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LARGE AXIALLY SYMMETRIC STRETCHING OF A 
NONLINEAR VISCOELASTIC MEMBRANE 

ALAN S. W~~EMAN~ 

Department of Engineering Mechanics, University of Michigan, Ann Arbor, Michigan 48104 

Al&ract--Two problems of large planar axisymmetric deformations of an annular membrane consisting of a 
nonlinear viscoelastic material are solved, one with prescribed deformation at the outer boundary and one with 
prescribed force. These problems serve as examples to illustrate the extension to a class of viscoelastic membrane 
problems of a formulation of the corresponding elastic membrane problem suggested by Yang [I], which is especi- 
ally convenient for numerical solution. The formulation uses radial and circumferential stretch ratios as dependent 
variables, which in the present case are found by solving a system of first order nonlinear partial differential- 
integral equations. The numerical procedure is such that at each time step, the problem is equivalent to a system 
of first order nonlinear ordinary differential equations for the current stretch ratios. This system is then integrated 
by the same numerical procedure as in the corresponding elastic problem. 

INTRODUCTION 

A NUMBER of problems involving large axially symmetric deformations of initially plane 
membranes formed of incompressible nonlinear elastic solids have recently been reformu- 
lated and solved numerically by Yang [l]. The usual formulation defines a radial 
deformation function which satisfies a second order nonlinear ordinary differential equa- 
tion. By introducing the radial and circumferential stretch ratios as dependent variables, 
Yang reduced this equation to a system of two linear first order equations whose numerical 
solution is more readily obtained. This has the further advantage that boundary conditions 
are more easily stated in terms of these stretch ratios than in terms of the deformation 
function, while stresses and the deformation function are readily calculated. 

Each of these axially symmetric problems involving an elastic membrane suggests a 
corresponding problem of large quasistatic motions of a viscoelastic membrane by letting 
the membrane now be viscoelastic and the applied axially symmetric stresses vary with 
time. The formulation of the latter problem is facilitated by the observation that the same 
kinematical assumptions regarding the equilibrium configuration of the elastic membrane 
can also be made about each of the sequence of configurations assumed by the viscoelastic 
membrane during its motion. A time dependent radial deformation function is thus 
defined which satisfies a second order nonlinear partial di~erential-integral equation. 
Because of this similarity in kinematics, the advantages of the stretch ratio formulation 
can be extended to the viscoelasticity problem. The purpose here is to illustrate 
this approach for a specific problem concerning an initially plane annular membrane of 
an incompressible isotropic nonlinear viscoelastic solid. This formulation leads to a 
system of two first order nonlinear partial differential-integral equations for the radial 
and circumferential stretch ratios as functions of time and undeformed radius. Numerical 
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solutions are then obtained for the two point boundary value problems in which the 
inner hole is stress free and either time dependent stress or radius is prescribed at the 
outer boundary. The numerical procedure is such that at each time step one obtains a 
first order system of differential equations for the corresponding stretch ratios, as in the 
elasticity case. 

The governing equations are developed in Section 2. Although the general method 
does not depend on the form of constitutive equation used to represent viscoelastic 
behavior, for convenience the governing field equations are derived using a general single 
integral constitutive equation. In the elastic problem, the condition that radial stress vanish 
at a boundary implies an algebraic relation among the stretch ratios. This same relation 
is shown to hold for any viscoelastic constitutive equation. In order to obtain numerical 
results, a specific form of constitutive equation must be used, The one selected is discussed 
in Section 3. The details of the numerical method are given in Section 4 and the numerical 
results are discussed in Section 5. 

The stretch ratio formulation has been extended by Yang et al. (see [2,3]), to a variety 
of problems involving axially symmetric deformations of elastic membranes initially in the 
shape of surfaces of revolution. Such problems also suggest corresponding viscoelasticity 
problems. Just as is illustrated here, because of the similarity in kinematics, the approach 
to the elasticity problem can be immediately applied to the viscoelasticity case. Thus, 
although there appears to be no “correspondence theorem” proving direct operational 
methods for obtaining viscoelasticity solutions from elasticity solutions as in the linear 
theories, for the class of problems considered here there is outlined a “correspondence 
procedure”. 

2. FORMULA~ON 

The undeformed annular membrane has inner radius a, outer radius b and uniform 
thickness h, where h/u << 1. Let the origin of a cylindrical polar coordinate system coincide 
with the center of the hole and its plane z = 0 coincide with the middle plane of the sheet. 
For a sufficiently thin sheet, the stresses on planes z = const. can be neglected and the 
deformations under consideration can be described by the mapping [4] 

p = pfr, t), e = 0, i = zL,(r, t) (2-I) 

where (I, 0, z) are coordinates in the undeformed state and (p, 6,C) are coordinates at 
time t. The deformation is such that at each time t, the coordinate directions are principal 
directions. The stretch ratios in the radial and circumferential directions are, respectively, 

(2.2) 

while that in the z-direction, A,, is determined through the incompressibility condition 

8?,/l,& = 1. (2.3) 

For notational convenience, let pi = ii(t), a denote the 
the triplet (L,(z), A,(T), A&)). 

triplet (2,) I,, 2,) and n(r) denote 



Large axially symmetric stretching of a nonlinear viscoelastic membrane 111 

The strain invariants are 

I, = n:+n;+n;, 

I, = A$; + n&l,: + nl,n: 3 (2.4) 

I, = Ail,& = 1. 

For future reference, it will be useful to note that the stretch ratios satisfy the following 
compatibility condition for each t 2 0: 

(2.5) 

The non-zero components of stress, per unit deformed area, are in the radial and cir- 
cumferential directions and are denoted, respectively, by cri and c2. Their resultants, 
measured per unit current length in the appropriate direction in the middle plane of the 
membrane, are defined by 

Ti = h;/#ri, T2 = h&a,, (2.6) 

where by (2.1), h13 is the current thickness of the sheet. The equations governing the quasi- 
static motion are automatically satisfied in the 0 and z directions. Taking into considera- 
tion thickness changes and ignoring the presence of body forces, the equation in the 
radial direction is 

$4) = 7’~. (2.7) 

For each time t, (2.7) must be satisfied in the unknown region occupied by the membrane, 
p(a, t) I p I p(b, t). It is convenient to regard all quantities of interest as functions of the 
initial coordinate I and time t since I varies in the known initial region occupied by the 
membrane, a I r I b. Introducing the transformation (2.1) and then using (2.2), (2.3) and 
(2.6), equation (2.7) becomes for each t 2 0, 

(2.8) 

Define dimensionless variables as follows : 

F = r/a, P = da, 6 = b/a, t = t/Z& ca = ~dW,), 

where C, is an elastic modulus and rR is a typical relaxation time. Because of their homo- 
geneity in r, p, (T, and T,, equations (2.2), (2.5), (2.7) and (2.8) may be regarded as expressed 
in terms of dimensionless variables with the bar notation dropped. There will be no loss 
in generality, then, in saying that at the inner radius T = 1 and at the outer radius I = b. 

Up to this point, the only difference between the present formulation and that for an 
elastic membrane is the presence of a time parameter t. This is entirely a consequence of 
the following two points : (1) because the problem is axisymmetric, the radial and circum- 
ferential directions are principal directions for all t 2 0, (2) the assumed form of the defor- 
mation function (2.1) for the viscoelastic membrane at any time t is the same as would be 
made for the equilibrium configuration of the elastic membrane. The principal stretch 
ratios defined in (2.2), relation (2.5) and the force balance equation (2.7) in terms of principal 
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stresses, being derived by spatial operations at each time t, are therefore the same as in the 
elastic case. It follows that equation (2.8) arises in both the “elastic” and “viscoelastic” 
formulations. The two formulations differ, of course, through the way their respective 
constitutive equations relate stress, stretch ratios and time. However, when these latter 
equations are combined with (2.8), the elastic and viscoelastic formulations each obtains 
one equation for the principal stretch ratios. The second equation in either formulation is 
provided by (2.5). Thus, the use of principal stretch ratios as dependent variables in this 
viscoelastic membrane problem is a natural extension of their use in the corresponding 
elastic membrane problem in [l]. 

The remainder of the formulation will be carried out using a single integral constitutive 
equation to represent the behavior of a nonlinear incompressible isotropic solid. Coleman 
and No11 [5] have derived one such model for a theory of finite linear viscoelasticity using 
concepts of fading memory, while Pipkin and Rogers [6] have constructed a second model 
based on the presumed nonlinear response of a material to a series of step strain inputs. 
The Pipkin and Rogers constitutive equation will be used because it involves fewer relaxa- 
tion functions. Its general form is 

o(t) = ++F(t){R[C(r);O]+ Jl:&R[C(r),t-r]dr}FT(f), 

where 8, = a/a(t - z), p is the unknown scalar reaction to (2.3), F is the deformation gradient 
tensor, C = FrF. R[C, t] is the strain dependent tensorial relaxation function induced by 
a single step strain history, C(r) = C*, r 2 0 and has form 

R = q&,1+&C+&C2, (2.10) 

$,, , qb 1, t$ 2 being scalar f unctions oft and the invariants of C. 
Writing (2.9) and (2.10) in components with respect to the cylindrical coordinate system 

and determining p from the condition that (r3 = 0, the following expressions for o1 and g2 
are obtained : 

+i s f 
a,c#~~(A;Af~(z) - ;1:/2:‘(z)) dz (Lx = 1,2). 

i=O 0 

(2.11) 

The constitutive equation in (2.9) or (2.11) gives the stress components at a particle only 
if ii(r) is the stretch ratio history for that particle. The stretch ratio history for a specific 
particle can be identified by letting A,(r) depend on that particle’s label, which is taken 
as its initial coordinates. Because of the axial symmetry of the problem all particles at the 
same initial radius have the same deformation history so A,(z) depends only on the initial 
radius r. Note that this is also consistent with the use of r as an independent variable in 
(2.8). 

On substituting (T, from (2.11) into the left hand side of (2.8) and differentiating, one 
obtains terms involving a&/&, a&/&, d&/h. The latter two can be eliminated by using 
(2.5) and the following auxiliary result obtained by differentiating (2.3) : 
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Evaluating the right hand side of (2.8) by means of (2.11) and rearranging 
obtains an equation of form 

G,@; l(z); t-z) dz -----GG,(l; l(z); t-z) dz 

719 

terms, one 

(2.12) 

F, , F2, G, , G, and G, depend on the details of the calculations and the form of the material 
parameters 40, cjl, c$~. They will be given in the next section when a particular material is 
considered. On differentiating the product A,cr, , both L&Jar and the derivative of (pi 
give rise to the term aA,/ar{-} in (2.12). The derivative of the integrals in or also leads to 
the integral term involving the history of &&/ar(z), r 2 0. Thus, a Volterra integral operator 
which is linear in an,/&, such as appears on left hand side of (2.12), will be present for any 
integral constitutive equation. The numerical solution utilizes this property. 

Equations (2.5) and (2.12) form a system of two nonlinear partial differential-integral 
equations of Volterra type for /l,(r, t) and A2(r, t). The system must now be supplemented 
by appropriate boundary data. The condition at the inner boundary is that the hole be 
stress free, a,(l, t) = 0, t 2 0. From (2.11) it is seen that this condition is satisfied if 
1,(1, t) = A,(l, t), t 2 0, or by (2.3), 

&(I, r) = &f(l, r), t 2 0. (2.13) 

This is related to the more physically meaningful deformation function by (2.2), 

P(I, t) = &(I, t). (2.14) 

In concept, specifying the growth of the inner hole ~(1, t) gives by (2.13) and (2.14) boundary 
data on the stretch ratios. Since the spatial aspect of (2.5), (2.12) defines essentially an 
initial value problem in r, one can solve for the stretch ratios to any desired radius and 
time. It is then an easy matter to calculate p(r, t), ol(r, t), oz(r, t) or, more physically, how 
the membrane must be stretched so that the inner hole grows as prescribed. In a practical 
situation, however, it is more likely that conditions would be specified at the outer radius. 
For this reason, problems of the following type are considered : 

(a) Relaxation problem-the increase of the outer radius, p(b, t), is specified. By (2.2), 
this is equivalent to prescribing &(b, t) = A*(t). 

(b) Creep problem-the radial stress at the outer boundary, o,(b, t), is specified. 
In the particular arrangement considered, there is a series of wires distributed uniformly 
around the outer circumference, directed radially outward, strung over pulleys and having 
fixed weights on their ends, as shown in Fig. 1. The radial stress is then determined by the 
condition that the total weight equal 27rtp(hl,)a, evaluated at r = b. In this case, F*(t) = 
p(b, t)&(b, t)cr,(b, t) is specified. 

In both cases, the numerical method must determine 1,(1, t) so that the integration 
of (2.5), (2.12) and (2.13) leads the prescribed condition at r = b. 

Finally, it is worth pointing out that the boundary condition a,(l, t) = 0, t 2 0, will 
be satisfied by (2.13) for any constitutive equation for an incompressible isotropic solid. 
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FIG. 1. Loading configuration for the creep problem (force boundary condition). 

Wineman and Pipkin [7] have shown that the most general form for such a constitutive 
equation is : 

0 = -pl+F i R”‘[G”‘(t,, z2,, . . 
i=l 

(2.15) 

where R(‘) is a general functional which is linear in the tensor product G(“)(r f, z2, . . . , q) = 

C(~lf%f. * . C(q), 0 I ‘ci s t, and depends also on a set of invariants 1. Such funct~onals 
may contain distributions which give rise to the non-integral terms in (2.9). Calculating 
the tensors F and C for deformation (2.1) and then expressing (2.15) with respect to cylin- 
drical coordinates on the middle plane of the membrane, one obtains 

i=l 

Using the condition (TV = 0 to determine p and then the linearity of the functionals in their 
tensorial arguments, one obtains : 

o1 = i R("(.A:ll:(z,). . . ~~(z,)-A~&z,). . . A;(q); r). (2.17) 
i=l 

The condition al(t) = 0, t 2 0, is satisfied if n,(t) = n,(t), t 2 0, because the linearity 
property of the functionals implies R(')(O; r) = 0. 

3. A SPECIFIC MATERIAL 

Pipkin and Rogers [6} do not present any specific forms for the strain dependent 
relaxation functions Cpi appearing in (2.9), (2.10). Since the present purpose is to illustrate 
a method of approach for treating viscoelastic membrane problems, &, q5 1, 42 are chosen 
for both analytical convenience and to represent general features of a nonlinear viscoelastic 
solid. 

In particular, the constitutive equation (2.9), for single step strain inputs was chosen 
to combine features of the Mooney model of nonlinear elasticity and the standard solid 
of linear viscoelasticity. Written with respect to principal directions, 

(7i = -p+[(l+al)~i?-a14]~(Z;t), (3.1) 
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where Z = I, defined by (2.4) and a is a dimensionless constant. Relaxation properties 
are contained in the coefficient &I; t) which has a single exponential term analogous 
to the relaxation function for the standard solid of the linear theory. Letting C, denote 
the initial modulus, C, the residual modulus, and y = C,/C,, 

Z?(Z, t) = C,(( 1 - y) e-p(‘)t + y) 

= C,C[ z, t]. 

p(Z)- ’ represents a strain dependent relaxation time with 

(3.2) 

P(I) = $1 +P(Z-3)), (3.3) 

where B is a positive dimensionless constant. The constant rR represents the relaxation 
time in the linearized theory since for small deformations Z z 3. 

Note that for both the initial response and the long time residual response, the co- 
efficient C(Z; t) reduces to a constant and (3.1) becomes exactly the constitutive equation 
for a Mooney material. In fact, in combining (3.1)--(3.3) with (2.9), this is also seen to be the 
case for transient stretch histories which approach fixed states as t + co. The form of 
p(Z) is such that as the stretch ratios increase, the relaxation time decreases. Some authors 
suggest that the amount of stretching does not influence relaxation time [8]. On the other 
hand, others allow for this dependence but in a more complicated model than considered 
here [9, lo]. By comparing calculations with /l = 0 and j? > 0, the influence of this effect 
on the behavior of the membrane can be assessed. 

When (3.1H3.3) are substituted into (2.9), the stress-stretch ratio history expressions 
specialize as follows, 

al@& = (A: - A:)(1 +cd:) 

+ ta,C[Z(r);t-~]{[n:-n:1[1+al:(r)]+a[l:/2:(~)-/1.:(r)I:1)d~, 
s 0 

a2(t)/C0 = (1: -A$(1 +c&) 

+ ‘a,C[Z(~);t-r]{[n:-n:1[1+ctl:(r)]+a[~:12:(5)-~:(~)~:]}dr. 
s 0 

(3.4) 

The specific form of the functions in the partial differential-integral equation (2.12) corres- 
ponding to this model are: 

F, = (n:n: +3)(1 +c&) 

F 

2 
= J1@2-4) 

12 

[(n:n; + 3) + a(&& + n: + A; + A$$] 

Gi = &C[Z(r);t-z] 

G, = G;a,C[Z(r); t -71 + G;+Z(r); t -7) 

G, = G;c?,C[Z(z); t-r]+G;cTfg(Z(r); t-z) 

(3.5) 
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4. NUMERICAL METHOD 

The numerical procedure for solving (2.9, (2.12) consists of two main parts. First, the 
Lee and Rogers method of linear viscoelasticity [ll] is used to solve for d&/ar at each 
time step in terms of A and the past solution, The resultant system of differential equations 
is then solved in the elastic case. 

Let the interval [0, t] be partitioned by n times [t, = 0, t,, . . . , t, = t]. By (3.5), the 
first integral in (2.12) can be written as 

I 

f 

s 

t. 
G,@; 1(z), t-z) dz = VJI&), r, -dWk), 44)d~ (4.1) 

0 11 

where the definition of G, in terms of A(t) and A(z) is obvious. Expressing (4.1) as a summation 
of n- 1 integrals over the subintervals (tkt tk+ 1 , f (k = 1, n- 1) and approximating each of 
these by the trapezoidal rule, one obtains 

f 

f 

0 

G,@;l(z);t-r)dz z 2 _ 1 :$ {~‘,(~(t”),n(t,+,))a,c[~(~),&“-~ll,=,,+, 

Approximating the partial derivatives at r = tk+ I and z = tk by backward and forward 
difference expressions, respectively, and evaluating the argument I(r) at the appropriate 
points, (4.2) becomes 

G,(d; L(T); t-7) dz z --;;g; {~,~n~t,~,~~~k+lt~~C~z~tk~l~ttn-~k+1~-~t~~~k+~~,~,-~~) 

+ cl ii%), @,)I (C[z&), h - tk + 11 - c[%), & - tkl)). (4.3) 



Large axially symmetric stretching of a nonlinear viscoelastic membrane 783 

Upon rearranging terms in the summation, one obtains 

-2 
I 

’ G,U; @I; t--~) dz = ~,LWA, A(t,)l(C[W,), tn--A- CMt,), L-ttl) 
0 

+ G, E44J, ;l(GJl (cL&), 01 - cC&“I, 4l- GJ - 11) (4.4) 
n-1 

f 1 Cl [@,)Y ‘&.)] (c[z(t,), & - tk +  II- C[z@k)> l” - tk - 11). 
k=2 

It is seen from (3.5) that the last two integrals of (2.12) can also be written as in (4.1), but 
with an additional term involving X/al. This is differentiated analytically. However, the 
second differentiation with respect to (t-r) is carried out numerically so as to eliminate 
factors (tk+ 1 -r,) and obtain finite sum approximations of form (4.4). In the finite sum 
approximations to the second integral, the term depending on A(t,) has ~~~/a~~~) as a co- 
efficient. For tk < t,, this derivative is approximated by a simple forward difference ex- 
pression. For notational convenience, the finite sum approximations to the first and third 
integrals of (2.14) are denoted by 1, and x3, respectively. Let c; denote only the terms in 
the approximation to the second integral which contain A(Q), k < n, and a~~/a~~~)G~~~(&~)] 
denote the remaining term. It is convenient to note at this point that one also obtains 
expressions of type (4.4) in the finite sum approximations to the integrals in the stress 
expressions (3.4). 

With these preliminaries out of the way, the details 
From (2.5) and (2.12) the initial elastic response, t, = t, 
of equations, 

of solution can now be discussed. 
= 0, satisfies the following system 

This system can be integrated by the Runga-Kutta method [12] subject to condition 
(2.13) at p = 1. The specific value of &(l, ti) is determined so that I,@, t,) or P&J, at 
(r, t) = (b, tr) have the prescribed value, depending on whether a relaxation or creep 
problem is being considered. Since the correct value for 1,(1, tr) is not known in advance, 
it is determined by a “shooting method”, &(l, ti) is guessed, 1,(1, ti) is evaluated according 
to (2.13), (4.5) is integrated and the appropriate condition at p = b, say ;1,(6, tl), is evaluated. 
If I&(b, t+A*(tJ > E, for some prescribed E, &(b, t) is incremented and the process is 
repeated. This procedure is continued, using linear interpolation of the two most recent 
values to determine the next estimate of 2,(1, tl). 

For y1 2 2, (2.12) is written in terms of the notation defined following (4.5) as 

~(t.)W(t.))f cl> + c; +~fWWn)l = $‘AW)+ z,t. (4.6) 

Noting that iU,/i3&,) can now be found explicitly, system (2.9, (2.12) is written as 

(4.7) 
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In the first equation of (4.7), Fi , F, and G, depend only on @,,), while 2: 1, C; and C, 
depend on J(t,) and &.), k < n. Because the latter have been found by solution of (4.7) for 
times t, < t,, c,, c; and x3 may now be considered functions of the independent variable 
I and &,). Thus, for each time t,, the stretch ratios are found by solving a coupled system 
of nonlinear ordinary differential equations. The solution of (4.7), subject to appropriate 
boundary conditions at p = 1 and p = b, is obtained by the same procedure as was outlined 
for the initial elastic response. The value of &(l, t,J which gives acceptable satisfaction 
of the boundary condition is the first guess at time tk+ I. 

Once the stretch ratios have been calculated, the radial deformation function p(r, t) is 
obtained directly from the second of (2.2), while stresses are calculated from the above 
mentioned approximate expressions for (3.4). 

Since the summations in the right hand side of (4.7) must be recalculated at each time 
step and since their summands are functions of Z which are evaluated at each iteration for 
finding &(I, tk) and several times during the Runga-Kutta procedure, computation time 
must be considered. From (3.4) and (3.5), it is seen that the integrands of the stress integrals 
and G,, G;, G’;, G; , G’; are products of functions of/z with functions of n(r). Consequently, 
the right hand side of (4.7) can be written in terms of products of functions of il with summa- 
tions involving A(t,), k = 1, n. As in (4.4) these summations consist ofa partial sum involving 
the previously determined A(&), k < n and one term involving the current unknown A(&,). 
At each time step these partial sums werecalculated, stored and treated as radially dependent 
coefficients in (4.7). 

One useful means of checking the accuracy of solution of system (2.5), (2.12) is that the 
residual elastic solution can be calculated directly. Assuming that the stretch ratios reach 
a steady state value as t -+ co, (2.12) and (3.4) can be integrated for large t to give, together 
with (2.5), the governing equations. The direct solutions of this system can then be com- 
pared with the large time limit of the transient solution. For the material model considered, 
the residual elasticity equations for I,, A2 are exactly the same as the initial elastic equa- 
tions (4.5). Thus, if &(b, t) = A*(t) is constant in the relaxation problem, the residual 
solution coincides with the initial solution. In the creep problem, where a,(b, t) enters 
the boundary condition, C, < C, so the residual solution must be calculated separately. 

5. DISCUSSION 

All calculations were carried out for a membrane having an outer radius five times 
greater than the inner radius, i.e. b/a = 5. The Mooney mode1 parameter u was chosen as 
O-1, and the ratio of long term to initial moduli C,/C, was l/3. For both the creep and 
the relaxation problem calculations were carried out for p = 0 and p = 0.05. For the 
former value, relaxation time is independent of stretch ratio. The latter value was chosen 
so that the stretch ratio dependent relaxation time I/p(l) defined by (3.3) would be approxi- 
mately 2,/2 when 1, z 4 at the inner hole (r = 1) where the most severe stretching occurs. 
For the creep problem, detailed calculations were carried out for F*(t) = 3.0, and for the 
relaxation problem, A*(t) = 1.5. At each time step, the value of &(l, t) was accepted when 
l&(5, t)-,I*1 < E or l&611,=5- F*j < E, where E = 0401. In general, for this choice of E, 
three or four iterations were required at each time step to arrive at an acceptable value for 
&(l, t). A smaller value of E was not chosen because of increased computation time. For 
E = OXlO and the chosen radial increment and time steps, the creep problem required 
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somewhat more than two minutes of computation time. computations were carried out 
on the IBM 360 computer at the University of Michigan Computing Center. 

The determination of time steps and radius increments was carried out for the creep 
problem with F*(t) = 3.0, this having the more complicated boundary condition at r = 5 
and for fi = O-05, this causing faster changes in stretch ratios due to smaller relaxation 
times. The experience of Lee and Rogers [lo] in solving integral equations in linear visco- 
elasticity suggests that time steps tk should vary logarithmically. This permits small time 
increments for early times when quantities are undergoing large variation and gives larger 
time increments for later times when variations are smaller. The time steps finally used 
were given by the relation t k+ 1 = t,lOA, where A = 0.2 for k = 2,10 (up to O-63), A = 0.05 
for k z 11, with tz = 0.01. Changing tz to OXlO caused a maximum stretch ratio change 
of O-o001 at t = 0.01, a change of less than 0.02 per cent which was considered insignificant. 
A refinement of the first set of time steps to A = 0.1, k = 2,20 (up to t = O-63), caused a 
maximum stretch ratio change in the fifth decimal place and stress change in the fourth 
decimal place, again considered negligible. A smaller value of A for k > 11 was necessary 
because time increments became too large. The same computation with A = 0.025, 
11 I k 2 45 (up to t = 5.01) A = O-05,46 I k < 55, produced maximum changes in the 
stretch ratio of less than 0.5 per cent and in stresses of less than 1 per cent. This slight 
improvement in accuracy was considered offset by the increase in computation time due 
to the increased number of time steps. 

The numerical procedure turned out to be more sensitive to the choice of the radial 
increment d than to the choice of time increments. Since the Runga-Kutta procedure for 
integrating (4.7) has an error of O(d5), a choice of d = O-2 is quite adequate for obtaining 
the initial solution or directly calculating the residual solution. In fact, changing from 
d = 0.2 to d = O-1 caused at most a fourth decimal place change in the stretch ratios or 
stresses. The choice of d = 0.2 is not adequate at intermediate times, however, because the 
radial dependent coefficients on the right hand side of (4.7) are found numerically and 
depend on the earlier solutions. Hence, d must be smaller than 0.2 in order to ensure 
accurate calculation of these coefficients and therefore an accurately defined differential 
equation at each time step. With the additional realization that stress concentration near 
the hole will cause large stretch gradients, it was finally decided to choose d = O-05, 
1 I I I 3, d = 0.1, 3 I r < 5. Changing from d = O-2 to d = 0.1, 1 I r < 5, in obtaining 
the transient solution produced changes in stretch ratios and stress of up to 5 per cent. 
A change from d = O-1,1 < r 5 5, to the final choice caused a maximum change in stretch 
ratios of 1.8 per cent and in stresses of 3 per cent. These changes occurred near the hole 
and rapidly decreased to about 0.5 per cent as I increased to the outer boundary. From a 
numerical point of view this accuracy could be improved by further reducing d, especially 
near the hole and increasing the number of time steps. From an engineering point of view, 
since this causes a substantial increase in computation time, the present accuracy was 
considered satisfactory. 

Confidence in the accuracy of the numerical method for the above stated choices of 
radial and time increments is enhanced by considering the relaxation problem. As was 
mentioned at the end of Section 4, the initial and residual solutions for the relaxation 
problem should coincide. In fact, the residual solution limit of the transient solution 
differed from the initial state by at most 0.5 per cent in the stretch ratios and 1 per cent 
in the stresses. Furthermore, the assumed constitutive equation is such that when fi = 0, 
the stretch ratios are independent of time. That is, the assumption A,@, t) = A,(r) implies 
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that cT,-(r, t) = rr&)fft). Since f(t) drops u~t of@,&) this solution is possible. The numerical 
solution of (2.5), (2.12) for ,a*@) = f-5, $ = O@, does not differ from the initial state until 
t = 3.16 and then the stretch ratios change by at most @4 per cent to a new value which 
does not vary with time. 

As a fin& comment on the accuracy of the numerical procedure it is usefuf to point out 
that near the hole A2 > I and R, c 1, & < 1, so that, by (3.4), tr2 depends primarily on A$. 
If the numerical solution gives &(I i-e), where E is a small error term, then (TV depends on 
&j(1+ 2~). Thus, the change in stress is usually about twice the change in stretch ratio. 

The numerical solution to the relaxation problem is represented in Figs. 2-4, As was 
mentioned above, when /I = 0, the kinematic quantities p/a, Xl and A2 do not vary with 
time. Their djstributio~ is shown in Fig. 2. When @ = OQS, these quantities vary only slightly 
from their initiai values, or ~~~a~ent~y~ from the solution with fl = 0. Wence Fig. 2 can 
also be considered to show their initial values When /3 = Q&X?, r and E are coupled in the 
relaxation function through the product g(Q)&. Figure 2 shows that z~p(l(r)) varies only 
slightly with r so that this coupling is weak. Thus, the results that Ai(r, t) x J,(r) is a con- 
sequence of the fact that by (3.4) OXE dso has that Oi x; cTi(r)g(r, t) and the variation of 

g(r* t) with r is small. Figures 2-4 show the strong focal influence of the hofe. A moderate 
circumferential stretch ratio at r = 5, IE, = 1.5, is magnified to AZ = 2.85 at I” = 1. The 
local influence of the hole is evidenced by the observation from Fig, 2 that at T = 5 k, 
has already approached to within 10 per cent of R,. Sine, A, > 1 and ;I1 = 1, -C I near 
I = f, it fotlows from (3.4) that o2 near P = 1 depends primarily on 2:. Thus, as Fig. 3 
shows, the strain concentration generates a high stress concentration. Figures 3 and 4 show 

8.0 / / / 
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01 I I I I 
I.0 2.0 3.0 4.0 150 

r/a 

FIG. 3. Relaxation problem-particle distribution of circumferential stress a& at various 
p = 0.0 and /? = 0.05. 

times for 

that the stress distribution corresponding to B = 0 relaxes slower than the stress distribu- 
tion for /I? = 0.05. Furthermore, when /3 = 0.05, the strain concentration causes the stress 
concentration to relax out faster than when /I = 0. 

The deformation history of the membrane for the creep problem is shown in Fig. 5. 
As the solution for /? = 0.05 shows, dependence of relaxation time on the stretch ratios 
strongly influences how the membrane approaches its residual state. This follows from 
the fact that for the faster relaxing material, the strain at a particle increases more rapidly 
in order to balance the applied stresses. At t = 1-O the relaxation time away from the hole 
is about 5 per cent less than if fl = 0 and the membrane is closer to its residual deformed 
state. The relaxation time near the hole is about 20 per cent less than in the rest of the 
membrane. Since higher stresses are required near the hole, particles must stretch more 
and the hole opens more than if /3 = 0. As the residual state is approached and time effects 
diminish, the particles approach residual elastic behavior and the membrane readjusts 
to the same final shape as for B = 0. 

The distribution of stress components with respect to membrane particles is shown 
in Figs. 6 and 7. Because of the large deformation of the membrane, it was more convenient 
to plot the stress against particle label r/o. When fi = 0, these stresses increase monotoni- 
cally from their values in the initial elastic response state to their residual values. When 
/I = 0.05 these figures also show the significant changes in the stress histories and distri- 
butions arising from the membrane overshoot which results when relaxation time is 
decreased by the amount of stretching. 
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A6CTjWT-PelUatoTca U5e 3aRaYH LUUl 6onbwix WIOCKMX OCeCMMMWpM’ieCKMX Jie+OpMaukiii KOnbUeBOfi 

MeMBpawbr, w3roToenelltioi4 w3 HemineRHoro, 653Koynpyroro MaTepiiana. OnHa 3anaqa xacaerca 3anaaHttoil 
~e~opMau~w iia 5Helutiek rpanHue, 8Topaa me 3anaHnoro ycnnwn. 3r~ 3aaarn nono6paHbl B Kasecr5e 
npk+MepoB, nna kinnkocTpaum4 oFio6cuet.w Knacca 3anar nnn ea3Koynpyroti MeMGpatibr, Ha ocHo5e cooTBe- 

TCTBy,OoLuei% 3alIaYM yrlpyroir MeM6paHb1, IIpeWlO~eHHOi? OHrOM, O’(eHb yAO6HbIM ,QJlrt YMCIIeHHOrO 

PaC’ieTa. B ~OpMyn~pOBKe ~CnOnb3y~TCa KO~~~~iWeHTbl PaA~aRbHOrO OKpyXCHOrO paCT%iCeHWI, B 

Ka’IeCTBe 3aBMCHMblX IlepeMeHHblX. B 3TOM CJlyYae, ONM HaXOJlRTCIl IlyTeM pcLl.leHJUi HenWHefiHbIX ~kUjP$lepe- 

HuHanbHO-IIHTerpanbHblX ypaaHeH&, nep5OrO nOpflAKa. YHCneHHbld npOl&eCC Il5nSleTCR TaKMM xe, ST0 

npIi KZKfiOfi OYepe~HOii CTeneHw, 3aEFia COOT5eTCTByeT CHCTeMe He~~He~Hb~X, 06blKHOBeHHbiX )3H+$ePe- 

HuHaJ,bHblX ypaBHeHMii, DJISI TPaHC~OPMaIlMOHHblX K03+$MUMeHTOB paCT%KeHW7.3aTeM, TaKaR me CHCTeMa 

wHTerpwpyeTcs nyTeh4 raKor0 xe wcno5oro npouecca. KaK B cooT5eTcreymueA ynpyrofi sanare. 


