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1 .!I INTRODUCTION 

The Variseg a n a l y s i s  which i s  presented in t h i s  r e p o r t  l ays  t h e  

foundation f o r  a  new c l a s s  of  occupant dynamics s imulat ion models. 

I t  follows t h e  l ead  e s t a b l i s h e d  in  the  MVMA 2-D Model ( I ) ,  t h e  Calspan 

CVS ( 2 ) ,  and t he  UM-VCS-1 veh ic le  crashworthiness  s imulat ion ( 3 ) .  The 

a n a l y t i c a l  concepts which a r e  used make poss ib le  the  s imulat ion of 

var ious  problems in human pro tec t ion  such a s :  

- deformable j o i n t  s t r u c t u r e s  ( e . g . ,  knee j o i n t  f o r  use in  

design s t u d i e s  o f  r e s t r a i n t  b o l s t e r s )  

- add i t i on  o f  an ankle  j o i n t  f o r  more accu ra t e  p red ic t ion  o f  lower 

ex t remi ty  kinemat ics  in  f r o n t a l  impact 

- loose  coupling o f  f l e s h  mass ( e . g . ,  t h e  l e g )  with t he  s k e l e t a l  

l inkage  t o  compare cadaver ,  human, and dummy responses measured in 

experiments 

- breakage o f  bones and j o i n t s  in  pedes t r i an  impacts with t he  

f r o n t  of  a  veh i c l e  

- t h e  i nc lu s ion  o f  a  m u l t i j o i n t  neck and sp ine  t o  provide a  more 

f l e x i b l e  t o r s o  1  inkage.  

In a d d i t i o n ,  they bring t h e  user  one s t e p  c l o s e r  to  s imul taneously  

tapping t he  power o f  r i g i d  body dynamic and f i n i t e  element a n a l y t i c a l  

t o o l s .  Var iseg,  a s  t he  name impl ies ,  i s  in tended t o  a l low the  user t o  
s p e c i f y  an a r b i t r a r y  number of  segments connected in an a r b i t r a r y  

manner with j o i n t s  o f  recognized c h a r a c t e r i s t i c s .  As a  program, 

Variseg w i l l  be Version Five o f  t he  MVMA Two Dimensional Model. 



S e c t i o n  1 .1  The MVI IA  Two D imens iona l  Nodel  

The M V M  Two D imens iona l  Model i s  t h e  c u r r e n t  descendan t  o f  a  l o n g  

c h a i n  o f  s i m u l a t i o n  programs d a t i n g  f r o m  1966 .  The MVMA Two D imens iona l  

Model i t s e l f  has been t h r o u g h  f o u r  p r e v i o u s  v e r s i o n s  and i s  now a  f i v e  

p r o c e s s o r  p rogram w h i c h  expands o r  c o n t r a c t s  t o  f i t  t h e  c o m p l e x i t y  o f  

t h e  c u r r e n t  d a t a  s e t .  T h i s  f e a t u r e  e s s e n t i a l l y  e l i m i n a t e s  l o s t  r u n s  

due t o  d a t a  deck s i z e  and m i n i m i z e s  t h e  s t o r a g e  c a p a b i l i t i e s  n e c e s s a r y  

f o r  s i m p l e  r u n s .  

S e c t i o n  1 .2  The G e n e r a l i z a t i o n s  To Be Made 

Ye t  j u s t  as i n  i t s  e a r l i e s t  p redecesso r ,  t h e  MVMA Two D imens iona l  

Model i s  a  f i x e d  l i n k a g e ,  e i g h t  mass mode l .  T h i s  c o n f i g u r a t i o n  i s  more 

t h a n  adequa te  f o r  m o s t  a p p l i c a t i o n s ,  b u t  makes a l l  b u t  i m p o s s i b l e  t h e  

m o d e l i n g  o f  b r e a k i n g  l i m b s ,  knee t r a n s v e r s e  d i s p l a c e m e n t s ,  an a n k l e  

j o i n t ,  l o o s e  l e g  f l e s h ,  e t c .  The g e n e r a l i z a t i o n s  i n c l u d e d  i n  V a r i s e g  

a r e  d e s i g n e d  t o  o f f e r  maximum i n c r e a s e d  fl e x i  b i l  i t y  w i t h o u t  mak ing  t h e  model 

u s a b l e  o n l y  by  s p e c i a l i s t s .  

1. I n s t e a d  o f  e i g h t  segments,  each o f  wh i ch  p a r t i c i p a t e  i n  t h e  

e q u a t i o n s  o f  m o t i o n ,  t h e  u s e r  may s p e c i f y  as many o r  as  few as i s  needed. 

Mot  a l l  o f  t h e  segments a r e  r e q u i r e d  t o  be i n  t h e  e q u a t i o n s  o f  m o t i o n  

b u t  r a t h e r  can be d e t e r m i n e d  f r o m  c o n s t r a i - n i n g  r e l a t i o n s h i p s  a t  t h e  u s e r ' s  

o p t i o n .  

2 .  I n s t e a d  o f  a  f i x e d  l i n k a g e ,  t h e  u s e r  can c o n n e c t  o r  l e a v e  

unconnec ted  each s p e c i f i e d  segment as s u i t s  h i s  pu rpose .  Four b a s i c  

t y p e s  o f  c o n n e c t o r s  and  s i x  s p e c i a l i z e d  v a r i a n t s  a r e  f o r m u l a t e d .  

3. I n s t e a d  o f  a  f i x e d  v e h i c l e  f o r  wh i ch  a c c e l e r a t i o n  p r o f i l e s  i n  

t h r e e  deg rees  o f  f reedom may be s p e c i f i e d ,  V a r i s e g  a1  lows  a c c e l e r a t i o n  

p r o f i l e s  o r  v e l o c i t y  p r o f i l e s ,  o r  p o s i t i o n  p r o f i l e s  t o  be s p e c i f i e d  f o r  

any  component o f  any  one p o i n t  o f  any segment.  



4.  Ins tead  o f  a l lowing app l i ed  fo rces  on ly  t o  the  head, Variseg 

w i l l  a l low app l i ed  fo r ce s  a t  any point. o f  any segment. 

5 .  For t he  user  i n t e r e s t e d  in  doing so ,  i t  wi l l  be poss ib le  t o  

spec i fy  a r b i t r a r y  coord ina te  systems and u n i t s  f o r  each segment f o r  

b o t h  i n p u t  and ou tpu t .  The problem w i l l ,  o f  course ,  be solved in cons i s -  

t e n t  coord ina te  systems and u n i t s .  One conversion wi l l  be made before  

s o l u t i o n  and ano ther  a f t e r .  

6.  E l l i p s e s  wi l l  be genera l i zed  t o  a l low both ? o s i t i o n  and o r i en -  

t a t i o n  a s  a  func t ion  o f  t ime w i t h  r e spec t  to  any segment. 

7 ,  Lines w i l l  be general ized t o  a l low at tachment  t o  any segment. 

8. Where angula t ion  occurs  in j o i n t s  and connec tors ,  one o r  more 

o f  f i v e  types  o f  r e s i s t a n c e  t o  angulat . ion wi l l  be s p e c i f i a b l e  for both 

f l  exSon and ex tens ion .  

9. Where e longa t ion  occurs in j o i n t s  and connec tors ,  one or more 

o f  two types  o f  r e s i s t a n c e  t o  e longa t ion  wil l  be s p e c i f i a b l e  f o r  both 

ex tens ion  and con t r ac t i on .  

10.  Other model f e a t u r e s  such as b e l t s ,  e t c .  wi l l  be modified 

minimally t o  ob ta in  needed information from t h e  new equa t ions .  

11.  A r e s t a r t  procedure w i l l  be added t o  f a c i l i t a t e  cont inuing - 
runs .  

Sect ion 1 . 3  The Impl ica t ions  o f  t he  Genera l iza t ions  

With t he  g e n e r a l i z a t i o n s  out1 ined in  the  previous s ec t i on  each o f  

t he  modeling problems mentioned can be a t t a cked .  In gene ra l ,  mu l t i p l e  

veh i c l e s  and/or mu l t i p l e  occupants /pedes t r i ans  o f  varying complexity 

can be modelled. Cer ta in  kinds of  simple mechanisms can a l s o  be modelled. 

All t h i s  i s  achieved without  any add i t i ona l  complexity;  i t  i s  i n t r i n -  

s i c  in t he  approach. Also a  simple problem can be descr ibed by a simple 

data  s e t .  The MVMA 2-D system o f  d e f a u l t s  w i l l  be ad jus ted  so t h a t  the  

use r  w i l l  need t o  supply only non-standard informat ion.  The program wi l l  
a l s o  be modified t o  accep t  a  f r e e - f o m a t  i n p u t  more s u i t a b l e  to c u r r e n t  

i n t e r a c t i v e  systems b u t  w i l l  s t i l l  accep t  the  keypunch-based previous 

inpu t  formats.  



Sect ion 1 . 4  Report Layout 

Sec t ion  2 wil l  d i s cus s  t h e  bas ic  l ayout  of t he  a n a l y s i s .  Sect ion 3 

w i l l  p r e sen t  t h e  types  o f  j o i n t s  and connectors and develop the  equat ions  

governing them. Sect ion 4 wi l l  deal with t h e  o ther  c o n s t r a i n t s  and t h e i r  

equa t ions .  Sec t ion  5 i s  t e c h n i c a l l y  not  a n a l y s i s  b u t  i s  included because 

d i s cus s ion  o f  a n a l y s i s  by i t s e l f  would seem incomplete. In a  program a s  

dependent on t h e  techniques  o f  implementation a s  Variseg,  t he  complete 

a n a l y s i s  can no t  be understood without  cons idera t ion  of  how and when the  

equa t ions  a r e  used. 



2 . 0  COORDINATE SYSTEMS, UNITS, A N D  EQUATIONS O F  MOTION 

Coordinate systems abound in  Variseg f o r  purposes of user conve- 

n ience .  The coo rd ina t e  systems a r e  divided i n t o  t h r e e  c l a s s e s  : 

1 .  The External  Input  Systems, def ined by the  user f o r  descr ib ing  

t h e  problem, 

2 .  The In t e rna l  Systems, in  which t he  problem i s  so lved ,  and 

3. The External  Output Systems, def ined  by the  user and used t o  

record t he  r e s u l t s  f o r  p r i n t i n g  and postprocess ing.  

The ex t e rna l  coord ina te  systems a r e  used on ly  f o r  inpu t  and ou tpu t  

and t h e r e f o r e  can be whatever t h e  user wishes them t o  be. This incl  udes 

such unusual f e a t u r e s  as  measuring ang les  p o s i t i v e  clockwise and n o n -  
orthogonal systems. The d e f a u l t  ex te rna l  system d e f i n i t i o n  will  be Z 

p o s i t i v e  downward, X p o s i t i v e  forward,  and ang les  measured p o s i t i v e  

counterclockwise  a s  in  Version Four of  t he  M V M A  2-D. I t  i s  presumed 

t h a t  users  w i l l  almost always p r e f e r  t h i s  d e f i n i t i o n ;  however, s i t u a t i o n s  

have a r i s e n  i n  which unusual systems could have been used t o  cut  down the  

l abo r  i n  s e t t i n g  up da ta  s e t s .  

The I n t e r n a l  Systems a r e  used f o r  t h e  s o l u t i o n  of  the  problem and 

a r e  chosen t o  y i e l d  the  s imples t  equa t ions .  Af t e r  input  i s  complete, the  

run d e s c r i p t i o n  i s  converted from External Input  Systems t o  In te rna l  Sys- 

tems. A f t e r  s o l u t i o n  a t  each t ime p o i n t ,  t h e  r e s u l t s  a r e  converted from 

t h e  I n t e r n a l  Systems t o  t h e  External Output Systems and recorded f o r  

p r i n t i n g  and pos tprocess ing .  The user  can t h e r e f o r e  descr ibe  t h e  prob- 

lem in  t h e  most convenient  manner, have t he  problem solved a s  e f f i c i e n t l y  

a s  p o s s i b l e ,  and then see  t h e  r e s u l t s  in  t h e  manner he d e s i r e s .  

The External Systems a r e  def ined i n  terms o f  each o ther  b u t  u l t i -  

mately  i n  terms o f  t h e  bas ic  I n t e rna l  System which i s  the  only prede- 

f i ned  sys tem . 
The I n e r t i a l  System has t h e  X-axis po in t i ng  forward and t he  Z-axis 

po in t ing  upward, a  r ight-hand system. Angulation i s  measured counter-  

clockwise from t h e  X-axis. 



F i g .  1 .  The I n e r t i a l  System 

S e c t i o n  2.1 R e l a t i  o n s h i p  t o  I n e r t i a l  Sys tem 

A1 1  o t h e r  c o o r d i  n a t e  sys tems a r e  s p e c i f i e d  by  s u p p l y i n g  : 

1 .  t h e  c o u n t e r c l o c k w i s e  a n g l e  f r o m  t h e  p o s i t i v e  x - a x i s  o f  t h e  

I n e r t i a l  Sys tem t o  t h e  p o s i t i v e  x - a x i s  o f  t h a t  sys tem,  

2 .  t h e  c o u n t e r c l o c k w i s e  a n g l e  f rom t h e  p o s i t i v e  x - a x i s  t o  t h e  

p o s i t i v e  z - a x i s  o f  t h a t  s ys tem,  

3. t h e  d i r e c t i o n  i n d i c a t o r  f o r  p o s i t i v e  a n g u l a t i o n  i n  t h a t  s y s -  

tem, and  

4.  t h e  x  a n d  z c o o r d i n a t e s  o f  t h e  sys tem o r i g i n  w i t h  r e s p e c t  t o  

t h e  I n e r t i a l  System. 

(Each  U s e r  D e f i n e d  System can a c t u a l l y  be d e f i n e d  i n  t e rms  o f  a n o t h e r  

U s e r  D e f i n e d  Sys tem o r  d i r e c t l y  i n  t e r m s  o f  t h e  I n e r t i a l  System. I f  t h e  

Use r  D e f i n e d  System i s  d e f i n e d  r e c u r s - i v e l y ,  i t  m u s t  be p o s s i b l e  t o  r e -  

l a t e  t h e  sys tem u l t i m a t e l y  t o  t h e  I n e r t i a l  s ys tem. )  

C o r r e s p o n d i n g  t o  each  Use r  D e f i n e d  System i s  a  Model D e f i n e d  I n -  

t e r n a l  Sys tem w h i c h  has i t s  x - a x i s  c o i n c i d e n t  w i t h  t h e  User  D e f i n e d  x - a x i s  

a n d  has  a  z - a x i s  c o m p l e t i n g  a  r i g h t  hand, o r t h o g o n a l  sys tem.  A n g u l a t i o n  

o f  t h e  I n t e r n a l  System i s  a lways  p o s i t i v e  c o u n t e r c l o c k w i s e .  F i g u r e  2 

shows t h e  mos t  g e n e r a l  case ,  a U s e r  D e f i n e d  System, q , w h i c h  i s  n o n - o r t h o -  

gona l  and  measures a n g l e s  p o s i t i v e  c l o c k w i s e .  F i g u r e  2 a l s o  shows t h e  

c o r r e s p o n d i n g  I n t e r n a l  Sys tem and  t h e  r e l a t i o n s h i p  o f  b o t h  sys tems t o  t h e  

I n e r t i a l  System as w e l l  as t h e  p o s i t i o n  o f  a  P o i n t  P i n  space .  



Fig. 2 .  A User Defined System and i t s  Re la t ionsh ips  



In Figure 2 ,  
--'P 

R T  i s  t he  pos i t i on  vec tor  f o r  the  System q Origin  with r e spec t  

t o  t h e  I n e r t i a l  System. This vec tor  i s  v a l i d  f o r  both User 

Defined System q and In t e rna l  System q .  

X,Z a r e  t h e  x and z axes of  t h e  I n e r t i a 1  System (with  u n i t  vec- 
-P -  

t o r s  I ,  K )  

I 
a r e  t h e  x  and z axes o f  User Defined System q (wi th  u n i t  

-C a 

vec tors  i; , k i  ) .  
4 

fi i s  t h e  counterclockwise  ang le  between i t  and k i  v 
which must s a t i s f y  one o f  t h e  fol lowing:  

o <  ng.c lBoOm 0 > ~ > - 1 8 0 " .  
a 7 0% i s  t h e  I n e r t i a l  angle  between I  and 1 s. 

a r e  t h e  x and z axes of t h e  In t e rna l  System q (with u n i t  vec- 
4 4 

4 
k- ) .  This i s  always right-handed and or thogonal .  

tors i3' 7 Pi ,Q\ a r e  t h e  pos i t i on  vec tor  o f  Po in t  P and i t s  d i r e c t i o n  with r e -  

spec t  t o  t h e  User Defined System q .  

6 a r e  t h e  pos i t i on  vec tor  o f  Point  P and i t s  d i r e c t i o n  with re -  3 )  % - 
spec t  t o  t he  I n t e r n a l  System q .  

3 

P ,  8 a r e  t h e  pos i t i on  vec to r  o f  Po in t  P and i t s  d i r e c t i o n  with re -  

spec t  t o  t h e  I n e r t i a l  System. 

Let 



We can r e l a t e  t h e  In t e rna l  System and t h e  User Defined System q a s  

follows : 

and t h e  inverse  r e l a t i o n s h i p s  

The d i r e c t i o n  o f  angula t ion  fo r  t h e  User Defined System q i s  de- 

f i ned  by t h e  Angulation Direct ion Ind i ca to r  ( A  b)  
P 

where  = i 1  f o r  counterclockwise p o s i t i v e  

-1 f o r  clockwise p o s i t i v e  

then 
L 

The above r e l a t i o n s h i p s  a r e  used t o  conver t  from User Defined Sys- 

tems t o  t h e  I n t e r n a l  Systems before  problem so lu t i on  and then t o  p u t  the  

computed r e s u l t s  in t h e  app rop r i a t e  User Defined Sys tem f o r  postprocess-  

i ng .  The a n a l y s i s  from t h i s  p o i n t  on w i l l  deal exc lu s ive ly  w i t h  problem 

s o l u t i o n  and hence with t h e  I n e r t i a l  System and the In t e rna l  System. -.. * 
For any body segment, n ,  = R D1 + ph4 
2 

where Pn  i s  t h e  pos i t i on  vec tor  t o  a  po in t  P def ined w i t h  r e spec t  to  t h e  

body segment, n .  



3 

I f  and  

t h e n  

o r  i n v e r s e l y  

I f  we a d o p t  t h e  c o n v e n t i o n  t h a t  a v e c t o r  e q u a t i o n  such  as ( 3 )  o r  

( 4 )  can be w r i t t e n  i n  m a t r i x  f o r m  as a  co lumn v e c t o r  b y  

c o e f f i c i e n t s  o f  t h e  u n i t  v e c t o r s .  The s e t  o f  u n i t  v e c t o r s  h i d d e n  by t h i s  

n o t a t i o n  i s  g e n e r a l l y  s u p p l i e d  b y  c o n t e x t  b u t  where t h e  u n d e r l y i n g  sys tem 

needs t o  be made e x p l i c i t  we w i l l  add i3 s u b s c r i p t  w i t h  t h e  number o f  t h e  

i n t e r n a l  s y s t e m  a n d  f u r t h e r  we w i l l  u n d e r s t a n d  t h e  I n e r t i a l  System a s  

sys tem z e r o .  

Then e q u a t i o n  ( 8 )  can  be w r i t t e n  

n o r m a l l y  m a t r i x  e q u a t i o n s  w i l l  be w r i t t e n  a l l  i n  one f rame o f  r e f e r e n c e  

and  u s i n g  t h e  v e c t o r  symbol  w i t h o u t  t h e  a r r o w  t o  s t a n d  f o r  t h e  c o r r e s -  

p o n d i n g  m a t r i x .  

So we w o u l d  s a y  



and i n v e r s e l y  

S e c t i o n  2 . 2  U n i t s  

The u s e r  i s  f r e e  t o  use w h a t e v e r  u n i t s  t h a t  a r e  c o n v e n i e n t  b o t h  f o r  

i n p u t  and  o u t p u t .  U n i t s  w i l l  be d e f i n e d  i n  te rms  o f  c o n v e r s i o n  f a c t o r s  

r e l a t i n g  t h e  u n i t s  used  t o  one c o n s i s t e n t  s e t  o f  u n i t s .  More t h a n  one 

sys tem o f  User  D e f i n e d  U n i t s  can be d e f i n e d  and used  a s  c o n v e n i e n t ,  b u t  

as w i t h  U s e r  D e f i n e d  C o o r d i n a t e  Systems, t h e  User  D e f i n e d  I n p u t  U n i t s  

a r e  c o n v e r t e d  t o  one  c o n s i s t e n t  sys tem b e f o r e  p r o b l e m  s o l u t i o n  and t h e n  

c o n v e r t e d  t o  t h e  Use r  D e f i n e d  O u t p u t  U n i t s  f o r  p o s t p r o c e s s i n g .  I t  i s  

s u g g e s t e d  t h a t  t h e  i n c h e s ,  pounds,  seconds sys tem g e n e r a l l y  be used  f o r  

t h e  i n t e r n a l  c o n s i s t e n t  u n i  t s  because e x p e r i e n c e  has shown t h i s  sys tem 

causes  f e w e r  n u m e r i c a l  p rob l ems  i n  s o l u t i o n .  (Some y e a r s  ago a f t e r  we 

f i r s t  i n c o r p o r a t e d  S I  u n i t s  as an o p t i o n  i n  t h e  MViYiA 2-D and were r u n n i n g  

p a r a l l e l  r u n s  i n  E n g l i s h  and S I ,  we f ound  t h a t  f o r  some d a t a  s e t s ,  t h e  

S I  r u n s  r e q u i r e d  s m a l l e r  t i m e  s t e p s  f o r  s o l u t i o n .  The r e a s o n  was n o t  

d i s c o v e r e d . )  Whenever t h e  01 d  a i  r b a g  a l g o r i  thm i s  used,  i t  i s  manda to r y  

t h a t  t h e  i n t e r n a l  s ys tem be t h e  Amer ican  S t a n d a r d .  I f  a i r b a g  i s  n o t  

used ,  t h e n  a n y  c o n s i s t e n t  system o f  u n i t s  w i l l  be p o s s i b l e  as t h e  i n t e r -  

n a l  sys tem.  The reason  f o r  t h i s  r e s t r i c t i o n  i s  t h a t  t h e  o l d  a l g o r i t h m  

has  c o n s t a n t s  imbedded w h i c h  were n o t  easy  - t o  compensate and  wh i ch  a r e  

good o n l y  f o r  Amer ican  S t a n d a r d .  

S e c t i o n  2 .3  B a s i c  E q u a t i o n s  o f  M o t i o n  

Each segment i s  c o n s i d e r e d  t o  be e i t h e r  a  r i g i d  two d i m e n s i o n a l  

body  i f  mass and  i n e r t i a l  p r o p e r t i e s  a r e  p r o v i d e d ,  o r  t o  be a  f rame o f  

r e f e r e n c e  w h i c h  can n o t  be i n c l u d e d  i n  t h e  e q u a t i o n s  o f  m o t i o n  i f  t h i s  

i n f o r m a t i o n  i s  n o t  p r o v i d e d .  I n  t h e  l a t t e r  case,  t h e  p o s i t i o n ,  o r i e n t a -  

t i o n ,  e t c . ,  mus t  be c o m p l e t e l y  d e f i n a b l e  f r o m  c o n s t r a i n t  e q u a t i o n s .  

Each segment i s  r e p r e s e n t e d  by  t h r e e  degrees  o f  f reedom. Some o f  

t h e s e  degrees  o f  f reedom a r e  n o t  r e a l l y  f r e e  b u t  a r e  c o n t r o l l e d  by im-  

p l  i c i  t y  o r  e x p l  i c i t y  c o n s t r a i n t s .  

F o r  t h e  pu rpose  o f  t h i s  a n a l y s i s  an i m p l i c i t  c o n s t r a i n t  i s  one t h a t  

can  n o t  be changed d u r i n g  t h e  c o u r s e  o f  a  r u n ,  e .g . ,  an  u n l o c k a b l e ,  un- 



b r e a k a b l e  p i n  j o i n t .  These w i l l  be h a n d l e d  b y  s e t t i n g  up t h e  e q u a t i o n  o f  

m o t i o n  o m i t t i n g  t h e s e  degrees  o f  f reedom and t h e n  compu t i ng  them f r o m  

t h e  c o n s t r a i n t  e q u a t i o n s  f rom t h e  r e s u l t s  o f  s o l v i n g  t h e  e q u a t i o n s  o f  

m o t i o n .  The " i m p l i c i t "  i m p l i e s  an i n d i r e c t  use  o f  t h e  c o n s t r a i n  i n g  equa- 

t i o n s  i n  s o l u t i o n  o f  t h e  p rob l em .  

The e x p l i c i t  c o n s t r a i n t  i s  one t h a t  can  be m o d i f i e d  d u r i n g  t h e  r u n ,  

e . g . ,  a  l o c k a b l e ,  b r e a k a b l e  p i n  j o i n t  o r  a  r o l l i n g - s l i d i n g  c o n s t r a i n t .  

These a r e  h a n d l e d  by  l e a v i n g  t h e  "bound"  degrees  o f  f reedom i n  t h e  equa- 

t i o n s  o f  m o t i o n ,  u s i n g  c o n s t r a i n t  f o r c e s  t o  cause t h e  d e s i r e d  m o t i o n ,  and  

a d d i  ng e q u a t i o n s  t o  compute c o n s t r a i n t  f o r c e s .  The " e x p l  i c i  t" imp1 i e s  

d i r e c t  use  o f  t h e  c o n s t r a i n t  equat ion: ;  i n  s o l u t i o n  o f  t h e  p rob l em .  

I f  a  g r o u p  o f  segments i s  j o i n e d  by  i m p l i c i t  c o n s t r a i n t s ,  i t  fo rms 

a  c h a i n .  A c h a i n  mus t  be s i n g l y  c o n n e c t e d  i n  t h e  sense t h a t  o n l y  one 

p a t h  o f  i m p l i c i t  c o n s t r a i n t s  can e x i s t  between a n y  two l i n k s  o f  t h e  c h a i n .  

The c h a i n ,  however ,  can  be j o i n e d  t o  l t s e l f  w i t h  an e x p l i c i t  c o n s t r a i n t .  

E x p e r i e n c e  has  shown t h a t  s h o r t e r  e q u a t i o n s  a r e  b e t t e r  t h a n  l o n g e r  

e q u a t i o n s  b o t h  from t h e  p o i n t  o f  v i e w  o f  n u m e r i c a l  s t a b i l i t y  as w e l l  as 

c o m p u t a t i o n a l  speed .  L e n g t h  o f  e q u a t i o n s  can  be m i n i m i z e d  by b a s i n g  

c h a i n s  on a  p r o p e r l y  chosen i n t e r i o r  segment .  Each c h a i n  w i l l  t h e n  be 

a n a l y z e d  f o r  t h e  o p t i m a l  c h o i c e  o f  base  segment.  S t a r t i n g  i n  each case  

w i t h  t h e  base segment,  t h e  c h a i n  w i l l  be o r g a n i z e d  by t h e  model i n t o  

b ranches  i n  such  a  way t h a t  a l l  c h a i n  segments a r e  i n  a t  l e a s t  one con-  

t i g u o u s  l i n e  o f  segments, t h e  t o t a l  n u m b e r - o f  a l l  such  appearances  o f  

segments i s  a  minimum, and  t h e  base  segment  i s  i n t e r i o r  t o  t h e  c h a i n .  

T h i s  c h a i n  a n d  b r a n c h  s t r u c t u r e  i s  used  t h r o u g h o u t  t h e  r u n  a f t e r  b e i n g  

s e t  up i n  t h e  i n p u t  p r o c e s s o r .  

Each c h a i n  w i l l  have  a t  1  e a s t  two  b ranches .  E v e r y  segment w i l l  

a p p e a r  i n  a t  l e a s t  one  b r a n c h  o f  one  chain even if a  c h a i n  o f  one .  Con- 

s i d e r  F i g .  3, t h e  t r a d i t i o n a l  e i g h t  segment man. The re  i s  c l e a r l y  o n l y  

one  c h a i n .  



Upper Torso I 
Middle Torso 

Lower Torso 1 
b 

Upper Leg 

Fig. 3 .  The Eight  Segment Man 

Cont ras t  t h e  e f f e c t  of t ak ing  var ious  body. segments a s  t he  base 

segment of  t h e  chain .  

Table 1 .  E f f ec t  o f  Base Segnent Se l ec t i on  

Total  Appearances 

3 + 6 = 9  

2 t 3 + 5 = 1 0  

3 + 4 + 4 = 1 1  

4 t 5 t 3 = 1 2  

6 + 7 = 1 3  

Base Segment 

Head 

Upper Torso 

Middle Torso 

Lower Torso 

Lower Leg 

Branches 

2  

3  

3 

3  

2 



Here the  head would appear t o  be the  optimal base segment, b u t  another 

f a c t o r  comes i n t o  play.  Even though the  equat ions  have one ex t ra  term, Up- 

per Torso i s  a  much b e t t e r  choice because the  Head i s  usual ly  t he  l i g h t e s t  

body segment of  a l l  and numerical s t a b i l i t y  i s  a f f e c t e d  by the  r e l a t i v e  

heaviness o f  t h e  base segment. The Upper Torso i s  t h e  optimal choice f o r  

t h i s  chain .  This i s  the bas i s  f o r  t he  i n t e r i o r  s e l ec t i on  r u l e  ou t l ined  

above. This o rgan iza t ion  i s  done au tomat ica l ly  when t he  t a b l e s  fo r  execu- 

t i o n  a r e  s e t  u p .  

As in  t h e  case o f  t h e  previous vers ions  o f  the  MVMA Two Dimensional 

Model, t h e  Lagrangian approach i s  used. 

Kine t ic  energy f o r  a l l  r i g i d  segments i s  exp re s s ib l e  as  

and t he  k i n e t i c  energy terms reduce t o  

so t h e  t o t a l  k i n e t i c  con t r ibu t ion  t o  the  equat ions  of  motion fo r  

segment n a n d  the  i t h  equation i s  

Of course t he  p a r t i a l s  i n  equation (19)  wi l l  be zero fo r  a1 1  gene- 

r a l i z e d  coordinates  not  a s soc i a t ed  w i t h  any branch of  which the  segment 

i s  a  member. Since these  con t r ibu t ions  appear i n  equation (18)  exac t ly  



once  f o r  each  segment,  t h e  segments h e l d  i n  common by  more t h a n  one 

b r a n c h  a r e  s k i p p e d  i n  a l l  b u t  t h e  f i r s t  b r a n c h  t a k e n  up. 

The p r o c e d u r e  f o r  g e n e r a t i n g  t h e  k i n e t i c  ene rgy  t e rms  w i l l  be as 

f o l l o w s .  Each segment  w i l l  be t a k e n  i n  t u r n .  U s i n g  t h e  t a b l e s  i n  w h i c h  

b r a n c h  o r g a n i z a t i o n  has been s t o r e d  b y  t h e  I n p u t  P r o c e s s o r ,  t h e  b r a n c h  

a n d  l i n k  number on t h e  b r a n c h  w i l l  be l o o k e d  up and  t h e  c o n t r i b u t i o n  t o  

e a c h  o f  t h e  g e n e r a l i z e d  c o o r d i n a t e s  w i l l  be added i n  s t a r t i n g  w i t h  t h e  

base  segment  and  w o r k i n g  o u t  t o  t h e  segment i n  q u e s t i o n .  The g e n e r a l i z e d  

c o o r d i n a t e s  w i l l  depend  on  t h e  t y p e s  o f  c o n n e c t o r s  a l o n g  t h e  b ranch .  A 

r e c u r s i o n  r e l a t i o n s h i  p  w i l l  be  d e v e l o p e d  f o r  each  c o n n e c t o r  and t h e s e  

w i l l  be used  t o  b u i l d  up  t h e  c o n t r i b u t i o n s  a l o n g  t h e  a p p r o p r i a t e  b ranch  

t o  each  segment .  

S e c t i o n  2 . 4  Hand1 i ng o f  C o n s t r a i n t s  

I n  k e e p i n g  w i t h  t h e  L a g r a n g i a n  approach ,  c o n s t r a i n t s  a r e  h a n d l e d  by  

t h e  L a n g r a n i a n  mu1 t i p 1  i e r  me thod .  

I f  t h e  c o n s t r a i n t s  a r e  o f  t h e  f o rm :  

fp Ir) o *  - 1  f h ~  

0 

t h e n  t h e  e q u a t i o n s  o f  m o t i o n  w i l l  be changed b y  s e t t i n g  

i n  e q u a t i o n  ( 1 6 )  and  m o v i n g  t o  l e f t  hand s i d e .  I n  a d d i t i o n ,  con-  

s t r a i n t  e q u a t i o n s  a r e  added t o  c o v e r  t h e  new unknowns C f o r  e:() (h. 
These  a r e  p u t  i n  t e r m s  o f  a c c e l e r a t i o n s .  

1 

I n  t h i s  form, t h e s e  e q u a t i o n s  can be s o l v e d  a l o n g  w i t h  e q u a t i o n  ( 16 )  

c o n v e n i e n t l y .  The new unknowns a r e  s i m p l y  t h e  c o n s t r a i n t  f o r c e s  

n e c e s s a r y  t o  keep t h e  c o r r e s p o n d i n g  c o n s t r a i n t  s a t i s i  f i e d .  These con-  

s  t r a i  n t  f o r c e s  w i  11 be used  f o r  d e t e r m i n i n g  whe the r  j o i n t s  u n l o c k  a n d / o r  

15  



break where appl i c a b l e .  Expl i  c i  t c o n s t r a i n t s  then a r e  handled in terms 

o f  augmenting the  equat ions  o f  motion by c o n s t r a i n t  equat ions  in terms of  

a c c e l e r a t i o n s  which a r e  solved with t h e  equat ions  of motion. For b r ev i t y ,  

we w i l l  c a l l  t h i s  augmented s e t  of  equa t i ons ,  the equat ions  of  motion. 

I m p l i c i t  c o n s t r a i n t s  a r e  those  f o r  which t h e  a f f e c t e d  degrees o f  

freedom a r e  e l imina ted  from t h e  equa t ions  of  motion and f o r  which no 

c o n s t r a i n t  fo rces  a r e  computed. Cons t ra in t  fo rces  a r e  no t  needed f o r  an 

unbreakable ,  unlockable j o i n t ,  and t h e r e f o r e  r ep r e sen t  need1 e s s  computa- 

t i o n .  In t h i s  c a se ,  t h e  cons t ra ined  degrees  of  freedom a r e  computed 

a f t e r  t h e  equa t ions  o f  motion a r e  solved using express ions  i n  terms o f  

t h e  " t r u e "  degrees  o f  freedom. These express ions  a r e  presented i n  the 
s e c t i o n s  dea l i ng  with t h e  j o i n t s  and a r e  generated func t i ona l l y  along 

with t h e  k i n e t i c  energy terms. 

Any mass1 e s s  coord ina te  systems a r e  e i t h e r  r i g i d l y  a t t a ched  t o  

ano ther  coo rd ina t e  system ( f o r  spec i a l  inpu t /ou tpu t  purposes) o r  a r e  con- 

t r o l l e d  by p o s i t i o n ,  v e l o c i t y ,  o r  a c c e l e r a t i o n  p r o f i l e s  a s  a  func t ion  of  

time ( e . g . ,  t o  s imula te  a  v e h i c l e ) .  :[n t h e  f i r s t  c a se ,  t he  degrees o f  

freedom a r e  computed by t r ans format ion  equa t ions  from the degrees o f  

freedom o f  t h e  a t t a ched  coord ina te  system. In t h e  second ca se ,  t h e  de- 

g rees  o f  freedom a r e  computed from the  p r o f i l e s  supp l i ed ,  t h e  cu r r en t  

t ime ,  and t h e  degrees o f  freedom o f  t h e  system with r e spec t  t o  which the  

p r o f i l e s  a r e  s p e c i f i e d .  - 
This f e a t u r e  can be used t o  model one o r  more veh ic les  o r  veh i c l e  

p a r t s  which move a s  a  func t ion  o f  t ime. I t  could a l s o  be used f o r  ob- 

t a i n i n g  ou tpu t  with r e spec t  t o  a  moving observa t ion  po in t  without a f -  

f e c t i n g  t h e  equat ions  of motion. 



3 .0  JOINTS AND CONNECTORS 

T h i s  s e c t i o n  d e s c r i b e s  t h e  a v a i l a b l e  ways i n  wh i ch  two  body segments 

can  be j o i n e d  t o g e t h e r  i n  t h e  sense o f  a f f e c t i n g  each o t h e r s  m o t i o n  w i t h -  

o u t  c o n t a c t  f o r c e s .  The mechanisms w h i c h  a r e  used  f o r  t h i s  purpose  a r e  

c a l l e d  j o i n t s  and  c o n n e c t o r s .  The d i s t i n g u i s h i n g  c h a r a c t e r  o f  a  j o i n t  i s  

t h a t  i t  r e p r e s e n t s  a  u s u a l  model f o r  t h e  human body p a r t  whereas t h e  con- 

n e c t o r s  a r e  more  g e n e r a l  and  c o r r e s p o n d  t o  mechan i ca l  c o n n e c t o r s  u s u a l l y  

f o u n d  i n  more  g e n e r a l  s t r u c t u r a l  s i m u l a t i o n s .  

J o i n t s  and  c o n n e c t o r s  e f f e c t i v e l y  remove degrees  o f  f reedom f r o m  t h e  

e q u a t i o n s  o f  m o t i o n .  The p r e c e d i n g  s e c t i o n s  have  d i s c u s s e d  t h e  g e n e r a l  

app roach  t a k e n  f o r  e l i m i n a t i o n  o f  degrees  o f  f reedom. The f o l l o w i n g  sec-  

t i o n s  w i l l  d e s c r i b e  i n  d e t a i l  t h e  t y p e s  o f  j o i n t s  and t h e i r  i m p a c t  on  t h e  

e q u a t i o n s .  

3 .1  Genera l  Types o f  Connec to r s  

Connec to r s  f a l l  i n t o  two c l a s s e s ,  t h o s e  t h a t  c o n s t r a i n  imp1 i c i  t l y  

by  r e m o v i n g  deg rees  o f  f reedom f rom t h e  e q u a t i o n s  and t h o s e  t h a t  c o n s t r a i n  

e x p l i c i t l y  b y  l e a v i n g  t h e  degrees  o f  f reedom a l o n e  and  a d d i n g  c o n s t r a i n t  

e q u a t i o n s  t o  b i n d  some o f  them. T a b l e  2 l i s t s  t h e  c o n n e c t o r  t y p e s ,  t h e  

t y p e s  o f  c o n s t r a i n t ,  a  d e s c r i p t i o n  o f  t h e  c o n n e c t o r ,  t h e  n e t  e f f e c t  on 

t h e  degrees  o f  f r eedom and  t h e  n e t  e f f e c t  on t h e  number o f  t h e  e q u a t i o n s  

o f  m o t i o n .  I n  i n t e r p r e t i n g  t h e s e  l a t t e r  two  co lumns,  assume t h a t  t h e r e  

a r e  t h r e e  deg rees  o f  f reedom and t h r e e  e q u a t i o n s  f o r  e v e r y  body segment.  

These f i  f t e e n  c o n n e c t o r s  w i l l  be  i n v e s t i g a t e d  i n  t h e  f o l l o w i n g  s e c t i o n s .  

Each o f  t h e  c o n n e c t o r s  w i l l  be t h o u g h t  o f  i n  t e rms  as  " s t a t e s "  o f  m o t i o n  

and  " t r a n s i t i o n s "  between s t a t e s .  Each o f  t h e  i m p l i c i t  c o n n e c t o r s  have 

one s t a t e .  Each o f  t h e  e x p l i c i t  c o n n e c t o r s  can t a k e  on v a r i a b l e  s t a t e s .  

Each s t a t e  w i l l  be d e s c r i b e d  f o l l o w e d  by  t h e  t e s t s  f o r  t r a n s i t i o n  t o  

a n o t h e r  s t a t e  and  f i n a l l y  by t h e  t r a n s i t i o n  e q u a t i o n  i t s e l f .  

S e c t i o n  3.2 Unb reakab le  P i n  J o i n t s  and t h e  E q u a t i o n s  o f  M o t i o n  

F i g .  4 shows body segment n  connec ted  t o  body segment rn by means 

o f  a  p i n  j o i n t .  The n o t a t i o n  i s  t h e  same as  b e f o r e  e x c e p t  t h a t  two sub- 

s c r i p t s  a r e  used; t h e  f i r s t  one i s  t h e  d e f i n e d  p o i n t  number a t  wh i ch  t h e  



segment M 

Fig. 4. Pin J o i n t  Geometry 

connection takes  place and t h e  second i s  t he  body segment number. The bar 

s t i l l  i n d i c a t e s  a  s p e c i f i c a t i o n  with r e spec t  t o  t he  body segment system 

and the  lack  of  a  bar  s t i l l  i nd i ca t e s  an i n e r t i a l  r e l a t i v e  s p e c i f i c a t i o n .  

I f  the  defined poin t  s u b s c r i p t  .- i s  zero ,  then the  c e n t e r  of  g r a v i t y  i s  a l -  

ways i nd i ca t ed .  Hence, W o l b  5 0 f o r  a l l  [ . 
So i n  matr ix form 

Without l o s s  o f  g e n e r a l i t y ,  l e t  us assume t h a t  segment n l i e s  c lo se r  to 
the base segment on t h e  branch. Let us a l s o  assume t h a t  t he se  two seg- 

ments have l i n k  numbers on the  branch of  a  and a t 1  r e spec t ive ly .  Define 

a  funct ion i Q such t h a t  f o r  branch j and l i n k  number a ,  

t h e  func t ion  t akes  on t h e  value o f  the  t r u e  segment number ( n )  and t h e  

poin t  s u b s c r i p t s  1 and k a t  which connections in t he  chain occur f o r  

i  = 1 ,  2 ,  and 3, r e s p e c t i v e l y .  Let us simp1 i f y  t he  



TABLE 2 .  Connec to r  Types 

Freedom 1 Yot ion  
I I I 1 I 

C 

I ~ p l i c i t  

no r o t a t i o n  

I 

iumber  / Type \ a r e  ' C o n s t r a i n t  
I l i c e  I - 

U n b r e a k a b l e ,  u n l o c k a b l  e  

U n b r e a k a b l e ,  u n l o c k a b l e ,  
no r o t a t i o n  a t  e i t h e r  
e n d .  B e d e f i n e s  one  d e -  
g r e e  o f  f r eedom a s  d i s -  
t a n c e .  

3 e s c r i  p t i o n  F i g u r e  
iiunber 

3 1 i x t e n s i o n a l  / I r , p l i c i t  

: lange i n  Chanqe i n  
j e g r e e s  ~ ~ u a ~ ; o n i  

o f  

U n b r e a k a b l e ,  u n l o c k a b i e  
e f f e c t i v e l y  a  b a l l  j o i n t  
a t  b o t h  e n d s .  R e d e f i n e s  
one  d e g r e e  o f  f r e e i o m  a s  
d i s t a n c e  a n d  ano th ' 5 r  a s  
s econd  a n g l e .  

U n b r ~ ~ k a b l e ,  u n l o c k a b l e .  
no r o t a t i o n  a t  e i t h e r  
e n d .  R e d e f i n e s  two j e g -  
men t s  a s  o n e .  

U n b r e a k a b l e ,  u n l o c k a b l e ,  
e f f e c t i v e l y  a  j a i l  j o i n t  
a t  one  e n d .  

l i n b r e a < a b l s ,  u n i o c k a b l e .  
e f f e c t i v e l y  a  b a l l  j o i n t  
z t  b o t h  e n d s .  

4 

i 

5 

- 2  + 1  = 1  I 

- 3 

t 3 

i -: when l a c k e d  

i f i e d  v a l u e .  

w i t h  2 r o t a -  
t i o n  I 
U i t h  1  r o t a -  
t i o n  

ii j i d  no i m p l i c i t  
t o t a t i o n  

i 
I 

R i g i d  w i t h  m ~ l  
s i n g l e  r o t a -  
:ion 

9 1 l o c k a b l e  E x p ; i c i r  i i l l  un lock  a s  w i t h  7 
I o r e a k a b l e  and w i l l  b r e a k  when 

c o n s t r a i n t  f o r c e s  ex-  
ceed  s p e c i f i e d .  

i o c k a  b1 e  
b r e z k a b l e  5 

we1 1  . 

5 

3 

: 

I ? i s i d  w i t h  ; ! m ~ i i c i t  
I d o u b l e  r o t a -  I 

1 t i o n  I 
t 

3 d e n  o roke  
- 2  when ~ n ' o c k -  
ed 
- 2  #hen locked  

9  hen b r o ~ e  
-1 l o c k e d  r o t a -  

: ion  on l o c k -  
e c  $ l o n g a t i o n  

I 
! 

. i i  t h  l r o t a -  i 

I 
I 2  1 E x r e n s i o r a l  

l v i t h  0 r o t a -  I 
:ion 

0 3 

- 1  - 1  

- 3 - 3 

- 2  - i j 
I 
I 

- 2  uf i lccked r o t a - \  
:ion a t  one  1 
er,d o r  i n i o c k - 1  
2d 1 

I 
-: a:1 l o c k e l  

5 - 1  
i i 

1 



;ABLE 2 .  Connec to r  T j p e s  
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1 1 3  ;;l::y;i;;d/ 1 E x p l i c i :  1 ;;;;;f;;dsk;;;;e;;;ng 
1 -; a l l  l o c k e d  1 A; 1 

1 4  Neck node1 I m p i  i c i t  S p e c i a l  c a s e  o: :3r 

c o r n p a ~ i  b i  1 i t y  , 

:lumber Type bizme 

/ 1 5  S h o u l d e r  I ~ p l i c i  t S p e c i a l  c a s e  o f  3 f o r  
model  c o r n ~ a t i b i l  i t v  

1 6  1 '  
N o t e :  These C o n n e c t o r  Tyaes r e p r e s e 7 T  va r i a t i c ; ;  

o f  o n l y  Three b a s i c  c o n r [ e c t o r s .  

Cons t r a i n :  
Y Y P ~  

I. 
D e s c r i p t i o n  

I Fi qur: 1 ? : u i b e r  

2 e g r ~ e s  
0: 

Freedom 

E c u a t i o n s  
o  i 

:!o:ion 



no t a t i on  a s  fo l  lows : 

.I 
- - 

where R z , ~  = Rr,, where hz?,,i(") and 

1=q3 (G) t h e  e x i s t i n g  
' j  def ined point  

d - 
C 

where 2 X J i ( f i ~ l ) a n d  

t he  en t e r i ng  h= 7 -(l.tr) 
a, a def ined point  

and dp. d hr 

L .  L .  * * 

Looking back a t  equat ion ( 1 9 ) ,  we see  t h a t  #M /bb J eb 
a% - 

a r e  necessary in o rder  t o  compute 

t h e  con t r i bu t i ons  t o  t he  equat ions  o f  motion. Each o f  these  q u a n t i t i e s  - 
a r e  r e l a t e d  by recurs ion  equa t ions .  

aR 014 - - aa, 
\ 

' t i  1 JQ+I ( 2 4 )  

and zero o the rw i se .  



ad& N o t e  t h a t  ( &6.)r = - - 

So t h e  p r o c e d u r e  f o r  each  b r a n c h  i n v o l v e s  s t a r t i n g  w i t h  t h e  base 

segment, compu t i ng  t h e  p a r t i a l s  and t i m e  d e r i v a t i v e s  and t h e n  t h e  k i n e t i c  

e n e r g y  c o n t r i b u t i o n  f o r  each  b r a n c h  segment i n  t u r n .  For  each  new 
segment ,  one n o n - z e r o  p a r t i a l  w i l l  be  m o d i f i e d  and one w i l l  be non -ze ro  

f o r  t h e  f i r s t  t i m e .  

S e c t i o n  3 . 3  B r e a k a b l e  P i n  J o i n t s  a n d  t h e  E q u a t i o n s  o f  M o t i o n  

T h i s  t y p e  o f  j o i n t  i s  a  v a r i a t i o n  o f  t h e  p i n  j o i n t  i n  S e c t i o n  3 . 2 .  

The v a r i a n t  i s  t h a t  t h e  j o i n t  may become unconnec ted  o r  i t  may become im-  

m o b i l e .  The app roach  t a k e n  i s  t o  t r e a t  each  o f  t h o s e  p o s s i b i l i t i e s  as a  

" s t a t e  o f  m o t i o n "  and  t o  p r o v i d e  a  s e p a r 3 t e  a n a l y s i s  f o r  each o f  t h e  s t a t e s  

e x p r e s s e d  i n  common t e r m s  so t h a t  t h e  when and  how o f  t r a n s i t i o n s  between 

s t a t e s  can  be s p e c i f i e d .  Toward t h i s  end, each s t a t e  i s  d e f i n e d  i n  te rms  

o f  i t s  o p e r a t i o n a l  c o n s t r a i n t  e q u a t i o n s  and  each t r a n s i t i o n  i s  d e f i n e d  i n  

t e r m s  o f  c o n s t r a i n t  e q u a t i o n s  w h i c h  a r e  a f u n c t i o n  o f  t i m e .  

S t a t e  1 (When t h e  j o i n t  i s  f r e e  t o  move) .  

The m o t i o n  i n  t h i s  s t a t e  i s  gove rned  b y  two  c o n s t r a i n t  e q u a t i o n s :  



S t a t e  2  (When t h e  j o i n t  i s  locked so t h a t  i t  cannot move). 

The motion in  t h i s  s t a t e  i s  governed by t h r ee  c o n s t r a i n t  equa t ions .  

and ( 2 8 )  

e ,  - = 0 
S t a t e  3  h hen the j o i n t  i s  broken a p a r t )  

The motion in t h i s  s t a t e  has no c o n s t r a i n t  equa t ions .  The two body 

segments a r e  no t  connected.  

Al l  t h r e e  s t a t e s  can be descr ibed by t h e  fol lowing equat ions  

where t h e  t h r e e  new va r i ab l e s  t ake  on values  which de f i ne  the  s t a t e s  

so when 

and )\ f r e e ,  we have S t a t e  1 ,  
4 

when and 2k,iec , we have S t a t e  2 ,  and 

when a l l  t h r e e  a r e  f r e e ,  we have S t a t e  3. 

How Cx, C Z  and C a r e  t h e  fo r ce s  ( o r  to rques )  necessary t o  
8 

ma i  n t a i  n t h e  c o n s t r a i n t s  . When these  exceed c e r t a i n  s p e c i f i e d  val ues ,  

t he  j o i n t  begins t r a n s i t i o n  t o  unlocking or breaking.  This i s  accom- 

p l i  shed by t r e a t i n g  t h e  c o n s t r a i n t  f o r ce s  not  a s  independent v a r i a b l e s ,  

b u t  a s  c o n s t r a i n t s  o r  a s  determined as a  funct ion of t ime u n t i l  t r a n s i -  

t i o n  i s  complete. In o r d e r  t o  completie t h e  equat ions  o f  motion, the  

equa t i ons  r ep l ace  t h e  c o n s t r a i n t  equatiions. 

For t h e  unlocking j o i n t ,  T+ remains a cons tan t  with t h e  value of 

t he  unlocking to rque .  When t h e  s i gn  o f  the  a c c e l e r a t i o n  changes,  the  

j o i n t  to rque  must be l e s s  than t h e  unlocking torque i n  magnitude and the  

equa t i ons  again  compute c o n s t r a i n t  fo rces  f o r  the  locked s t a t e .  

For t h e  breaking j o i n t ,  t h e  process i s  i r r e v e r s i b l e  when complete. 

When t h e  breaking fo r ce  i s  exceeded in e i t h e r  component, t he  )\ equat ions  

rep lace  the  c o n s t r a i n t  equa t ions  and both C x  and C, a r e  ramped from t h e  

breaking fo rce  down t o  zero as a  func t ion  of  the  maximum magnitude o f  the  

vec to r  A. This  means t h a t  f u r t h e r  reduc t ion  in  t h e  C ' s  a r e  t i e d  t o  

further i nc r ea se  i n  (A( only ,  not  t o  t ime o r  to  r e v e r s a l s .  i f  ( A (  be- 

comes l e s s  than a  p resc r ibed  q u a n t i t y ,  the  equa t ions  a r e  p u t  back as  be- 



f o r e  except  t h a t  t h e  breaking fo r ce s  a r e  s e t  t o  t h e  cu r r en t  values of 

t h e  C ' s .  Once t h e  C's go t o  ze ro ,  t h e  c o n s t r a i n t  equat ions  a r e  removed 

and t h e  model behaves as  i f  t h e  segments were never jo ined .  

Sec t ion  3 .4  The Extensional Connector and Variants  

The Unbreakable Extensional Connector and t h e  Rigid Connector both 

have four  v a r i a t i o n s  -no angu l a t i on ,  angula t ion  a t  e i t h e r  end, and angu- 

l a t i o n  a t  both ends .  Figure 5 i l l u s t r a t e s  the s i t u a t i o n .  

Fig .  5 .  Rigid and Extensional Connector Geometry 

The ba s i c  mat r ix  equat ion is  
-r 

T - R 0,- ~4 ~ , m  = R . , ~ + J * $ ~ ~  +(b")l~jl ,&+i (3,) 



The v a r i a t i o n s  i n  t h e s e  c o n n e c t o r s  depend e n t i r e l y  on what  i s  i n -  

c l u d e d  i n  t h e  degrees  o f  f reedom and what  i s  h e l d  c o n s t a n t .  T a b l e  3  

summar izes each c o n n e c t o r .  

The c o n t r i b u t i o n s  t o  t h e  k i n e t i c  ene rgy  a r e  

and  

The p r o p e r  i n t e r p r e t a t i o n  o f  e q u a t i o n s  ( 3 1 )  and ( 3 2 )  depends 

on t h e  a p p l i c a b l e  l i n e  o f  T a b l e  3. In e q u a t i o n  ( 3 1 ) ,  t h e  c o r r e s p o n d i n g  

p a r t i a l  i s  z e r o  if a  "No" i s  l i s t e d  unde r  t h e  p o t e n t i a l  degree  o f  

f reedom. The t i m e  d e r i v a t i v e  ( e q u a t i o n  ( 3 2 ) )  n e c e s s i t a t e s  d e t e r m i n i n g  

t h e  dependence r e l a t i o n s h i p  i f  m o t i o n  i s  p d s s i b l e  f o r  t h e  "No" e n t r i e s  

i n  T a b l e  3. i f ( ~ ~ l i s  n o t  a  degree  o f  f reedom, t h e n  ( L ~  [ f  Q 

However,  s i n c e  a l l  a n g l e s  a r e  w i t h  r e s p e c t  t o  t h e  I n e r t i a l  System 

i f  t h e e -  column i s  "No" ,  t h e n  6,- ej = ffc t wh ich  i s  a  con- 

s t a n t ,  and  

( 3 3 )  

t- 
if t h e  6 column i s  "No" ,  t h e n  Gm- ei  = ee MI 

w h i c h  i s   noth her 

c o n s t a n t .  

The t i m e  d e r i v a t i v e s  a r e  o b t a i n e d  f r om  t h e  e q u a t i o n s  ( 3 3 )  i n  case  

o f  a n g u l a r  dependences and a r e  used  i n  e q u a t i o n  ( 3 2 ) .  



T a b l e  3 The F a m i l y  o f  E x t e n s i o n a l  Connec to rs  

I 1 qi (Degrees  o f  f reedom) i n c l u d e  1 

N o t e  t h a t  w h i l e  i t  i s  n o t  known w h e t h e r  R,,,is f r e e  or n o t ,  t h e  c h a i n  

as a who le  w i l l  e f f e c t i v e l y  p r o v i d e  two  degrees  o f  f reedom a t  t h i s  

p o i n t .  

C o n n e c t o r  

E x t e n s i o n a l  
n o  r o t a t i o n  

E x t e n s i o n a l  
1  r o t a t i o n  
i n  base  segment end 

E x t e n s i o n a l  
1  r o t a t i o n  
on o t h e r  end 

E x t e n s i o n a l  
2 r o t a t i o n s  

R i  g i  d  
no  r o t a t i o n  

R i g i d  
1  r o t a t i o n  
n e a r  end  

R i g i d  
1  r o t a t i o n  
f a r  end  

R i g i d  

R b r m  

No 

No 

N o 

N o  

No 

N o 

N o 

Number o f  deg rees  a 1 ways 1 2 
o f  f reedom dependent  

-Qh 

No 

No 

Yes 

Yes 

No 

No 

Yes 

Yes 

1 

k j m  

Yes? 

Yes? 

Yes? 

Yes? 

Yes? 

Yes? 

Yes? 

Yes? 

1 

S, 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

1 

~i 
No 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

I L i I  
Yes 

Yes 

Yes 

Yes 

No 

No 

No 

No 



For compa t ib i l i t y  s ake ,  t h e  "neck" and "shoulder"  j o i n t  models o f  

t h e  MVMA 2-D, Version 4 a r e  a v a i l a b l e  wherever the  user s p e c i f i e s .  These 

a r e  both spec i a l  v a r i a t i o n s  on t h e  double r o t a t i o n  f l e x i b l e  j o i n t  and 

d i f f e r  i n  choice  o f  degrees  o f  freedom. 

Fig.  6 .  The "Shoulder" J o i n t  

Here t h e  degrees o f  freedom choslon a r e  t he  i n e r t i a l  components of  
3 

R and a  c i r c l e  o f  rad ius  R, i s  s e t  u p  about t h e  near j o i n t  end s  
which i s  supposed t o  r ep r e sen t  t he  a r e a  o f  f r e e  motion f o r  t h e  shoulder .  

This  wi l l  supercede usual j o i n t  fo rce  production and i s  d iscussed more 

f u l l y  i n  Reference 1 .  The "neck" model looks j u s t  l i k e  Fig .  5 and 

d i f f e r s  only i n  t h e  p a r t i c u l a r  j o i n t  f o r ce s  a v a i l a b l e .  

Breakable and 1  ockabl e  ex tens iona l  connectors  a r e  t r e a t e d  j u s t  

t h e  same way a s  descr ibed in Sec t ion  3.3 except  t h a t  t h e  bas ic  c o n s t r a i n t  

equa t ions  have one more term ( s e e  equat ion ( 2 7 ) ) .  



and t h e r e  i s  no need of equat ion ( 2 9 ) .  When ( L k (  i s  locked, an 

equat ion ILk\ = L , a  c o n s t a n t , i s  added. 

There a r e  e i g h t  Locked S t a t e s  plus the  Broken S t a t e  f o r  t he  

Extensional j o i n t  with two r o t a t i o n s .  The 1  e s s e r  degree of  freedom 

p o s s i b i l i t i e s  mentioned i n  Table 3 lead t o  a  s i m i l a r  reduc t ion  i n  

locked s t a t e s .  

3 . 5  Roll ing and S l i d i n g  Cons t ra in t s  

This type of  c o n s t r a i n t  i s  considered e s s e n t i a l l y  t o  be a 

connector  and i s  p i c tu r ed  i n  Figure 7 .  

Fig. 7 .  The Roll ing-Sl id ing  Cons t ra in t  

z? 
where i s  t h e  vec to r  from t h e  Center of  Gravity t o  t h e  Ins tan-  -+ 
taneous Center of  Rotation and ri i s  t h e  vec tor  from t h e  c e n t e r  of  

r o t a t i o n  t o  t h e  po in t  of  con t ac t .  
2 '! 



\ 

and -Tm,= ~ ~ w t . d ~ k , n r t d f i ~ ~ ~  

t hen  t h e  c o n n e c t i o n  e q u a t i o n  i s  

f,: 7-m a t  a n y  g i v e n  i n s t a n t .  

Fo r  e i t h e r  r o l l i n g  o r  s l i d i n g ,  t h e  norma l  component o f  v e l o c i t y  

a t  t h e  p o i n t  o f  c o n t a c t  mus t  be t h e  same. F o r  r o l l i n g ,  i n  a d d i t i o n ,  

t h e  t a n g e n t i a l  component mus t  be t h e  same as w e l l .  

So f o r  r o l l i n g  

i-, =T, 

and f o r  s l i d i n g  

7' 
= ( T ~ )  5 

lnhl 

2 3 
Fo r  g e n e r a l  shapes o f  segments t h e  An and r, v e c t o r s  

can be d i f f i c u l t  t o  compute. I f  a  two -d imens iona l  c u r v e  i s  d e f i n e d  

p a r a m e t r i c a l l y  as 

t h e  c e n t e r  o f  c u r v a t u r e  i s  

= v ( ; t )  

* See n o t e  n e x t  page. 

t h e n  t h e  r a d i u s  o f  c u r v a t u r e  i s  14 = - 
( 3 9 1  * 



the normal t o  the curve i s  

and the  tangent t o  the  curve i s  

Two curves are  tangent a t  a  point i f  

We will  be dealing with only two shapes, the e l l i p s e  and the 

l i n e .  Of the  four combinations of  these shapes, l i n e  on 1 ine ro l l ing  

i s  n o t  allowed so t h a t  a  l i n e  can e i t h e r  be s l id ing  or  be held in 

place when in te rac t ing  with another 1  ine.  

For an e l l i p s e ,  the equations 

where 4 i s  the  parameter a n d  i s  the  iner t ia l  or ienta t ion  
angle of the  e l l i p s e .  a  and b a re  the semi-major axes along the x a n d  

z axes of the e l l i p s e  system. kjo ) are  the i n e r t i a l  coordinates 

of the center  of the e l l i p s e  and the or ig in  of the e l l ipse  system. 

*Equations ( 3 9 )  through ( 4 3 )  are taken from page 5 4 6 ,  Volume I ,  Reference 
(4). 

:I 0 



Then comparing with above, we see  

idhen t he se  a r e  s u b s t i t u t e d  back i n  ( 3 9 )  through ( 4 2 ) ,  we have - -4 
every th ing  necessa ry  f o r  computing k, and n, f o r  any given value 

o f  &. which depends on  t he  o the r  shape,  

For a  l i n e  

= &',o f ?(+L- , (  

I n  t h e  l a t t e r  form & i s  t h e  d i s t ance  along t h e  l i n e .  

Since curva ture  i s  i n f i n i t e  f o r  a l i n e ,  equat ions  ( 3 9 )  and ( 4 0 )  
--5 

w i l l  not be used f o r  a  l i n e .  A, w i  11 be taken as t he  vec tor  t o  the  
7 

t angen t  po in t  and n, wi l l  be def ined as  a  u n i t  normal a t  t he  tangent  

po in t  f o r  any given value o f  .&. 

For any o f  t h e  combinations of  shapes ,  t he  two parameters des- 

c r i b i n g  t h e  t angen t  po in t  on each of t h e  two shapes a r e  obtained from 

the  " touching" equa t ions .  



Once t h e  e q u a t i o n s  a r e  s o l v e d  f o r  t h e  two pa rame te r s ,  

e q u a t i o n s  ( 3 7 )  a r e  c o m p l e t e l y  d e t e r m i n e d  and t h e r e  r ema ins  o n l y  

t o  p u t  t h i s  v e c t o r  i n  t e rms  o f  i t s  no rma l  and  t a n g e n t i a l  components 

r a t h e r  t h a n  i t s  i n e r t i a l  components i i s  i n  ( 3 7 ) .  E q u a t i o n  (38) 

i s  t h e  m a g n i t u d e  o f  no rma l  component and 

component.  The c o r r e s p o n d i n g  components o f  e q u a t i o n s  ( 3 7 )  t h e n  

f o r m  t h e  c o n s t r a i n t  e q u a t i o n s  wh i ch  a r e  added t o  t h e  e q u a t i o n s  o f  

m o t i o n .  The t w o  c o n s t r a i n t  f o r c e s  w i l l  be t h e  no rma l  and t a n g e n t i a l  

c o n s t r a i n t  f o r c e s .  These two f o r c e s  i n  compar ison  w i t h  u s e r  s p e c i f i e d  

v a l u e s  d e t e r m i n e  i f  t h e  c o n s t r a i n t  i s  b roken  o r  s l i d i n g .  

1 I ( T n h  )n, ,,,I 

When s l i d i n g , t ,  and  t2 a r e  i n v a r i a n t  i n  t i m e .  The norma l  con- 

s t r a i n t  e q u a t i o n  i s  used  as b e f o r e .  The t a n g e n t i a l  c o n s t r a i n t  f o r c e  

i s  h e l d  c o n s t a n t  and t h e  t a n g e n t i a l  c o n s t r a i n t  e q u a t i o n  i s  g i v e n  an 

a d d i t i o n a l  unknown, t h e  r e l a t i v e  t a n g e n t i a l  v e l o c i t y  w h i c h  i s  s o l v e d  

f o r .  When t h e  t a n g e n t i a l  a c c e l e r a t i ' o n  changes s i g n s ,  t h e  s l  i d i n g  

w i l l  cease and r o l l i n g  recommences. The e q u a t i o n s  a r e  p u t  back f o r  

r o l l i n g .  

i s  t h e  t a n g e n t i a l  

When t h e  no rma l  c o n s t r a i n t  f o r c e s  exceed  t h e  u s e r  s p e c i f i e d  b r e a k i n g  

f o r c e ,  b o t h  norma l  and  t a n g e n t i a l  c o n s ' t r a i n t  f o r c e s  a r e  ramped t o  z e r o ,  

t h e  tl and t2 pa rame te r s  a r e  h e l d  c o n s t a n t ,  and  b o t h  t h e  normal  and 

t a n g e n t i a l  r e l a t i v e  v e l o c i t i e s  a r e  s o l v e d .  IJhen t h e  r amp ing  i s  

comp le te ,  t h e  c o n s t r a i n t  e q u a t i o n s  a r e  removed a1 t o g e t h e r .  

S e c t i o n  3.6 J o i n t  Forces  

I n  t h e  p r e c e d i n g  s e c t i o n s ,  t h e  h a n d l i n g  o f  c o n n e c t i o n s  f r om  t h e  

p o i n t  o f  v i e w  o f  t h e i r  i m p a c t  on t h e  degrees  o f  f reedom i n  t h e  e q u a t i o n s  

o f  m o t i o n  has been d i s c u s s e d .  I n  a d d i t i o n ,  each o f  t h e  c o n n e c t o r s  has 



t h e  c a p a b i l i t y  f o r  r e s i s t i n g  motion in each of  t h e  a l lowable  degrees 

o f  freedom. This  s ec t i on  wi l l  examine fo rce  production by connectors 

and j o i n t s .  These fo rces  a r e  o f  t he  na tu r e  of f ($1 
where h i s  a  pos i t i ona l  d e f l e c t i o n  and a  func t ion  o f  c e r t a i n  

o f  t he  degrees o f  freedom. The po t en t i a l  energy f o r  t h i s  fo rce  i s  

and t h e  con t r i bu t i ons  i n  the  equat ions  of  motion ( s e e  equat ion ( 1 6 ) )  

Here t h e  symbol Qi i s  used t o  i n d i c a t e  not an app l i ed  fo rce  b u t  

r a t h e r  what wi l l  be c a l l e d  a  "gene ra l i z ed  fo rce" .  The f a c t o r  F (6) 
as i s  t h e  fo r ce  and t h e  f a c t o r  - i s  c a l l ed  t he  l e v e r  arm because of 

s t r ong  resemblence t o  the  

- 
Torque = Force x Lever Arm 

a n t  i t  s e rve s  the  s a w  purpose although i t  i s  in  general  not a  

d i s t a n c e .  

Table 4 p r e sen t s  a  de sc r i p t i on  o f  t h e  types of  f o r ce  r e s i s t a n c e  

a v a i l a b l e  t o  both t h e  pin j o i n t  and t he  ex tens iona l  connector .  S l i d ing -  
r o l l i n g  connectors  do not  o f f e r  r e s i s t a n c e  of t h i s  s o r t .  



TABLE 4 Types o f  J o i n t  Fo r ces  

. 

Used 

Used 

Type 

1 .  Gene ra l  M a t e r i a l  

From R e s t  

2. Gene ra l  M a t e r i a l  

From S t o p  

D e s c r i  p t i o n  

1 f  S - S 0 7 o ,  F ~ ( ~ J - , )  

If & 7 & u  , F2 (5-su) Used 

1f S P = 6 ~ s u ,  Used 

/ I d ' 4 S e ,  fu ( ~ e - 6 )  Used 

3. F r i c t i o n  

s . - C v 8  Used 

Je 

Used 

4 .  V i s c o u s  Damping 

1 5 .  M u s c l e  T e n s i o n  

181 &, - d F~ Used 
6, 

If b z &  , cVf  Used 

I F i s  used  where  F s a t i s f i e s :  

I See S e c t i o n  2 . 3 . 2 ,  Vo1. 1  o f  MVMA R e p o r t  ( R e f .  1 )  

I n  t h e  above,  each  c o n s t a n t  and  f u n c t i o n  i n d i c a t e d  i s  i n p u t t e d  t o  

t h e  p rog ram f o r  each  usage o f  each  t y p e  o f  j o i n t  f o r c e .  T h a t  i s  t o  s a y  t h a t  

each  j o i n t  o r  c o n n e c t o r  c a n  have  a n y  d e s i r e d  c o m b i n a t i o n  o f  t h e  above  t y p e s  

o f  j o i n t  r e s t r a i n t s .  F o r  each  such  usage,  t h e  f o r c e  i s  a p p l i e d  t o  t h e  

e q u a t i o n s  o f  m o t i o n  v i a  e q u a t i o n  ( 4 9 ) .  



4.0 FORCED OR APPLIED VARIABLES 

I t  i s  o f t e n  v e r y  u s e f u l  t o  cause  a  p a r t i c u l a r  sequence o f  e v e n t s  

on  one  p a r t  o f  a  sys tem and  t h e n  t o  s i m u l a t e  t h e  r e a c t i o n s  o f  t h e  r e s t  

o f  t h e  s y s t e m  t o  t h e s e  e v e n t s .  To a i d  i n  t h i s  endeavo r ,  V a r i s e g  p e r -  

m i t s  t h e  s p e c i f i c a t i o n  o f  f o u r  t y p e s  o f  p r e s c r i b e d  e v e n t s ,  t h e  p o s i t i o n  

o f  any  p o i n t  as a  f u n c t i o n  o f  t i m e ,  t h e  v e l o c i t y  o f  any p o i n t  as  a  f u n c -  

t i o n  o f  t i m e ,  t h e  a c c e l e r a t i o n  o f  any  p o i n t  as a  f u n c t i o n  o f  t i m e ,  and a  

f o r c e  as a  f u n c t i o n  o f  t i m e  a p p l i e d  t o  any  p o i n t .  The f o l l o w i n g  s e c t i o n s  

d e a l  w i t h  t h e s e  e v e n t s .  

I t  w i l l  b e  n o t e d  t h a t  no s o p h i s t i c a t i o n  has  been emp loyed  i n  t h e  

n u m e r i c a l  d i f f e r e n t i a t i o n  f o r m u l a s  used  i n  t h e  f o l l o w i n g  s e c t i o n s  whereas 

t h e  n u m e r i c a l  i n t e g r a t i o n  f o r m u l a s  a r e  e x a c t .  The r easons  f o r  w h i c h  t h e s e  

s e c t i o n s  we re  s e t  u p  t h i s  way a r e  as f o l l o w s :  

1 .  The model  i s  p o s i t i o n  dependen t  and  a l m o s t  r a t e  i n d e p e n d e n t  

( dependen t  on  r a t e  s i g n ) ;  t h e  a c c u r a c y  i s  where i t  i s  needed, 

and 

2 .  More s o p h i s t i c a t i o n  w o u l d  b e  m i s l e a d i n g  s i n c e  t h e  u s e r  i s  v e r y  

u n l i k e l y  t o  s u p p l y  t h e  n e c e s s a r y  i n f o r m a t i o n  t o  do  a  p r o p e r  

j o b  t o  o b t a i n  a c c u r a t e  d e r i v a t i v e s .  

The u s e r  i s  warned  t h a t  i f  r a t e  i n f o r m a t i o n  i s  i m p o r t a n t  t o  a  p a r -  

t i c u l a r  r u n ,  t h e  u s e r  m u s t  o b t a i n  good v e l o c i t y  o r  a c c e l e r a t i o n  i n f o r m a -  

t i o n  and  s u b m i t  i t  t o  t h e  model . The p o s i t i o n  o p t i o n  w i l l  be used  m a i n l y  

f o r  s p e c i a l  c o o r d i n a t e  sys tem p l a c e m e n t .  

S e c t i o n  4.1 F o r c e d  P o s i t i o n  

When a  d i s p l a c e m e n t  i s  s p e c i f i e d  as a  t a b l e  o f  p o i n t s  i n  t i m e ,  

s t r a i g h t f o r w a r d  c u r v e  f i t t i n g  i s  used  i n  o r d e r  t o  a p p r o x i m a t e  v e l o c i t y  

a n d  a c c e l e r a t i o n .  I f  t h e r e  a r e  f o u r  o r  more  t a b l e  p o i n t s ,  each  f o u r  

p o i n t s  a r e  t a k e n  i n  t u r n  and  e q u a t i o n s  ( 5 0 )  a r e  used.  



where 

$2 = + L dl (f '+f>+*i) +dl(*.+*z+*,) 

+ h p ( l o + l ,  + f l )  -dy(ko+  t ,  +#,) J 
[ - d l ( t ~  * ~ + * % f l 4  *l ~ , j - d l ( f o t 2 + t ~ * 3 + i t 3 t  

.I d l ( h * l +  + l t 3 + * 3  f ~ ) + ~ ( . " , , * , + ) , & + ~  11 *j:  0 

I 

and f u r t h e r  

- ( t 3-24 ( t3-J I ) ( ~ 1 - 2 , )  1, d \  - 
( * 3 4  z] (hd ;t, ) ($2.- 2 4 )  b z=  

- ( +  ?-kt) L f ,-.to) ( A c - 2 ~ )  Sa. A 3 -  - 

* ${) ( $  L - f d  f [ -w  r 3  4' 2- 

ct = ($3 -  ; e ~  ( t 3 - f I )  ( k r ~ , )  (Aa- 

given t h a t  t he  four  t a b l e  po in t s  a r e  l a b e l l e d  

I f  t h e r e  a r e  on ly  t h r e e  t a b l e  poirlts a v a i l a b l e  t he  equat ion 

(50 )  s i m p l i f i e s  t o  equat ion ( 5 1 ) .  



For t h r e e  p o i n t  t a b l e s ,  

where 

For two p o i n t  t a b l e s ,  

For one  p o i n t  t a b l e s  

6, = "  

$2, 

9 3  = P  

4q.t 5 0  



S e c t i o n  4 . 2  F o r c e d  V e l o c i t i e s  

where  8% , 4 , a n d  $4 a r e  e x a c t l y  s i m i l a r  t o  t h e  d e f i n i t i o n s  

g i v e n  i n  e q u a t i o n s  ( 5 1 ) ,  ( 5 2 )  and ( 5 3 )  o f  t h e  p r e c e d i n g  s e c t i o n  e x c e p t  

t h e  \/; r e p l a c e s  S; whereve r  i t  o c c u r s .  S (t*) i s  t h e  computed v a l u e  f o r  

t h a t  p o i n t  o r  i n  t h e  c a s e  o f  t h e  f i r s t  g r o u p  o f  p o i n t s  i t  i s  i n i t i a l  

c o n d i t i o n s  s p e c i f i e d  b y  t h e  u s e r .  

S e c t  i o n  4 .3  Fo rced  A c c e l e r a t i o n s  

where 4 a n d 4  a r e  d e f i n e d  as i n  ( 5 2 )  and  ( 5 3 ) ,  e x c e p t  t h a t  now ai 

r e p l a c e s  Si and  t h e  v ( t o )  and  S( t , )  a r e  b o t h  r e l a t e d  u l t i m a t e l y  back 

t o  i n i t i a l  c o n d i t i o n s .  

We have  y e t  t o  d i s c u s s  how t h e s e  imp ressed  a c c e l e r a t i o n s ,  

v e l o c i t i e s ,  and  d i s p l a c e m e n t s  a r e  r e l a t e d  back t o  t h e  body segment 

f o r  w h i c h  t h e  p o i n t  i n  q u e s t i o n  i s  d e f i n e d .  Now s i n c e  t h e  f o r c e d  

v a r i a b l e s  can be s p e c i f i e d  w i t h  r e s p e c t  t o  any  c o o r d i n a t e  system, 

F i g .  8 i l l u s t r a t e s  t h e  s i t u a t i o n .  



Inertial System 

F i g .  8 .  Forced A c c e 1 e r ; i t i o n  



a r e  t h e  i n g r e d i e n t s  t o  t h e  c o n t r i b u t i o n s  t o  t h e  e q u a t i o n s  o f  m o t i o n  

s p e c i f i e d  i n  e q u a t i o n  ( 1 9 )  o r  

r,. - a n d  
b 

* 
a 

k 4 ( k w )  ' h R ~ ~ m  

N o t e  t h a t  n o t  o n l y  t i m e  d e r i v a t i v e s  b u t  a l s o  t h e  p a r t i a l s  o f  t h e  - 3 
s p e c i f i e d  v e c t o r  a r e  i n c l u d e d  because i f  one component o f  5 i s  A a 
l e f t  u n s p e c i f i e d ,  i t  i s  c o n s i d e r e d  t o  be l e f t  f r e e .  I n  t h i s  cask: t h e  

a p p r o p r i a t e  p o r t i o n  o f  e q u a t i o n  ( 56 )  ,is added t o  t h e  e q u a t i o n s  o f  

m o t i o n  and  t h e  m i s s i n g  component i s  s o l v e d  f o r .  I f  t h e r e  a r e  no unknowns 

w h i c h  a r e  n o t  g e n e r a l i z e d  c o o r d i n a t e s  i n  e q u a t i o n  ( 5 6 ) ,  t h e n  Ro,&is 

e l i m i n a t e d  f r o m  t h e  e q u a t i o n s  o f  m o t i o n  and ( 5 6 )  i s  used  t o  compute 

RQlh . T h i s  e f f e c t i v e l y  makes t h e  f o r c e d  v a r i a b l e  i n t o  an 

u n l o c k a b l e  and u n b r e a k a b l e  b u t  movab le  p i n  j o i n t  w i t h o u t  j o i n t  f o r c e  

c a p a b i l i t y .  

Then t o  c o m p l e t e  t h e  u s e f u l n e s s  o f  t h i s  f e a t u r e ,  i f  t h e  component 

s p e c i f i e d  i s  a n g u l a r ,  i t  i s  a l w a y s  t a k e n  t o  s p e c i f y  t h e  a n g l e  f r o m  

t h e  body segment  sys tem t o  t h e  p o i n t .  



S e c t i o n  4 .4  A p p l i e d  Forces 

Forces can be a p p l i e d  t o  any p o i n t s  i n  terms o f  e i t h e r  Car tes ian  

o r  p o l a r  components s p e c i f i e d  w i t h  r e s p e c t  t o  any system. I f  t h e  

p o i n t  i s  s p e c i f i e d  w i t h  r e s p e c t  t o  Segment n  and t h e  f o r c e  w i t h  r e s p e c t  

t o  Segment m  t h e n  t h e  components o f  t h e  f o r c e  v e c t o r  i n  t h e  segment n 

system a r e  

The normal component i s  t h e  d o t  p r o d u c t  o f  t h e  f o r c e  v e c t o r  

and t h e  u n i t  v e c t o r  t o  t h e  p o i n t  from t h e  o r i g i n .  The t a n g e n t i a l  

component i s  t h e  v e c t o r  d i f f e r e n c e  o f  t h e  v e c t o r  and i t s  normal  com- 

ponent ,  hence 

where 5 and a r e  t h e  t a n g e n t i a l  and normal  components 

o b t a i n e d  above. 



5.0 PREVIEW OF INPUT TO VAEISEG 

V a r i s e g  w i l l  a c c e p t  numbered i n p u t  c a r d s  o f  f i x e d  f o r m a t  as de- 

s c r i b e d  i n  volume 2 o f  t h e  MVMA 2 - D  Model ( R e f .  1 ) .  Some o f  t h e s e  c a r d s  

mus t  be g e n e r a l i z e d  somewhat. T h i s  o l d e r  f o r m a t  o f  i n p u t  was keypunch 

o r i e n t e d  w i t h  f i x e d  co lumn ranges  and  i d e n t i f i c a t i o n  f i e l d  i n  columns 73 

t h r o u g h  80. The approach  has been f ound  i n c o n v e n i e n t  w i t h  t h e  a d v e n t  o f  

t e r m i n a l  systems and d i r e c t  s u b m i t t a l  o f  d a t a  decks i n t o  d i s k  f i l e s .  

V a r i s e g  w i l l  a l s o  a c c e p t  a  f r e e  f o r m a t  s y m b o l i c  f o rm  o f  i n p u t  de- 

s i g n e d  f o r  u s e r  ease. The f o l l o w i n g  , r u l e s  c o n t r o l  t h e  f r e e  f o r m a t  i n -  

p u t  : 

1 .  Card i d e n t i f i c a t i o n  i s  a lwa~ys  f i r s t  and i s  a  s p e c i f i e d  t h r e e  

o r  f o u r  c h a r a c t e r  d e s i g n a t o r .  The c a r d  t e r m i n a t o r  i s  a  p e r i o d  

w h i c h  r e p l a c e s  t h e  l a s t  comma. 

2.  U s u a l l y  one  name i s  r e q u i r e d  i m m e d i a t e l y  f o l l o w i n g  t h e  c a r d  

i d e n t i f i c a t i o n  and b e f o r e  t h e  f i e l d  t e r m i n a t o r  ( a  comma). 

3.  C e r t a i n  s p e c i f i c  f i e l d s  a r e  e x p e c t e d  w i t h  each c a r d .  Each 

f i e l d  c o n s i s t s  o f  an o p t i o n a l  s y n b o l i c  d e s i g n a t o r ,  an app ro -  

p r i a t e  v a l u e  o r  name, and  f i e l d  t e r m i n a t o r  (comma). 

4. The u s e r  e l e c t s  t o  use d e f a u l t  v a l u e s  by  f a i l i n g  t o  s p e c i f y  a  

f i e l d  o r  a  who le  c a r d .  A f i e l d  can be l e f t  u n s p e c i f i e d  by i n -  

c l u d i n g  o n l y  t h e  f i e l d  t e r m i n a t o r  f o r  t h e  f i e l d  o r  b y  s k i p p i n g  

t h e  f i e l d  by use o f  des i gna t : o r s .  - 
5 .  The f i e l d s  f o r  each c a r d  a r e  e x p e c t e d  i n  a  s p e c i f i c  o r d e r .  Any 

f i e l d  w i t h o u t  i t s  d e s i g n a t o r  w i l l  be t a k e n  as  t h e  n e x t  f i e l d  i n  

t h e  expec ted  sequence. I f  t h e  d e s i g n a t o r  i s  p r e s e n t ,  i t  w i l l  

cause t h e  p o i n t e r  wh i ch  keeps t r a c k  o f  ~ o s i t i o n  i n  t h e  ex -  

p e c t e d  sequence t o  be r e s e t  t o  t h e  d e s i g n a t e d  f i e l d .  The im-  

p l i c a t i o n s  a r e  t h a t  t h e  u s e r  can work i n  sequence o r  i n  a r b i -  

t r a r y  o r d e r  and  s p e c i f y  o n l y  t h e  f i e l d s  f o r  w h i c h  t h e  d e f a u l t  

v a l u e  i s  n o t  adequa te .  B o t h  t e c h n i q u e s  can be used  i n t e r -  

changeab ly .  

T a b l e  5 c o n t a i n s  a  s a m p l i n g  o f  t h e  f r e e  f o r m a t  c a r d s  w i t h  t h e i r  

c a r d  d e s i g n a t o r s ,  e x p e c t e d  sequence o f '  f i e l d s ,  and  t h e i r  f i e l d  des i gna -  

t o r s .  T a b l e  5 shows o n l y  two  o f  many c a r d s  t o  i l l u s t r a t e  t h e  t y p e  o f  

i n p u t .  D e t a i l s  a r e  n o t  y e t  comp le te  f o r  many o f  t h e  c a r d s .  
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