8.5. CYCLIC VECTORS IN SPACES OF ANALYTIC FUNCTIONS*

Let X be a Banach space of analytic functions in [} satisfying the following two condi-
tions: (i) for each ¢, ¢ €D , the map f > £(g) is a bounded linear functional on X; (ii)
zXcX. Tt follows from (ii), by means of the closed graph theorem, that multiplication by

z is a bounded linear transformation (more briefly, an operator) on X. Finally, feX is
said to be a cyclic vector for the operator of multiplication by z if the finite linear com-
binations of the vectors f, zf, z?f,... are dense in X (when the constant function { 1is in
X, one also says that f is weakly invertible in X); this terminology was first used in [1].

Question 1. Does strong invertibility imply weak invertibility? (That is, if { , 1/f,
f are all in X, is f cyclic?).

Consider the special case when X is the Bergman space, i.e., the set of square-inte-

grable analytic functions: Hfﬂ?=glfﬁ<00.
D

Conjecture 1. If f is in the Bergman space and if |[£(z)] > ¢(1 — |2])® for some c,
a > 0, then f is cyclic.

If correct this would imply an affirmative answer to Question 1 when X is the Bergman
space. The conjecture is known to be correct under mild additional assumptions (see [2-4]).
In particular it is correct when f is a singular inner function. In this case the condition
in the hypothesis of the conjecture is equivalent to the condition that the singular measure
associated with f has modulus of continuity O(S8 log 1/8) (see [1]).

Conjecture 2. A singular inner function is cyclic in the Bergman space if and only if
its associated singular measure puts no mass on any Carleson set. (For the definition of
Carleson set see [5], pp. 326-327.)F

For more discussion of the cyclicity of inner functions see Sec. 6 of [6], pp. 54-58,
where the possibility of an "inner—outer" factorization for inner functions is considered.

Question 2. Does there exist a Banach space of analytic functions, satisfying (i) and
(ii), in which a function f is cyclic if and only if it has no zeros in [) ?

Nikolskii has shown [7] that no weighted sup-norm space of a certain type has this prop-
erty. If such a space X existed then the operator of multiplication by z on X would have
the property that its set of cyclic vectors is nonempty and is a closed subset of space X\
{0} (this follows since the limit of nonvanishing analytic functions is either nonvanishing
or identically zero). No example of an operator with this property is known. (This may no
longer be correct; Per Enflo. has announced an example of an operator on a Banach space with
no invariant subspaces; 1.e., every nonzero vector is cyclic. The construction is apparently
exceedingly difficult.) Shapiro has shown that for any operator the set of cyclic vectors
is always a Gg set (see [8], Sec. 11, Proposition 40, p. 110). For a discussion of some of
these questions from the point of view of weighted shift operators, see [8], Secs. 11, 12.

Question 3. Let X be as before, and let &,%GZX with g cyelic. If lf(Z)Lzl%(ZN in D,
is £ ecyclic?

This question has a trivial affirmative answer in spaces like the Bergman space, since
bounded analytic functions multiply the space into itself. It is unknown for the Dirichlet

space (i.e., the space of functions with S[fﬁ<oo ); the special case g = constant is estab-
lished in [9].
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