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Summary. An electro-rheological fluid is a material in which a particulate solid is suspended in an
electrically non-conducting fluid such as oil. On the application of an electric field, the viscosity and
other material properties undergo dramatic and significant changes. In this paper, the particulate
imbedded fluid is considered as a homogeneous continuum. It is assumed that the Cauchy stress
depends on the velocity gradient and the electric field vector. A representation for the constitutive
equation is developed using standard methods of continuum mechanics. The stress components are
calculated for a shear flow in which the electric field vector is normal to the velocity vector. The
model predicts (i) a viscosity which depends on the shear rate and electric field and (ii) normal
stresses due to the interaction between the shear flow and the electric field. These expressions are
used to study several fundamental shear flows: the flow between parallel plates, Couette flow, and
flow in an eccentric rotating disc device. Detailed solutions are presented when the shear response
is that of a Bingham fluid whose yield stress and viscosity depends on the electric field.

1 Introduetion

During the past few years, there has been a great deal of interest in the manufacture and
use of a class of materials which can be classified as field dependent rheological materials.
These materials are essentially fluids which are imbedded with particulate solids which
react to an electrical field in that on the application of a field the viscosity and other
material properties undergo dramatic and significant changes. Such materials are being
touted as agents for enhancing the performance and efficiency of a variety of engineering
devices in very diverse fields. Much of the activity in this area is devoted to producing this
material and performing experiments in order to understand the scientific basis for their
behavior. Little, if any effort has been devoted to mathematically modeling these materials.

The need for understanding the mechanics of such materials and mathematically
modeling their behavior is made all the more important as these materials are already
finding day-to-day applications in the design of ubiquitous devices like clutches and
brakes in cars, vibration dampers and absorbers, lubricating fluids in bearings to name
some.

In this paper we shall present a mathematical model for field dependent materials
which is consistent with the phenomena which have been observed. We shall solve a series
of boundary value problems the results of which can be compared with future experiments,
as these boundary value problems are in domains which are amenable to experimentation.

Unlike the field of magnetohydrodynamics, we do not have an equation like Max-
well’s equation which governs the applied field, as the fluid which forms the base for the
particulate media is non-conducting. The presence of the field alters the basic material
properties of the particulate imbedded fluid, which is considered as a homogeneous
continuum. Thus, for instance, the Cauchy stress is dependent on the gradient of the
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velocity and the electrical field. However, we need to consider only the usual balance laws
of mass, momentum and energy. The electrical field enters as a parameter in the problem,
which can be varied at will. The problem is also unlike classical magnetohydrodynamics in
that the viscosity is a function of the electrical field.

In general the material properties would depend on the temperature. In fact, it could be
possible to counter balance the effects of temperature by manipulating the electrical field.
A case in point is the flow of such fluids in a journal bearing. Due to dissipation there is a
great deal of heat generated in the flow domain and the temperature of the fluid rises con-
siderably, resulting in a decrease in the viscosity of the fluid. Since it is necessary to
maintain the load carrying capacity of the bearing, which depends on the viscosity, to be
constant, a field dependent fluid accords the opportunity of achieving this goal. The
electrical field is an additional parameter in the problem which can be adjusted towards
this end.

We start our paper by deriving the constitutive relations for rheological materials in
which the Cauchy stress depends on an electrical field and the velocity gradient of the
fluid. Using standard arguments in continuum mechanics and representation theory we
obtain representations for the stress when the material symmetry group is the proper ortho-
gonal group and the full orthogonal group. Experiments seem to be consistent with the
results obtained when the material symmetry group is the full orthogonal group, and
thus our study shall be restricted to this model. For the purpose of illustration and in
keeping with the indications of experiments, we shall restrict our analysis further to a
simple class of constitutive models which exhibit the possibility of a yield stress. In this
sense, the model resembles a Bingham material with a yield stress which is field dependent.
‘Within the context of such a constitutive theory we study several boundary value prob-
lems, the results of which we hope can be compared with current and future experiments.

2 Constitutive equation

The mathematical model for the electro-rheological fluid is based on several assumptions.
The first is that the fluid-suspended particle system can be represented as a continuum. The
second is that the fluid responds instantaneously to changes in the electrical field. Thirdly,
there are no history effects or long distance interactions in the response of the fluid-
particulate system.

In order to present a mathematical statement of these assumptions, we introduce the
following notation. Let & be a typical point in the continuum, ¢ the current time, E(x, f)
the electric field, v(x, £) the velocity field, L = grad o the velocity gradient, and T the
Cauchy stress tensor. The above assumptions lead to a constitutive equation of the form

T(x,t) = T[E(x, t), L(x, t)]. (1)
For the purpose of brevity, we drop further reference to & and ¢ so that (1) becomes
T = T(E,L). (2)

This constitutive equation must meet the restrictions imposed by material frame
indifference (cf. Truesdell and Toupin [1]). The consequences of this restriction are that:

(a) the constitutive equation (2) can depend on L only through the stretching tensor
D = 1/2(L + L), and thus

T =T(E,D), (3)



Flow of electro-rheological materials 59

and

(b) the response function T' must satisfy the relation

T(QE, 0DQT) = QT(E, D) Q7 (4)

where @ is an orthogonal transformation, QQ7 = QTQ = I, and (4) must hold for any
choice of E and D.

There hag been some discussion in the literature as to whether Q can be only a rotation
(an element of the proper orthogonal group of transformations with det Q = 1), or whether
0 could also be a reflection (an element of the full orthogonal group of transformations with
det O = —1). Here we shall give the representation corresponding to both these possi-
bilities.

A method for determining the general form of the response function T(E, D) which
satisfies (4), for any group of orthogonal transformations, has been presented in the article
by Spencer [2]. The results of applying this method are shown below for both the proper
and full orthogonal group of transformations.

2.1 Full orthogonal group

If we require that (4) holds for any Q belonging to the full orthogonal group, then the
constitutive equation has the representation

T=x1+0EQE+ D+ «,D*> + ]DE Q E + E X DE]
+ x| DPE Q E + E Q D*E] (5)
in which «;, ¢ = 1, ..., 6 are scalar functions of the set of invariants

I,=tw[EQE], IL=tD, I,=rtrDe,

(6)
I,=trD?, I,=tr[DEQE], I, =tr[DE X E].

2.2 Proper orthogonal group

If we assume that (4) ought to hold for any Q belonging to the proper orthogonal group,
then the constitutive equation has the representation

T=x1+x%EQE + D + 5D+ x[ARQE + ER® A]
+ &[E ® B + B® E] + &[MD + DMT] + 5[MD* + D*M"]
+ &[DEMTD + DMD?] + &, [E @ MA + MA ® E]

+ &[E @ MB + MB X E] (7)
where the tensors 4, B, and M are defined through:
A; = Dyey, By = D%pep, My, = Ei%,,e,.' (8)
€4 denotes the alternating tensor and &;, ¢ = 1, 11 are scalar functions of the set of
invariants,
I, =tr[EQ E], Iy=trD, I, = tr D2, I, = tr D8,
I, = tr [DE ® E]J, I; = tr [D2E Q E], (9)

I, = tr [D®*MTA ® E] — tr [D*M™D] I,.
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A number of comments can be made concerning the two forms of constitutive equa-
tions in (5) and (7). First, the scalar functions «; and &; are material property functions,
and are to be determined by experiments. Second, a comparison of the two constitutive
equations shows that Eq. (7) contains Eq. (5) as a special case. In order to see this, note
that Eq. (5) has the same form as the first six terms of Eq. (7). In addition, the set of
arguments in (6) of the functions «; are contained in the set of arguments (9) of funec-
tions &;.

The second term in Eqgs. (5) and (7) expresses the contribution of normal stress along
the direction of the electric field vector. In order to see this, consider a surface area element
whose unit normal vector n is parallel to E, that is n = JE. Since the stress vector on this
area element is given by T'n, it follows that the contribution of the second term to the
stress vector is uo/ |E[2 E, which is normal to the surface element. The third and fourth
terms represent the most general form of dependence on the tensor D. The remaining
terms account for the interaction between the rate of deformation tensor and the electric
field vector.

The material response functions «; and &; depend on the magnitude of the electric field
through the invariant /;. Invariants I,, I;, I, account for dependence on the rate of defor-
mation tensor D. The remaining invariants account for interaction between the deformation
and electric fields.

Suppose that the fluid is incompressible. Then, the velocity field is subject to the con-
straint that tr D = D;; = 0. The constitutive equations must then be modified to have
the form

T = —pl + T(E, D), (10)

in which p denotes an arbitrary spherical stress which is superposed on the “extra stress”
T(E, D). The form of T(E, D) is given by Eq. (5), or Eq. (7), depending on whether the full
or proper group of orthogonal transformations, respectively, is under consideration. Since p
is arbitrary, material property functions «, and &; can be eliminated. In view of the con-
straint, I, = 0 and hence can be dropped from the list of invariants in (6) and (9).

Finally, note that each term in (5) and each invariant in (6) is of even degree in the
components of E. On the other hand, there are terms in (7) and an invariant in (9) which
are of odd degree in the components of E. Thus, under a reversal of the electric field, i.e.,
E — —E, the stresses given by Eq. (5) will be unchanged whereas the stresses given by
Eq. (7) will be altered.

3 Shear flows

We now consider the predictions of constitutive Eqgs. (5) and (7) for shear flows in which the
electric field vector is normal to the velocity vector. This is expected to represent a common
situation which can arise in applications involving electro-rheological fluids.

The shear flow is assumed to occur in the z; — z, plane of a Cartesian coordinate system.
The form of the velocity field is then

v = y(t) mey, (11)
and the electric field vector by
E = Ee, + e, (12)
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where y(¢) is the instantaneous shear rate and ey, e, and e, are the unit vectors in the x, z,

and x; directions, respectively. For notational convenience, let y = yp(¢). Consider first the
predictions of constitutive Eq. (5). The stress components are found to be

421
7. — e
11 0¢1+47

& &
Toe = oy + oolly® + ‘4_4 Y+ EG' ViR,

T33 = oy + oo ll?, (13)
X3 X5
Ty = (= + 2 B2y,
12 (2 + 5 ) 7

® x
Ty = '2—5 v Hy, Toy = by By + jf VY
and by Eq. (6) the invariants are

11:E22+E32> Iz=0> 13:—‘ 2 14—_—0,
(14)
1
L=0, [Ii=-7E

Consider first the effect of the electric field component E;. The in-plane stress com-
ponents T'y,, Ty, T, depend on Ej; only through the dependence of the functions «; on I,
the magnitude of the electric field vector. The most significant effect of B, is that it induces
shear stress components 7', and Ty,;. If these stresses are non-zero, there could also be
shear flow in the x; — #; and &, — «; planes. This component also contributes to the normal
stress.

In the remainder of this discussion, we shall assume that E; = 0. It follows that T,
= T3 = 0, and I; = E,2 For notational convenience, let B, = K. It is seen from (14) that
oy can be regarded as functions of %2 and »2. The shear stress-shear rate equation can then
be written in the form

T = (EZ, 7% e (15)
where

1
(B2, %) = 5 (3 + o5 B7). (16)

u(E2?, 4?) represents the shear viscosity function which is seen to depend on both the electric
field and the shear rate. The term «4 is the one which can account for the non-Newtonian
nature of the fluid. The term in «; arises from the interaction of the shear flow and the
component of the electric field in the direction normal to the flow direction. When the
electric field vanishes, so does this term and the viscosity reduces to a function of the shear
rate, as is the case when we have the purely mechanical problem.

As seen in Eq. (13), the electric field gives rise to two terms in the expression for normal
stress 7'y, There is thus a normal stress effect which is in addition to that arising from non-
linearities in the rate of deformation tensor. In the absence of an electric field, there are
two equal normal stresses. Thus, the electric field creates three distinet normal stresses. In
the case of an incompressible fluid, there are two distinct normal stress differences.
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We present next the predictions of constitutive Eq. (7). Because of the complexity of
the terms in this equation, we shall consider only the case in which B, = B; = 0. The
stress components are found to be

1

Ty =& + T xy?,

1 1
To = &y + X B% + T X% + 0} agy?E?,

T33 = &,

. (17)
T = '2— (& + &:E%) v,
Ty = &gBy?,

1
Ty = X, By + bl 2R

Invariants I; through I coincide with those in (14). It is found that I; = 0.

Stress components 1", Tys, T3, Ty, have the same form as those given by Eq. (5).
Terms in &; — &, give rise to the shear stress components 7’5, Ty3. No terms involving the
material functions &, and &;; are present because they mutiply quantities which are
identically zero.

The results of experiments (cf. Filisko [3]) are consistent with the predictions of the
constitutive equation (5). Hence, we shall consider only this representation in the remainder
of this paper.

3.1 Flows between parallel plates

The fluid is confined between parallel plates which are a distance 2k apart. The electric
tield vector is constant in both space and time, and acts in a direction perpendicular to the
plates. The fluid flow is assumed to be rectilinear in a direction parallel to the plates. The
flow is maintained by the combined effect of a constant body force and pressure gradient.
As indicated in Fig. 1, the flow is referred to a Cartesian coordinate system which has its
origin on the midsurface, the z; axis in the direction of flow, and the z, axis perpendicular
to the plates.

=
N

Fig. 1. Velocity profiles for flow between parallel plates. The pressure gradient is fixed and the
electric field E is increasing
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Let b denote the external body force per unit mass on the fluid. The body force, velocity,
and electric fields are assumed to have the form

b = gbe,,
v = v(x,) €, (18)
E = FHe,,

where b and E are constant. By Eqgs. (5) and (10), the stress components are
X4

Ty = — — 9yt

11 ¥4 + 4 Yo

& b4
Top = —p + xB? + 'f el Eﬁ ViE?,
Ty = —p, (19.1-5)
1 D

Ty = 3 (05 + o B%) y = u(B2, p%) v,

TIS = T23 =0

in which y = dv/dx,, and p is an indeterminate scalar which is yet to be determined.

The equations of motion must be satisfied for each fixed choice of E. Let the velocity
field, body force and stresses be substituted into the equations of motion stated with
respect to Cartesian coordinates. The form of the velocity field in (18) is such that the
acceleration terms are identically zero. By standard arguments it can be shown that 7',
is an odd function of x,, and thus the shear stress field is given by

Ty = —Az,, A=P+b, (20)

in which P is the pressure gradient, and the scalar p is given by
p=—Px + ol + % 2+ i';_“ywz. (21)

On substituting the expression for shear stress 7,; from (19) into Eq. (20), a differential
equation is obtained for v(x,) which contains the parameters £ and 4.
The velocity field must also satisfy the no-slip boundary conditions

v(h) = v(—h) = 0. (22)

Now consider a specific choice for the relation between T.,, £ and y. There is some
experimental evidence (cf. Filisko [3]) that suggests a relation of the form?! (see Fig. 2),

ooll) + w(B)y, y>0

T = 0, y=0 (23)
—ooB) + w(#)y, v <0,

1 In general, we could expect non-Newtonian fluid behavior even in the absence of an electric
field, and thus 7';, might have the form:

T1e = 0o(E) + u(B? p%) y (4)

where u(., y) is a non-linear function of y. We could thus allow for the non-Newtonian behavior of the
material even in the absence of an electrical field
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E;>E,
T12
E,>E,
=
Gy (Es) E=0
G (E2)
G, (E4)
Fig. 2. A shear stress-shear rate
relation for increasing electric field £

Y

where ¢,(0) = 0 and o,(E) and u(F) increase monotonically with E. According to Kq. (23),
when E = 0, the shear response is that of a classical linearly viscous fluid. When E =+ 0,
the response becomes similar to that of a Bingham material, with yield stress oy(E).

Now consider the determination of »(x,) for this model. For each fixed value of X, the
maximum magnitude of shear stress occurs at the plates, #, = 4%, and has the value A4h.
If A is such that 4 < oy(E), the magnitude of the shear stress is less than the yield stress
at all points between the plates, and there is no flow. Let 4 have a value such that 4 > oy(X).
There is some coordinate z, = *(E) at which Ax*(E) = o,(¥), i.e., at which the yield
condition is satisfied. Then, according to Egs. (20) and (23), the velocity field satisfies the
differential equations

dv
—oy(8) + p(k) T —Azy, 2ME)=x=h
2
d
B0, —a*E)= a< M) (24)
dx,
dv
co(H) + M(E)% = —Ax,, —h=xn= %)
2

When these are solved subject to the no-slip conditions (22) and the boundary conditions
at , = --h, it is found that

v(xy) = ﬁ ‘% (B2 — 2,%) — ao(B) (b — xz)], ¥ B)=w=h
o) = —— | (2 — w4@) — () (b — ()
¥ wE) |2 ’ o5)
v(2g) = (4h — oo(E))?[24u(B), —a*(B) < 2, < 2*(E)
v(@,) = /—"_(}ES _i;‘ (B2 — x23?) — oy(E) (B + xz)}s ~h =< —a*E).
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These equations describe a flow consisting of a central region in which the fluid moves as
a rigid body, i.e., “plug flow”, and outer layers in which the velocity profile is parabolic. If
the shear viscosity u(E?, y?) is given by the more general expression in the footnote, then
the flow field outside the dead zone or plug flow region would not be parabolic, but would
correspond to that for an appropriate power-law non-Newtonian fluid.

Now consider the process in which 4 is held fixed and the magnitude E of the electric
field increases. When E = 0, then ¢¢(0) = 0, 2*(E) = 0 and the velocity field reduces to
the well known form for that of a Newtonian fluid in plane Poiseuille flow. As E, oy(£}, and
x*(E) increase, it is seen from Eq. (25) that the velocity profile becomes that of plug flow.
The thickness of the “plug” region increases and the maximum velocity decreases (see
Fig. 1). When Z is such that Ak = oy(#), the maximum velocity reduces to zero. This
corresponds to the fact that, by Eq. (20), the stress is everywhere less than the yield stress.

If the fluid is a shear thickening non-Newtonian power-law fluid increasing the shear
rate and the electrical field both tend to increase the viscosity and the flow has a larger
region of plug flow. However, if the fluid is shear thinning, increasing the shear rate and the
electrical field have opposing effects and tend to counteract each other. This phenomenon
has tremendous potential implications, for example in problems where the shear stresses
induced in the fluid have to be nearly constant, a flow in a bearing being one example.
It is well known that the viscosity of a fluid is temperature dependent and tends to
decrease with increasing temperature. Such temperature rises occur due to the dissipation
in the fluid. We can compensate for such changes in the viscosity by appropriately modi-
fying the electrical field.

3.2 A Rabinowiich-Mooney type relationship

The general theory for the flow between parallel plates, presented in Eqs. (18)—(22), can
be used to develop a Rabinowitch-Mooney type relation for determining the Ty — & — 4
relation from mass flow-pressure gradient measurements. Let v(x,, E) denote the velocity
field and let @(E) dencte the volumetric flow per unit plate width, for any value of E.
These are related by

h

QUE) = [ v(@, B) da,. (26)

—h

Let it be further assumed that the shear stress-shear rate relation in Eq. (19.4) can be
inverted so that

y = y(Th, B). (27)

This is quite a strong assumption, though valid for many real rheological materials.
However, there are materials where this assumption does not hold and much of the recent
work on materials which allow for phase-transformations within the context of elastic and
viscoelastic materials has as its basis the non-invertibility of relations such as (19).

On integrating the right hand side of Eq. (26) by parts, using the adherence conditions
(22), and then the relation v = dv/dx, the expression for the mass flux can be written as

h

Q = — [ 2y(Tra(@s), B) dary. (28)
—k
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Now consider the change of variable implied by Eq. (20),

__° 29
Ty = Z. ( )
Using the fact that 7', is an odd function of y and the invertibility, Eq. (28), can be re-
written in the form

Ak
@ 1
-h—2 = ﬁ O")/(O‘, E) do (30)
—4h

in which B = 4h denotes the wall shear stress, and use has been made of symmetry about
the z;-axis. Finally taking the derivative with respect to B in Eq. (30), we obtain the
desired result,

d .
By(B, B) = &z — (B
and hence
1 d
(B, ) = (W) (2Q + B a—%) (31)

Thus, suppose that the volume rate of flow-pressure gradient graph has been determined
for some fixed value of E. Then, the relation between the shear rate at the wall and shear
stress at the wall can be constructed by means of Eq. (31).

3.3 Couette flow

Next, suppose that the incompressible electro-rheological fluid is contained between two
concentric ¢ylinders. The inner and outer radii of the fluid region are R; and Ry, respectively.
No body force acts on the fluid. The electric field vector is radial and its magnitude is
constant. The outer cylinder is held fixed and a moment is applied to the inner cylinder
about its axis. The velocity field is assumed to be in the circumferential direction and varies
only with radius. Accordingly, there is a local shearing flow in the circumferential direction,
with the electric field vector in a direction normal to the velocity field.

The components, with respect to cylindrical coordinates, of the velocity and electric
field vectors are given, respectively, by

v = D(T) €y, (32)
E = Ee,,

where e,, e; and e, are the unit vectors in the directions 7, 6 and z, respectively and E is a
constant.
The stress components are, by Eqgs. (5) and (10)

Ty = —p + of + 22 1 2o
4 2
&
To = —p + f y?
Te=—p (33)
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1
Ty = 5 (a3 + 3 B?) y = u(E2% %) y

T,,=Te.=0

in which y = #(d/dr) (v/r), and p is an arbitrary scalar function of position.
Let the velocity in (32) and the stresses in (33) be substituted into the balance of linear
momentum. By a standard analysis, it is found that the shear stress field in the fluid is

given by
M
T, = 4
76 27”2 (3 )

in which M denotes the moment per unit length applied to the inner cylinder. The scalar
field p is given by

1 g 1 &g _ v?
p = xB? + T o,y? + 0 y2E? 4+ | — | xpB? + 5 v2E?| dF + | — dr + constant. (35)
7 F

A differential equation for »(r) is obtained when the equation for shear stress from (33)
is substituted into Eq. (34). The appropriate boundary conditions are

v(R:) = w;R;,  w(Ry) =0, (36)

where w; is the angular velocity of the inner eylinder. Once the velocity field has been
determined, the right hand side of Eq. (35) is known and the scalar field p can be evaluated.

The velocity field v(r) will be determined for the T'yy — B — y relation given in Eq. (23).
In doing so, use will be made of the result from Eq. (34) that for each fixed value of M the
shear stress decreases monotonically from M/2zR2 at the inner cylinder to M/27R,? at the
outer cylinder.

First, let E = 0 so that, according to Eq. (23), 0,(0) = 0. Then v(7} is given by the well
known solution for Couette flow of a Newtonian fluid

) Mr 1 1 37)
7)) = —— | — —].
ol 2mu(0) | B2 72 (
The relation between the angular velocity w; of the inner eylinder and its driving moment M
is obtained by evaluating Eq. (37) at » = R;:
M [R2— Ry

“ T 50 | RERge |

Now let E be a non-zero constant and consider the flow for increasing values of M. If
M is small enough that M/2rR;2 < oy(E), then T,y < 0o(E), B; < r < R, and there is no
shear flow. Let the value of E be such that M/2xR.2 > o(E) and M/2nR2 < o4(E), i.e.,
27R0y(E) < M < 2rRy%0((E). Then there is some radius r*(K), R; < r*(E) < R, at
which

M 1/2
* —
#) = (2:;00(};’)) '

For R; < r = r¥(E), there is shear flow, and for 7*(f) < r < R, the fluid is rigid. By
Eqgs. (23), (33) and (34) the velocity field satisfies the differential equations

(38)

d
oolE) + u(B)r—

M
(3) = R, <r < r¥E)
dr

Panre
r 2mr?

(39)

d (v
?d-; -—7;— = O’ T*(E) g?éRﬂ.
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The solution of the system of Egs. (36) and (39) is

7

A u
!2/‘(E) [ 22 + 0o(E) + oo(£) In (2750‘_0(E—)—7‘2)}’ R, <r < r¥EH)
?)(7') = (40)

{o *E) <r < R,.
The moment which is required in order to satisfy the boundary condition at the inner
cylinder is determined from

1 M
uE) | 2R

o = + 0u(E) + oo(E) In ( } (41)

2moy(E

Finally, if M > 27 R\20,(H), then T,y > oo(#), By = r =< R;. The velocity field satisfies the
differential equation

d [v M - =
ao(E)—i—,u(E)rzl; ] = 5o R, =r<R,. (42)

The solution satisfying condition (36) is

r [M[{—1 1 B,
v(r) = M(—ES [E (1‘_2 + R_oz) + 0o(#) In (T)] (43)

and the w; — M relation is

Ry

1 [M (B2 — Rp

7

The velocity field for all three cases is shown in Fig. 3, and the M — w, relation is shown in
Fig. 4. In the M — ; relation, note the gradual transition to a straight line which is
parallel to the one corresponding to £ = 0. This corresponds to the flow described by
Eqs. (40) in which there is an inner cylindrical region of shear flow, and a “‘dead zone’. The
size of the gap in the flow region is r*(£) — R, and depends on both the applied moment M
and the electric field E. For fixed E, this gap increases with moment M. This point is
significant in view of the fact in some experimental work, the shear rate of the fluid has
been taken as

Next, consider the effect of fixing the applied moment M and increasing the electric
field . When E = 0, the fluid is Newtonian and v(r) is given by Eq. (37). Let £ increase to
a value such that oy(E) << M/27R)% Then the shear stress in the fluid exceeds the yield
stress at all points in the fluid and »(r) is given by Eq. (43). Let E increase so that M/2rR,?
< 04(B) < M/27R;2. Then there is a radius

M 1/2
rH() = (2yw(,(E)) ’

as described in regard to Egs. (40), which separates the shear flow near the inner cylinder
from the “dead zone near the outer cylinder. As ¥ increases, the interface radius r*(H)
decreases. When oo(F) > M/2zR 2, the shear stress in the fluid is everywhere less than the
vield stress and the fluid becomes rigid. Finally, as E and ¢,(#) increase, Eqgs. (38), (41)
and (44) show that w; decreases to zero, as shown in Fig. 5.
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Fig. 8. Couette flow: shear stress and velocity field distributions. The electric field £ is fixed and
moment M is increasing

Curves (1): M < 2aRj20,(E)
Curves (2): 2nR%0y(E) < M << 2nR%0y(E)
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Fig. 4. Couette flow: moment-angular velocity relations for £ = 0 and ¥ & 0
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Fig. 5. Couette flow: angular velocity of inner cylinder versus yield stress for fixed moment
According to Egs. (33), there are normal stress effects which arise in Couette flow due to

the presence of the electric field. First, consider the effect on the difference of pressures at
the inner and outer cylinders. Let these pressures be denoted, respectively, by p; = — T, (1)

and py = — T (By). Then from the radial component of the equations of motion
dly, Trp — Ty o2
= —or—, 45
dr + r o r (#3)

the pressure difference is found to be

R,

R,
2 1 1
Do —Pi = | o—dr + B2 | — oy + = axg?] dr. (46)
r r 2
R

Ry 1

The first integral accounts for the pressure difference which occurs in flows of Newtonian
fluids. The second term arises from the presence of the electric field. The deviation from the
Newtonian result is quadratic in B. On the basis of intuition, one might expect that the
electric field induces tension in the fluid in the direction of the electric field vector, and
hence that ay > 0. If &, is positive, or small in magnitude, the electric field & increases this
normal stress difference.

There is also a normal stress component 7',,, an expression for which is given by Egs. (33)
and (35). Its radial variation depends on the material property functions and the electric
field. Depending on these, the fluid could display an electro-rheological equivalent of the
free surface shape change effects which have been observed in polymeric fluids.

3.4 Bccentric rotating disc device

In recent years, there has been a considerable amount of interest in understanding the flow
oceurring in an eccentric rotating dise device, commonly referred to as an orthogonal
rheometer (cf. Rajagopal and Wineman [4]).
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2h

Fig. 6. Eccentric rotating disk device

An idealized eccentric rotating disc device is shown in Fig. 6. In this device, fluid is
contained between parallel plates which rotate with the same angular speed about
parallel non-coincident axes. The distance between the plates is 2k and the distance between
the axes is 2a. Measuring the forces and moments which act on the plate one can charac-
terize the material moduli of the fluid that is entrapped in the device. With respect to the
Cartesian coordinate axes shown in Fig. 6, the velocity field is assumed to have the form:

v = vie; + ve,
where

v = —Oxy — glay)),
v, = Qz, — flxy)),

and 2 denotes the angular velocity of the plates. In this velocity field, the fluid layer at
23 = constant undergoes a rigid body rotation about the point (f(x3), g(x3)). The locus of
the points about which different 2, = constant planes rotate is in general an arbitrary
curve in space. It has been shown that (47) is a motion with constant stretch history
(cf. Rajagopal [5]), which implies that the eigenvalues of the relative stretch history are
constant, the eigendirections changing with time. This fact reduces the equations of
motion of general simple fluids to a system of second order non-linear ordinary differential
equations with the appropriate number of boundary conditions being provided by the
adherence boundary condition.

The standard eccentric rotating dise device is assumed to have been modified so that
there is an electric field in the fluid of the form

(47)

E = Ee,, (48)

where E is constant.
The stress components, calculated using Egs. (5) and (10), are

o2
Ty =—-p+ % g%,

02
Toe = —p + % 1%,
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: oy | %4 X6 o
Ty = —p + B® + (f* + ¢?) [ZQZ + E_Q“EZ],
1 ] ,
Ty = 0} (g + a5 B7) Qg

1
Ty = D) (x5 + a5 B?) Qf,
02

T — - ’

12 Xg i (f'9")s
where p is an arbitrary scalar. The invariants (6) have the same form as in (14), where now
V2= Q%2 = 2L g (50)
In view of Eqgs. (16) and (50), one can now write
Ty = w(B?, %) Q'

(51)

Toy = —ulB?, p%) QOf'.

Let the velocity field given by Eq. (47) and the stresses given by Eqgs. (49)—(51) be
substituted into the equations of motion, stated with respect to Cartesian coordinates.
The result is

op 0 T o

——— - = —oQ%(x, —
P 0, 13 @ 1 s
op 0

— e b — Ty = — 082z, — q), 52
o, + o, 23 082 (%, ) (62)
ap 0 .

——— 4+ — T3, =0,
0%y + 0x, e

where

Tas = Ty + p.

Application of the curl operation to these equations eliminates the scalar p and leads to

d
o T = o + ¢,
3

d
d_x; Ty = 082%g + s,

(53.1—2)

and s and g are constants. Equations (53.1, 2) together with Eqs. (50) and (51) are a system
of two differential equations for f(z,) and g(x;). The existence of solutions to these equations
which are associated with ¢ == 0 and s == 0, and which are not symmetric about the plane
x3 = constant, are discussed by Rajagopal, Renardy, Renardy and Wineman [6] for a class
of models for polymer fluids. We shall confine attention to the case ¢ = 0 and s = 0, which
implies symmetry about the midplane.

The appropriate boundary conditions on f(z;) and g(x;) arise from the fact that (f(xg),
g(w;,)) are the coordinates of the center of rotation of the layer at coordinate z; and the
fact that the fluid adheres to the rotating plates. The boundary conditions are therefore

fh) = (=) =0,  gh) =a, g(—h)= —a. (54)



Flow of electro-rheological materials 73

The scalar p can be easily obtained and is given by the expression

02 .
p = ) (2% + x,%) + T35 + constant. (55)

Let the following dimensionless variables be introduced:

£3:x3/h! f:f/a) g:g/a/)

a, T AN diy \2
x‘hx, x*d—%—{—z.

Also let uy be a characteristic viscosity and by Eq. (50), define fi = u/uy. The boundary
value problem (53) and (54) becomes

d . (QaNt Ndgl .
@[“(E’(‘f)”)@}“”

d Qa\z \ df
2 la e, (22Y ) 2| — . 57
i (2 (5 #) ] - on

fy=Ff-1n=0, gl)=1, g-1)=-1,

(56)

where A is a dimensionless parameter defined by
002h?
Ho

Az ; (58)

and represents a Reynold’s number.
We confine attention to the case in which |A4] <€ 1. In this case, Eq. (57) admits the
approximate solution

flz) =0, glas) = - @s. (59)

Then f'(x;) = 0, g'(z5) = a/k, y2 = (Qa/h)? and the shear stress field is uniform. The
tangential forces on plates of area A4 are given by

Qa\2\ [Da
et B]) 8

(60)
Ty = Tpd = 0.

Measurement of these forces provides a means of determining u. It should also be noted
that if the angular velocity is held fixed, these forces will vary with the magnitude of E.

3.8 Poiseuville flow between the annulus of two cylinders

Consider the pressure induced flow between the annulus of two co-axial cylinders which are
fixed in space with the axis aligned along the z-coordinate direction, the outer cylinder of
radius B, and the inner cylinder of radius R;, with B, > R;. Suppose that the cylinders are
infinitely long and that the flow is fully developed. We shall assume the velocity field and
the electrical field to have the following form:

u = u(r)e, and E = Ee,. (61)



74 K. R. Rajagopal and A. S. Wineman
It follows from (61) and (5) that

Th = —p + 0B + % (w')? + 2 Eru)?,

2
Tsy = —p,
(62)
T, = —p + 22 ()
e T p 4 2
X3 X5
T,,=—u + = E%/,
r 9 u + b) (&
all the other components of the stress being zero.
The equations of motion reduce to
6-27 d ’ ! 1 ’ !
— o = [P () 2B+ - B o+ xR+ 2B = 0,
(63.1,2)
0
_w
a0
and
op 1d , o s
Equations (63.1), (63.2) imply that
1d 0
— L (s + asE) w] = O = — L — constant. (64)
r dr oz

Also 0 > 0, because we expect the flow to take place in the direction of decreasing pressure.
Thus, it follows from (62.4) and (64) that

Cr D
Ti=— +— (65)
2 r
where D is a constant. When ¥ = 0 and a3 = p = constant, (64) reduces to the equation
governing the classical linearly viscous fluid. Rewriting (65) in terms of the shear viscosity

function we find

Cr D

pEB, )y = 5 + (66)

_;_ s
where y = u’. In general (66) is a highly non-linear equation for %" which can only be solved
numerically. The appropriate boundary conditions are

w(B;) = 0 = u(R,). (67)
Let us consider a relation between T',,, E, and y of the form
oo(B) + w(B)y y>0
T, = 0 y=0 (68)
—0oo(l) + u(l)y y <0,

where ¢4(0) = 0, oy(E) and u(E) increase monotonically with E. As in the case of flow
between parallel plates, the response is similar to that of a Bingham material, with yield
stress o,(E), and we shall not go into a detailed repetitious discussion here.
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Let us now determine u(r). Let us suppose that the pressure gradient is such that the
shear stress exceeds the yield stress everywhere then, it follows from (65) and (68) that

u(r) = ‘;% [9;—2 + Dlogr — oy(E)r + K], (69)

where D and K are constants which are to be determined by using the boundary conditions
(67), oo(E) is a specified number, and C is the negative of the applied pressure gradient in
the z-direction. It follows from (67) and ({69) that

(R o = 1) + Rilw — 1) oulB)
D= In & (70)
and
K = @f[(zx B 1] + oo B) Ry [1 Fa—1) lnRi] (71)
4 Ina In x
where
6 = &. (72)
R,

By allowing R; - 0 and requiring that the flow field be bounded, we would recover the
result for Poiseuille flow in a pipe, the axis of the pipe coinciding with a wire of infinitesimal
thickness.

If the shear stress does not exceed the yield stress everywhere, and this could be the
case if the applied electric field is very strong and/or the applied pressure gradient is weak,
we will have ““dead zones” like those discussed in the Section of flow between parallel plates.
We shall not get into a detailed discussion of the same here.
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