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NOMENCILATURE

Specific heat of fluid

Acceleration due to gravity

Thermal conductivity

Iéngth and radius of tube

Nusselt Number based on radius, ha/k
Dimensional volumetric heat source

Non-dimensipnal volumetric heat source, Qy a6 g
PV K Lcy

Rayleigh Number based on radius and maximum tempera-

ture differential, o g a3 (Twariy,, - Triutdy,,)

VoK
Dimensional and non-dimensional radial coordinates
Temperature
Non-dimensional temperature differential between

wall and centerline at any axial position, ¢ al*g\ AT;
Ykl

subscript o refers to the top of the tube
Non-dimensional temperature differential between
wall and any radial point r

Non-dimensional temperature differential along wall
between bottom and any axial position; tw70 is between

bottom and top of tube, i.e. maximum.tw
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NOMENCLATURE (CONT'D)

t Non-dimensional temperature differential between
fluld at centerline and wall at bottom, t + t;
T o=ty + two = Raa % , maximum non-dimensional

temperature differential in systen.

U,u Dimensieonal and non-dimensional axial velocity
X,x Dimensional and non-dimensional axial coordinates
e Coefficient of volumetric expansion

B Non-dimensional core thickness; 1-p is the non-

dimensional boundary layer thickness

5, 7, F(p), Non-dimensionsl functions defined in text
a(g), H(B,d)
K Thermal diffusivity, k
p Cy
v Kinematic viscosity
p Density of fluid

vii



INTRODUCTION

At present the interest in the field of homogenous nuclear
reactors, heth agueous and liquid metal, 1s increasing. Hewever, from
the standpoint of a complete powerplant based on such a reactor it
appears that considefable data would be desirable, and in fact neces-
sary, on the heat transfer characteristics of fissienable fuels in
closed vessels. The most useful consideration at the present seems to
be a system where the heat 1s transferred either from a fissionable
fuel inside tubes to a coolant surrounding them or from the fuel in
the surrounding areas to the coolant in the tubes. In elther case,
considerable data on the heat transfer characteristies of the heat
generating fluid is desirable.,

This investigation was undertaken in an effort to promote
some further understanding, beyond the original investigation on this
subject by Hanmitt1s2s into the natural convection heat and mass trans-
fer characteristics in closed vertical vessels with internal heat
generation.

The work is based on the procedure developed by Hemmitt and
extends the analytical solution to a lower raﬁge of the pafameter dys
i.e. a non-dimensienal parameter composed of the wvolumetric heat source,
the length to diameter ratio, and various fluld properties. This exten-
tion is of particular interest since it appears that the small passage
diameters under consideratien for various power reactor concepts result
in gy values below these previously studied, even with the very large
volumetric heat fluxes anticipated. Although still restricted te fluids
with a Prandtl Number of approximately one (aqueous solutions) this
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represente a first effort in extending the previous study (References 1
and 2) in the direction of liquid metal fuels. For such fluids the
non-dimensional heat source term, qvy, 1s an order of magnitude lower
than that of an aqueous fluid with the same volumetric heat flux and
core dimensions. The present study relates to qv values of the order

that might be anticipated in certain liquid metal fuel reactor designs.



REVIEW OF LITERATURE

The work done up to the present in the field of natural con-
vection has covered many geometries. However, until the inception of
the homogenous nuclear resctor little interest was taken in closed
vessels and more especlally in closed vessels containing & fluid with
internal heat generation. The approach of Ligh.thill3 considers a tubu-
lar vessel of moderate length to diameter‘ratio, with one end closed
and the other end open to an infinite reservoir, and a constant wall
temperature. In this analytical investigation no internal heat source
and no variable wall distribution are considered. OstrachA extended
one phase of the work by Lighthill considering a linear axially-varying
wall temperature. An analytical study of a vertical closed tube with
internal heat source was made by Murgatroyds, In this case the tube
considered had a very large length to diameter ratio so that only fully
developed flow, i.e. no change in conditions due to axial position, was
congidered. The end effects not considered here are thought to be of
importance in the reactor concept and hence this solution could not be
applied directly.

Experimental investigations were carried out by Martin6 in an
attempt to validate the analytical solution of Lighthill. In general,
the types of flow regimes were confirmed, but the experimental heat
transfer dats exceeded the predicted by & factor of approximately 2.

Haas and Langsdon7 carried on some short experimental work for
the Atomic Energy Commission which compared very well with the experi-

mental results of Hammitte.



ANAIYTICAL APPROACH

The method presented in Reference 2, and upon which this work
is based, considers a completely closed tubular vessel with the heat
generated in an arbitrary axial distribution of heat source strength
and removed through the walls under an arbitrary temperature distri-
bution. Since the heat source term in & power reactor is considerably
higher than conventional sources it was assumed that & modified boundary
layer solution applied. Lighthill5 pointed out that internsl flow could
be expected to fall within one of three regimes depending on & parameter
which is proportional to the product of the Rayleigh Number and the
radius to length ratio of the tube. These regimes are:

1) Similarity Regime - if the parameter is small, then the
temperature and velocity profiles are fully developed and their shapes
(not their magnitudes) do not vary with axial position.

2) Boundary-Layer Regime - if the parameter is very large,
the boundary layer does not have sufficient extent to grow into the
central portion of the tube and thus occupies only a negligible portion
of the radial extent of the tube.

3) Intermediate Regime - those cases in which the boundary
layer fills a substantial portion of the tube radially but the "fully
developed" regime is not attained.

The boundary layer regime, type 2, of Lighthill was extended in
References 1 and 2 to include an internal heat source, both ends closed,
and an arbitrary wall temperature distribution. This effectively means

that the absolute tube dimensions are large, the heat source is strong,

.
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the length to radius ratio of the tube is small, or the thermal diffu-
sivity and kinematic viscosity of the fluid is small. These factors
tend to limit the analysis to aqueous solutions, however, it is felt
that some of the trends indicated would apply to liquid metals, espe-
cially considering the low values of the overall non-dimensional heat
source term Qy.

The anslytical solution which was developed appears suitable
as @y lncreases without limit since the boundary layer becomes in-
creasingly thin. However, as qy decreases, the boundary layer fills
as increasing portion of the cross-sectional area of the cylinder so
that at a sufficiently low gy, presumably depending on the wall temper-
ature distribution, the solution loses significance. It is the purpose
of this paper to explore the lower range of gy, below that considered
in Reference 2, and to define the limits for this type of solutiom, i.e.
boundary layer type.

To anslyse this problem the following assumptions were made:

1. Boundary layer approximstions apply, i.e. partial deriva-
tives of quantities normal to the wall are large compared with those
parallel to the wall.

2. Inertia forces of fluid are small compared to shear forces.

3. Boundary layer thickness of velocity and temperatures pro-
files is the same, i.e. Prandtl Number near unity.

Integral equations for the conservation of mass, momentum, and
energy were written for each radial disc or element of the cylinder

(Figure 1). Velocity and temperature profiles as shown in Figure 2 were
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assumed and made to satisfy the physical conditions at the wall, center-
line, and the boundary layer - core interface for the quantities and
their first derivatives.

Hammitt modified these equations te include a velume heat
source and an arbitrary wall temperature distribution. Under these con-
ditions the integral equations for the conservation of mass, momentum,

and energy are:

J;;th.c[n. =0 (1)
[rtda + 2(H),., (3 o (2)
a%,s;ﬂ'“'tdn’ = (3—%‘)/1:' - %!- (3)

The velocity and temperature profiles following Lighthill are assumed

to have the form:

-y o< A<
= ° (&)
2
-
[t o] e
T o<p<n (5

te |1- (5= )2 B<n<l
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Substitution of (4) and (5) into (1) and (2) gives the terms 5(6

and {§(t,f) me in both the work of Lighthill and Hammitt. The differ-
ence between the two analyses evident at this point is that the temper-
ature term, t, is & function of axial distance, x, in Hemmitt's case,
while it is & constant in Lighthill's work,

The evaluation of the integral energy equation (showvn in
detail in the Appendix) takes into account the internal heat source
term and the varisble wall temperature distribution. As can be seen
from this derivation the term involving the wall temperature drops out
and the equation left is in t only, the temperature between the center-

line and the wall as a function of axial positiom.
_A__ t 2 = t(X) _ (6
£ |ty F@ a3 )

Since the equations for the conservation of mmss, momentum,

and energy have all been used in the development of equation (6) and
gince there are still two independent variables, t and x, another equa-
tion must be developed to permit a solution. This relation (Reference 1)
is that between the axial position and the temperature along the center-

line of the vessel.

die _ A
el 7{7 (7)

This is based on the assumption of negligible heat transfer between the
ascending core and the decending boundary layer. Putting equation (6)

and (7) inte a more usable form we have
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Kn AN A

S—/—%Q—o’,r —j% o 8)

Xn-1 Xn-1 Y-t

re” F((s):J

Xy
Z(X)J = %(XN - /,v—/) (9)

Kn-t

The temperature term in equation (9) is actually t¢ by the nomencla-
ture of Figure 1, where t¢ = t+ty, 1.e. the temperature from the
cylinder centerline to the wall plus the axial variation along the wall
from Twallmin" Hence, equatiqn (9) can be rewritten as

Xy

T + tw(X)]

= p%f' (X = Xn-1) (10)

Xy-)

The calculation of these equations was simplified by program-
ming them into an IBM - 650 high speed digital computer. For this pur-

pose equations (8) and (10) were reduced to the approximate difference

equations

thFr; 't~2~l Faei Iy * Lyt (11)
XN = Kn-t 2=y = Br- N 1‘%— -4

(12)

. _ 4fr(/ﬂ/-x'l)
(t +tw)N (Z + z'w),y-/ \/ / (Z’/Z‘w):_l _(GN:,GM")

For a consistent solution A-+Q.
The cylindrical tube was divided into & series of radial discs (Figure 1)

and the independent varilables could be reed into the machine for each disc,
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Thus, it was possible to consider arbitrary non-dimensional heat

source and non-dimensional wall temperature distributionms.



RESULTS

The results for a heat flux range, qy, from 2 x 109 to
1x 105 are reperted by Hammitt®., The work contained herein covers
the q range from 1 x 10* to a lower limit as defined by the breakdown
of the eqguations and the boundary lsyer phileosophy, 1.e, the case where
the boundary layer completely fills the tube, At that point a new
enaelysis need be considered and thesé equations no longer apply. This
occurs approximately at a g, of 5 x 107,

The results in this report are presented in a similar manner
to those in Reference 2 since the subject matter is so closely connected.

One of the most significant results is the relation between
the non-dimensional temperature, th » and gy (Figure 3). There is a
very slight curvature to these curves ever the range 109 to lﬁev This
is so small, however, that it cannot be detected over the range J_OLF to
102 alone or over the range 102 to 109 alone. Since this curvature is
s6¢ slight it can be represented by a straight line to a good approxima-
tion and the empirical relation

a, = k t{;

developed in Reference 2 is valid. Considering the larger q, range,
from 109 to 102, more realistic values of the constants k and n can now

be determined. These are listed below:

t‘to/to k n
1.0 0.921 1.22
3.0 0,31k 1.2k

10.0 0.0791 1.2k
20.0 0.0357 1.25
40.0 0.0172 1.25
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These slopes are very close to those found in Reference 2
and the change in the intercept is only slightly greater. Therefore,
it appears that the values of k and n of Reference 2 can be used to
a good approximation for the wall temperature and heat source distri-
butions not covered in this report.

The boundary layer thickness, Figure 4, increases more
rapidly at the lower heat source strengths. Whereas for qy = 1 x 104
the boundary layer fills 55 percent of the tube for the constant wall
temperature case, it fills 88 percent of the tube at qv = 1 x 103, and
forqy =1x 102 the boundary lsyer has crossed the tube centerline and,
if such could be tolerated, fills 142 percent of the tube. This point
can easily be seen by the rapidly decreasing slope of a plot of gy vs.
the meximum boundary layer (Figure 5). From this curve, as mentioned
previouslys; it can be seen that the boundary layer Just fills the tube
at a heat source strength of about 5 x 102,

Figures 6a, b, and ¢ show that the increase in boundary
layer thickness due to linear variation of the wall temperature is also
larger at the lower q,'s. In all cases, the lowering of gy causes a
progression up the tube of the point of maximum boundary layer thickness.
At q, = 1 x 106, (1 - @ )max occurred at x/1 = 0.85 (Reference 2), while
at a gy = 1 x 102, (1 - B Jmax hed progressed to x/1 = 0,40, again con-
gidering the constant wall temperature case as typical.

The axial temperature distributions are shown in Figure 7
as the ratio tt /t¢o , i.e. the non~dimensional temperature difference
from the centerline at any axial position to the wall at the bottom as
related to the maximum value, from the centerline at the top of the

cylinder to the wall at the bottom.
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At the higher values of g, (Figure 29a, Reference 2) there was a

small incresse in tg /ty = Wwith decreasing gy, approximately 27% over
the g, range 2 x 109 to 1 x 105, or roughly four decades, at x/l = 0.7,
At the lower gy range, 1 x 0% to 1 x 102, or only two decades, the
gimilar inerease in te /tﬁo is of the order of 50% or approximately
an inerease of a factor of four.

The varisble wall temperature runs produced the same effect,
i.e, a pronounced increase in the spread of‘t@ /tt, for wall tempera-
ture variations from 3 to 40 at the lower dy's compared to the high gy
range. The spread of tg /[ty for ty, /to from 3 to 40 at a
Ay = 1 x 104 is about 26% while at gy = 1 X 107 the spread has inereased
to about 45%. All the trends indicated in Reference 2 at the high dy
range are corrborated by this supplementary data in the lew gy range.

The radial temperature distributions, t/tQ_° y show little
difference for the q, range presented in this report (Figure 8) from
the higher q, range. In all cases, the curves fortQo /to of 10, 20,
and 40 are close to horizontal. The curve for'tteffo = 3 ghows best
the tendency for a rapid decrease in temperature at the top and bottom,
with the intermediste section nearly constant.

For the constant wall temperature case t = tg y since ty,
in the general relation t + t; = t@ y equals zero. Therefore, the
plots of tt /tt° , previously discussed, are identical to these for
the special case of constant wall temperature.

The wall heat flux is presented vs. axlal position in the tube

in terms of the function normalized to the value at the axial midpoint
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of the tube, x/1 = 0.50. Figure 9a shows the results for a constant
wall temperature. Again, as with the other parameters discussed, the
rapidity with which the normalized wall conduction approaches the limit-
ing condition of low 9y is apparent. The limiting condition, in this
casey is a horizontal line at 1.0, which accarding to the mathematics
of the problem would represent a boundary layer completely £i1ling the
tube radially and axially.

The effects of low g, and consequently a largé boundary layer

on the wall conduction can be derived from Equation (ll)° The wall

L +Zn-s
2-By=(Bn-1
wall temperatures as approaches zero and the boundary layer, 1- (3,

conduction term reduces to a constant, t, for constant

approaches 1.0, The constant, t, is very small because the heat source

is small. The non-dimensional function, a( (.’7 )s increases rapidly as

@ decreases, from 10-8 at (6 = 0.99 to 0.1 at @;= 0. This causes the
42 ax term in Equation (12) to become very small and thus

ey (Gp 6 1er)
the square root to approach 1.0. Thus, tg4 N 2ty Noy 3 OT since the

wall temperature is constant, ty = ty.y. When normalized to the axial
middle of the test section or the point where the boundary layer ini-
tially approaches the centerline, the length of tube over which the
wall conduction is constant will appear as a line at 1.0, The axial
portion of the tube over which this occurs increases with decreasing
qy. The limit axially would occur when the wall conductién became
constant over the entire length of the tube.

It should be noted that the plots shown are not for the limit-
ing case of fully developed boundary layer but rather show the results
of negative boundary layer thickness for the low 9, and hence are not
physically significant, Nevertheless, the results approach those expect-

ed for the fully developed boundary layer.
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Axial Position, Constant Wall
Temperature,
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The variable wall temperature case presented in Figures 9b,
cy, and d is somewhat more complicated. Now, especially for large
t@o /tg.rati@s, thelpragressian toward a constant wall conduction
term is even more rapid. The significence of a large ratia of ty /tg
is that the wall temperature differential is inereasingly larger than
the radial temperature differential and, hence, bécomes the dominent
factor. Although the wall temperature does not enter Equation (11)
directly, it does enter the second equation, (12). Therefore, it
indirectly effects the wall conduction term through the radial temper-
sture, t. Thig is apparent by a comparison of Figures 9b and 9d.

The fluid velocities attained in both the core and the bound-
ary layer are shown in Figure 10s. The boundary layer velocity calcy-
lated is the maximum value based on the assumed profile (Figure 2),
and occurs relatively near the tube wall, In Reference 2 it was noted
that the core velecity was always less than the bmunQary layer velo-
city and that the ratio of boundary layer/cere velocity deeressed with
decreasing gy. This same trend continues into the lower qy range,
hawev?r,‘at‘a‘qv of 1x 1@”, with a constant wall temperature, where
ﬁhe boundary layer and core each ocecupy roughly 50% of the tube radially,
the velocities are approximately equal (Figure 10b). As the g, becomes
even lgwer, and the core occupies a smaller part of the tube, the core
velecity becomes greater than the boundary layer velecity. The ratie
of boundary layer velocity to core velocity while approximately 1 at
av = 1 x 10* is 0.39 at g, = 1 x 103 and 0.12 at gy = 1 x 102 for the

constant wall temperature case.
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The variation of UBLyox and ucore With qv and @ noted
here can be derived directly from the basic velocity profile assump-
tion. This is shown/in the Appendix. The velocity profile shown in
Figure 2 and expressed by Equation (4) yields the following relation-

ship between UBL, oy and usqpre across the tube.

Boundary Layer uBLmax/ucore
0.25 2,798
0050 10662
0.75 0.518
1.00 0.280

Thus, when the boundary layer fills the tube, the velocity in the core
is 3.6 times the maximum boundary layer velocity.

The general trend is the same for the variable wall temperature
case, However, for any one heat source strength the boundary layer
‘and core velocities are more nearly equal at the larger temperature
ratios, t4 /to. This is simply a function of the fact that the
boundary layer thickness increases less rapidly as tg /to increases,

The absoluté value of the non-dimensional velocities is much
larger at heat source strengths of 1 x 106 and higher (Reference 2)
than in the range considered here. Also, the ratio of boundary layer
to core velocity has a much greater rate of change at the higher qy con-
dition than at the very low q,. This is inherently a function of the
basic velocity assumptions, manifested through the G(£), ¥ =G(@B) t,

term in the velocity profile.



CONCLUSIONS

The general trends and empirical relations found in Reference
2 for a range of high heat source strength can be accurately extended
to the lower q  range for the cases comsidered. It may now be assumed
that this will hold true for wall temperature distributions and heat
source distributions other than those considered in this report.

The rate at which the boundary layer increases is more rapid
once it has occupied approximetely half of the tube. As an effect of
this then, the rates of change of temperature, veloeity, and wall con=
duction are all increased. At a non-dimensional heat source strength
of about 5 x 102 the boundary layer completely fills the tube. At
this point, the equations and assumptions on which this analysis is

based no leonger apply and a new system must be constructed.
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APPENDIX

Derivation of Energy Relation for Radial Disc
for Variable Wall Temggrature Condition

From Reference 1, an energy balance for a disc (Figure 1) is

pev [}%(fuﬂzvﬁdﬁil axX = k(g%)ﬁ‘aaxéwa + Qv raax (A1)

> (; - ol 2 Qy
S?(LZUTRdR z ﬁva(agwa oo g (22)
Substitute
X =x1
R=ra
T = Twacpyny = :é%.—(tk-r- tw)
U = Ké;u
aq

Then

=40-
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But
S'X‘ TWALLMN) =0
E) -
5 (T ) = 9
Therefore

ol , ,
_5%- o(tn_+tw)un.c1ﬁ. = éa;(t/z+tw)ﬂ_=' - 2’- %"ﬁ_}f_ i: (1)

ty does not vary with respect to r, but does vary with respect to x.

2 l’u(z,ﬂzw)mfﬂ = 2(t)., - %7 (45)
g, e,
- -2l (47)
/=@
a—a;(-Lqu.n./lo//L +£j°c'fl‘w/to//z - §;£QZ§LM/;L -

a ! a [
& [t + g f[itundn tg fulvnon w0



I

Substituting the assumed velocity and temperature profiles

- Y 49'4(5‘£n_
“ 2
-x[-—/;—_’-g-) /+J(/L—/):] B |
t = Z'A 0<ﬁ</7,
2 \2
&4 [; "(Q;i7§_>;} ﬂ5<.fL </
(A9)
, R / 2
'ﬁf—ﬁﬂza’ﬂ— + < L-Zfl}(‘}—_?f) {/%J(/L—/)}J t, IE_(/&:'}?E’/LQ/A
_ g y
T
a—%ffi ¥twrdn + é%fg E-(%)z{/*‘m")ﬂ A
- iy y

For constant wall temperature

ty =0

ty =t (does not vary with x)
But for variable wall temperature

ty = £(x)

f(x) is some function of x/1
tA = f(X)
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As derived by Lighthill, Part I of Fquation (A9) becomes

-2 d_dx' [ZA"' F(ﬂ)J (410)

where

AB) = (/-/5)3/31‘-@) (45+ 132 8+ 1818%+42 )
30240 (3-/- 4ﬂ+jﬁz)

Part II of Equation (A9) becomes

a‘a} 'b/tw_faﬂa/n. +L‘&_(/_j—f_§) {I*'JC/L"IX:]RC//L(AM)

which equals
2 (-¥t) Has) (2)
where
oL L/ * s
HBS) = % () \ 4 %‘é*%‘%) (a13)
P - t_opt g
+(/_Z3)z(2é .6£+'€— % +-3é0—

From References 1 and 2
f =24 G

where

. G r20) ()
() - 36 (5+4p +§/5(z)ﬂ



I

Thus, Equation (A12) which is Part II of Equation (A9) equals
2 {e@ Has) tatu) (a1k)

And Equetion (AS5) becomes

2ot + conpta] - -(72—(%- P )

2
Substituting §= - 5 (3 LB ) (Reference 1)

(1= (5726)

in Eguation (Al5) and solving, the second term on the left side drops
out

So that (A5) is

#umw) - - e

where tj can be replaced by t(x) indicating variation with x.

Derivation of Maximum Boundary Layer Veleclity

The maximum velocity in the boundary layer will eccur where

g% = 0 (Figure 2). Thus, differentiating the velocity equation for

the boundary layer

ii (, (/7'(3> (/ (3{'- -Inp - 2n + 2B+ (5) (A17)

Setting this equal to zero, the radial distance at which the velocity

ig maximum is

ity = - Lf,é;h 0.667 (x18)



b5

Since the core velocity = Y , the ratio of uBLmax/ Y is the ratio
of the meximum boundary layer velocity to the core velecity. This is
found for any § by substituting rypr,., and @ into the velocity

equation for the boundary layer.

2
uBLMAx = - /_ /r= ) / d" - <A19)
e < |- (tfl s
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