from these predictions 
would lead us to the question of QZ_dependence 
of R, 

Several  comments  a re  now in order .  F i r s t  it  
should be s t r e s sed  that the e s sen t i a l  ingredient  
behind these der iva t ions  is  the causal  r e p r e s e n -  
tation of the forward v i r tua l  Compton ampli tude 
and hence similar conclusions can also be de- 
rived from the Jost-Lehmann [12] representation. 
Then it is natural to expect that the scale breaking 
term can also be analyzed from considerations 
of ope ra to r -p roduc t  expansion [13] nea r  the light 
cone, although the exact  na ture  of the scale  
breaking  t e rm will  depend on the d imens ions  of 
the s ingu la r i t i e s .  After  the complet ion of our  
work we came a c r o s s  two p r e p r i n t s  [14] which 
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m a d e  a t t e m p t s  in  t h e s e  d i r e c t i o n s .  T h e s e  
a u t h o r s  f ind  a s i m i l a r  s c a l e  b r e a k i n g  t e r m ,  
bu t  in  t h e i r  a n a l y s i s  G2(w) d e r i v e d  f r o m  the  
l e a d i n g  l i g h t - c o n e  s i n g u l a r i t y  v a n i s h e s  a s  ¢o 
goes  to i n f i n i t y ,  a r e s u l t  in  c o n t r a d i c t i o n  to the  
p r e s e n t  a n a l y s i s .  S c h n i t z e r  [14] h a s  d e r i v e d  an  
a d d i t i o n a l  s c a l e  b r e a k i n g  t e r m  f r o m  the  n o n -  
l e a d i n g  l i g h t  cone  s i n g u l a r i t y  of the  type  1/(Q2) b, 
w h e r e  b i s  1 f o r  c a n o n i c a l  d i m e n s i o n s  only .  

In c o n c l u s i o n  we m a y  add t h a t  o u r  a n a l y s i s ,  
a l t h o u g h  d e p e n d e n t  on the  p a r t i c u l a r  r e p r e s e n -  
t a t i o n  c h o s e n  h e r e ,  and  p e r h a p s  no t  a s  r i g o r o u s  
a s  i t  s h o u l d  be ,  a r e  e s s e n t i a l l y  the  r e s u l t s  of a 
c a u s a l  r e p r e s e n t a t i o n ,  and  h e n c e  i t  wou ld  be  
v e r y  i n t e r e s t i n g  to s e e  how t h e s e  r e s u l t s  c o m p a r e  
w i t h  the  f u t u r e  e x p e r i m e n t a l  d a t a .  I t  g o e s  
w i t h o u t  s a y i n g  t h a t  a b e t t e r  e x p e r i m e n t a l  d e t e r -  
m i n a t i o n  of the  s c a l e  b r e a k i n g  e f f e c t s  f o r  l a r g e  
¢o would  b e  v e r y  c r u c i a l  f r o m  a t h e o r e t i c a l  p o i n t  
of v iew.  D e t a i l s  of t h i s  w o r k  i n c l u d i n g  h i g h e r  
o r d e r  t e r m s  and  f u r t h e r  c o m p a r i s o n s  w i t h  i n -  
v e s t i g a t i o n s  f r o m  o t h e r  t h e o r e t i c a l  p o i n t s  of 
v i ew  wi l l  b e  p u b l i s h e d  e l s e w h e r e .  

I would  l ike  to t h a n k  P r o f e s s o r  J .  D. B j o r k e n  
f o r  s u g g e s t i n g  t h i s  i n v e s t i g a t i o n  a n d  P r o f e s s o r  
Y. T o m o z a w a  f o r  m a n y  h e l p f u l  d i s c u s s i o n s .  
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