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Abstract: A phenomenological Coulomb energy equation has been derived for spherical nuclei with 
diffuse surfaces. Contributions from the direct and exchange Coulomb energy and from the 
electromagnetic spin-orbit interaction are included explicitly. The experimental Coulomb 
displacement energies of 42 essentially spherical nuclei with 2 2 28 have been subjected to a 
least-squares analysis with the shape parameters of the ground state charge distributions 
required to agree with those obtained from electron scattering and muon capture X-ray 
experiments. Agreement between the experimental and calculated energies with a standard 
deviation of about 20 keV is obtained if (i) the ratio between the rms radii of the neutron excess 
and the proton core is taken between about 1.10 and 1.15, (ii) a smoothly A-dependent correc- 
tion term which varies between about +450 keV in the light nuclei and +350 keV in the heavy 
nuclei is introduced, and (iii) an averaged contribution from the electromagnetic spin-orbit 
interaction is used rather than the expected shell-mode1 contribution. Justification for this 
averaging may be provided by amounts of not less than 15 % of excitations into higher shell- 
model orbits for all nuclei. The Coulomb displacement energies of vibrational and rotational 
nuclei are observed to be smaller by up to 200 keV than corresponding spherical nuclei. 
Neutron halos have been calculated and are found to be in very good agreement with the 
results of Hartree-Fock calculations, the droplet mode1 of Myers and Swiatecki and the 
calculations by Nolen and Schiffer using wave functions generated in a Woods-Saxon 
potential well. The calculated neutron halo for zo8Pb is 0.25kO.05 fm. 

1. Introduction 

Detailed Coulomb energy calculations which compare theory and experiment have 
been performed in the past 1 - ’ ‘). Lists of earlier references are included in refs. ‘* “). 
Such calculations, however, are only for selected nuclei such as the mirror nuclei, the 
Ca, Ni, Sn isotopes and “‘Pb Much more data exist, but only limited attention has . 

been given to it. This is particularly true in the case of heavier nuclei with 2 2 28 
for which the shell-model Coulomb energy equations of Carlson and Talmi 13) or of 
Hecht 14) are no longer applicable. 

The present study was undertaken to derive a Coulomb energy equation for me- 
dium-heavy and heavy nuclei based upon more realistic density distributions for the 
proton core and the neutron excess. The purpose then was to subject the many data 
on Coulomb displacement energies to a least-squares analysis in order to relate the 
data to such quantities as the nuclear charge radius, the neutron halo, nuclear defor- 
mations, and their dependence on A. Another application is the prediction of nuclear 
masses, particularly for nuclei off the stability line. 

t Work supported in part by the US Atomic Energy Commission. 
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One of the problems which has to be solved is how to treat the correction terms. 
Presumably they include nuclear correlations, charge-de~ndent nuclear forces, 
Coulomb perturbations, nuclear rearrangements, and other effects r* 5 - ’ “). They 
may add up to several hundred keV. It appears that not all corrections are fully under- 
stood, a fact that may account for the so-called Coulomb energy anomaly ‘, “) which 
was originally considered to be a radius anomaly “). Nevertheless, considerable pro- 
gress towards understanding these contributions has been made in recent years 
[refs. I, ‘-l’)] but quant t t i a ive agreement still appears to be lacking as has been 
demonstrated in the detailed calculations for the 41Sc-41Ca mirror nuclei. In the 
present paper no attempts are made at a detailed treatment of these correction terms. 
However, it was hoped that by including them as an adjustable quantity in an analysis 
of the data, one can perhaps obtain additional insight, e.g. on the dependence on A. 

2. Prehinary remarks 

Two-parameter Fermi distributions 

p(r) = p(O)f (y) = “O’, c , 

l-l-exp .L 
( ) a 

(4 

are used throughout the present work to describe the radiaI matter density dependence 
of the protons and the neutron excess in the ground states of spherical nuclei. The 
quantity c is the half-density radius and a is the diffuseness. The skin thickness is 
t = 4.4a. 

The equivalent radius R of any distribution is defined as the radius of a uniform 

density distribution with the same rms radius. Thus, R = x’i(<r’>“. For a two- 
parameter Fermi distribution, the radii c and R are related according to 

These equations are correct up to the fourth order in (a/c) or (a/R), respectively. 
Elton’s*16)h h as s own that the half-density and equivalent radii of the nuclear charge 
distributions are quite well described by the equations 

R = r,Af (I+$n2 (r+)‘-&~~ (s)4+sz6 (3)“)) (6) 

c = r,A” l-+c 
( (7) 
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These equations were obtained by assuming both a and p(0) for the nuclear matter 
distribution to be independent of A. From electron scattering and muon capture 
X-ray data Elton r ‘) obtained r0 NN 1.135 fm and a % 0.513 fm (average of the two 
sets of ref. l’). Any Coulomb energy equation should therefore reproduce the experi- 
mental displacement energies with R and c from eqs. (6) and (7) and the above values 
for r,, and a. 

Fermi functions approximate the charge distribution of nuclear ground states quite 
well but not necessarily the distribution of the neutron excess, particularly when the 
neutron excess is small. However, Coulomb energies are very insensitive to the distri- 
bution of the charge in the interior of the nucleus and such an assumption introduces 
only small errors. This can easily be seen by assuming (for simplicity) a charge dis- 
tribution of uniform density. The electric field c(r) is proportional to r inside and 
proportional to r -’ outside. The classical Coulomb energy 

EC = +e s uap(r)V(r)4nr2dr = i 
s 

0m[e(r)]24nr2dr, 

is obtained by integrating the function +r’ [e(r)12 from zero to infinity. This function 
is proportional to r4 inside and proportional to re2 outside the nuclear volume. The 
behavior of this function in conjuction with an extrapolation based on a more realistic 
distribution leads to the following general conclusions: (i) about 80 % of the Coulomb 
energy results from the electric field outside the nucleus and is therefore independent 
of any internal structure, (ii) Coulomb energies depend strongly on the distribution 
of the charge near the surface (which is characterized by the radius and the diffuse- 
ness) and thus on the behavior of the wave functions near the surface, and (iii) Cou- 
lomb energies are insensitive to the behavior of the wave functions in the interior. 

3. The direct Coulomb energy Ear 

The Fermi integral F2(k, x) is defined by 

Using this integral, the total charge Ze, the electric field E(r), the electrostatic 
potential V(r), and the direct Coulomb energy can be written as 

Ze = ep(0)jomf r+) 4rcr’2dr’ = 4na3ep(0)F2(c/a, co). (10) 

(11) 

(12) 
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The factor (1 - l/Z) in eq. (13) has been introduced to remove the classical Coulomb 
self-energy. Thus, eq. (13) represents the quantum-mechanical direct Coulomb energy 
for a charge distribution p(r) of Z protons. 

The value of the Fermi integral Fs(k, X) is well known I** 19) in the limit x + co. 
It is equal to a polynomial in k plus a correction term which is related to the integral 
for negative values of k. ForJinite values of X, an approximate expression can be ob- 
tained by expanding the fun~tion~(r~~ - c/u) as the sum of a step function and deriva- 
tives of &functions I’). The result is 

This approximation, however, is generally not adequate, particularly for the direct 
Coulomb energy. As shown in detail in appendix A, the function I;,(k, x) can be 
represented exactly by a sum of three terms. The first and most important is that 
given by eq. (14). The second is an infinite sum resembling the Riemann c-function 
but containing a polynomial in x multiplied by powers of exPk or ek-“, respectively. 
The third term is a correction term identical to the one given by Rhodes 18) for the 
integral F&z, co). 

The necessity for an exact representation of F2(k, x) is demonstrated in fig. 1 which 
shows the radial dependence of the charge p(r) and the electric field s(r) for the case 
c/a = 10. The &function approximation for the Fermi function generates a spike at 
r = c in the radial dependence of e(r). The exact expression gives the expected smooth 
behavior. Also shown in fig. 1 (dotted lines) are the fields e(r) corresponding to two 
uniform density distributions for which the haif-density radius c and the equivalent 
radius R are equal to c and R of the diffuse surface distribution, respectively. These 
fields e(r) have little resemblance to the true field (except, of course, outside the charge 
distribution). 

The direct Coulomb energy Edir can be calculated to any desired accuracy using 
eq. (13) coupled with the exact representation of F,(c/a, C) as given in appendix A. 
The procedure consists of expanding the integral of eq. (13) in decreasing powers of 
c/a and replacing c by R according to eq. (5). The result is 

E 
3 Z(Z- l)e2 c 

dir = - 
5 R 

dir 3 (15) 
with 

Cdir = l+bl (g3+b2 (;)‘. 
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Here, b, = 18.0295 [derived earlier by Lindner ‘“)I and B2 = -85.2330. The de- 
tailed expressions for b, and fi2 (see appendix 3) contain the Riemann c-function as 
well as other infinite series. The correction term Cdir and all other correction terms to 
be derived are through fourth order in (a/Jt), 

o.ov . 1 
0 2 4 6 a IO fm 

r 

Fig. I. Charge density ep(r) and electric field e(r) for a distribution of Fermi shape with c =I 5 fm 
and a = 0.5 fm (heavy fines). The thin line for e(r) represent the results based on the d-function 
approximation for f((r-~)/a) (upward spikie). The dotted lines for ep(r) and a(r) represent the 
results for uniform density distributions which have the same values for the half-density radius c 

or the equivalent radius R, respectively. Note the change in density in the interior. 

It is in~resting to note that the fkst ~onva~ishing correction term in Cdir is of 
third order in a]R. This result explains why eq. (15) with Cdir x 1, which has often 
been used in the past, is a good approximation for Edit. Eq. (15) will not be used 
below to calculate the energy difference d&& between analogue states. Instead, a more 
elaborate procedure presented in sect. 4 will be followed. 

4. The dkect Coukmb energy differenw d Edt, 

The displacement energy between neighboring analogue states can be written as 

dE = fl&j,(l -E)+dE,,*+dE,,,,. (17) 

The quantity d.E&, represents the difference in the direct Goulomb energy. The quan- 
tity E is the so-called exchange factor. It is defined as the ratio -AEe&AEair, where 
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A -%I, is the Coulomb energy due to the antisymmetrization of the rnai~y-particle 
wave function. The quantity AE,.,. is the difference in the contributions from the 

electromagnetic spin-orbit interaction. The quantity AE,,,, is a correction term which 
results from numerous small and not-so-small effects such as Coulomb perturbations 
to the radial wave function of the excess proton, nuciear rearr~gemellts of the core 
due to the presence of an additional charge, isospin impurities of the core, nuclear 
correlations, the dynamic proton-neutron mass effect, finite size corrections, charge- 
dependent nucIear forces and many others. These effects have been discussed in detail 
by other authors r* ’ -‘r). 

The difference in the direct Coulomb energy will be calculated on the assumption 
that there exists no isospin impurities in the core and that the analogue state wave 
functions are obtained from that of the parent state (ground state) by applying the 
T-lowering operator. Thus, the shape of the wave functions of the excess neutrons in 
the ground state and of the excess proton in the analogue state is assumed to be iden- 
tical. Such an assumption is, of course, only approximately valid because of effects 
such as the Coulomb perturbations of the wave function for the excess proton and the 
polarization of the core due to the replacement of a neutron by a proton. Any energy 
shifts from these effects are assumed to be included in the correction term AE,,,,. 

Based on the above assumption, the direct Coulomb energy difference can be writ- 
ten as 

where p,&~+> is the density distribution of the (N-Z) excess neutrons in the ground 
state of the parent nucleus and V_(r) is the electrostatic potential generated by the 
Z protons of the core. As pointed out before, the densities ~=~~~(~) and p&r) wiif be 
represented by Fermi functions characterized by c, u and c’, a’, respectively. When 
the respective replacements are made, one obtains after one partial integration 

where F,(k, x) is the Fermi integral discussed in appendix A. Eq. (19) corresponds to 
eq. (13) if a’ = a and c’ = c. The evaluation of the integral in eq. (19) is straightfor- 
ward but tedious. Here, we will present only the results for the somewhat simpli~ed 
case with a’ = a. The difficulty in evaluating the above integral stems from the fact 
that three regions have to be considered. The regions are from 0 to c/a to d/a to 

infinity. It will be assumed that c’ > c. The integral can be expanded in decreasing 
powers of c/a (and ~‘/a), but unlike the integral of eq. (13), the coefhcients of the 

various terms in the expression are not constants. They are functions of c/a and 

I? = c//c. The result (for details see appendix B) is 

&& = 6 ze2 ‘&) + ‘& c/a)(~~c)2 + &thY c/a)(a~c)3 + ‘& c~u)(a~c)4 , ($) 

5 c [1+ 112(a/c)2][1 + n2(n/hc)*] 
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with 

(22) 

(23) 

(24) 

The quantity b, is that of eq. (16). The functions [(2, X) and c(3, X) are defined by 

C(n, x> =,jl ‘$ * (25) 

We have [(n, 0) = c(n) which is the Riemann l-function. 
The half-density radius c of the proton core and the ratio h zz c’/c are related to the 

equivalent radius R and the ratiof s (r~xC)3/(r,“,,,)3 = R’/R according to eq. (5) and 

h = df” + (f2 - l)$c’(a/c)‘, (26) 

respectively. Eq. (26) can be verified by making use of eq. (3). It is not practical, how- 
ever, to explicitly replace c and h in eq. (20) by R and f. 

In the limitf + 1 (or h + 1) we obtain b,(h) -+ 1, b,(h, c/a) -+ $n2, b,(h, c/a) + by, 
b,(h, c/a) -+ +c”. If one now replaces c by R, eq. (20) reduces to 

AEdi, w - “5 z$ Cdir, (27) 

with Cdir from eq. (16). The approximate eq. (27) can, of course, be derived directly 
from eq. (15). It confirms that the diffuseness correction in eq. (20) is relatively weak. 

The leading term in the dependence of AEdi, on the ratio f = R’/R can perhaps best 
be recognized, in the limit a + 0. The result is 

6 Ze2 5f2-1 
AE,,, x - - ~. 

5R 4f3 
(28) 

Eq. (28) is not valid for f c 1 or R’ < R. The correct equation for that case can be 
obtained by the replacement R f-) R’. Eq. (28) h as an important consequence. If R 
or R’ are kept constant and the respective other radius is varied, one obtains 

dA&i, 5f2-3 JR’ _z---- if R = const., (29) 
AE,i, 5f2-1 R’ 

aAE,ir 2 6R _z---- if R’ = const. 
A&i, 5f2-1 R 

(30) 
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Both equations combined give 

6R 6R’ 

PTYO R 
if dE,i, = const., 

RR’” z const. if AEdir = const. (32) 

Here, tl = 3(5f”-3). Eqs. (31) and (32) show that forfin the range from 1.10 to 1.15 
the direct Coulomb energy difference AEd,, is 1.5 to 1.8 times as sensitive to a change 
in R’ than it is to a change in R. Forf x 1 the dependence on R and A’ is about the 
same “). 

Eqs. (29~(32) 1 a so show that it is impossible to search independently for the radii 
of the core ~&d the neutron excess. Not unless information exists {or assumptions are 
made) about the radius of the neutron excess can charge radii be determined from 
experimental Couiomb displacement energies or not unless the charge radii are known 
can the radius of the neutron excess or the neutron halo be determined. 

5. The exchange factor 

Wave functions for many-nucleon systems have to be antisymmetrized, It is for this 
reason that the (negative) Coulomb exchange energy has to be added to the previously 
calculated direct Coulomb energy. Eq. (17) re q uires an evaluation of the so-called 
exchange factor E = -AE,dAEdi,. 

Based on the statistical Fermi-gas model for the nucleus, Bethe and Bather “* 22) 
derived the expression 

As pointed out by Catlson and Talmi ’ “) (see also refs 23t I)), this expression includes 
the classical Coulomb self-energy. To compensate this contribution, the equation 

will be used instead of eq. (33). 
With the use of eqs. (2) and (IO) the eq. (33) for geXoh can be rewritten as 

(35) 

The integral in eq. (35) cannot be reduced to any of the Fermi integrals discussed in 
appendix A. However, the evaluation is very similar if instead of the power series 
expansions (A.9) for the fun~tion~~~ - k) the corresponding expansions for the func- 
tion [f(5-k)]” is used (see appendix B). One again has to integrate by parts and 
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replace c by R. The result is 

Here 

c WFJ, = l+b ($ fb, (;)2+b, @3+blo (;) (37) 

is a correction term and b, = -1.3356, b8 = 7.1270, b, = -18.2104 and b,,, = 
83.4059. The above expression is well known for a = 0 when Cexch = 1. The interest- 
ing fact, however, is that the correction to the exchange energy is of the first order in 
(a/R) and therefore appreciable. 

The next step is to calculate the exchange factor E. Since E is a correction of only a 
few percent, one is justified in using for dEcxch and d Edit the approximation which 
assumes the ground state and analogue state charge radii to be equal (f = h = 1). 
Thus 

(38) 

Noien and Schiffer ‘) compared exchange factors calculated for different nuclear 
models. Table 1 shows their results based on the oscillator, the Woods-Soon and on 

TABLE 1 

Exchange factors a in % calculated by Nolen and Schiffer “) for the oscillator, the Woods-Saxon and 
the statistical models and comparison with the results of eq. (39) where the diffuseness of the 

nuclear surface is taken into account 

z< 

6 13 7.1 6.7 11.8 6.1 
8 17 5.6 5.4 9.7 5.6 

I4 29 4.1 3.8 7.0 4.5 
16 33 4.3 4.4 6.5 4.3 
20 41 3.7 3.7 5.7 3.9 
28 62 3.2 4.6 3.3 
50 120 2.2 3.3 2.5 
82 208 1.8 2.4 1.9 

A Oscillator Woods-Saxon Statistical Statistical-model 
model model model with diffuseness 

the statistical models. The exchange factors from the statistical Fermi-gas model are 
systematically higher by about 80 y0 in the light and by about 40 y0 in the heavy nuclei 
than those obtained using wave functions generated in the potential wells. The last 
column in table 1, however, shows that the discrepancy is completely removed when 
the diffuseness of the nuclear surface is taken into consideration as prescribed by eq. 
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(39). The agreement includes the light nucfei which is surprising in view of the fact 
that eq. (33) is based on a statistical modef. 

The anly other correction term which will be calculated explicitly is that due to the 
electromagnetic spin-orbit interaction, The expression for the spin-orbit energy for 
atomic electrons is well known 24). When applied to the neutrons and protons in a 
nucleus which has a spherical electrostatic potential V,,,,, the result is 

Note that the Thamas precession requires the g-factors to be replaced by g-q/lqI; 

thus gn and gP - I are entered into eq. (40). 
The difference between the electromagnetic spin-orbit interaction for the analogue 

state and the ground state is 

which reduces to 

When Fermi functions are introduced, eq. (42) can be rewritten as 

A&.,. = 

Since LIE,.,. is only a relatively small correction term, the integral in eq. (43) can be 

evaluated in the ii-function approximation of eq. (A.14). The result is (see appendixI3) 

(44) 

with the correction term 

C 
s o _ (I + 3 In h) + ~‘(3 In h - 1/2h2)(alc)Z - (~~~2h~)(~~c)4 . 
. . 

h3[1 +n2(a,‘c)“][l +n”(a/hc)2] 
WI 

Here, p, is the nuclear magneton and fs, -gn - I)& = 134 keV * fm3. The half- 
density radius c and the ratio h = d/c have not been explicitly replaced by R andf I= 
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RI/R. To do so, eqs. (5) and (26) have to be used. Such replacements are only practical 
if further approximations are made [see eqs. (61) and (65)]. Numerical values for 
AE,,,. extracted from eq. (44) agree to within a few keV with results obtained by using 
wave functions generated in a Woods-Saxon well ‘3 4* ‘). 

A problem arises in the numerical evaluation of the sum &_l* TV. Only if nuclear 
configurations are known or are assumed to be known can the sum be calculated. If 
a great number of nuclei is treated simultaneously, as for example is the case in a least- 
squares analysis, one needs a general prescription for the determination of the sum. 

tb loo 

Z’& 
‘lz 50 

WI 

Fig. 2. Plot of the spin-orbit sum S, = XT1 * o as a function of N. The heavy, thin and dotted lines 
were obtained assuming an extreme single-particle shell model, complete subshell mixing, and an 

intermediate scheme (see text). 

Fig. 2 shows the sum S’, = x:1 * CT derived under several assumptions. The sum over 
the excess neutrons is then obtained from S, - S,. The heavy solid line is obtained by 
assuming an extreme single-particle shell model with a sequence of orbits as indicated. 
The sum S, is a gradually increasing function of N due to the shell-model spin-orbit 
splitting. A positive contribution from the neutrons in the lg, orbit, for example, is 
completely compensated by those in the lg* orbit, but only at a higher neutron num- 
ber. The thin solid line is obtained by introducing complete mixing between some of 
the subshells such as the 2p,, If+ 2p*, the 2d,, lg,, the lh,, 3~ 2d,, orbits, etc. The 
dotted line, finally, is obtained essentially as the average between the two before- 
mentioned procedures. It is presumably the most realistic assumption and has been 
used in the least-squares analysis discussed in sect. 7. In a number of cases values for 
S, from fig. 2 were compared to values for S, calculated from known wave functions 
[refs. 25* ‘“)I, and the agreement was quite satisfactory. 

7. Least squares analysis of the experimental Coulomb displacement energies 

One of the major objectives of the present work was to subject the many data on 
Coulomb displacement energies to a least-squares analysis. Since correlations exist 
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between the various quantities of interest, care must be taken in deciding which ones 
to use as adjustable parameters Tn the least-squares analysis (the results of which are 
presented below), the radius and diffuseness parameters for the charge distribution 
of the core were required to agree with those derived from electron scattering and 
muonic X-ray experiments. distributions of Fermi shape were assumed and eqs. (6) 
and (7) were used to describe the A-dependence of the equivalent radius R and the 
half-density radius c. The parameters y. and a were taken as r. = 1.135 fm and 
a = 0.513 fm [ref. “)I. 

0 100 
A 

200 0 100 
A 

200 

500 

Fig. 3, BiBerence between the experimental and calculated Coulomb displacement energies as a 
function of A with (a) variable ratio f E R’/R and r0 = 1.135 fm, a I= 0.513 fm, AE,,,, = 0 keV; 
(b) variable radius parameter r. andf = 1.144, n = 0.513 fm, AE,,, = 0 keV; (c) variable diffuseness 

a and r. = 1.135 fm, f = 1.144, A.&,,, = 0 keV. 

First consider the various correlations including those involving r0 and a. Fig. 3 
shows the dependence of the difference between the experimental and caIculated dis- 
placement energies as a function of A for a variety of parameters. To achieve clarity, 
the iudividu~ points are shown only in a few cases while straight fines represent the 
general relationships. In each of the sets (a), (b) and (c) all but one of the parameters 
were kept constant. The experimental Coulomb displacement energies were taken 
from ref. “). Only data for Z 2 28 were used. Since it was soon discovered that the 
experimental energies of nuclei with statically or dynamically deformed shapes are 
systematically low by up to 200 keV, these nuclei were excluded at this stage. Only 
nuclei which are semi-magic or nearly semi-magic were included, namely those with 
Z = Z,, 2, zt 1 or N = No, No + 1. These nuclei are presumably nearly spherical in 
shape. 
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Fig. 3 can be interpreted in two ways. The ordinate may represent the deviation of 
the experimental from the calculated values for the given parameters or it may rep- 
resent the correction term AE,,,, which is required to make AEcalo to agree with AE,,,. 
The lines shown on the figures reflect the correlations which exist between the param- 
eters. Empirically, these are 

AE,,,, = [36(f-1.144)@+79)+550], 

if r,, = 1.135 fm and a = 0.513 fm, 

1.35Ar, + df 0 = 3 

l-0 f 

~A&,,, -E 
da 

+2730 z (z independent of A). 

(46) 

(47) 

(48) 

Eq. (47) agrees with the earlier prediction of eqs. (31) and (32). Since AEcslc decreases 
with increasing diffuseness a, the correction term A&,,, has to be increased according- 
ly. The dependence on u according to eq. (48) is quite strong. However, this is in part 
due to the fact that a variation in the diffuseness a with constant r. will also change 
both R and c. The density in the nuclear interior, on the other hand, remains constant. 

-500 0 + 500 keV 

LIE CORR 

Fig. 4. Calculated correlation between the ratio f EZ R’/R and AE,,, for Z = 82, A = 208. The 
line represents those values of f which are required to reproduce the experimental Coulomb 
displacement energy of 2o *Bi-* OsPb for a given correction A E,,,, . The filled circle with the error bar 
results from the present analysis; the open squares are from the literature 4* 5); the open circles make 

use of an adjusted value for the charge radius (see text). 

Ifr,andaarefixedatr, = 1.135fmanda = 0.513fmtoagreewiththeresults “) 
of electron scattering and muon capture X-ray experiments, only eq. (46) is of sig- 
nificance. Thus, the correction term AE,,,, and the ratio f s R’[R remain strongly 
correlated. As a special example, fig. 4 shows the calculated dependence off on the 
magnitude of the correction term AE,,,, for “*Pb. The results of the analyses by 
Friedman and Mandelbaum 4), Auerbach et al. ‘) are shown as open squares (addi- 
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tional values includingS = 1.08 were reported by Nolen and Schiffer I)). Corrected 
values are represented by open circles. They were obtained from those represented by 
open squares by using R from eq. (6) and requiring RR’ cz constant. The fact that the 
open circles are very close to the calculated line shows that the equations presented in 
this paper do indeed give results which agree well with those derived from realistic 
wave functions. The filled circle with the error bar represents the best estimate forf 
based on the subsequent least-squares analysis. 

keV -100 0 +I00 

Fig. 5. Plot of the difference between the calculated and experimental Coulomb displacement 
energies as a function of the electromagnetic spin-orbit interaction correction term AE,.,.. 
The results shown are for r0 = 1.135 fm, a = 0.513 fm, f= 1.144, A&,,, = 550 keV. Only semi- 
magic nuclei and nearly semi-magic nuclei have been included. The filled and open triangles, circles 
and squaresdenote: A Z=28,29; 0 N = 49,50,51; 0 Z=49,50,51; 0 N = 81,82,83; n 2 = 81, 

82,83. 

Special assumptions have to be introduced to make a least-squares analysis possible. 
One possibility is to assume that both AE,,,, and f are independent of A. Other as- 
sumptions, however, are also possible and will be discussed later. 

The weight factors for the individual energies were calculated by quadratically 
adding a fixed energy 6AE to the experimental uncertainties. Thus, pi = l/(SAEf + 

6AE’). A value of 6AE = 20 keV was considered reasonable. In doing so, experi- 
mental values with quoted uncertainties much less than 20 keV are not given excessive 
weight factors. The values for x2 which are obtained by this procedure are reduced 
and have to be reinterpreted “). The standard deviations, however, are affected only 
little. 

All correction terms up to fourth order in (a/R) were included in the calculations. 
The term with (cz/R)~ adds about 20-40 keV, the term with (G/R)~ subtracts about 
lo-20 keV. 
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With f and AE,,,, assumed to bz independent of A, the least-squares analysis + of 
the Coulomb displacement energies of the 42 essentially spherical nuclei resulted in 
a fit with a standard deviation of about 60 keV only. Moreover, a close inspection of 
the individual differences between the calculated and experimental energies revealed 
a surprising correlation with the correction term due to the electromagnetic spin- 
orbit interaction. This correlation is shown in fig. 5 forf = 1.144 and AE,,,, = -t 550 
keV. A large positive or negative correction term AE,.,. results in a large positive or 
negative deviation of AEcalc from AE,,,. If the term AE,.,. is artificially set equal to 
zero, the standard deviation is immediately reduced to about 20 keV. 

An explanation of this effect is based on the assumption of large amounts of exci- 
tations into higher shell-model orbits. It is shown in fig. 2 that by introducing subshell 
mixing, the line which represents the spin-orbit sum S, = c:Z * u is averaged be- 
tween the two respective neutron numbers. Similarly, by introducing various amounts 
p of excitations into higher orbits, the A-dependence of S, becomes smoother and 
smoother. Fig. 6 shows the dependence of the averaged sum 

% = ~(P(v,N,a)E;a,, 
Y 

(49) 

as a function of A. The squares of the occupation numbers are represented by the 
Fermi function cp(v, N, E) = [l +exp((v-N)/ctN)]-‘, and the percentage p of exci- 
tations into higher orbits is given by 

s 03 m 

P= 
N 

(P(v, N, a)dv is cp(v, N, a)dv = 
In 2 

0 ln(l+e”“)’ 
(50) 

With increasing p the averaged sum & gradually approaches a straight line with a 
slope of about 0.6 (dotted line). 

Least-squares analyses were performed for the 42 nearly semi-magic nuclei and the 
dependence of the standard deviation cstd on the percentage p of excitations into 
higher orbits was studied. A significant improvement in the agreement between the 
experimental and calculated energies was obtained for p > 15 ‘A and there exists a 
broad minimum in the standard deviation of about 20 keV for p M 30 %. It is re- 
assuring to find that a percentage of p > 15 % for excitations into higher shell-model 
orbits is in good agreement with theoretical estimates 28-30) for the amount of core 
excitations in the regions of, for example, I60 and 40Ca and “‘Pb. 

In the least-squares analysis discussed below a term AE,.,. based on the expression 
SN = 0.6 N has been used for simplicity. Values for AE,.,_ which are obtained this 
way (x -20 keV approximately independent of A) differ by less than t- 10 keV from 
those calculated with anyp > 15 % but differ by up to f 100 keV, of course (see fig. 5), 

7 It was discovered afterwards that the exchange factor which was used contained a minor numerical 
mistake. Using the correct expression leads to a small decrease in AE,,,, but no change in any of the 
conclusions. 
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from those obtained with p = 0 %. Assuming constant values for the ratio f of the 
excess/core radii and for the correction term LIE,,,,, a standard deviation of 21 keV is 
obtained forf = 1.144 and AE,,,, = + 550 keV. Fig. 7 shows a plot of the individual 
differences between the experimental and calculated energies as a function of A. Only 

s, 

100 

0 
0 5o N 100 150 

Fig. 6. Plot of the averaged spin-orbit sums ST (compare with fig. 2) obtained for percentages of 
p = 0 %, 10 % and 30 % excitations into higher orbits. The dotted straight line represents the 

approximation 5, = 0.6 N. 

0 100 200 
A 

Fig. 7. Plot of the difference between experimental and calculated energies as a function of A for 
r,, = 1.135 fm, CI = 0.513 fm,f= 1.144 and LIE,., = 550 keV. Only the filled circles and squares 
for the nuclei near magic lines were used in the analysis. The energies for all other nuclei are indicated 
by open circles and squares. Circles and squares represent values with experimental uncertainties less 
than 30 keV and less than 100 keV, respectively. The experimental energies of rotational or 
vibrational nuclei (nuclei with a static or dynamic deformation in the ground state) are consider- 

ably smaller than the energies calculated on the basis of spherical charge distributions. 

the filled points for the nuclei near magic proton or neutron numbers were used in the 
analysis. The remaining open points are clearly lower by up to 200 keV and they show 
the effect of a decrease in Coulomb energy for rotational (A x 150-190) and vibra- 
tional (A z 70-80 and 95-105) nuclei. Thus, nuclei with a static or dynamic deforma- 
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tion in the ground state have a lower Coulomb energy than corresponding nuclei with 
spherical charge distributions. 

A preliminary comparison between the deformations obtained from the observed 
reduction in Coulomb displacement energies and the known deformations 31* 32) 
promises excellent agreement. The reduction in Coulomb energy depends in first order 
on B2. This quantity is to be interpreted as the square of the deformation parameter fi 
for rotational nuclei or the mean-square value (fl’) for vibrational nuclei (in the 

TABLE 2 

Optimized values for the ratio f E (r2.rc>+/(rzc0rc )t = R'/R and the correction term AE,,,, with 
standard deviations aSt.a. 

f AEcorr WV) ‘kd. W4 

1.12 (490-0.934) 20.9 

1.13 (510-0.50/l) 20.8 

1.14 (540-0.15A) 21.0 

1.144 (550 1 21.1 

1.15 (570$-0.19‘4) 21.4 

ground state). The reduction is mostly due to the monopole redistribution of the 
charge, that is to the increase of the rms radius obtained under the condition of con- 
stant density in the nuclear interior. However, more than half of this decrease is com- 
pensated by an increase due to the interaction of the multipole part of the potential 
field with the multipole charge distribution 33). A more detailed investigation of these 
effects for nuclei with diffuse surfaces and more general shapes will be published else- 
where. 

The least-squares analysis for the nearly semi-magic nuclei resulted in a fit with a 
standard deviation of about 20 keV. This result is rather surprising considering the 
complexity of the correction term LIE,,,,. As mentioned earlier, detailed theoretical 
calculations for AE,,,, have been made for only few nuclei, particularly for the 
4’Sc-41Ca isobaric pair. The present results seem to indicate that AE,,,, must depend 
relatively smoothly on A, at least for nuclei which are not too light. 

In the preceding analysis the quantities f and AE,,,, were assumed to be constant. 
Another choice is to assume a linear A-dependence for AE,,,, for any fixed value off. 
Table 2 shows the results [see also eq. (46)]. The standard deviation b,t.d. exhibits 
a broad minimum near f = 1.125. If therefore appears that the most reasonable values 
for f lie between f = 1.10 and f = 1.15. The required values for AE,,,, lie between 
45Ok 100 keV in the light nuclei and 350+ 250 keV in the heavy nuclei. The above 
range forf also leads to very reasonable values for the neutron halo as will be shown 
in sect. 8. More definite statements aboutf cannot be made due to the strong correla- 
tions between f and AE,,,, and due to the limited knowledge about AE,,,,, particularly 
its A-dependence. 
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8. The neutron halo 

If the ratiof = <r&>i/(r~0,,)3 for the radius of the neutron excess to the proton 

core is known as well as the radius of the proton core, it is possible to calculate for 

any nucleus the radius of the neutron excess in the ground state, the radius of the 

excess proton in the analogue state, the radius of all neutrons in the ground state and 

the radius of all protons in the analogue state. The following expressions are obtained 

for the rms radii: 

(i) all protons in ground state: (r&,)*, (51) 

(ii) neutron excess in ground state:f<r,&,)*, (52) 

(iii) excess proton in analogue state: f(r,2,,,)“, (53) 

(iv) all neutrons in ground state: J(Z+(N-Z)f2)/~(r,2,,,)~, (54) 

(v) all protons in analogue state: J(Z+f2)/(Z+ l)(r,&.)~. (55) 

If, for example, we assume a radius for the neutron excess in “*Pb which is 12.5 p/, 

larger than the radius of the core, the radius of all neutrons in the ground state is 

4.7 % larger and that of all protons in the analogue state is 0.2 % larger than that of 

the core. Using eq. (54) the neutron halo H in the ground state of any nucleus can be 

obtained from the expression 

H E (r,!)3-(ri)* = 

where R is the equivalent charge radius. It can be taken from experiment or can other- 

wise be calculated from eq. (6) with r. = 1.135 fm anda = 0.513 fm. Fig. 8 shows a 

plot of Has a function of A for the nuclei along the stability line which is approximate- 

ly characterized by 34) 

s;,= 0.2AZ. 
200+A 

(57) 

For the ratiof the values 1.10, 1.125 and 1.5 were used. As was shown in sect. 7, 

these values cover the range which is most reasonable. The thin line in fig. 8 has been 

calculated by Myers and Swiatecki 3 ‘9 3 “) on the basis of the droplet model, a refine- 

ment of the liquid-drop model. (The same eq. (57) has been used here to describe the 

stability line.) Excellent agreement exists, and the curves from the droplet model and 

from the present work with f = 1.125 practically coincide over the entire range. A 

comparison between the two expressions for H shows thatf is closely related to the 

symmetry energy and the effective surface stiffness. 

Table 3 gives values for the neutron halo H obtained from a variety of procedures, 

and for a selected group of nuclei. The table has essentially been reproduced from the 

publication of Lee and Cusson 37) except for th e present results. Good agreement 
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fm f'l.150 

0.3 - 
f. I.125 

I 
0 
0 

r 0.2. 
5 L 
5 a 
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0.0 

/;,1:I:, / f.l.lOO 

0.1 - 

0 100 200 A 

Fig. 8. Neutron halo H z <rn2)3-<<r,,2)-f for nuclei along the stability line as a function of A. 
The three heavy lines are for f= 1.10, 1.125 and 1.15. The thin line is derived from the droplet 

model of Myers and Swiatecki 35* a6). 

TABLE 3 

Neutron halo H z (ra2)3 - <rp2)f- in units of fm 

Nucleus Hartree- Droplet Coulomb Coulomb Statis- Woods- Single- Proton 
Fock model d, dis- dis- tical Saxon particle elastic 

placement placement theory poten- poten- scattering *) 
energies ensrgies tials ‘) tials 

this work other work 

4*Ca 0.24 “) 
0.23 b, 
0.137 “) 

56Fe 0.074 ‘) 
SsNi 0.020 “) 
59co 0.088 ‘) 
60Ni 0.065 ‘) 
62Ni 0.114 0) 
9 OZr 0.13 “) 

0.12 “) 
0.150 ‘) 

**%n 0.246 “) 

Z08Pb 0.29 “) 
0.23 “) 
0.25 “) 

0.160 

0.062 (0.07i0.01) 
0.023 0.03 +0.01 
0.077 (0.08 +0.02) 
0.057 0.06+0.01 
0.090 0.09+0.02 
0.108 0.11 f0.02 

0.175 

0.237 

(0.13 kO.03) 

0.17kO.04 

0.25 +0.05 

0.06 ‘) 0.10 0.25 0.45 1) 

0.04 ‘) 
0.02 ‘) 

0.05 1) 
0.07 ‘) 
0.09 ‘) 
0.15 ‘) 
0.08 ‘) 

0.24 ‘) -0.04f0.15 
0.14 1) 0.01 kO.18 

-0.03+0.16 
0.23 ‘) 0.0310.16 

0.12 

0.25 0.44 ‘) 0.15*0.19 

0.11 0.28 0.64 ‘) 0.13hO.25 
0.62 ‘) 

The table is essentially taken from Lee and Cusson a’). The values from this work given in 
parenthesis are for Z c 28. 

Bethe and Siemens 38) calculated a value of -0.02 fm for the difference of the half-density radii 
in *osPb. 

“) Ref. 39). “) Ref. 40). ‘) Ref. 37). d, Ref. 35). “) Ref. I). 
‘) Ref. 4). ‘) Ref. 5, (20sPb). “) Ref. 41). i) Ref. 42). J) Ref. 43). 
‘) Ref. 44). 
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exists among the results obtained by three completely different procedures, namely 
those obtained from Hartree-Fock calculations, from the droplet model and from the 
present work using Coulomb displacement energies. Also, the values obtained by 
Nolen and Schiffer ‘) based on wave functions for the core particles and the excess 
neutrons generated in Woods-Saxon potential wells agree quite well. The values ob- 
tained earlier from Coulomb displacement energies are probably too small. The fact 
that there exists such good agreement between the results from four different methods, 
despite their inherent shortcomings, lends support to the suggestion that the results 
are indeed close to the true values for the neutron halo. 

9. Coulomb energies and atomic masses 

Coulomb energies contribute significantly to the atomic masses, and an accurate 
determination of this contribution is desirable. Based on the conclusions of the pre- 
ceding sections we wiil give here an analytic expression which can be used in connec- 
tion with liquid-drop-type mass equations, The electromagnetic energy can be ex- 
pressed as 

E = Edir+Eexch+Ko.* (58) 

A correction term Eeorr related to the earlier Al?,,,, will be neglected. The quantity 
Edit represents the direct Coulomb energy, Eexch the exchange contributions and .I?,.,. 
the electromagnetic spin-orbit contribution. We have 

dir’ 

E .$.a. = 

160) 

where R is again the equivalent charge radius which can be either taken from experi- 
ment or be calculated from 

with r0 = 1.135 fm and a = 0.513 fm. The diffuseness correction terms are 

c dir = 1+18.030 @‘-;$ (;)“, 

(62) 

c exch = l-l.336 ($ +‘7.127 (;)2-18.z,0 (;)3+83.406 @“, (64) 

c s.0. = l+n2 (f)‘-@ Q4, (6-5) 
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The last expression is obtained from eqs. (5), (44) and (45) withf = 1. The spin-orbit 
sums x71 * u and cy 1. u can be approximated by 0.6 2 and 0.6 N, respectively. Also, 
e2 = 1.440 MeV * fm, ~(“0 = 15.9 keV * fm3, gp- 1 = 4.570 and g,, = -3.870. 

Contributions from the cubic and quartic terms in Cexch are small and can generally 
be neglected. Since g,,- 1 and gn in the expression for the electromagnetic spin-orbit 
interaction have opposite sign, the contributions from the protons and the neutrons 
cancel to a large extent. Therefore, the term Es.,. is generally quite small and can often 
be neglected. This result is contrary to the situation for the Coulomb displacement 
energies where the difference of two terms of opposite sign has to be considered for 
the electromagnetic spin-orbit term. 

Eq. (58) is valid for spherical nuclei. If static or dynamic deformations of the nu- 
clear shape are considered, an approximate correction factor (1 -fi2/4rc) must be 
applied to the direct Coulomb energy term 33). A more detailed description of the 
Coulomb energies of rotational and vibrational nuclei with diffuse surfaces and more 
general shapes will be published at a later time. 

10. Summary 

A phenomenological Coulomb energy equation has been used in a least-squares 
analysis of nuclei which are presumably nearly spherical in shape. The parameters 
for the ground state charge distributions have been chosen to obtain agreement 
with the results of electron scattering and muon capture X-ray experiments I’). 

Using the ratiof of the rms radii of the neutron excess to that of the proton core and 
the correction term AE,,,, as adjustable parameters, a standard deviation of bsted, = 21 
keV has been obtained for values off in the range 1.10 to 1.15 and Al&.,, ranging with 
appreciable uncertainties from about +450 in the light nuclei to about +350 keV 
in the heavy nuclei. However, the good agreement is obtained only if large amounts of 
at least 15 y0 of excitations into higher shell-model orbits are assumed for all nuclei, 
an assumption which strongly affects the contributions from the electromagnetic 
spin-orbit interaction. 

The experimental Coulomb displacement energies of nuclei which lie off the magic 
lines are smaller by up to 200 keV than corresponding spherical nuclei. They clearly 
exhibit the expected decrease in Coulomb energy for vibrational and rotational nuclei. 

Neutron halos have been calculated using a ratiof = (r~&)*/(r&,)* = 1.125+ 
0.125 for the radii of the neutron excess and the proton core. The results are found in 
excellent agreement with the results of other calculations (see fig. 8 and table 3). 

Thanks are due to Dr. J. P. Draayer for helpful discussions and the careful read- 
ing of the manuscript. 
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FERMI INTEGRALS OF 

The Fermi function 

Appendix A 

INTEGER ORDER 

f(t--k) = {l+exp (t-k))-‘, (A.1) 

arises in the treatment of a variety of theoretical problems. Frequently Fermi integrals 

F,,(k, x) defined by 

F,(k, X) = lXty(e - k)d& (A.2) 
0 

have to be evaluated. For integer n 2 0 and in the limit x -+ SL: the integrals have been 

considered in detail by Rhodes 18). The results for k > 0 are 

F,(k, co) = In (1 +ek), (A.3 
and for n > 0 

F,(k, co) = S,(k) + (- l)“F,( - k, a), 

where S,,(k) is a polynomial of order n+ 1 in k given by 

(A.9 

s;(n+ 1) 

&a(k) = C 2n! 
m=O (?Z-2m+3)! 

(I- 2&) ~(2m)k”++l 

S:)(n+ 1) 
= -!-k”+‘+ C 2n! 

rl+l m=1 (n-2m+l)! 
(1- 2&) ~(2+“-2m+‘. (A.5) 

Here, ((2~2) is the Riemann [-function which can simply be expressed in terms of 

powers of 7~ and the Bernouilli numbers r ‘). The Fermi integral for negative argu- 

ments can be represented by the infinite sum 

F,(-I<, co) = n! &-l)‘+’ ;;;. Gw 
1=1 

For sufficiently large k the value of this function is small and F,,(k, co) can be ap- 

proximated by the polynomial S,(k). If k is not large, the correction term (- l>“F,, 

(-k, co) must be included. But even in this case just one or at most a few terms of 

eq. (A.6) need be considered. Numerical values for (I/n!)F,( - k, co) and 0 5 k 5 4 

have been tabulated by Rhodes 1 “). 

Another important relationship given by Rhodes ’ “) is 

for alln > 1. 

-& F,,(k, a) = nF,-,(k a), 

The integral F,,(k, x) for$nite values of x and II = 0 can 

The result is 

F,(k, x) = In 
. 

WY 

be evaluated immediately. 

(A.8) 
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For integer n g 1 the integrals F,(k, X) can bz calculated by introducing the expan- 

sions 

*$( - l)‘eJCCWk) 

i 

for 0 2 5 -C k, 

f&k) = m W9) 
r~0(-l)‘e(‘+1)Ck-5’ for k < 5. 

The resulting series can be integrated term by term since they are uniformly conver- 
gent. Integrating by parts, one obtains the general expressions 

C,(k x> = 

(-l)mn!X+ o’e’W+(_l)“F,(_k, W) 
I=1 I”+’ 

for 0 s x < k, (A.lO) 

S,(k)+ l(k-x)+(-l)“F,(-k, co) 

for k -C x. 

In the limit x -+ a3 the second term in the second equation disappears and eq. (A.4) 
is reproduced. For x + k the expressions (A.lO) are not absolutely convergent. One 
obtains 

P,(k, k) = 1 k"+r -(ln 2)k”+ 
n+l 

+( - l)“F,( - k, co). (A.ll) 

The Fermi integral F,(k, x) is widely used in the present work. By specializing eqs. 
(A. 10) and (A. 11) one obtains 

[+x3+,gl(_l)’ c _ F + $) ez(x-k)+2&-1)z+’ ‘p 
1=1 

F,(k, x) = ( for 0 5 x < k, (A.12) 

for k < x. 

F,(k, k) = +k3-(ln2)kZ+&c2k-+1(3)+2?(-l)‘+’ ‘g. 
I=1 

(A.13) 

For some applications it is practical to express the Fermi functionf(< -k) in terms 
of a step function S(< -k) and derivative of the &function [see for example ref. “)I 

j-(5-k) w S(t-k)-25 (l- -&) 1(2+5”‘-35-k). 
I=1 

(A.14) 
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In this approximation one obtains 

( 

1 iIf 
K(k, x) = nfl X 

for 0 5 x < k, 

S”(k) for k < x, 
(A.15) 

which is a good representation only for x/k << 1 and x/k >> 1, respectively. A graphi- 
cal display of the function (l/x*)F,(k, x)/F2(k, co) based on eqs. (A-10) and 
(A.15) is shown in fig. 1. 

Appendix B 

NUMERICAL EVALUATION OF INTEGRALS RELATED TO THE FERMI FUNCTION 

(i) The integral jz( [F,(k, c)]“/5’)d5. 

The above integral with k = c/a is that of eq. (13). It can be evaluated by using the 
expansions for F,(k, x) given in eq. (A.12). The correction term Fz( - k, a~) will be 
neglected throughout. Integrating from 0 to k to infinity, one has to evaluate integrals 
of the type j l e m *1(5-k)d5: They can be integrated by parts. Ordering the results in . 
decreasing powers of k gives 

s cc CF2(k 01 2 d?j = &(k5+$n2k3+bl k2-+gn2k). 
0 t2 

(B. 1) 

Eq. (15) for Edil is finally obtained from eq. (13) by substituting (i) the above result 
for the integral, (ii) S,(k) = +k3(1 +r~‘(l/k)~) for F,(k, co), and (iii) the radius c by 
R according to eq. (5). The coefficients b, and b2 in eq. (16) are 

with 

b1 = 15iX(3)+Sol, 

b2 = -+n4, 

(B.2) 

(B.3) 

(B-4) 

The coefficient b, has also been derived by Lindner 20). The sum So converges rapidly 
in the form 4J) 

(B-5) 

(ii) The integral jg(F2(k, QF,(k’, t)/l’)d<. 

The above integral with k = c/a and k’ = d/a is required for an evaluation of eq. 
(19). It is more difficult to handle. Again, the aforementioned expansions for F’,(k, <) 
and F,(k’, <) can be used and the integral calculated over the regions from zero to k 
to k’ = hk to infinity. The procedure is identical to that mentioned in (i) but unlike 
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that case the coefficients for the terms in decreasing powers of k are functions of k 
and not constant. These coefficients include the functions 

as well as other functions defined by infinite double sums related, for example, to that 
given in eq. (B.4). It can be shown, however, that by properly rearranging these sums, 
the rather complicated expressions can be greatly simplified. The final result is 

s m F,(k t)F,(k’, t) 
t2 

d5 = &{b&)k5 + b,(h, k)k3 + b,(h, k)k2 + b,(h, k)k}, (B.7) 
0 

where b3 to b, are defined by eqs. (21)-(24). 
The functions [(n, X) have simple limits for x --* 0 and x + co. We have [(n, 0) = 

c(n) and [(n, co) = 0, where c(n) is again the Riemann [-function. For finite values 
of x the functions can be approximated to any desired accuracy by finite sums. 

Eq. (20) for A,?&, is obtained by substituting the above integral and the appropriate 
expressions for the Fermi integrals into eq. (19). The half-density radius c and the 
ratio h = c’/c have not been replaced explicitly. 

(iii) The integral jz T2 If(< - k)]*d& 
The above integral with k = c/a is from eq. (35). It can be evaluated in a way very 

similar to the integral F,(k, x), if instead of the power series expansion (A.9) for 
f(< -k) one uses the expansions 

[j-({-- k)]4’3 = 
for 0 r 5 < k, 

for k -c 5. 
(B.8) 

Again, integrating by parts is required. Ordering in decreasing powers of k and re- 
placing c by R one obtains eq. (36) with the correction term Ccxch of eq. (37). The 
coefficients are 

b, = $+3S1, (B.9 

b 
8 

= -=-~lt2-6~2, 
8 (B.10) 

b, = +$+$n’i-3n2S, +6S3, (B.ll) 

bIo = =&r2 
16 77~4-~37t2s2, -7-T (B. 12) 

where 

Sl =,il (-f)(f + $2) 5 

s2=f ;+ !._A_._) 
z=1 ( I( I2 (z+$)2 1 

(B.13) 

(B. 14) 
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-5 s,=g 13 1+1. 
I=1 ( I( l3 (1++)3 ) (B.15) 

The expression for b7 and its numerical value have been derived by Lindner ““). The 
sums S, and S3 converge rapidly. The sum Sr, however, is not even absolutely con- 
vergent and a computer calculation is not practical. However, its value can be cal- 
culated to any desired accuracy by recognizing that the integral from zero to one of 
the sum 

cc -$ 4 > 
z 

=- 

I=1 1 
xl+U (I+% -Sr, 

reproduces S,. Thus, S, can be written as 

1 x-f 
___ --.u+ 

x + (1 +x)4/3 
dx 

(B.I~) 

(B.17) 

which is easily reduced to elementary functions. 

(iv) The itztegral j,“(l/<)f(<-k’)F,(k, <)dt. 

The above integral with k’ = he/a and k = c/a is from eq. (43). It is easy to evaluate 
in the b-function approximation with F,(k, r) g iven by eq. (14). Using eq. (A.14) to 
represent f(< - k’) one obtains integrals including integrals of the type 

s oms(i’)6’“‘(5 -So)@ = (- l)“g(“)(L,), (B.18) 

which can immediately be solved. The final result for the electromagnetic spin-orbit 
term is given by eqs. (44) and (45). 
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