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Stem cell models are used to describe the function of
several tissues. We present unilineage kinetic description
of stem ceil models and their application to the analysis
of ex vivo hematopoietic cell expansion data. This model
has the capability to simulate the total cell number and
the number of cells at each stage of differentiation over
time as a function of the stem cell self-renewal probability,
the growth rate of each subpopulation, and the mature
cell death rate. The model predicts experimental observa-
tions in perfusion-based hematopoietic bioreactor sys-
tems. To obtain net cell expansion ex vivo, the model
simulations show that the stem cell self-renewal probabil-
ity must exceed one-half, thus resulting in net expansion
of the stem cell population. Experimental data on long-
term culture-initiating cells {LTC-IC) confirm this predic-
tion and the probability of self-renewal is estimated to
be 0.62 to 0.73. This self-renewal probability, aiong with
the death rate, define a relationship in which the apparent
overall growth rate is less than the compartmental growth
rate. Finally, the model predicts that cells beyond the stem
cell stage of differentiation must self-renew to achieve the
level of expansion within the time frame observed in
experimental systems. © 1996 John Wiley & Sons, Inc.
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INTRODUCTION

Actively proliferating tissues in vivo are believed to
generate mature cells through a complex differentiation
process that originates from an undifferentiated celi
called the stem cell. This process is perhaps best docu-
mented for bone marrow (Emerson, 1991; Hall and
Watt, 1989; Heimfeld and Weissman, 1991), epidermis
(Hall and Watt, Potten et al., 1982; Wright, 1983), villi
formation in the small intestine (Hall and Watt, 1989;
Potten and Loeffler, 1987, 1990), and has more recently
been suggested for liver (Sell, 1990; Sigal et al., 1992;
Thorgeirsson, 1993) and neural crest (Davis and Tem-
ple, 1994; Stemple and Anderson, 1992). Kinetic models
of cell growth, sometimes accounting for underlying me-
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tabolism and other biochemical processes (Nielsen and
Villadsen, 1992) have played an important role in the
study and use of continuous, homogeneous cell lines
and strains. As the field of tissue engineering develops,
kinetic models are likely to play an important role in
the development of reconstituted ex vivo tissue func-
tions and in the study of the fate of cells in vivo following
transplantation. However, because tissues are inher-
ently more complex than homogeneous cell cultures,
the kinetic models will be considerably more complex,
needing to incorporate stem cell self-renewal, differenti-
ation, and cell to cell interactions. Furthermore, tissues
in which the geometric organization is important for
cell growth and function (e.g., the small intestine) will
require an addition level of complexity.

Compared with other tissues, bone marrow has been
relatively well studied, and the hematopoietic process
has been the subject of model-building in a number
of studies (Nakahata et al., 1982; Schmitz et al., 1993;
Schofield et al., 1980; Till et al., 1964; Vogel et al., 1968;
Warner and Athens, 1964; Wichmann et al., 1988). Also,
bone marrow cultures have significant applications to
clinical practice and basic scientific studies of tissue
structure—function relationships (Koller and Palsson,
1993). Therefore, hematopoiesis is a logical candidate
system for the initial development of mathematical
models of ex vivo tissue function. The first step toward
this goal is presented in this study.

Long-term bone marrow cultures (LTBMC) were de-
veloped in the 1970s for the murine system (Dexter
et al., 1977). Unfortunately, human LTBMC have not
performed as well as their murine counterparts, despite
extensive research in this area (Eaves et al., 1991; Green-
berg, 1984). Prolific human hematopoietic culture condi-
tions have been developed that are based on rapid me-
dium replacement to mimic the dynamic in vivo
environment (Schwartz et al., 1991a, 1991b). Based on
these culture conditions, a continuous perfusion biore-
actor system has been developed that supports much
higher cell densities than those obtained under static
tissue culture protocols (Koller et al., 1993a, 1993b).
These and related developments have been reviewed in
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detail (Koller and Palsson, 1993). While expansion of
cells at all stages of differentiation is obtained in these
bioreactors, it is likely that the performance of these
bioreactor systems can be further optimized. A dynamic
model of stem cell self-renewal and differentiation is
required to conceptualize events taking place in the
bioreactors, to predict and seek consistency in the ob-
served data, and eventually to be used for optimization
of bioreactor performance. In the present study, we
develop a unilineage kinetic model of blood cell forma-
tion that is based on the biological stem cell model for
hematopoiesis.

DESCRIBING TISSUE FUNCTION WITH
UNILINEAGE KINETIC MODELS

The function of many tissues is conceptually described
by a stem cell model (Caplan, 1991; Emerson, 1991; Hall
and Watt, 1989; Warner and Athens, 1964; Wichmann
et al., 1988; Wright, 1983). According to this model, all
mature parenchymal cells originate from a pluripotent
stem cell. Stem cells are endowed with the capability to
self-renew and thus maintain their phenotype indefi-
nitely. A daughter cell resulting from a stem cell division
may undergo commitment and differentiation, thereby
losing its stem cell properties. The committed cell then
undergoes a proliferation and differentiation process to
generate a large number of mature parenchymal cells.
In bone marrow this process is called hematopoiesis, a
process that will be considered in what follows.

Model Assumptions and Dynamic Description

If one is only concerned with total cell production in
an ex vivo bone marrow system, and not the number
of cells at each stage of differentiation in each lineage,
one can describe the hematopoietic process with a unili-
neage model (Warner and Athens, 1964). The pathways
for cell growth and self-renewal of stem cells according
to this scheme are depicted in Figure 1. A kinetic de-
scription of this model is based on the following assump-
tions:

1. The hematopoietic process is viewed as a series of
discrete stages through which the cells pass as they
differentiate.

2. The stem cells are in the first compartment. Upon
division, a stem cell may self-renew or differentiate
(Till et al., 1964). The probability of self-renewal,
is between 0 and 1. If differentiation occurs, the cell
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Figure 1. A schematic representation of a unilineage cell kinetic
model of hematopoiesis.

moves on to the next stage of differentiation, other-
wise, it remains in the stem cell compartment.

3. The cell specific growth rate, u, accounts for the
maximum cell density (X,.,) that is observed in biore-
actors (Koller et al., 1993b; Palsson et al., 1993):

N
2%

M= Mmax\1 — = (1)

X max

where the cell density is denoted by x, the differentia-
tion stage by i, and the maximal growth rate is pmay.
When x <€ x,.,, the increase in cell number is expo-
nential; when x approaches x,,, the growth rate is
attenuated, and the cell density approaches its maxi-
mum value.

4. Two further simplifying assumptions are made: the
effects of mitogens are constant, thus not influencing
the growth rates; and also, growth rates are the same
for cells of all stages of differentiation. Relaxing these
assumptions would lead to more complex models that
contain parameters that cannot be readily estimated
with presently available experimental data.

S. The last compartment containing the fully mature
cells has a death rate of k, representing the continu-
ous turnover of most mature blood cells. Cell death
in intermediate compartments may occur, especially
if an insufficient amount of growth factors is present.

Based on these simplifying assumptions, a cell popula-
tion balance on each compartment in Figure 1 leads to
a set of dynamic equations that describe the hematopoi-
etic process:

dx1 _ _

“L=(f -~ Dy, @
dx

Ez =21 — flpx; — ux; (3
dx,
E=2p.x,,_1—y,xn n=34,...,N-1 (4
dx
”&;—V = 2uxnq — kaxy ()

with initial conditions:
Xi = Xi)o» i=12,...,N, @ =0 (6)

Scaling and Dimensionless Kinetic Equations

Logical reference scales for time and cell density are the
maximum growth rate and the maximum cell density,
respectively. Eqs. (2)-(6) are made dimensionless by
introducing the following variables:

T = Mmaxl; X* = x—xi s x* = Exf )
. ,
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Xmax 1S the maximum cell density. The dimensionless
dynamic equations therefore become:

dx*
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This system of ordinary differential equations can
be integrated to determine the cell distribution at the
various stages of differentiation as functions of time and
the kinetic parameters of the model.

Model Parameters and Estimated
Numerical Values

The parameters appearing in the model are f, pmax ks
Xmax, @and N. To carry out the simulations, the initial cell
density in each compartment must be specified. The
apparent regeneration time for hematopoietic cell popu-
lations in vivo is about 2 days (Koller and Palsson, 1993),
and this time is closely approximated in the perfusion-
based bioreactor systems. Thus, a representative value
for the maximal growth rate is . = 0.35 day~'. Faster
growth rates have been reported for purified primitive
bone marrow cells (characterized by the presence of the
CD34 surface antigen [Civin et al., 1984] and the lack
of CD38, HLA-DR, or CD71). The reported doubling
times for this population can be calculated from pub-
lished cell expansion data and they fall in the range of
0.76 to 1.0 days (Lansdorp and Dragowska, 1992; May-
ani et al., 1993) to 1.6 to 2.1 days (Brandt et al., 1992;
Srour et al., 1993).

The death rate in the last compartment depends upon
the mature cell type. For instance, mature erythrocytes
have a lifespan of 120 days, whereas granulocytic celis
have a lifespan of less than 1 day (Cronkite, 1988).
Therefore, in the simulations presented below, we show
the effect of several different death rates.

Perhaps the most important parameter of this model
is the self-renewal probability, £ Under steady-state in
vivo conditions, f must be 0.5. However, for ex vivo
expansion of hematopoietic cells, f should exceed one-
half, resulting in an expansion of the stem cell popula-
tion (shown in Fig. 2).

The number of differentiation steps can be estimated
from experimental data on long-term culture-initiating

cells (LTC-IC) (Sutherland et al., 1990). This population

cell (Eaves et al., 1992; Moore, 1991; Ploemacher et al.,
1991). According to reported densities of LTC-IC in
bone marrow, primitive cell frequencies are on the order
of 1 per 20,000 (Sutherland et al., 1990). Assuming that
bone marrow is in a balanced differentiation state—
exponentially increasing with compartment number in
accord with the growth and death rate—we can estimate
that the total number of proliferative stages, N, is ap-
proximately 14 (i.e., 2! is approximately 20,000). To
compare our model with ex vivo growth data, we will
assume for the present purposes that the LTC-IC assay
detects stem cells and that the LTC-IC density can be
used to estimate the length of the differentiation path-
way. However, it is important to note that while the
LTC-IC assay measures very primitive cells (Eaves et
al., 1992), the LTC-IC population is somewhat heteroge-
neous (Sutherland et al., 1990) containing cells with
different degrees of proliferative potential. Further-
more, other methods to estimate the number N have
been presented (Schmitz et al., 1993),

The maximum cell density, Xy, iS a property of the
culture system used. The reported value for x,, in a
hematopoietic perfusion bioreactor system has been re-
ported to be roughly 3 million cells/em? (Koller et al.,
1993b; Palsson et al., 1993). This value will vary with
the culture system used.

Initial conditions must be assigned. Two types of ini-
tial conditions are of interest. First, an exponential dis-
tribution of cells with more cells in later compartments
simulating balanced differentiation in vivo, and second,
a single cell in one compartment simulating the kinetics
of colony-forming assays.

Solution Method

The model system just formulated is readily solved using
any standard numerical method that integrates a set of
ordinary differential equations. For the computations
presented here, the Runge—Kutta fourth-order method
(Carnahan et al., 1969) was used to integrate the differ-
ential equations.

RESULTS AND DISCUSSION

The kinetic model can be used quantitatively to examine
the interactions of the parameters which it embodies,
such as the effects of self-renewal and death rate on
cell production. It can also be used to estimate kinetic
parameters from experimental data. The model can pre-
dict total cell production and the number of cells at all
stages of differentiation, including stem cells. We now
use the model to address a series of questions.

What Is the Effect of Self-Renewal Probability
and Death Rate on Cell Production?

We first examine the influence of the kinetic parameters,

f and }Cd}il«max, on overall cell proAuchon. 1he mott 4p-
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Figure 2. Simulated growth characteristics for different stem cell self-renewal probabilities and mature cell death rates. The three columns
are for various ratios of death rate to growth rate. The upper row of panels is for self-renewal, f, exceeding one-half, and the lower row for
fless than one-half. Note the dotted line is the experimental data adopted from Figure 1 of Koller et al. (1993b) for comparison using pimay

that corresponds to a doubling time of 1 day.

nificant effect on cell production is exerted by f (Fig.
2). In spite of the influence of ki/pmax on the growth
curves, it is clear that f must be greater than one-half
to obtain net expansion of total cell numbers over time.
Thus, we conclude that, if the stem cell model holds,
the cell expansion observed in perfused cultures (Koller
et al., 1993b; Palsson et al., 1993) indicates a self-renewal
probability exceeding 0.5 under these conditions.

Three different dimensionless death rates for the last
mature compartment—~0.03, 0.3, and 3.0—were used in
the simulation. If pn,y is 0.35 per day, these values of
ka/pmax correspond to the half-life of cells in the last
compartment being 1600, 160, and 16 h, respectively. It
should be noted that for granulocytes the ratio ku/mmax
is greater than unity, whereas for erythrocytes it is much
smaller than unity.

What Is the Predicted Self-Renewal Probability
Based on Experimental Data?

Next we obtain a quantitative estimation of the value
of f based on reported experimental data. The effect of
f on the cell number in the first compartment is shown
in Figure 3. As expected, when f = 0.5, the cell number
in the first compartment is time invariant. After division,
one of the daughter cells remains in the stem cell com-
partment, while the other differentiates into the next
compartment. Above (.5, the cell number in the stem
cell compartment increases as the value of fis increased.
Experimental data for the stem cell compartment, as
determined by the LTC-IC assay, indicate an average

7.5-fold expansion during a 14-day cultivation period
(Koller et al., 1993b). The numerical value for f can be
estimated by using dimensionalized time T(= gpaxt). For
a 14-day culture, we can estimate the value of uy.f for
possible doubling times:

Mmaxt = 10 if the doubling time is 1 day; and
Mmaxt = 5 if the doubling time is 2 days

Thus, wmax! must fall in the range of 5 to 10 for likely
doubling times in the stem cell compartment. Drawing
a line on Figure 3 for an expansion ratio of 7.5, one
estimates that fis in the range of 0.62 to 0.73 if pp,.t is
in the range of 5 to 10.

About three decades ago, a stochastic model of stem
cell proliferation based on the growth of murine spleen
colony-forming units (CFU-S) was developed (Till et
al., 1964). The self-renewal probability of the murine
CFU-S was estimated to be 0.6 using Monte Carlo simu-
lation of experimental data. After this model was pro-
posed, several investigators estimated the self-renewal
capability of the CFU-S. For example, the self-renewal
of CFU-S was measured through serial transplantation
(Schofield et al., 1980). Based on a previously developed
statistical method (Vogel et al., 1968), it was concluded
that, for normal murine bone marrow, the mean self-
renewal probability was 0.683. Later, the theory of
branching processes was employed to investigate the
self-renewal of stem cells and production of CFU-
GEMM by replating individual colonies in culture (Na-
kahata et al., 1982). The self-renewal probability for
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Figure 3. (a) Simulated expansion in the first compartment for varying values of the self-renewal probability, and (b) experimental data for
LTC-IC expansion (data replotted from Koller et al., 1993b). Here the parallel datapoints are the duplicated measurements.

CFU-S was estimated to be 0.589, which is consistent
with the estimate from the stochastic model of CFU-S
renewal (Till et al., 1964). Cell population kinetics, such
as those used herein, have been used to investigate the
mechanism of stem cell self-renewal and commitment
based on CFU-S data (Wichmann et al., 1988). This
model accounted for the stem cell pool and a few
simplified compartments of differentiated cells. The
self-renewal probability was estimated to be approxi-
mately 0.6. However, it should be noted that the murine
CFU-S assay is no longer thought to measure pluripo-
tent hematopoietic stem cells (Koller and Palsson, 1993).

What Is the Relationship Between the Population
and Individual Growth Rates?

Based on the LTC-IC expansion data, we obtain a value
for f that is approximately 0.62 to 0.73. Based on the
overall growth data, the population doubling time is
about 2 to 2.5 days (Koller et al., 1993b; Palsson et al,,
1993). These two observations seem inconsistent with
the overall growth observed in the perfusion cultures
over 14 days and the simulations presented in Figure 2;

namely, not enough total cells are generated within

about 5 to 10 dimensionless time units. Thus, the ques-
tion arises: What is the relationship between the overall
population growth rates and the growth rates of the
individual cell compartments? To help answer this ques-
tion, we obtain the dynamic equation for the whole
population by summing up Egs. (2)—(5):

de um

kd XN
- _— + = =
dt H [ ! < ! " )xsum]xsum MappXsum (13)

The apparent growth rate (u,,,) is thus related to the
compartmental growth rate (u) by:

Mapp = M[l - (1 + %)xﬁv*] (14)

sum

Thus, the apparent growth rate will be lower than the
compartmental growth rate. The difference between the
apparent and the compartmental growth rate depends
on the death rate and the fractional cell number, xp/
Xqum, in the last compartment.

To illustrate this effect by simulation, we compute
the outgrowth from a single stem cell and compute x5/
Xsum as a function of time for various self-renewal proba-
bilities (Fig. 4). The relationship between f and xn/Xsum
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Figure 4. The effect of self-renewal probability, £, on the fraction of total of cells in the last compartment
of differentiation. At long time intervals this ratio has a linear relationship with f.

is linear after a sufficiently long time for f values of 0.5
to 1.0. One can derive an analytical form for this line
by solving for the steady-state solution of Egs. (2)-(5)
for f = 0.5:

XN 2(1 - f)
X (1 + kalp) (13)

At long time intervals, after all stages of differentiation
have been populated, the relationship between the ap-
parent and compartmental growth rate becomes:

Bar — 5p 1 (16)
m

The difference between the apparent and compartmen-
tal growth rates thus depends on the self-renewal proba-
bility. If f = 0.5, the overall growth rate is 0, and if f <
0.5, the eventual growth rate is negative as the cell
population disappears (Fig. 5). If the self-renewal prob-
ability is 0.62 to 0.73, the apparent growth rate is about
24% to 46% of the compartmental growth rate. Thus,
the 2- to 2.5-day population doubling time could be a
factor of 2.2 (f = 0.73) to 4.2 (f = 0.62) longer than
the compartmental doubling time. Even if the com-
partmental doubling time is as low as 0.65 day and
T(= mmaxt) is 15, the overall computed cell growth ac-
cording to the stem cell model is not consistent with
experimental data (Koller et al., 1993b) (see Fig. 2, top
row). The insufficient cell production over the possible
time period leads us to the next question.

Do Progenitor Cells Self-Renew?

Even though the apparent and compartmental growth
rates differ significantly, the maximum cell density may

not be reached within 14 days with the model thus far
presented. Cell production would be increased if there
was self-renewal at other stages of differentiation in
addition to the stem cell compartment. Furthermore,
as discussed below, literature data indicate that self-
renewal of progenitor cells is required to obtain the
experimentally observed cell growth.

Replication and differentiation are often thought of
as two orthogonal processes. Renewal of stem or pro-
genitor cells can be pictured schematically on a two-
dimensional diagram where the x-axis denotes the dif-
ferentiation stage (or the compartment number) and
the y-axis the number of replications that take place

Cell number

10° e
0 10 20 30 40 50 60

Figure 5. Simulation of the outgrowth from a single LTC-IC for
varying self-renewal probabilities. The intrinsic and apparent growth
rates differ once all stages of differentiation are populated. The growth
rate following balanced differentiation depends only on f.
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within a compartment before further differentiation
(Fig. 6). For illustration, the figure shows the paths that
cell growth would follow for self-renewal in either the
first compartment (the stem cell model), in both the
first and second compartments, or in the first three com-
partments.

Simulation of total cell production where self-renewal
takes place in other compartments in addition to the
first one shows that the overall cell production can be
significantly increased (Fig. 7). By assigning f of the
stem cell compartment to be 0.7, Figure 7a shows the
effect of self-renewal in the second compartment on the
total cell number. It shows that the time required to
approach maximum cell density can be shortened by
increasing self-renewal in the second compartment. The
possible shift in time is limited and requires self-renewal
probability in the second compartment that exceeds 0.5.

Increasing the number of compartments that display
self renewal will shift the growth curve even further to
the left. With self-renewal for the first compartment of
0.7, and for an increasing number of subsequent com-
partments with self-renewal of 0.5, Figure 7b shows that
the cell production can be greatly enhanced over short
time intervals. The experimental growth data from the
bioreactors can thus be simulated if non—stem cell com-

partments display a moderate degree of self-renewal.

The stem cell model can represent all the observed
cell production data obtained from the perfusion biore-
actors if self-renewal is not confined to the stem cell
compartment. Is this result consistent with the experi-
mental literature? Several lines of investigation indicate
that the answer is yes:

1. As detailed previously, in vivo data from the murine
system provides evidence for self-renewal in the
CFU-S compartment. Because CFU-S are no longer
considered to be stem cells, this result now suggests
that a nonzero self-renewal probability can be as-
signed to a progenitor compartment.

2. In vitro replating experiments of human progenitor
cells has demonstrated some degree of self-renewal
capacity. Umbilical cord blood multipotential pro-
genitors (CFU-GEMM) were found to have exten-
sive self-renewal capability (Carow et al.,, 1993).
About half of these primary colonies, which con-
tained roughly 10° cells, were capable of generating
an average of 80 secondary colonies containing a
total of about 10° cells. Replating of human high
proliferative potential colony-forming cell (HPP-
CFC) colonies has similarly shown the ability of
about one-half of the colonies to generate multiple

secondary colonies (Srour et al., 1993).
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Figure 7. (a) The effect of self-renewal in the second compartment on cell expansion, and

(b) the effect of self-renewal of 0.5 in an increasing number of non-stem cell compartments:
(i) self-renewal in stem cell compartment only; (ii) compartments 2 to 4 self-renew; (iii) compart-
ments 2 to 7 self-renew; (iv) compartments 2 to 10 self-renew; and (v) compartments 2 to 13
self-renew. In all cases, the self-renewal probability of the first compartment is 0.7.

3. The aforementioned reports on the large size of cer-
tain clonal colonies, especially after replating (see
above), suggest many cell doublings. The 20 dou-
blings required to generate 10° cells from a single
non-stem cell (CFU-GEMM) clone (Carow et al.,
1993) is not consistent with the number of differen-
tiation steps that exist between the CFU-GEMM
and the mature cell stage. Therefore, this result im-
plies that some progenitor cells must undergo self-
renewal.

Taken together, the data from the experimental litera-
ture and the simulations presented herein argue for the

occurrence of self-renewal in non-stem cell compart-
ments. This result is an important departure from the
generally accepted stem cell model.

- The model presented in this study is formulated using
several restrictive simplifying assumptions. Models of
lineage development need to be further developed. Ex-
tension to account for the effects of specific growth
factors would be important. This extension would re-
quire functional information about the effects of growth
factors on the different compartments and the source
of such growth factors. Growth factors can either inhibit
or stimulate differentiation and replication. Once these
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relationships have been elucidated, a lineage model can
be used to examine the fate of specific subpopulations
in the hematopoietic hierarchy. Maximizing the produc-
tion of the myeloid progenitor subpopulation would be
of particular interest, because these cells are believed
to play a key role in the engraftment process that follows
transplantation.

Finally, it has been recently shown that significant
concentration gradients of secreted growth factors and
chemotactic factors can exist in commonly used bioreac-
tor configurations (Peng and Palsson, 1995, 1996). These
concentration gradients can lead to spatial dependency
of growth. Therefore, it is likely that accurate simulation
of replication and differentiation in bioreactors will re-
quire the simultaneous consideration of biological and
physicochemical rate processes. Models that describe
the dynamics of lineage development, such as that pre-
sented in the present study, will constitute boundary
conditions in integrated models of tissue function in
tissue-engineered systems.

CONCLUSIONS

The unilineage kinetic model, based on the currently
accepted stem cell model of hematopoiesis, predicts that
a stem cell self-renewal probability of greater than 0.5
is required for obtaining net cell expansion. This finding
is of great importance for clinical use of human bone
marrow cell populations expanded ex vivo, and LTC-
IC data are consistent with this prediction (Koller et
al., 1993b). The estimated range of the self-renewal
probability of LTC-ICs is between 0.62 and 0.73, which
is consistent with estimates based on mathematical anal-
yses and experimental data of the murine hematopoietic
system. The number of stages estimated based on LTC-
IC data are inconsistent with the number of cells that
can be obtained from progenitor cells in vitro, as is the
total cell production calculated from the stem cell model
and experimental data from human bone marrow perfu-
sion cultures. This points to a shortcoming of the most
commonly accepted stem cell model of hematopoiesis.
If self-renewal is confined to the stem cell compartment,
then the number of stages in the differentiation process
is much greater than that estimated based on LTC-IC
data. Alternatively, there exists a significant degree of
self-renewal at progenitor or pre-progenitor stages of
differentiation. Growing experimental data points to the
latter possibility.

This work was supported by a grant from Aastrom Biosci-
ences, Inc., Ann Arbor, MI.

NOMENCLATURE
f probability of self-renewal
i differentiation stage
kq death rate of the last compartment

N number of total compartments
n specific compartment

t time

ty doubling time

T dimensionless time

I compartmental growth rate

Mapp  apparent overall growth rate
Mmax  Maximum specific growth rate
X cell density

X; inoculated cell density

Xmax ~ Mmaximum cell density

Xsum  Overall cell density
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