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Reliable dynamic descriptions of cellular growth are im- 
portant for many practical applications including bio- 
reactor design and control. A chemically structured growth 
model of Escherichia coli has been formulated and herein 
we focus on finding the essential dynamic order of the 
metabolic part of this model. Standard linear analysis is 
applied and the main finding is that the model contains 
three essential modes of motion over the time scale of 
growth. The doubling time is successfully predicted from 
an unstable growth motion and the metabolite compo- 
sition of the three modes of motion suggests that only a 
three pool metabolic model is necessary. The three pools 
correspond to important groups of macromolecules; pro- 
tein, nucleic acids and cell wall constituents. 

INTRODUCTION 

Dynamic models of bacterial growth are needed for 
design and control of bioreactors. Oversimplified de- 
scriptions, like the simple Monod growth model that 
describe the state of the organism with a single vari- 
able, have been extensively used. The increasing focus 
of currently developing biotechnology on intracellular 
events signifies an impetus for developing physiolog- 
ically rational growth models that account for the un- 
derlying well documented biochemistry. Pioneering steps 
in this direction have been  taker^-^ and an exponential 
growth single-cell model (SCM) for E.  coli has been 
formulated. The model consists of detailed description 
of about 18 key metabolites and it contains over 100 
kinetic parameters. However, this degree of complex- 
ity is likely to hamper the practical utility of this model. 
A balance between physiological reality and simplicity 
is needed to develop tractable models that are of prac- 
tical utility. 

The SCM can serve as a starting point for the de- 
velopment of a simplified but physiologically rational 
E. coli growth model. The important task is to distill 
out the dynamic essentials from the complex model 
that are necessary to describe the growth process itself. 
A priori it seems unlikely that all model variables and 
kinetic parameters play an important role in deciding 
the fate of cellular growth. 
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The following issue is addressed in this paper: given 
the chemically structured complex model of E .  coli to 
what extent is the detailed information contained in 
the model relevant to the description of E.  coli growth. 
Specifically what is the essential dynamic order of the 
growth process. We will show how judicious appli- 
cation of traditional system science techniques to the 
SCM accomplishes this goal. We propose a new simple 
physiologically rational “three pool” model as a com- 
promise between the oversimplified Monod growth 
model and the complex structured description. 

DEVELOPMENT OF A SIMPLE E. coli 
GROWTH MODEL 

The Structured E. coli Growth Model 

The E.  coli SCM visualizes the “whole cell” as an 
expanding bioreactor that is free to change its size and 
shape and to respond to changes in external glucose 
and ammonium concentrations. The SCM has the ca- 
pacity to predict changes in cell morphology and cel- 
lular composition during growth. l - )  Growth character- 
istics such as cell size and shape, length of C and D 
phases, points of DNA initiation and termination are 
all natural responses of the cell model. 

The complete model of the cell accounts for 18 or 
more metabolites which represent the inherent dy- 
namic structure of the underlying metabolism. Each 
equation in this model corresponds to a dynamic mass 
balance on a particular metabolite. Intermediary me- 
tabolism is coupled with a set of another auxiliary de- 
scription related to cell morphology and decision char- 
acteristics of the cell (see Fig. 1). The model equations 
are too complicated to justify a detailed listing here. 
Such a listing can be found in the original references*-’ 
though a brief description of the model is given in 
Figure 1. We are only concerned with the “metabolic” 
part of this model. We will not examine the auxiliary 
parts of the model as they are described as explicit 
functions of the metabolite concentrations. 
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METABOLIC DYNAMICS 

a) Catabolism: ATP production 
b) Anabolism: production of 

aminoacids.nucleic acids, 
cell wall precursors 

c) Epigenic system: synthesis 
of macromolecules, DNA, 
RNA, protein and cell wall 

constituents 
cell volume and 

Figure 1. Topological structure of E.  coli growth model. 

anti-repressor and 

Examination of Model Dynamics 

To obtain qualitative information about the dynam- 
ics of cell growth process, we linearize a set of kinetic 
equations around a reference point as: 

CELL MORPHOLOGY 
Equations describing 
cell length, width, 
surface and volume 

where x is a vector of concentrations;f(x) is a n-di- 
mensional nonlinear function containing the reaction 
laws; J is the Jacobian matrix (df,ldxj); and the sub- 
script ref denotes the reference condition. The refer- 
ence point here is a newly born cell. 

The Jacobian matrix is then diagonalized 
J = M - '  AM where the matrix A has the eigenvalues 
of J on the diagonal and M-'  and M are matrices com- 
prised of the eigenrows and eigenvectors, respectively. 
The linearized system is then transformed into a set of 
dynamically independent variables as: 

DNA RELATED EVENTS 
septum 

4 

cell width SEPTUM WALL synthesis 
SYNTHESIS initiated 

dm 
dt _ -  - Am + M-'lf(x,J - Jx,,~]; m = M-'x ( 2 )  

The new variables m are called modes and they move 
independently of each other on time scales defined by 
the corresponding eigenvalue. The negative reciprocal 
of the eigenvalues are the time constants. We can now 
think of the linearized system, eq. ( 2 ) ,  as a set of n 
decoupled first order subsystems, i.e., each subsystem 
evolves in time independently of the others. The in- 
formation obtained through linear analysis is: 

1) the time constants, which give the distribution of 
time scales inherent in the system; and 

2) the modal matrix, M-I, which maps the concen- 
tration variables onto the time scales. 

Although the modes are abstract mathematical quan- 
tities, they lead in particular to elegant physical inter- 
pretation when linear analysis is applied to chemical 
 kinetic^.^.' The main objective of modal analysis is to 
decompose large interconnected systems into combi- 
nation of dynamically independent first-order systems. 
This decomposition is important when it is desired to 
focus attention on an important subset of the modes, 
e.g., in our case the modes that move on time scales 
which overlap with the time span of growth. The SCM 
model is, however, nonlinear and that the linearization 
will only give semiquantitative information about the 
full nonlinear system. The information obtained, how- 
ever, gives good insight into model dynamics as we 
will now discuss. 

Time Scale Hierarchy and Modal Structure 

A representative modal matrix and time constants 
for a newly born E. coli cell with a doubling time of 
45 min is shown in Table I. The information displayed 
in Table I immediately gives important information about 
the dynamic characteristics of this model. 

The first column in Table I shows the inherent time 
constants in the system and inspection of those reveals 
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Table I. A representative modal matrix of a 45-min cell of E.  coli (AI) ammonium ions, (A,) glucose, (PI) amino acids, (P2) ribonucleotides, 
(PJ deoxy ribonucleotides, (P4) cell envelope precursors, (M,) proteins, (M4) cell envelope constituents, (M,) glycogen, (E3)  septation 
enzyme, (RNA,, RNA2, RNA,) different forms of RNA. This Modal Matrix is calculated for a freshly born cell with a doubling time of 45 
min. Similar information is obtained from the Modal Matrix of slower growing cells. 

Mode Time 
no. constants A,  A2 PI pz p3 P4 Mi M4 Ms E3 RNAi RNAz RNA, 

1 -0.95 h 0.5 0.1 -0.1 -0.1 1 0.1 - 1 . 1  0.7 -0.1 -0.1 -0.1 
0.5 1.0 0.2 
0.3 - 0.2 1 .O 
1 .o -0.1 

<min 1 .o 
6 1 .O 0.1 -0.2 0.5 
7 - 0.2 0.1 1 .O 
8 0.8 0.1 0.1 0.2 -0.1 -0.1 
9 1 .O 0.2 0.4 0.6 -0.2 -0.2 -0.4 0.1 1 .o 

h 0.2 0.1 0.5 0.5 -1 0.1 -1.1 -0.1 0.6 0.6 0.5 
1 1  0.5 0.3 -0.5 -0.5 - 1 0.5 - 1.1 2 -0.5 -0.5 -0.5 

>I0 h -0.1 -0.1 -0.2 1.0 0.1 
t 

13 t 0.1 -0.1 -0.3 1.0 0.1 

I 
that the metabolic transients can be divided into three 
time regimes: 

1) Transients on the order of tens of minutes to an 
hour. These transients comprise the set of modes which 
characterize the dynamics over the growth time scale 
and are of key importance here. The eigenvalue as- 
sociated with the first mode is positive reflecting the 
exponential growth character of the system. The neg- 
ative reciprocal of this unstable eigenvalue gives the 
time constant for growth of the cell. The relationship 
between the linearized growth time constant (which is 
the reciprocal of "specific growth rate") and the dou- 
bling time of the cell is given by the relation: 

fdouble = - ln(2)tgrowth (3) 
where tgrowfh is the time constant of the unstable growth 
mode. This time constant gives an excellent prediction 
of the cycle time of the cell. Figure 2 shows the trend 
of the predicted growth rate and the growth rate ob- 
tained through the simulation of the full model on a 
double reciprocal plot of growth rate and substrate 
concentration. One important point to note here is that 
the predicted growth rate is obtained only from the 
initial growth conditions and no full integration of the 
eighteen equations is involved. Thus, the unstable ei- 
genvalue is a simple way to predict the approximate 
time a cell takes to double its contents. 

Table I shows that the proteins and amino acids 
move in a fixed ratio on these three time scales and 
are hence dynamically equivalent. This feature implies 
the formation of a metabolic pool that is comprised of 
proteins and amino acids. Similar observations are made 
for the pools of cell envelope and its constituents and 
ribonucleotides, deoxy-ribonucleotides, and RNA. This 
implies that these three key metabolite pools represent 
the essential behavior of E. coli metabolism during 
growth. Consequently, the whole system can be re- 

duced to describe the movement of key metabolite 
pools during the exponential growth phase of the cell. 
The three metabolic pools are defined as: 

pool, : ribonucleotides, deoxy-ribonucleotides, and 
RNA, 

poolz: amino acid and protein, and 
pool3: cell envelope precursors and cell envelope 

constituents. 

L ! .  u. 1 1 1 3  3 .  i 
l/Glucose (I,'mg) 

Figure 2. Calculated growth rate as a function of external glucose 
concentration: (A) predicted growth rate from unstable mode and 
(13) simulated growth rate from full SCM. The simulated curve pre- 
sents the chemostat data for E.  coli B/r-A grown at 37°C (ref. 2). 

COMMUNICATIONS TO THE EDITOR 791 



glucose (external) 

i 
glucose (internal) 

pools pool* p001l- DNA 
(‘cell wall (‘protein’) (‘nucleic acids’) 
constituents’) 

I \  
septum cell wall 

Figure 3. Reduced growth model of E.  coli. 

Similar observations are made when the modal ma- 
trices for the E.  coli cells with cycling times of 0.84, 
1.34, 2.18, and 2.78 h are calculated. 

2) Fast transients (order of seconds to  minutes). The 
modal matrix tells us that the fast transients can be 
associated with reactions that adjust rapidly to the 
growth pattern. These transients reprsent low-rnolec- 
ular-weight metabolism. Specifically, they are the fol- 
lowing: 

a) Modes 2,3, and 4 describe the approach to equi- 
librium for glucose and cell envelope precursors. Since 
they move on fast time scales, their dynamics can be 
relaxed. 

b) Mode 5 reveals that ammonium ion concentration 
is a fast dynamically independent variable and hence 
its dynamics can be relaxed. 

c) Modes 6,7,8, and 9 show the relative magnitude 
of interaction among the lower molecular weight me- 
tabolites. Since these transients are moderately fast 
they can be relaxed to obtain the adjustment of the 
low molecular weight metabolites towards the cells 
growth pattern. 

3) Slow transients (on the order of days). The slowest 
dyanmics in this model represent a slowly changing 
mass balance on septation enzyme on the order of 
15-35 h. This time span is longer than the time scale 
of interest here. 

INTERPRETATION OF GROWTH DYNAMICS 

The simple analysis presented above leads to elegant 
interpretation of E.  coli growth dynamics. The events 
happening on the time scales of ca. 1 h are essentially 

those associated with the motion of macromolecules. 
The interaction between the low-molecular-weight pre- 
cursors and the macromolecules lead to the formation 
of three simple metabolic pools that are comprised of 
macromolecules and their precursors. From these re- 
sults, one can construct a simple three pool model as 
shown in Figure 3. The derivation of the full dynamic 
equations and the rate laws for the simple three pool 
model is a long procedure and will be presented in a 
separate, more extensive, communication. 

Since the dynamics of cell morphology and certain 
decision making events are functions of the amount of 
macromolecules present, i.e., the significant pools, this 
reduced model would have the ability of simulta- 
neously predicting the cell morphology and cellular 
composition. Though this view may seem too simplis- 
tic, our preliminary simulations indicate that the three 
pool model do possess the capability of replicating the 
original model over the growth time scale. These find- 
ings along with the full parameter values will be doc- 
umented in a forthcoming communication. 

CONCLUSION 

Reduction in model complexity is essential to make 
metabolic models attractive for practical use. The re- 
sults presented herein illustrate the utility of eigen- 
value/eigenvector analysis to attain this goal. We see 
that the dynamic order reduces naturally and logically 
within the framework of linear analysis to give an in- 
sight into the physiological function of key concentra- 
tion variables. 
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