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In this article, we study a sequence of finite difference approximate solutions to a parabolic system, which
models two dissimilar rods that may come into contact as a result of thermoelastic expansion. We construct
the approximate solutions based on a set of finite difference schemes to the system, and we will prove that the
approximate solutions converge strongly to the exact solutions. Moreover, we obtain and prove rigorously
the error bound, which measures the difference between the exact solutions and approximate solutions in a
reasonable norm. © 1998 John Wiley & Sons, Inc. Numer Methods Partial Differential Eq 14: 1-25, 1998
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. INTRODUCTION

The purpose of this article is to prove convergence and derive the error bound for a system of
finite difference approximations to a parabolic system modeling the thermoelastic contacts of
two dissimilar rods. Problems involving thermoelastic contact arise naturally in many applied
situations, particularly those involving industrial processing, where two or more materials may
come into contact or may lose contact as a result of thermoelastic expansion or contraction.
The model of this article is one such situation: the mechanical behavior of two dissimilar rods,
which are each fixed at one end but which may come into contact at their free ends as a result
of thermoelastic expansions within finite time. Our model of the mechanical behavior originally
consisted of a system of energy and elastic equations involving the temperature and displacement
of each rod. The problem was then reformulated and reduced to solving an initial-boundary value
problem for a nonlinear parabolic system containing only the two temperatures (see [1]).

The physical setting consists of two thin rods, each of which is clamped at one end but which
may come into contact at their free ends. We assume that the process is independent of all but the
horizontal variable. We use 6(x, t) to represent the temperature of the left rod on 0 < z < [; and
1 (z, t) to represent the temperature of the rightrodon l; < 2 < 1,1; < I3 both in nondimensional
units. The fixed ends occur at x = 0 and x = 1, while the ends x = [1, z = [, are free to expand
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or contact. We let g = [y —I; to denote the initial gap between the rods in the reference configura-
tion and the physical setting is displayed in Figure 1.

FIG. 1.

The complete parabolic system of equations is

(1+a%)9t_€xa::algt(ng)vogxgllvt>0a (11)
(d+ a3) ¥ — Vs = 2ge(0,9), 1o <z < 1, >0, (1.2)
where
l] 1
9(0,v)(t) = max {a1 / O(z,t)dr +az | Y(z,t)dr — g;o} , (1.3)
0 l2
a A as\ -
= , Qg = ,g=1la—1. 14
&5 L+ Q2 1 — o)1+ N\ g 201 (1.4)
The initial condition is
0(z,0) = 0(x),0 <z < I1;9(x,0) = P(x),ls <z <1, (1.5)
and boundary conditions are
0(0,t) =¢(1,t) = 0,t > 0, (1.6)
—k10,(11,t) = k(0(l1,t) — (I, t)),t > 0, 1.7

a1, as, and d are positive constants related to material properties of the rods; k1, ko are the heat
condition coefficients and k is the heat exchange coefficient; A is the elastic modulus. For most
materials that arise in practice, a; and ay are very small, therefore, we will assume that a1, ag,
which are defined in (1.4), are also small. The exact smallness conditions will be specified later.
The current model is rather complicated in the sense that the two temperatures are coupled not
only by a nonlinear system of equations, but also in the boundary conditions. The two source
terms on the right hand side of (1.1), (1.2) are nonlocal as well as nonlinear. The system is also
unusual in that each temperature function is defined on a different domain.

The particular model has been studied previously in [1] and [2]. In [1], they proved that under
appropriate assumptions of the data, the system has a unique strong solution, i.e., a solution where
each temperature lies in a Sobolev space. In [2], they presented some numerical simulations to
the system, but there was no report of the convergence of those simulations and there was no
error bound analysis either. Our goal in this article is, therefore, to construct a sequence of
approximate (numerical) solutions to the system and to understand the convergence properties
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of those solutions in a rigorous mathematical way. More numerical works to related physical
problems can be found in [2] and [3]. But in each case, the problem involves but a single
temperature and a single displacement, so that decoupling leads to one nonlinear equation for a
single temperature.

We construct the approximate solutions based on a set of finite difference schemes that are
implicit, but linear. We show that the schemes can be solved easily for all time. We also establish
a priori energy estimates to the approximate solutions; these are similar to those satisfied by the
exact solutions, and are required to derive the weak truncation errors. We then show that the
approximate solutions converge to the exact solutions in a stronger sense, i.e., stronger than the
sense of distribution. Finally, we apply the weak truncation error estimates in obtaining the bound
for the difference between the exact and the approximate solutions. The overall mesh requirement
is essentially the standard stability requirement by a standard scheme to the parabolic equation.

We assume that 0(z), ¥ (z) are smooth enough to satisfy the following conditions:

Co(a) = 101132 (0.0, + 19121, 1) + (1) = $(12))? < 0. (1.9)

We now construct the schemes. Let At be the time increment, Ax be the space increment such
that 1 = MAx,ly = MijAx,ly = (M — My)Ax, where M, My, M are positive integers such
that M; < My < M. Throughout the article, we will use 6, 62 to represent the operators:

ow; = —wj+1/2A_xw'j_1/2,6wj+1/2 = 7wj+;; wj,ézwj =24 7ilzjé+wj_la (1.10)
and we often use the following summation by parts formulae:
Lo Lo—1
Z ow;z;Ar = — Z Wit1/202j41/2A7 + Wpy11/22L, — WL, —1/22L, 5 (1.11)
=L i=L
Ly Lo
Z 5wj+1/22j+1/2Ax = - Z U)j(SZjAI + WLy4+12Lo4+1/2 — WLy +1/2”L1+1/25 (112)
Jj=I j=Li1+1

where Ly, Ly are integers. The two approximate temperatures {6}, {1/} are then computed
from the following implicit, but linear schemes:

atl _ ga q_ o)) — g(9a—1 a1
2\ _J J 2pq+1 _ g(07,97) — g(67 ", 977 ) .
(1+CL1)T—5 9;1 = At ,OSJSMl, (]13)
vt = 9(6%,07) — g(67~", 417 .
(d+ a3)~—— = 6% = s A My <j <M, (114
M M
g(07,¢?) = max  a; Z@?Am + as Z w?Ax —3;05,9>0. (1.15)
Jj=1 Jj=M>
We take the following initial data
0) = 0(x;),0 < j < My;of = dlay), Mo < j < M, (1.16)
and the boundary conditions:
q : q 9%/11-%1 — 9%/11 q q-1
05 = 0; fk150M1+1/2 = fle = k(0% — ¥, ) (1.17)
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q q Qﬂ\/fz» _¢K/12—1 q q
Yy = 05 —kg&/)Mrl/z = _kQT = k(@Ml — zZJMQ). (1.18)

In order to make the schemes complete, we also extend the schemes to

071 =09,0<j <Myt =4, My <j< M, (1.19)
and
07, = 01,43 = 3 _1,0< g < N. (1.20)
We can prove that
My M;—1 M
Co =Y (09 + (0D Az + Y (66),10)° A+ Y () + (8*¢))) Az
7=0 j=0 J=M>

M—-1
+ Y (090 ) Ax 4 (03, — ¥3,)? < 5C < oo, (1.21)
=M

Since the source terms are nonlocal as well as nonlinear, no standard results in the parabolic
theory can be quoted here. Instead, we derive a priori energy estimates peculiar to this particular
problem, and use the estimates to prove convergence and derive error bound. Comparable results
can also be found in [4]-[8], where finite difference approximate solutions to other nonlinear
parabolic system equations were studied. But those schemes are all implicit and nonlinear, which
means a system of nonlinear equations must be solved at each time-step. Moreover, the initial data
to those systems were required to be sufficiently small. By contrast, our schemes are implicit,
but linear, which is quite easy to implement, and there is no smallness requirement to the initial
data. It is also amenable to a complete rigorous convergence and error bound analysis.

The plan of the article is as follows. In Section II, we derive a priori energy estimates to the
solutions {67}, {1/} of the schemes, and prove that the schemes are solvable. Then, in Section
IIT, we construct the approximate solutions {#"}, {1)"}, and we apply the estimates obtained in
Section II to derive bounds for the weak truncation errors, which measure the extent to which the
approximation solutions fail to be exact solutions. In Section IV, we prove that the approximate
solutions converge and we apply the weak truncation error estimates in deriving the error bound.
Finally, we provide some computational results in Section V.

Most of the estimates occuring in the following sections are long and technical; many of them
are symmetric between 6 and . We have, therefore, omitted most of the repeating details.

Il. SOLVABILITY AND A PRIORI ENERGY ESTIMATES

In this section, we will prove solvability and derive various energy estimates of the schemes.

Theorem 2.1.  Assume that schemes (1.13)—(1.20) have been solved to t™ (t™ > At), then the
schemes can be advanced from t" to t" 1 if Ax is chosen to satisfy

2k1 2ko
k™ kS
Proof. We will only prove the solvability for {67 }; the proof for {17} is similar and will be

Az < min { 2.1
omitted. To advance {0} } to {9;”1 }, we need to solve the following system of linear equations:

n+1l _ n gn—1
AQTT = B(67, 0771, 2.2)

177
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where
9n+1 (0n+1 9n+1 GZ\ZL)T 2.3)

is an M7 + 2 dimensional vector and A is an (M 4 2) x (M; + 2) tridiagonal matrix with entries

At
a0,0 = 15 an, 42,042 = —Kk1; 05 *1+a1+2A 50 =1,2,..., My; 2.4)

At At
am-_,_l = 7@,‘] = 0, 1, e ;Ml;aj+1,j = 7@,‘] = O, 1, e ,Ml — 1, (25)
ApMy ,Mi+1 = kl — kAw. (26)

B is an M7 + 2 dimensional vector with entries

By =0, B, 41 = —kAxy} .7
Bj = (1+a})0} +on(g(6™,9") — g(0" 9" 1), 5 =1,2,..., M. (2.8)
By (2.1), A is a diagonally dominant matrix and so is invertible by the Gerschgorin Theorem.
Therefore, {67 } can be advanced to {9;’"H }. -

We now give the energy estimates in the next two theorems.

Theorem 2.2.  Assume that schemes (1.13)=(1.20) have been solved to t™ (t" > At). If
ay, as, a1, ag are small enough, Az, At are chosen such that they satisfy (2.1) and

At < Az'TP for some constant p,0 < p < 1, 2.9)

a 1 + .
1 2 1 % l % 2 1 1 2 2 )

then there exists a constant C, which satisfies

Inax{kl, :ZCQ, ]{}

C< (2.11)
min {%k1<1 + a%)? %kQ(d + a‘2)7 1f1a2 ) d+a2 bl klv k27 k}
such that
My—1 M—1 n M
D (607 )2 An Y (B ) A+ Y Y (8209)2 AxAt
=0 J=Mz q=0j=0
n n—1 M q+1 _aq ¢q 1 w{l 2
2 q J
ZZ(‘W AxAt+ZZ< > AAt(At > AzAt
q=0 j= q=0 j=0
n—1 M
+ 3> +H (O, — ¥h,)? < CCo. (2.12)
q=0 j=M>

Remark 2.1. (2.10) is not the CFL condition, it is weaker than the CFL condition. The optimal
error bound, which will be given in Theorem 4.4., will depend on p.
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Proof. We square both sides of (1.13) to get

q+1 _ pa
(1+a})? <9j %

+1
+ (520q+1)2 o 2(1 + a2)§29q+1 9;1 — 9;1
At J Ve At

- -1 —1y\\ 2
— o (g(eq’wq) i(fq Xl )>. 2.13)

We then multiply both sides of (2.13) by

1

j to get
n=1 M [ pa+1 _ ga 2 n M
k1(1 4 a?) (W) AzAt+ - 2 )TN (62002 AvAt
q=0 j=0 q=1 j=0
n—1 M, 9q+1 _ eq
— 2k <JN> (62097 Az At
q=0 =0
n_l My a4 9)7) a—1 pa—1Y)\ 2
k1a2 Z( 9(0%,9%) A(e Y )> AzAL. (2.14)
ai q=0 j=0 ¢

We then apply the summation by parts formula to the third term on the left-hand side of (2.14) to
get

nlM1

q+1 eq
2k > ( ) (62077 ) Az At

q=0 j=0

n—1 M;— 169q+1

— 604
- 2k Z Z J+1/2 j+1/2 (69q+1

H/Q)AmAt
q=0 j5=0
Z ?v;rl 0 1 lgatt e
o 2k1 vy "My 69q+

2 AL+ 2k %60%}2& (2.15)
q=0

The last term of (2.15) is zero by the first part of the boundary condition (1.17). We use the second
part of (1.17) to the middle term and simplify the first term on the right-hand side of (2.15) to
get

n—1 My q+1 q

M;—1
oy

L8207 AxAt > ky Y (8074 5)* A
q=0 j=0 j=0
Mi;—1 n—1 gq+1 97
— k1 Y (869, ,5)* Az — 2k MthMl(eg;l — ¢ )AL (2.16)
7=0 q=0

To estimate the term on the right-hand side of (2.14), we use the fact that, for any number r

1 1
max{r,0} = 57 + §|r|,

(2.17)



..PARABOLIC SYSTEM MODELING THE THERMOPLASTIC CONTACTS...

by using the definition of g(6, ) and (2.17), we get

(07, 9%) — g(07",17)
At

M M
= | max ale?Aa:—i—ag Z Yi = g;0

=0 J=M;
M
— max alzﬁq Az + as Zd)q Az — g0 /At
7=0 Jj=M>

gt — 90! M9 — =t
_m J J az J J
) Z At Az + 2 At Az

J=0 J=Ms>

+ % ale Az + as Z YiAxr —g

Jj=M>
— alzf)q Az + as Z 1/)‘1 "Nz —g /At,
j=M>

we then use a basic inequality ||a| — |b|| < |a — b| to (2.18) and get

(0%, 9) — g(67 07T

At
—1 1
§ ﬂ M, 9;1 _eq 72 i wq
- 2 4 At 2
7=0 j=Ms>
M, q g—1 q g—1
1 — 0] Y — Y
+ = la1 - Ax +as Z Az
2 = At Pl At
M -1 M -1
L g _ pa a_
< alz J At] Az + agy Z wﬂ Atj Az.
7=0 j=M>
So,
_ _ 2
At
M ge g\ e et
< 2a? Z % Az | +2a3 Z J At] Ax
Jj=0 j=M>

2
< 2aj

VAN
(]
>
S

NE
—
<R
o
i
~—
>
g
~

(2.18)

(2.19)
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M M " —T/Jq_l 2
j=M> Jj=M-> t
M -1\ 2 M —1\ 2
L (g7 _ e 4 _ 4
= 22 (Z (w) A:c) + 21503 (Z (W) Ax) . (2.20)
j=0 j=M,

Therefore,
n—1 M; q 1 q 1 2
1+ af Z 2 ( At Avh
1 q=0 j=0

n—1 My qg—1
< 210 ( a1+a2 ( ( ) Y5 ) AzAt
- 1+ a

q=0 j=0

M qg—1
+ Z > ( w ) AxAt) . 2.21)
Mo

q=0 j=

If we put (2.16) and (2.21) back to (2.14), we then get

n—1 M, 0q+1 94 2 n M
; 2
(14+a)> 0D ( ’) AzAt+ 2§ > (6%07)* AxAt
q=0 j=0 1 g=1j=0

Mi—1 9q+1 9;]\4
+ ok Y (607, 5) Ax — QkZ (At> (095 — v, At

7=0 q=0
M;—1 n—1 M, q+1 q\ 2
ey ( 09 — 01
<l 3 (08, 4 Hale ot ZZ( ) AxAt

=0 af =0 j—=0
n—1 q+1 q
> Z <¢ Y ) AzAt | .
q=0 j=M>

(2.22)
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We obtain similar estimates to (1.14) and combine with (2.22) to get

n—1 M, 9q+1 97 n—1 '(/J(H_l lbq

2 J

k1(1 4+ ay) Z(At) Az At + ko d+a2 Z Z ( > ArAt
g=0 j=0 9=0 j=D 1>
n My
+ 1 2 ZZ 629(1 AJIAt—F d 2 Z Z 621)/}11 A%At
+ q=1 j=0 + a=1j=M>
My—1 M-1 1l g, 9
n 2

q+1 . ¢q+1 wMz q+1 atIyA
x (037, — i) At 2kZ N LA A Ty

My—1 M-—1

k‘10[2 k‘gOé2
0 2 0 2 1 2
<k ;) (80541/2)" Az + ks j;; (89541/2)" A% + 2(a1 + a2) (1 T2 it a

n—1 M; 6q+1 0? ¢q+1 ’l/)q
X ZZ : AxAt+Z Z AzAt | . (2.23)

q=0 j=0 q=0 j=M>

The two terms just before the inequality sign in (2.23) can be estimated by

g+l _ pq q+1
QkZ (9 O ) (0951 — 92, At — QkZ (M) (0%, — vir)At

q=0
n—1 9q+1 o eq ¢¢I+1 ,L/)‘I
D I e e A e (4 P A P
q=0
n—1 pg+1 eq ¢q+1 wq
2kA My Mo A
2k t;) At A o
n—1
= 2k Y (03, —UL((O57, — vin)) — (0, —¥iL)
q=0
n—1 q+1 _ 9!;( wq+1 . Q,ZJq
2 A 1\41 Mo I\/IQA
k tz N t
n—1 n—1
> 2%k Z( (H-l wq—O—l) [2(9%1 _ (H-l —|—Z 9%41 1/1M2 ‘|
q=0 q=0
n—1[ / pq+1 +1
eq _ 9!1 ,(/}q wq
N My My Mo At
tqgo ( At ) ( At

> k(05 — vis,)* — k(03, — 111342)2

n—-1 [ +1 +1 2]
=0\, (48— .




10 ZHAO

k03, — ¥iin,)? — k(O —1#9\42)2

n—1 %;rl _ gq ,(/}qul 7/’%4 2
— kAP L 2 Az At. 2.24

If we put (2.24) back to (2.23), we then get

—1 M, 044‘1 oq q+1_1/}q
1(1+af) ZZ( J) AzAt + ky(d + a3) Z Z < ) AzAt

q=0 j=M>

n My
ZZ (6207)> AzAt+ ita2 Z Z (6%¢?)?dudt
=1;5=0 2 g=1j=M>
M;—1 M—-1
ok > (007 0) At ke > (697 0)? A + k(07, — ¥iy,)?
Jj=0 Jj=M>
M;—1 M-1
< ki Z (690+1/2) Az + ks Z (5¢?+1/2)2A$+ k(@?\/fl - 1/’?\42)2
j=0 j=Mo>

ki1042 ]{,‘2052
EAzP + 2 1 2
+ ( "+ (Cl1-i-002)<1Jr 2+d+a§

n—1 My 9q+1 Hq wq-&-l wq
J J
< (> Z <At> AzAt + Z Z ( ) AzAt | . (2.25)
q=0 j=0 q=0 j=M>
(2.12) follows from (2.25) by using (2.10). -

By Using Theorem 2.2, we can get a few more estimates, given in the next theorem.

Theorem 2.3.  Assume that schemes (1.13)—(1.20) have been solved to t"™ (t" > At), and C
is the constant as described in Theorem 2.2. If a1, as, oy, aig are small enough and Ax, At are
chosen to satisfy (2.1), (2.10), and (2.11), then

My
> 07 Az + Z YAz < CCy, (2.26)
j=0 Jj=M>

and

n—1 M, <5gq+1 — 501 2

M,
> (82072 Ax + Z (@2 ac+ Sy [ 2 ”1/2> AzAt
j=1

j=Mz2+1 g=0 j=0

n— q+1 — &

+ Z Z ( L J“”) AzAt < CCy.  (227)
q=0 j=M>

Proof. By using the first part of (1.17), we have

j—1
07 — 05 =07 =607, ,Ax, (2.28)

J
=0
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we then square both sides of (2.28), and use the Cauchy—Schwarz inequality to get

j-1 2 /-1
0;° = <Z5917L+1/2Ax) < <ZA95> (Z‘Sezflﬂ )
1=0

=0
j—1 Mi;—1
< <Z&9;f1/2m> <h | > 807Ax |, (2.29)
1=0 j=0

we then multiply both sides of (2.29) by Ax, sum over j, and use (2.12) to get

M-—1 M, M, M;—1
STorPAr < | Y Ax| [ D s07Ax | <17 | D 8077Ax | <CCo,  (230)
j=0 j=0 j=0 j=0

the other term in (2.26) can be proved similarly, this proves (2.26).
To prove (2.27), we apply the  operator to both sides of (1.13), notice that the right-hand side
of (1.13) does not depend on j, so we get

§09TL 504

(1+a?) J+1/2At J+1/2 539;111/2 0. 2.31)

60911 —56¢
We then multiply both sides of (2.31) by —=2—*2 AzAt, sum over ¢, j and use (1.17) to
get

n—1 M, eq-‘rl — 501 2 n—1 M;
(1+ a1 Z Z < J+1/2 g+1/2> AzAt + Z 25293“(529?“ _ 629?)Ax
q= 0] 0 g=0 j=1
59‘1“ — 607 s 501
2 hq+1 1/2 1/2 2 hg+1 My+1/2 Mi+1/2 .
+ qz;a o¢ At — Zé O At=0. 232
By (1.20),
9‘1+1 _ 29q+1 911+1
R S B (2.33)

Ax?

so the third term of (2.32) vanishes. We assume the schemes are extended, so that

q+1 q+1 q+1
629q+1 0M1+2 0 Mi+1 + 01\41

M1 = A2 =0, (2.34)

so the last term on the right-hand side of (2.32) also vanishes. We now estimate the second term
on the right-hand side of (2.32) by

_ M1 —1 M, —1 M,
2 +1 20q+1¢2 2 +1
1M 1M1
> 2ngn _ = 2002 ) ]
> 2;(69)A1‘ 2;(5 09)* Az (2.35)
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So (2.32) becomes

w\»—*

n—1 My <5eq+1

2 207z + (1+a3) S [ 2 ”1/2> AzAt

=0 35=0

1 1
Z (626%) Axﬁ%C’o. (2.36)

j=

[\.'J\H
—

The other terms of (2.27) about w;? can be estimated similarly. -

lll. WEAK TRUNCATION ERRORS

In this section, we will obtain the truncation errors to schemes (1.13)—(1.20). Let h = (Az, At),
we first construct the approximate solutions {6", " g"}, which are linear interpolations of

{67}, {9}, and {g(6], ¥])}.

. q+1 eq
_ J
0" (x,t) = 0 + T(t — 1) + 605, 52 — ;)
80971, — 661
4 T o )4 1), (2,0 € [, 0]
x (t9,1971),0 < j < My,q >0, 3.1)
L L Wl -ttt
P(x,t) = 1/# L Al =t + 51/},“/2( - ;)
S, — ol
+ H_l/QAt T2 (o — 2)(t —19), (2, 1) € [2,7j41]
x (0, My —1<j<M—1,¢>0, (3.2)

and
g(9q+1a wq-i—l) B g(eqv wq)
At

Notice that, with the above constructions, we can obtain the following boundary conditions to

o" h:

g™ (t) = g(69,v9) + (t—th),t e (t?,t7),¢>0. (3.3)
0"(0,t) = 0, —k10%(I1,t) = k(0" (11, t) — " (I2, 1)), (3.4)

(1, 8) = 0, =kt (I, 1) = k(0" (11, t) — " (Ia, 1)) (3.5)

Both functions 6", 1" are constructed slightly beyond their ranges [0, /1] and [I2, 1] in order
for us to take care of the boundary conditions. A direct result of Theorems 2.2, 2.3 will give the
following theorem.
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Theorem 3.1.  Let {0", 4"} be the approximate solutions constructed in (3.1), (3.2), g"(t) be
the function given in (3.3). Then for any T' > 0,

16" (z, )| 2 0,1) + 110" (2, ) |12 ((0,12) % (0,1)) + 102(25 )| 22((0,11) % (0,7))
+ 16"l ) o,y + 10" (@, ) [ a1y + 19" (2 ) 21 (12,1) < 0,7))

+ 1 (2 Ol L2,y x 0,1y + 10", )l 10,1y + 19" () liz0,7) < ccy?, (3.6

where C' is the constant as described in Theorem 2.2.
Let T be a fixed time, we define the truncation errors 71, 7o as follows:

T 1y T lq T
/ / (14 )0} — argl)prdadt + / / 08¢y, dodt = / (02p1) (L, t)dt + 71 (3.7)
0 0 0 0 0

T r1 T r1 T
/ / (d+ a2)d} — angl)padadt + / by, dudt = / (8 60) (I, £)dt + 73, (3.8)
0 lo 0 lo 0

where ¢1, ¢2 are test functions to be described later. The next two theorems will give the exact
measurements of 7, 7o.

Theorem 3.2.  Let T be a fixed time and ¢1 be a test function that satisfies

#1(0,t) = 0,C(p1) = D1 lla1((0,1)x 0,1)) + 191(2, D) 2 0,00) + @1 (I15 )| L20,7) < 00.
3.9)

If aq, as, aq, as are small and Az, At are chosen so that they satisfy (2.1), (2.10), and (2.11),
then

Im1| < CCY2C(¢) AP, 0 < p <1, (3.10)

where C'is the constant as described in Theorem 2.2.
Proof. For simplicity, we assume 7' = N At for a positive integer N. By using schemes
(1.13)—(1.20) and definitions of 8", g", we get

(1+a?)0; — cagy

+1
— (14 ag) 93“ - ‘9? n 59?+1/2 - 69;?+1/2 (@—2,)] —a 9(9?+1,¢?+1) - 9(95,1#3)
- ! At At J ! At
60911 _ 509
= 629;”1 + (14 a?) JH/QAt i+1/2 (x —x;) = 629;#1 + (14 a})ol (z — z;).
§09TY - — 504
h _ <pa Jjt+1/2 Jjt+1/2
0. —69j+1/2+ AL (t—t7). (3.11D)

So 71 can be simplified to

N—1My—1 e+l

n=x%

A 2\ gk
/ (1+a})by(z — z;)prdxdt
q=0 j=0 “t¢ zj
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N—-1M;—1 +1 ) q+1 q
+ 1— / Tj+1 (59‘7+1/2 — 69j+1/2 (t B
q= t

10y dadt
At )1, d

|
=]

=0

2

‘/:;J'
—1M;-1 e+l i1
> ta z;

j=

529Q+1¢1+59qi}/2¢1 dl‘dt—/ 9 lla )¢1<ll’ )

<
Il
=]

(3.12)

The first two terms can be estimated by using (3.6) and (2.27) to get
Tj+1
/ Of (x — x;)prdadt
Zj

N—1M;—-1 tat+1

+_;)/t

q

1M;—1 e+l

>y

q=0 j=0

zip §09TH 509
j+1/2 j+1/2
t— 19, dadt
/ At ( )91, dw
< Az[03]1 22 0.0y x 0.0 191 | L2((0.11) < (0,1

1/2

—1M;—1 60(14-1 60(1 2
Z Z ( J+1/2 J+1/2> AxAt |‘¢1I||L2((0711)><(07T))

q=0 j=0

< CCYPC(¢n)(Ax + AL). (3.13)

In order to estimate the last two terms of (3.12), we introduce a new function 6*:

q+1 q
o* 69q 69]+1/2 60]-‘1—1/2(
J+1/2 At
6207 — 6201
+ (@ =) (t = 1), (2,t) € (x),7541]
At
x (0t 0<j < M;,0<¢g< N -1 (3.14)
Then, the results of Theorems 2.2, 2.3 show that

t9) + 6201 (z — z;)

16* 1l 71 ((0,01)x (07)) < CCy > (3.15)
We now simplify the last two terms of (3.12).
-1 M;—1

T
Z Z/ / (8209 61 + 60711 pn, )dadt — / (0" 1) (11, t)dt

— 0

Tjt1 629q+1 62911
N Z /t / ( jT(t — )1 + 59‘1H/2¢1 ) ot
0 q
3030l A

—0% 1, +59le Ja®1, )dwdt
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SIMLTL et e 5290 5209 T
-y ) / / #(t — %) ¢y dxdt +/ (01 — 07p1)(1h, t)dL.
q= =0 tq z; 0
(3.16)
We estimate the middle term of (3.16) by using (2.11), (2.27), (3.6), and (3.14) to get
NZIML ittt ey 529940 5201
S>> / / — I (t —t9)pydadt
; ta . At
q=0 j=0 J
At Nopans /sprtt s ® v
< CE||¢1||L2((o,ll)x(o,T)) Z Z (W) AzAt
q=0 j=0
< CCY2C(¢1)AxP. (3.17)

By the definitions of 6%, 0", the last term of (3.16) vanishes. We finally estimate the first term
of (3.16) by using the Cauchy—Schwarz inequality, (2.27) and (3.14).

N—1M;—1 .pa+l

3Py}

NoIMi1 ettt gy (69970 591
_ j+1/2 Jj+1/2 2
=) Z/t /Ij ( A (t—19) + 6%0% (x — )

q=0 j=0 V%

Tj+1
/ (=076, +607F] 01, )dadt

2pn9+1 2
526771 — 5261

+ At

(t—tN)(x — x])> ¢1, dxdt

N—1M;~-1 (60‘?“ 501 2 12

j+1/2 7 “Yji+1/2
Az At
At ) .

A
Q
s
&
N
N

1/2

N
+ Az (303 (6209)2AxAt < CCyC(¢1)Ax. (3.18)

(3.10) follows from (3.12), (3.13), (3.16), (3.17), and (3.18). -

Theorem 3.3.  Let ¢ be a test function that satisfies

#2(1,t) = 0,C(p2) = P2/l a1 ((12,1)x 0,1)) + 1P2(2, )| L2 (15,1) + [|P2(l2, ) || L2(0,7) < 00.
(3.19)

If a1, a2, a1, ag are small and Ax, At are chosen to satisfy (2.1), (2.10), and (2.11), then
2] < CCY2C(go)AZP, 0 < p <1, (3.20)

C' is the constant as described in Theorem 2.2.
Proof. The proof is similar to the one for Theorem 3.2, and so is omitted. -
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IV. CONVERGENCE AND ERROR BOUND

Theorem 4.1.  Let {0}, {4""} be the approximate solutions constructed in (3.1), (3.2) and T
be a positive time. If Ax, At,ay,az, a1, as satisfy (2.1), (2.10), and (2.11), then there exists a
subsequence {h1} of {h}, functions 6 defined on [0,11] x [0,T), and v defined [l2,1] x [0,T],
such that

hlimo 0" = 0 pointwise uniformly on [0,1;] x [0,T], 4.1)
l—)
hhm Y = 4 pointwise uniformly on [ly, 1] x [0, T7, 4.2)
1=
}hmog = g(0, ) pointwise uniformly on [0, T)]. 4.3)
1 —

Remark 4.1. 6, are unique, the uniqueness will be proved in Theorem 4.3.

Proof. We can use (3.6) to show that the functions {#"}, {1)"} are uniformly bounded and
uniformly equicontinuous on the indicated sets. Appropriate subsequences, therefore, converge
pointwise uniformly, which proves (4.1), (4.2). We now prove (4.3). Let t € (t4,t7*1] for some
q, then

g™ () = g(0™, ") (B)] < g™ () — g™ (t9)]

+ [g" (#9) — g(0™, ") ()| + g (8", ") (1) — g (6", ") (1)) (44)
To estimate the first term of (4.4), we use (3.3) and an estimate similar to (2.19) to get

|g(8",x")(t7) — (8™, ") (1)

g(9q+17 ,(/}qul) B g(eqv 7/)(1)
- ‘ At (t=1t9
M, 9q+1 _ 9(1 1/2 wq-&-l wq 2 1/2
< - J
< CAt <At>m +4Z< At)m:
Jj=0 j=M>
N—1 M, 0q+1 91 2 1/2
< CAt'/? < J ) AzAt
g=0 j=0
1/2
—1 M 7pq-‘rl 1/)11
+ 1> > AzAt
=0 j=M>
< COYPAR? < 0O A", (4.5)
The other two terms can be estimated similarly, we get
g™ (£) = g(6™, ") ()] < CCy* A3, (4.6)
Since g(6", ") is continuous for #", ", (4.3) follows from (4.1), (4.2), and (4.6). .

We can further prove by using Theorem 3.1 and Theorem 4.1 that there exist new subsequences
{0}, {p™}, which converge to 6,1/ in somewhat stronger sense. In order to simplify our
notations, we will still use {h;} to represent the new indexes, and here is the theorem.
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Theorem 4.2.  Let {0}, {4)"} be the approximate solutions constructed in (3.1), (3.2) and
T be a fixed time. If Ax, At a1, a2, a1, as satisfy (2.1), (2.10), and (2.11), then there exists a
subsequence {h;} of {h}, such that

hlligo 0" (x,t) = 0(x,t) weakly in L*((0,1;) x (0,T)), 4.7
hlligo 0" (x,t) = 0, (x,t) weakly in L*((0,1,) x (0,T)), (4.3)
Jim 0 (2, t) = 0 (2, t) weakly in L*((0,11) x (0,T)), (4.9)
hll@ 0™ (1y,t) = 0(1y,t) weakly in L*(0,T), (4.10)
hlligo 0" (11, ) = 0, (11, t) weakly in L*(0,T), 4.11)
hlligo Y (x,t) = (x, t) weakly in L*((I3,1) x (0,T)), (4.12)
hlliglo Y (1) = () weakly in L*((lo, 1) x (0,T)), (4.13)
Jim Yl (2, t) = by (2, t) weakly in L*((I2,1) x (0,T)), (4.14)
hlliglod)h’ (Iy,t) = (ly, t) weakly in L*(0,T), (4.15)
Jim, (1o, 1) = ¥, (1o, t) weakly in L*(0,T), (4.16)
hlligo g (t) = g:(0,%)(t) weakly in L*(0,T). 4.17)

In addition, the functions 0, p inherit the following properties:
10(z, )l ((0,11) % 0,1 + 10, )l 1.0,7) + 1|96 £20,7)
+ [ (@ ) 1 (12,1 % 0.1)) + 102, ) |1 00,7) < CCy%. (4.18)

Proof. We will just prove (4.8) in detail; (4.7), (4.9)—(4.17) can be proved similarly. (4.1)
implies that

hlimo 0" (2,t) = 0(x,t) in distribution sense on (0,1;) x (0,T), 4.19)
1=
and so
hlimo 0" (2,t) = 0, (x,t) in distribution sense on (0,1;) x (0,T). (4.20)
11—

On the other hand, (3.6) proves that there is a new subsequence of {#”}, which converges
weakly on L2((0,1;) x (0,T)). To simplify our notations, we still use {#"} to represent the new
subsequence, so we have

hlimo 0" (2,t) = 0(x,t) weakly on L2((0,1;) x (0,T)) 4.21)
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for some function 0(x,t) € L?((0,11) x (0,T)). In particular,

lim 6" (x,t) = (z, t) in distribution sense on (0,11) x (0,T). (4.22)

hl—>0

By uniqueness, 6, = 6, which proves (4.8). (4.18) is a direct result of Theorem 3.1 and
4.7)—(4.17). -

In the next theorem, we will prove that 6, are solutions of (1.1)-(1.8). In fact, they are
solutions in a sense that is stronger than the sense of distribution, because the test functions ¢, ¢
are in much weaker spaces than C§°.

Theorem 4.3.  If ¢1 satisfies (3.9) and ¢4 satisfies (3.19), then the limit functions 6,1 obtained
in Theorem 4.1 are the solutions of (1.1)—~(1.8). In other words, they satisfy

T ply T ply T
// ((1+a%)9t—algt(e,w))¢1d:cdt+// 0m¢1mdxdt=/ (0201) (11, t)dt, (4.23)
0 JO 0 JO 0

la

T r1 T r1 T
/ / ((d+ a2)s — azge(9, ) dodedt + / Voo, dudt — — / (6 62) (1o, ), (4.24)
0 Jiy 0 0
and

0(0,8) = 0, k10, (11, t) = k(0(l1, 1) — ¢(la, 1)), (4.25)

Y(1,1) = 0, —katps(l2, ) = k(0(l1, 1) — P(la,1)). (4.26)

Proof. In (3.7), we let {h} be the subsequence {h;} in Theorem 4.2, and let h; — 0. Then
(4.23) is proved by (3.9), (3.10), (4.8), (4.9), (4.10), and (4.17). (4.24) can be proved similarly.
By (3.4), (4.1), (4.2), we have

hlimo —k(0M (11, t) — Y"1 (Ig,t)) = —k(0(11,t) — ¥ (l2,t)), pointwise uniformly on [0, 7.
=

(4.27)
By a similar proof as (4.1), we can prove that

hlimo 0 = 9, (x,t) pointwise uniformly on [0, 1;] x [0, 7] (4.28)
11—

for some function 6, (z, t) defined on [0,11] x [0, T']. Further, we can prove by using (4.18) that

Jim 0™ = 6, (x,t) weakly on L*((0,1;) x (0,T)). (4.29)
1 —

By comparing (4.8) and (4.29), we conclude that §; = 6., therefore,

hlimo 0" (2,t) = 0, (x,t) pointwise uniformly on [0,1;] x [0, T7, (4.30)
l*)
in particular
hlimo 0" (11,t) = 0,(11,t) pointwise uniformly on [0, T7. 4.31)
11—

So the second part of (4.25) is obtained from (3.4), (4.27), and (4.31). (4.26) can be proved
similarly. -
In the next theorem, we will give the error bound estimate.
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Theorem 4.4.  Let T be fixed, d, a1, a2, a1, a0,l1,ls, k1, ko, k be the physical constants de-
scribed in Section I and C' is the constant described in Theorem 2.2. Let a1, as, aq, oo, Ax, At
be chosen to satisfy (2.1), (2.10), and (2.11). Let {6",1"} be the approximate solutions con-
structed in (3.1), (3.2). Then there exist unique functions 6, obtained in Theorem 4.1, such that
they are the exact solutions of (1.1)~(1.8), and the whole sequences {0}, {1)"} converge to 0, ¢,
respectively, as h — 0. Moreover, if for any 0 < t < T, we define

2

n(t) = [0 — ") (@, t)l| L20.0) + (¥ — ") (@, )| L21,1)] + </Ot(9(11, 5) = ¥(l2, 8))d8) :
(4.32)

then
n(t) < CCY2m(0) + Az%),0< p< 1. (4.33)

Remark 4.2. Notice that we actually prove that the whole sequences {6}, {)"} converge to
the unique solutions 6, 1), not just converging subsequences.
Proof. We subtract (4.23) from (3.7), multiply both sides by k1, introduce a new notation

AG =0 — 0" take ¢ = ftT A6(z, s)ds, which satisfies (3.9), and we get

T T T 1 T
ki(1+a?) / AY; ( / Aeds> dzdt + ki / / A, ( / Aemds> dxdt
0 t 0 0 t
T 15 T
:ozlk:l/ / (9:(0,9) — g </ A9d5> dxdt
0 0 t

T T
+ k‘l/ Aew(ll,t) (/ Aa(ll,s)d8> dx + ki71. 4.34)
0 t

Similarly, we subtract (4.24) from (3.8), multiply both sides by ko, introduce Ay = ) — wh, take
¢o = ftT Avp(z, s)ds, which satisfies (3.19), and combine with (4.34) to get

Il+12213+14+k‘17'1+k27'2, (435)

where

T 11 T
L =k(1+ a,f)/ / A6, </ AGds) dxdt
0 0 t
T 1 T
+ ko(d + a3) / / Aty < / Awds> dxdt, (4.36)
0 lo t

T 15 T T 1 T
i [ [ 0, ( / des) it [ [ B ( / AWL;) dndt, @37)
0 0 t 0 lo t
T lq T
Iy = alkl/ / (9:(0,4) — g (/ AGds) dxdt
0 0 t

T 1 T
+ a2k’2/ / (9¢(0,%) — gt") </ A1/Jd5> dxdt, (4.38)
0o Ji t
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T T T T
L=k / IR ( / Ae(ll,s)ds> dt — ks / Ay (Ia, 1) ( / A¢(12,s)ds> dt.
0 t 0 t

(4.39)

We now estimate [, I, I3, and I4. The first term of I; can be estimated by

T |l T
k(1 + a%)/ / Ab, (/ AHds) dzdt
o Jo t

11 T T rh
= k1(1+a§)/ Ab (/ Aeds> dm|§—k1(1+a§)/ / (—A0?)dzdt
0 t 0 0

T Iy

Iy T
~ki(1+a?) [ AO(x,0) (/ AGdt) dz + ki (1 4 a?) / AG*dxdt
0 0 0

0

2

1 2 Iy 1 2 5t T

> —M Ae(x,o)%lx—w/ (/ A6z, t)dt | dz
0 0 0

t l1
+ k1(1—|—af)/ AG?dzxdt
o Jo

ki(l1+a?) [0
> fw Ab(z,0)2dx + ki (1 + a?) (1
0

h

T 15t
) / AQ%dzdt.  (4.40)
2 0 0

We can estimate the other term of [; similarly to get

l T 51 l T 1
I > k(14 a?) (1 = 21) / AG*dxdt + ko(d + a3) (1 = 22> / A dadt
0 0 0

la

2 5 2 1
- B [ ot e - D) [ aue 02 @an
0

l2

We now estimate the first term of /5 to get

T T
w [ o ( / Mmds) dudt
o Jo ¢
T d [T T
= /ﬁ/ / ——/ A, (x,s)ds / Ab,ds | dzdt
o Jo ( dt J; ¢

9T
kl ll T

= = / Aby(z, s)ds
2 Jo ¢

P T 2
dx = Y / Al (x,t)dt | dxz. (4.42)
. 0
We can estimate the other term of I, similarly to get

0
ky (b T 2 ky [ T 2
R- / NGty | de 2 / Az, bdt | de.  (4.43)
0 0 lo 0
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We integrate by parts to the first term of I3 to get

alkl/ /llgtew (/ Af(x, s)d )dccdt

15 N T T
— alkl/o ((9(971/1)—9 )(/t AG(x,s)ds)) O
T lq
+ alkl/o /0 (g(6,%) — g")Abdzdt

T T rly
= —arki(9(6,9) — g")(0) / [ svdedt + e / / (9(0,0) — 9" Abdrdt

0

dx

arky ok

T rh
(0.0 - )07 + 5 [ [ acava

T l1 T ll
+ O‘lkl/ / (g(@,w)—gh)dedt+alk1/ AO%dzdt
2 0 0 2 0 0

IN

< ML (g(0,) — 90" ")) + “E(9(0", v") — ¢")(0))?
Iy 1
T alkl/ AO?dadt + O”’“/ / ) — (6", ")) 2dzdt
0 0
T 15
+ al;“ /0 /O (g(6", ™) — g")2dudt. (4.44)

By using (4.5), we can estimate the second and last term of (4.44) as

041161
2

T 11
(g(6" ") — gy (0))? + 2P / / (9(0", 6") — gV 2dadt < CAZ*P. (445
2 0 0

We now estimate the first and fourth term of (4.44). By the definition of g and a known formula
max{r,0} = 1r + 1|r|, we get

g(ng) - g(gh’ %bh)

L 1 I 1
= max{al de—l—ag/ z/de—g;O} —max{al 0"dx + ay whdaz—g;O}
0 la 0 la

I 1
= 8 Adr+ 2 [ Ayda
2 0 2 la
1 I 1 1 A 1
+ —|az Odx + as Ydr — g| — = |az 0"dx + ay P —gl. (4.46)
2 0 lo 2 0 lo
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So,
19(0,4) — g(6", ™))
a 11 as 1 1 15 1
< —= Afdx| + —= / Avdx| + = |aq A0dx+a2/ Avdx
2 0 2 l2 2 0 l2
ll 1
< al| [ Avdz|+as / Adpda] . (447)
0 l2
Thus,
a1k ok o arky [T[h B Ry 2
S (9(6.9) ~ 90" DO + X5 [ [ (9(0,0) — 96", ")t
0 0
ll 1
gc(/ Ae(x,0)2dz+/ Az/;(x,O)de>
0 l2
T 1A T 1
+ aiki(a? + a3) < / AG*dxdt + / Aszdxdt). (4.48)
0 0 0 12
So,

Iy
alkl/ / (g9:(0,%) g75 (/ AHxsds)da:dt

< 0( Af(z,0)2dz +
0

waO )

l2
T T
+ aiki (a3 + a3) / AG*dxdt + / mp?dxdt (4.49)
o Jo o Jiy
We do a similar estimate to the other term of I3 to get

l2

11 1
I3<C ( AO(z,0)%dx + Aw(x,O)de>
0

l

0

T T 1
+ (k1 + asks)(a? + a2) </ AG*dzdt + aska(1 + as) / Azp?da:dt) :
0 0 l2

(4.50)

Finally, we estimate I,. By using the boundary conditions (3.2), (3.3), (4.25), and (4.26), we

get
T
I = —k/ (AO(l1, 1) — A(la, 1) (/ Ad(l, )ds) dt
0

+k/OT<A9(h,) Ay (la, 1) (/ APz, s) )
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The lemperature functions for the et rod o The temperature functions for the right rod

FIG. 2. Temperature functions corresponding to (5.1).

_ —k/o (00, 1) — (la, 1) ([ (AG(ll,s)—Aw(Zg,s))ds> dt

= k/o (jt/t (AG(ly,s) — A¢(12,8))d5> (/f (A(ly,s) — A¢(l275))d5> dt

2 T
i T
_ g (/t (Aa(ll,s)Az/;(lg,t)ds>

) 2
_ fg ( /0 A0t - Aw(lg,t))dt> . @.51)

0

We put the estimates of I, I, I, and I back to (4.35) and simplify to get

T
(k1(1 + a?) (1 — l21> — (a1ky + aoks)(a? + a%)) / AO*dxdt
o Jo

1

T
+ (/ﬂg(d‘i‘ a%) (1 — l;) — (Ollkl + agkg)(a% + a%)) / A’L/)2d$dt
0

l2

The temperaturo funclions or the right rod

The temperalixe tunctions for the lefl rod

[ 005 0.1 015 02 02 03 035 04 045 04 05 06 07 08 0.9 1

FIG. 3. Temperature functions corresponding to (5.2).
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+ g (/OT(AH(ll,t) - Aw(lg,t))dt>

< C(%(0) + Com + Coms + Az?) < CCo(n?(0) + AxP). (4.52)

2

Since a1, as, a1, g are small, we can assume that

l
k(14 a?) (1 - 21) — (anky + agks)(a? +a3) >

, (4.53)

N N

l
ko(d + a2) <1 — 22) — (arky + azko)(af + a3) >

we then have
n*(t) < CCo(n*(0) + AzP), (4.54)

and (4.33) follows. Since we just proved that the whole sequences {¢"}, {1/} converge, therefore
6,1 are unique. -

Remark 4.3. If in (2.9), we take p = 1, then (2.9) will become the CFL condition, and the
corresponding error bound for the case will be Az!/2,

V. COMPUTATIONAL RESULTS

In this section, we will provide some computational results to schemes (1.13)—(1.20). We take
A=0.5,a1 =ay =0.001,d =k =1,ky = 0.06,]; = 0.43,l5 = 0.56, and Az = 0.01, At =
2Ax2. We first take the following two initial functions:

0(x,0) =220 <2 <0.43,9(x,0) = (1 —2)%,044 <z < 1. (5.1)

Then Fig. 1 shows the two temperature functions for the left and right rod at time-steps 0, 20,
40, 60, 80, 100, 200, 300, 400, 500, 600, 700, and 800. We then take the following two initial
functions:

T

— 0. A4 < ¢ < 1.
e 044)),04479371

2w
= si —_— <zx<0. =1-
0(x,0) 51n<0.43x>,0x043,¢(a€,0) 1 COS(
5.2)

Figure 2 shows the two temperature functions at the same time-steps. Both figures show that the
temperatures tend to stabilize.

The author thanks Professor Endre Suli and Professor Xiao—bing Feng for many valuable
discussions during her visit to IMA—University of Minnesota in June, 1997.
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