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ABSTRACT

The stresses in a band saw blade are difficult to
measure, and are known to be significant for band sawing
performance. This report presents an approximate solution
method, using the principle of minimum potential energy, for
computation of blade stresses in band sawing. The method
presented accounts for effects typical of bandsawing such as
velocity dependent blade tension, thermal gradients, and
cutting forces. A program based on the method presented is
shown to be accurate and computationally efficient when compared
to a standard finite elemént program. This stress analysis
program, together with a previous program for blade vibration
analysis, can form the modeling basis for design and process

optimization studies in band sawing.



INTRODUCTION

The design of band saw blades and sawing assemblies is
an important industrial problem. Bandsawing, as a manufacturing
operation, is used extensively not only in the wood industry,
but also for metal cutting in the production of many machine
parts. In recent years, the attempt to decrease raw material
and labor costs has ied to the use of thinner blades and high-
er operating velocities and the design of so-called high-
strain mills (1, 2). However, under these demanding production
conditions blade vibration and stability problems become
significant. The results of these vibrations are increased
material waste, cutting inaccuracies, and poor surface quality
(1, 3, 4). The situation is further complicated by the fact
that the state of stress and cutting conditions affect the
vibration response of the blade (4, 5, 6, 7). The nature of
the process is such that experiments to study this problem
are both costly and difficult. Therefore, the need for an
appropriate mathematical model and computational simulation
can be easily demonstrated.

From the theoretical viewpoint, the band saw vibration
problem belongs to the class known as axially moving material
vibrations (1, 8). This class includes vibrations occuring
in magnetic and paper tapes, moving threadlines, belts,
and pipes transporting fluids. All these problems are quite

complicated and their study is important for subsequent design

evaluations. The band saw blade problem has been studied by



treating the blade as a simply supported, axially moving beam
(1, 9) and as a simply supported or clamped, axially moving

plate (3, 4, 7). Two numerical procedures using the classical
Ritz Method and the finite element - Ritz Method were developed
(10) and tested against experimental data (3, 4, 7). The
comparison showed that the simply supported plate model is a
valid one for representing the process. These two procedures,
though useful research tools, have some limitations if they
are to be used in repeated calculations. The first procedure
is incomplete, since it does not include the stress calculations,
while the second one is not computationally efficient. Therefore,
if repeated computations are needed a new procedure must be
developed having a computational advantage.

The purpose of this report is to describe the development
of a computationally efficient method for calculating blade
stresses, and demonstrate its performance. The method is
based on the classical variational formulation of minimizing
the potential energy of the system (ll). The theory and
development of the variational equation are introduced first,
followed by a discussion of the admissible approximating functions.
Computational results are then presented which show that
acceptablé accuracy is obtained at considerably reduced

computational time as compared to a standard FEM package

(MSC/NASTRAN) .



THEORY

The stresses in a band saw blade arise from the band
axial tension, prestressing operations, thermal gradients,
and cutting forces (4, 5, 6). Blade stresses are known
to be one of the most significant factors influencing band-
sawing performance (3, 4, 7, 12). Since blade stresses
are extremely difficult to measure in a production environment,
it is desirable to develop an analytical method for their
computation.

In this section a model of the typical band saw blade
stress problem is presented. This model, together with the
Principle of Minimum Potential Energy, is used to derive the
governing differential equations and boundary '‘conditions. An
approximate solution method, which utilizes global polynomial

approximating functions for the displacement fields U(x,y) and

V(x,y), is also presented.

Model
As shown is Figs. 1 and 2, consider the segment of the

band saw blade between supports (guides) to be an axially

moving plate of thickness H, width B, length L, and constant

axial velocity c. The plane stress problem, shown in Fig. 3,

is formulated by specifying U(0,0) = v(0,0) = 0 and V(L,0) = 0

to eliminate rigid body translations and rotation. As described

in (3, 9) the constant axial velocity c¢ is accounted for

through its effect on the axial tension force,
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Figure 1 Idealized Model of a Band Millv
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R = R - kpHBC’ (1)
where RO is the band tension at ¢ = 0, and 0<kXl is a wheel
support system constant.

The effects of the cutting force are represented by its
normal (Fn) and tangential (Ft) components. These result in
uniformly distributed boundary loads (Fn/Ax) and (Ft/Ax)
which act at the edge y = B and over a segment of the blade-
from x = Xq to x = Xo e

introduce thermal effects, which are brought into the problem

The cutting force and guides also

as a prescribed and steady temperature distribution T(x,y)
on the blade.

A basic assumption is that of steady cutting conditions,
since R, Fn' Ft’ and T are all taken to be time invariant.

Although R is in practice a function of y due to wheel tilting

and wheel crowning, these effects are neglected and

a uniformly distributed boundary load (R/B) is assumed along the

edges at x = 0 and x = L (3, 4, 5, 6). Blade teeth and gullet

effects are also neglected in this analysis.

Governing Equations

The governing differential equations and boundary
conditions for the band saw blade stress problem are derived
using the Principle of Minimum Potential Energy (11, 13, 14).
The potential energy functional, derived in Appendix A, is

given by,



T(U,V)

6

(H/2)

o ——
© T

+ GL((3U/3y) + (3V/3x))2 - 4(3U/8%) (3V/3y) ]

- H[(Eoa/(1-v)) ((3U/3x) + (d3V/3y) - aT)T } dxdy

B

- J[(R/B)U]

0

x=L

x=0

)

X1

[(E/(1-v2)) ((3U/3%) +(3V/3y)) 2

dy + f [(F,/bx)V + (Ft/Ax)U]yzde

(2)

Setting the variation of the potential energy functional

equal to zero, and

integrating by parts to eliminate the

derivatives with respect to x and y of §U and 8V as needed,

leads to the governing differential equations,

Appendix B)

o
=
<
+

(15,

((1+v)/(1-v)) (3 ((3U/3x) + (3V/3y))/9x)]

(Eo/(1-v)) (dT/3x) = 0

((1+v)/(1-v)) (3 ((3U/3x) + (3V/dy))/3y)]
(Ea/(1-v)) (3T/3y) = 0

and the required boundary conditions,

5,(0,7)
OX(LIY)

Oy(x,B)

[(E/(1-v2)) ((3U/3%) + v(3V/3y))]

(R/BH) + [(Ea/(1-v))T1¥=0

[(E/(1-v3)) ((3U/3%) + v(3V/3y)) ]

(R/BH) + [(Ea/(1-v))T]* =

X=

X

0

=L

[(E/(1-v2)) ((3V/0y) + v(3U/3x)) 1Y D

-(fn/AxH)[u(x-xl) - u(x-xz)]

[(Ea/(1-v))T1Y~D2

(see

()

(7)
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0, (x,0) = [(Ea/(1-v))T1¥™° (8)
T (0] = 0 (9)
Ty (Lry) = 0 (10)
Txy(X,O) = 0 (11)
Ty (KB) = 6((30/3y) + (3v/5x)) 1Y2

= - (Ft/AXH)[u(x—Xl) - u(x-xz)] (12)

The solution to the problem given in egs. (3) to (12),
>r to the dual 'variational problem,

sm(U,v) = 0 (13)
in general requires an approximate solution method. The
finite element method (FEM) is widely used for the solution
of such plane stress problems fof various geometric, loading,
and boundary conditions (14, 17). The advantage of the finite
element approach is its generality; the disadvantage is the
large cost and computation time requirements associated with
general purpose programs. In the band saw blade stress
problem the geometry, loading, and boundary conditions are
well defined. Thus, this problem is well suited for global
approximate solution methods such as the one presented below.

For the plane stress problem presented here the variational

equation is found to be
0 = H J J {G[V2U+((l+v)/(l—v))(8((8U/8x) + (9V/3y)) /9x) 1
(A)

- (Ea/(1l=v)) (3T/5x) }suda



8
+ H J J G[V2V+((l+v)/(l-v))(8((8U/8x) + (9V/3y)) /3y)]
(A)

- (Ea/(1-v)) (3T/3y) }svda

B _ L _
x=L y=B"
+(EHa/(1-v)) J [TSU] dy + (EHoa/(1-v)) J [TSV)\_0 dx
0 x=0 0 -
2 B x=L
-(EH/ (1-v7)) [ [((3U/dx) + v (3dV/3y))SU] dy
0 x=0
2 f y=B
-(EH/ (1-v°)) J [(v(3U/3x) + (3V/dy)) V] dx
0 y=0
| L y=B
-(EH/(2(1+v))) J [((3Uu/3y) + (3V/3x)) U] dx
0 y=0
B x=L
-(EH/(2(1-v))) J [((3U/3y) + (3V/3x)) V] dy
3 X=0
X X
*x=L i =B ’ =B
+ f [RSU] dy - J [Fn5V]Y dx- J [Ftsuly dx (14)
0 x=0 xl Xy

See Appendix C for the development of the variational

equation (14).

Approximate Solution

To obtain an approximate solution a finite series repre-

sentation of the displacement field functions is utilized,

k

Uk(XIY) = ElA](b] (le) (15)
J
and
m
V (x,y) = I B.Y.(x,y) (16)



where ¢j and Wj are global admissible approximating functions

which satisfy the geometric (essential) boundary conditions.

Admissible Approximating Functions

Polynomial approximating functions based on Pascal's

Polynomial Triangle were chosen for U, and Vm’ because the

k
natural frequency program (10) uses polynomial approximating
functions for the stress field functions. The approximating
functions were also chosen so their functional form satisfied

the differential equations of equilibrium (13, 17). The

appropriate functional form was found to be binomial (see

Appendix D). So U and V are given as
N n N N n_m N m
U, = . A_X + I I A__X'y I A_Y (17)
ko f=o MO m=1 n=1 ™ m=1 ©0
m+n < N
N n NN n m N m
V = I B X + I I B . Xy + I B_Yy (18)
M p=p M° n=1 n=1 ™™ m=1 ©0
m+1 N

Even though the functional forms U and V satisfy the differential
equations of equilibrium, the geometric boundary conditions

must still be satisfied.

Boundary Condition Satisfaction

The rigid body translation of the plate is eliminated
in the x and y direction by setting AOO and B00 equal to zero.
Eliminating the rigid body rotation, and satisfying the simply

supported plate model requires the V equal zero atithe point
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x =L and y = 0. Substituting for x and y in V yields

_ 2 N
0 = By L+ BygL® + ... + By,L (19)

Solving for Bno the admissible approximating function

for V is found to be

N-1 n N . N-n N N nm N
Vm(x,y) = nil Bno(x -(x /L ))+m£l nil Bnmx y +m£1 Bomy
(20)
The admissible approximating function for U is found to be
N n ¥ N n_m N m
Uk(x,y) = nilAnOX +m£l nElAnmx v +milemy (21)
m+n < N

The admissible approximating functions when substituted into
the variational equation forms a set of linear symmetric
equations.

Figure 4 shows the admissible approximating functions,
¢, while Figure 5 shows the admissible approximating functions,
¥, when N = 3. The variation of the admissible approximating
functions for U and V is really a variation of the undetermined
coefficients A and B. See Appendix E for the ordering of the

admissible approximating functions ¢ and VY.

Equations in Terms of ¢ and VY

The approximate functions Uk and Vm are substituted into
the variational expression in (14). The variation of this
approximate functional is set equal to zero to obtain a system
of linear symmetric equations in the undetermined coefficients

A and B,



10a

Figure 4 Admissible Approximating Functions
¢ (x,y) for the Displacement Field
U(x]y) when N = 3



10b

x-(N?) Y

v-WL) XY

Figure 5 Admissible Approximating Functions
Y (x,y) for the Displacement Field
V(xly) when N = 3
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The submatrices,

14

AP S

+ K', before the integration by

parts to obtain (14) are given as:

kS, = -(BH/(1-v%)) [ J ((3./5%) (39, /3%) +((1-v) /2)
J (3) ] 1
(36,/3y) (30;/3y)) @A (23)
0¥ 2
kSY = - (EHV/(1-v ))f J ((3Y./3y) (36./9%)+((1-v)/(2V))
(3¥,/5%) (30, /3y) ) aa (24)
Yo _ 2
K.0 = -(EHV/(1-v ))f [ ((36./3%) (3¥,/3y)+((1-v)/(2v))
(395/5y) (3¥/5%) ) da | (25)
Ke,. = —(EH/(l—v2>)J f ((3¥./3y) (3Y¥./3y)+((1-v)/2)
(BWj/BX)(BWi/Bx))dA (26)

The observation is made that §¢ and EW ((23) and
(26)) are symmetric, since changing the indices i,j does not

change the result of K?. or K?.. Changing the indices 1i,]j

, 1] i]
in K2ij yields
oY _ 2
Kji = =(EHv/(1-v ))J J ((8¢j/BX)(BWi/By)+((l—v)/(2v))

(A)

(3¢j/3Y)(8Wi/8X))dA (27)
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So E?i = 5?? and therefore §W¢ is equal to §¢W transposed.
Yo

Since §¢ and Ew are symmetric and K equals §¢y transposed,
the matrix (22) is symmetric.

After the integration by parts

6 2 L (B 2 2 dvd B ; X=Ld
Kij = (EH/(1l-v ))[JO Jo (3 ¢j/3x )¢i y X-JO(( ¢j/3X)¢i)x=0 vl
L B _
| 2 2 y=B
+ (EH/(2(1+V)))[f { (07¢ /9y )¢idydx—f ((3¢-/3Y)¢i) dx]
0’0 j 0 J y=0
(28)
L B
k¥ - (EH/(Z(l—v)))J J (32Y_/5x3y) 6. dydx
1] 0’0 m .l
2 B x=L
- (EHv/(1-v7)) J ((BW./BY)¢i) dy
0 J x=0
L y=B
- (EH/(2(1+v))) J ((3Y./3%)¢.)  dx (29)
J 1 =0
0 y
L B
SO (EH/(2(l—\))))J f (324, /3x3y) ¥, dydx
I 0’0 I *
2 y=B
- (EHv/(1-v7)) J ((3¢./0x)V¥.) dx
o J ty=0
B x=L
- (EH/(2(1+v))) J ((3¢./9y)¥.) dy (30)
0 J 1 x=0
k!, = (EH/(1-v?)) [(L‘ rB(azw /3y v.d dx—[L((B‘P /5y) ¥ )yzde]
i3 o Jo o T TSR
LB 2 2 B x=1
+ (EH/(2(l+v)))[j (3°Y./ x )W.dydx—J ((3Y./0x)VY.) dy]
0’0 J t 0 J 1 x=0

(31)
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The integration by parts does not affect the symmetry of

the matrix. The righthand side vector of (22) is given by:

' x=L
F¢ = (EHa/(l—v))[J J (3T/3X)¢idde‘J (T¢i) dy]
i 0’0 0 x=0
[B x=L ) y=B
- [Ro. ] dy + [ [F 9.] dx (32)
0 1 x=0 Xy £l
L B L y=B
FW = (EHa/(l—v))[[ { (BT/By)W.dydx—J (TY,) dx]
. i i
i 0’0 0 y=0
%2 y=B
: f F v ax (33)
*1

The temperature field function, T, chosen relative to
some datum point, is selected to be of binomial form since

the approximating functions U, and Vm are of binomial form.

k

Equations (28) to (32) were used to develop the program (19)

which calculates the undetermined coefficients A and B.
Equation (22) is readily solved by standard methods (18)

to obtain the coefficients A and B, then U,_ and Vm are

k
calculated from egs. (15) and (16). To obtain the stresses

from the approximate displacement fields Hooke's Law (13), is

utilized,
Gx(x,y) = (E/(l-vz))((BUk/ax) + v(BVm/By)) + T ok (34)
_ 2
Gy(x,y) (E/(1-v ))((va/sy) + v(BUk/ax)) + Ooy (35)
and
Txy(x,y) = G((BUk/By) + (BVm/Sx)) + Toxy (36)
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where ¢ _, 0, and T are specified blade prestresses
ox oy oxXy

which are superimposed on the solution to obtain the total
blade stress.

The approximate solution method presented here has been
used as the basis for a computer program (19). In the
next section results from this program are compared to those
from a standard FEM program (MSC/NASTRAN) for a problem

typical of band sawing.



COMPUTATIONAL RESULTS

Equations (14) to (21) were used to develop an'efficient
interactive computer program for calculating band saw blade
stresses (19). Table 1 shows some of the program output for
a loading case typical of bandsawing. Shown in the table is
the computer feedback of the input data, displacements (U)
at various points on the blade, and stress (ox) at various points
on the blade. Also, the computer generates tables of V, Oy’
Txy, maximum principle normal stress, and temperature, all
with the same out-put format. Generated with the above tables
are lists of displacement field coefficients for U and V, stress
field coefficients for 0 oy, and Txy, and temperature field
coefficients. Of course the user has the option of specifying
which tables and lists are to be displayed.

The simple polynomial approximating functions (see Appendix
D) can be expected to lead to a poorly conditioned matrix in
Eqn. (22) when the order (N) of the approximating functions
becomes large (18). Numerical experiments were performed with
the program which showed that conditioning problems become
evident for N>8. These tests were run for uniform axial
tension With F = Ft = 6 on an Amdahl 470 computer. The
program was written in standard FORTRAN IV using double precision.
Note that the N=8 case leads to an 87 by 87 matrix in Egn. (22).
Values of N<8, as shown below, led to sufficiently accurate

results. Therefore, alternative basis functions for representing

the displacement fields were not investigated.

15



16

Two FEM models were compared with the current program
based on displacements and execution time. The comparison
was done for three different loading conditions: 1) normal
load (Fn), 2) tangential load (Ft)’ and 3) normal and tangential
load (Fn and Ft). Typical values of the cutting forces that
occur during the bandsawing operation (4) were utilized;

Fn = 250N and Ft = 500N. Note that R = 0.

The standard FEM package used was MSC/NASTRAN. One
FEM model consisted of sixty, eight-noded curved shell
elements (CQUAD8), while the other FEM model consisted of
sixty, four-noded membrane elements (CQDMEM). Each membrane
element utilizes four overlapping constant-strain triangle
elements. Figure 6 shows the FEM mesh, node numbering, and
where the loads were applied. For both the normal and
tangential load the two outer nodes were loaded with one-fourth
of the given loads, and the middle node was loaded with one-
half of the given loads.

Execution time for the FEM analysis (MSC/NASTRAN) was
approximately 18.0 central processing unit (CPU) seconds for
CQUAD8, and 8.0 CPU seconds for CQDMEM, while the program
presented here ran all three problems in approximately 0.8 CPU
seconds. Thus, the program is 22 times faster than CQUAD8 and
10 times faster than CQDMEM. This computational advantage
can enable interactive or iterative use of the method asiin
a computer-aided design or design optimization program (19).

This relative computational efficiency can also permit

implementation of the analysis on a slower mini or micro
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computer.

The CQUAD8 model always showed a smaller displacement
than the program for displacement, U, with a normal load, and
for displacement, V, with a tangential load. (see Appendix
F). The CQDMEM model always showed a smaller displacement
than theprogram for displacements, U, V, when either a normal
load or tangential load was applied (see Appendix F). Table
2 gives displacements for the two FEM models, and for the
program with various degrees for the admissible approximating
functions, when a combined normal and tangential loading is
applied. As can be seen from Table 2 the program usually
gives results closer to the CQUAD8, a more accurate finite
element, than does the CQDMEM model for displacement, U.
Because of the loading condition, the normal load effects
cancel the tangential load effects on certain displacements.
Thus, small displacements are seen at the edges of the band
saw blade model. This cancelling effect plus the smoothing
effects of the global polynomial functions accounts for the
discrepency in values for displacement, V, along the edges
as shown in Table 2. Note that R is typically lérge,
alleviating these small displacement problems. Overall the
results, as shown in Table 2, compare favorably with FEM

results.



SUMMARY AND CONCLUSIONS

An efficient interactive computer program for calculating
plane stresses in a band saw blade has been developed using the
principle of minimum potential energy with polynomial approxi-
mations of the dispiacement fields (19). A comparision between
this global approach (current program) and a standard finite
element program (MSC/NASTRAN) for execution time and in-plane
displacements was made for three loading conditions typical
of the band sawing operation. Two different finite elements
were employed CQDMEM, and the more accurate CQUADS.

Execution time for the current program was 10 times faster
than CQDMEM and 22 times faster than CQUAD8. Because of this
efficiency the program can be used interactively, and/or it-
eratively. The program displacements were usually closer to
the CQUAD8 displacements than were the CQDMEM displacements.
However, when a normal load with a tangential load was applied
a discrepancy was found between the program displacements and
CQDMEM, CQUAD8 displacements. The force/moment cancellation,
with the smoothing due to the approximation, are the reasons
for this discrepancy which occurs along the edges of the plate.
Except for these small displacement cases, the program is
clearly sufficiently accurate and its computational efficiently
makes it attractive for use as a tool in the design of band
saw blades.

The method presented here for the stress problem and a

previously developed method for blade vibrations (10) can be

18
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combined to form a computationally efficient package for
design and process optimization in bandsawing. Further
extensions to these studies can include active process
control, computation of blade temperature gradients, and
computation of blade prestresses due to roll tensioning or

thermal tensioning.
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=1

=4

T(x,

u:
U(le)l V(le):
X1, X2:

o
Ax:

R:
Ro:
y):

LIST OF SYMBOLS

Width of band saw blade

Velocity of band saw blade

Modulus of Elasticity

Normal cutting force component

Tangential cutting force component

Modulus of Rigidity

Thickness of band saw blade

Number of terms in admissible approximating
function for U; ((N+1) (N+2)/2)-1

Length of band saw blade between guides

Number of terms in admissible approximating
function for Y; ((N+1) (N+2)/2)-2

Highest order of polynomial approximating
functions for U, V

Axial tension force

Axial tension force when c = 0

Specified temperature field relative to
some datum point

Unit step function

Displacement field functions

Starting and ending point for normal and
tangential cutting forces

Coefficient of thermal expansion

Ax = xp - X1, length over which cutting
forces act
Variation
Wheel support coefficient
Poisson's Ratio
Admissible approximating function for U;
Admissible approximating function for V;
Mass density
Normal stress in x-direction
Normal stress in y-direction
Shear Stress
2 2
Laplacian (8‘(2) + 0 (2))
X X

Total potential energy

Undertermined coefficients of the admissible
approximating functions for U and V

28
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Strain Energy

Strain-energy for a plane stress problem is given by

(11, 15, 21)

2

~2v0_0_+2 (1+v) T 2 B (A-1)
y V%%

U = (H/2E) JJ {ox+c
(A)

However, for the approach used in this problem the strain-
energy should be expressed in terms of the displacement field

functions U and V, and the temperature distribution, T.

Stresses in Terms of U, V and T

The relationship between stresses and displacements

are (15, 20)
o, = (E/(l—vz)) (3U/0x) +v (3V/3y)) - (Ea/(1-v))T (A-2)
cy = (E/(1- v )) (v(3U/3x)+(0V/3y)) = (Ea/(1=-v))T (A-3)
Ty = G((30/3y) + (3V/2x)) (A-4)

Substituting (A-2) to (A-4) into (A-1) yields

a
]

(H/2E) JJ {(E /(1 v )) [(3U/3x) +2v(3U/ax (3Vv/3y)
(A)

+

(3V/3Y)2]-(2E2u/(l-v))[(3U/3X)+(3V/3Y)]T

(2E202/ (1-v) ) T2+2 (1+v) G2 [ (3U/8y) + (3V/3%) 1%} da

+

(A-5)
Adding zero by adding and subtracting 2(3U/3x) (3V/dy) and

substituting E = 2G(1+v), then cancelling E/E yields
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U = (H/2) JJ {(E/(l-vz))[(BU/Bx)+(8V/8y)]2
(a)

GL((30/3y)+(5V/3x)) =4 (3U/3%) (3v/3y) 1} da

H J

|
JJ {(Ea®/(1-v))T?} da (A-6)
(A)

+

{(Ba/(1-v)) [(3U/3x)+(3V/3y) 1T} dA

Equation (A-6) is the strain-energy in terms of the displacement

fields U and V, and the known temperature distribution T.

Work Done By External Loads

The equation for the work done by the external loads is

X X

B x=L

W = { [RU] dy - f
0 x=0 X

2 2

[an]Yzde - J [FtU]yzde (A-7)

1 X1

Total Potential Energy Equation

The total potential energy of the plate is a linear
combination of the strain-energy, which includes thermal energy,
and work done by the external loads.

T = U-W (A-8)
Substituting for U and W yields

(H/2) JJ {(E/ (1-v?) 2
(A)

T )) [(3U/3x)+(3V/3y) ]

GL((3U/3y)+(3V/3x)) 24 (3U/5x) (3V/3y)]} dA

+

+ H fj {(Ea/(1-v)) [-((3U/3x)+(3V/3y) ) +aT]T} dA
(A)

B x=L 2 y=B 2 y=B
j [RU] dy + J [F_V] dx + J [FtU] dx (A-9)
x=0 X n X

Equation (A-9) is the potential energy equation used in the

derivation of the variational equation.
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Facts from the Theory -of Elasticity

The governing differential equations are developed by
substituting Hooke's Law for stresses into the differential
equations of equilibrium. Then the relations between strains
and displacements are used to obtain the governing differential

equations in terms of U and V.

Differential Equations of Equilibrium

In a plane stress problem, the differential equations
of equilibrium must be satisfied for the plate to be in static
equilibrium (15, gg). The differential equations of equilibrium

with a temperature gradient are

(aox/ax) + (BTXY/BY) - (Ea/(1-v)) (3T/3x) 0 (B-1)

(BOY/BY) + (arxy/ax) - (Ea/(1-v)) (3T/3y) 0 (B-2)
The stresses, O r OYs and Txy, are related to strains by the

generalized Hooke's Law.

Generalized Hooke's Law

In a plane stress problem, Hooke's Law gives the following

relations between stresses and displacements (15, 20).

o, = (B/(1-v%) ((30/3%) + v(3V/3y)) (B-3)
0, = (B/(1-v%) (v(3U/8x) + (3V/3y)) (B-4)
TXY = G((3U/9y) + (9V/3x)) (B-5)

Governing Differential Equations

The governing differential equations are found by

substituting (B-3) to (B-5) into (B-1) and (B-2), yields



34

(3((E/(1-V2))((3U/3X) + v (9V/3y))) /3x)
+ (3(G((3U/3y) + (3V/9x)))/3y) - (Ea/(1l-v)) (3T/3x) = 0
(B-6)
(3 ((E/(1-v2)) (v(3U/a%) + (3V/3y)))/3y)
+ (9 (G(3U/9dy) + (3V/0x)))/9x) - (Ea/(l-v)) (3T/3y) = 0
(B=-7)
Carrying out the differentiation and factoring out E/(l—vz)
and G, then substituting E = 2G(1l+v) yields
(2G6/(1-v)) ((3%U/3x%) + v (3%v/0xdy)))
+ G((5%0/3y%) + (3%V/(x3y))) - (Ea/(1-v)) (3T/3%) = 0
(B-8)
(26/(1-v)) (v (3%u/3x0y)) + (3%v/3y%))
+ G((3%U/ (3xdy) + (3%V/3x%)) - (Bo/(1-v)) (3T/8y) = 0O
(B-9)
Factoring out G and rearranging terms and substituting
2/(1-v) = 1 + (1+v)/(1-v) and 2v/(1-v) + 1 = (1+v)/(1l-v) yields
Gl (14 (1+v) /(1-v)) (3%0/3x%) + (520/8y2) +((14v)/(1-v))
(3%V/(3x3y))} - (Ea/(1-v)) (3T/3x) = O (B-10)
GL((1+v) /(1-v)) (3%U/3xdy)) + (1+(1+v)/(1-v)) (3%v/3y?)
v (3%v/9%%) - (Ea/(1-v)) (3T/3y) = O (B-11)
Rearranging terms so those multiplied by the Laplacian,
v2 = a( )/8x°+3( )/dy?, and those multiplied by (1+v)/(1-v)
are grouped together, then factoring out the common different-
iation from the terms multiplied by (1+v)/(1-v) yields
GLT2U+ ((1+v) /(1-v)) (3 ((3U/3x) +(3V/dy)) /5x)

- (Ea/(1-v)) (3T/3x) = O (B-12)
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G{v2v+((1+v)/(1—v))(a((aU/ax)+(av/8y))/ay)}

- (Ea/(1l-v)) (8T/3y) = 0 ‘ (B~13)

Equations (B-12) and (B-13) are the governing differential
equations for a plane stress'problem with a known termperature

distribution.
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Variation of U and V

The variational equation is derived using algebraic
expressions for U and V substituted into the total potential
energy equation.

U

U + 6U

1]

V=V+ &V (C-1)

Variational Equation Before Integration by Parts

Substituting (C-1) and (C-2) and their derivatives into

the total potential energy equation. Then eliminating the

higher orders of the variation, (BGU/BX)Z, (08U/03x) (38V/3y),

(aav/ay)z, (86U/8y)2, and (86V/8x)2, since the variations are

small. The resulting equation is

§n = H” [(E/(1-v2)) [ ((3U/3x)+(3V/3y)) (38U/5x)
(A)

+ ((3U/9x)+(3V/3y)) (38V/9x) 1+G[ ((d3U/3y)+(3V/3x)) (38U/dy)

+ ((9U/9y)+(3V/0x)) (38V/3x)-2((3U/3x) (398V/dy) +

(3V/3y) (38U/3x)) 1} da-H JJ {(Ea/(1-v)) ((38U/0x) +

(A)
X=L x2 y=B
(38V/3y)) T} dA-f [RSU] dy + ( [F V]  dx
0 x=0 )xl n
%2 =B
+ J [FtﬁU]y dx (C-2)
b

1

Rearranging terms, factoring out (38U/dx), (2.8U/9y) ,
(08V/9x), and (36V/3y), and substituting G = (E/(2(1+v)))

yields
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st = H JJ {(E/(l-vz))[((8U/8x)+v(8V/8y))(BGU/BX)
(A)

+ (v(3U/8x)+(3V/3y)) (38V/3y) I+G[((3U/3y)+(3V/3x)) (38U/3y)

+ ((3U/3y)+(8V/3x)) (38V/dx) ]} da

- (EHo/(1-v)) fj [((368U/9%x) + (38V/dy))T] dA
(A)

x2 y=B
[Ft6U] dx

1

B x=L x2 -B
- [ [RSU] dy + f [FnGV]y_ dx + J
X

0 x=0 X

Variational Equation

Integrating by parts to eliminate the derivatives of

the variations yields
2 B x=L
St = (EH/(1l-v7)) {J [((3U/3x)+v(3V/3y))SU] dy
0 x=0

” ((52U/5%2) +v (32V/ (3xdy) ) ) 6U dA)
(a)

L y=B
(EH/(l—vz)){J [(v(3U/3x) + (3V/3y)) V] dx
0 y=0

+

(J (v(82U/(8x3y)) + (82V/8y2))6V da
()

L y=B , 2 2
+ GH { [ [((3U/3y) + (3V/0x))SU] dx - jj ((37U/3y™)
10 y=0 (A)
5 ' B x=L
+ (37V/(9x0y)) U dal + GH{J [((3U/3y) + (9V/3x))dSV] dy
0 x=0

JJ ((BZU/(BXBY)) + (3 v/ax ))&V dAl
()

. B
-(EHa/(l-v)){[ [TSU] d f( (3T/3x) §U dA }

0 x=0 J
L x—B
-(EHa/(l—v)){J [TSV] J (3T/0y) 8V dA }
0 y=
B x=L ) y=B 2 y=B
- J [R6U]  dy + J [F 6V] dx + f [F 6U]  dx
0 x=0 X Xy
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Substituting (E/(l-v2)) = G(1+((1+v)/(1-v))), rearranging

terms, and substituting v2 = 82( )/3X2 + 32( )/3Y2

yields
5 B x=L
St = -=(EH/1-v7)) [ [((3U/3x) + Vv (3V/dy))8V] dy
0 x=0
L y=B '
[(v(3U/8x)+(3V/dy)) 8V] dx

~ (EH/ (1-v?)) f
y=0

0

L y=B B .
-GH [ [((3U/3y)+(3V/3x))SU] dx-GH J [((3U/3y)+(0V/3x))SV]
0 y=0 0

B x=L x2 y=B Xq y+B
+ J‘[RGU] dy - j [FnGV] dx - J [FtGU] dx
0 x=0 Xy Xy

+ H JJ {G[V2U+((l+v)/(l—v))(3((8U/8x)+(8V/8y))/8x)]
(A)

B x=L
(Eo/ (1=v)) (3T/8x)8}U dA + (EHa/(l-v))J [TSU] dy
0 x=0

+ H {f {G[V2V+((l+v)/(l—v))(3((8U/8x)+(8V/3Y))/8y)]
(A)

L v=B
(Ea/ (1-v)) (3T/3y) }dvda + (EHa/(l—v))f [TSV] dx
0 y=0

(C-5)
Since the plate remains in equilibrium, the variation of the
total potential energy, &7, must equal zero. The admissible
approximating functions for U and V are substituted into

(C-5) to form a system of linear equations.

X=L

x=0
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Satisfaction of Equilibrium Equations

The differential equations given in Appendix A((1A)
and 2A)) are not satisfied by the assumed stress functions
used in the vibration program (10). The functional form
used is given by (10)

Non n_m

Stress = z z Sn+mx vy (D-1)

m=0 n=0

The above statement will be verified for the case when N=3,

and no temperature field present.

Let
_ 2 3 2 3 2
OX = no+nlx+n2x +n3x +n4xy+n5x y+n6x y+n7xy
2.2 3.2 3 2.3 3.3
+ NeX'y +n9x y +n10xy +nllx N +n12x y +nl3y
2 3 .
+ ng,y +n15y (D-2)
_ 2 3 2 3 2 2.2
v = uo+ulx+u2x +u3x +u4xy+u5x y+u6x y+u7xy +u8x vy
3.2 3 2.3 3.3 2 3
t QXY FUp XY U XY U XY T 3YTH Y FH5Y
(D-3)
_ 2 3 2 3 2
TXY = TO+T1X+T2X +T3X +T4xy+15x y+T6x y+17xy

2.2 3.2 3 2.3 3.3 2 3
tTgX Y FTGXTY AT g XY AT XY AT XY AT VT Y Ty

(D-4)
Substituting (D-2) to (D-4) into the differential equations
of equilibrium and gathering like terms together yields

2
(nl+1'13 4) 3+Tt)X +(2n5+2r7)xy
2 2

2 2
+ (3n0+218)x y+(2n8+3tlo)xy +(3n9+3rll)x y

2
+ (n4+2114) 15)y +2nll 12
3 3.2

3 - -
TR 21X Ty+3T, XY = 0 (D-5)

)+ (2n+71,) X+ (3n

y+(n7+3T xy3+3n x2y3+n

10Y

and
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: 2
(Tl+ul3)+(2T2+p4)x+(3r3+u5)x +(2Tt+2u7)xy

2 2 2 2
+ (316+2u8)x y+(218+3u10)xy +(3T9+3ull)x y

2 3 2.3
+ (T4+2ul4)y+(17+3u15)y +2111xy +3112x v

3 3 3 3.2 _
+ T1oY +u0x +2u9x y+3u12x y- =0 (D-6)

But the terms in (D-5) and (D-6) must add up to zero. So
Do’ Py1r Pygr Tgr Tgr Tigr Typr Typr Mg Hgr a@nd 1y, must
equal zero, since theyv are constant coefficients. However,
g’ and n9

must be set equal to zero. So the final functional forms

19, Tll, Tlo and T6 equal zero, thus U8’ Hypr n

of 0., o, and T are
X Y Xy

2 3
GX = no+nlx+n2x +n3x +n4xy+N5 6

2 3
+ nyoy+Ny Yy AR, ey (D-7)

x2y+N x3y+n7xy2
2 3 2 2
ag = U0+U1X+U2X +u3x +u4xy+u5x +yu7xy
3 2 3
T Uy XY M 3VFHy Y FHy Y (D-8)
_ 2 3 2 2
T = T.+T x+12x +T3x +T4xy+15x y+17xy

Xy 0 1

2 2 2 3
+ TgX'Y +T13y+Tl4y +115y (D-9)

Determination of U and V

Using Hooke's Law, the functional forms of U and V can
be determine.

To satisfy the equation for Oy (D=7)

_ 2 3 4 2 3
Ul = A0+Alx+A2x +A3x +A4x +A5xy+A6x y+A7x y
2 22 3 4
+ A8xy +A9x y +Aloxy +Allx v+£(y) (D-10)
and
2 3 2 2.2
Vl = g(x)+85xy+B6x y+B7x y+88xy +89x y

3 2 3 4 3.2
Bloxy +Blly+812y +Bl3y +Bl4y +Blsx y (D-11)

+
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To satisfy the equation for Oj (D-8)

_ 2 3 4 2 3
U2 = AO+Alx+A2x +A3x +A4x +A5xy+A6x y+A7x y
2 2 2 3 2.3 ,
o+ A8xy +A9X y +Aloxy +A12x vy +£f(y) (D-12)
and
= 2 3 2 2 2
V2 = g(x)+85xy+B6x y+B7x y+88xy +89x v
3 2 3 4 4
+ Bloxy +Blly+812y +Bl3y +Bl4y +816xy (D-13)
But U, must equal U2, and V., must equal V therefore

1 1 2!
All’ A12’ BlS’andBl6 must equal zero.
The functions for U and V must also satisfy the shear

stress relationship given by Hooke's Law.

il

G((3U/3y)+(3V/2x)) = GL(Ax+A X +Aox +g' (x))

Txy 5¥*Ag
2 2
+ (2A8+286)xy+(2A9+387)x y+(3AlO+289)xy
' 2 3 -
+ (f (y)+BSY+B8Y +Bloy )] (D-14)
Thus, g'(x) = Bl+82x+B3x2+B4x3 (D-15)
: _ 2 3 _
and £'(y) = AjjtA;,vHA LY A, Y (D-16)
B B B
So g(x) = BO+BlX+T§x2 + 7§x3 + jéx4 (D=-17)
A A
and f(y) = AO + Ally + A12y2 + —%§y3 + —%£y4 (D-18)

Hence, the final functional form is found to be
_ 2 3 4 2 3
Uu = AO+Alx+A2x +A3x +A4x +A5xy+A6x y+A7x v
2 2 2 3 2,,- .3 4
+ A8xy +A9x y +A10xy +Ally+A12y +Al3y +Al4y (D-19)
and
x2y+B7x3y

2 3 4
BO+le+82x +B3x +B4x +85xy+B6

2 2.2 3 2 3 4
+ Bsxy +89x y +Bloxy +Blly+812y +Bl3y +Bl4y (D-20)

<
|

The observation is made that U and V are of binomial
form. The degree of the polynomial approximating function
for the temperature field should be at most one degree less

than the degree of the polynomial used for U and V.



Il

Ordering of

45

Functions ¢ and y

X - (x3/L2)

x? - (x3/1)

2

2



APPENDIX F

Program Output
a) Displacements for program when N=5,6,7

b) Displacements for finite element runs
(CQDMEM, CQUADS)

NOTE - In finite element runs subcase 1 is a
tangential load, and subcase 2 is a
normal load.
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