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Summary 
This paper presents the theoretical study of the heat transfer and friction 
characteristics in the natural  convection film boiling on an inclined surface 
and a sphere, the forced convection film boiling over a horizontal plate, 
and the stagnation flow film boiling when radiation is appreciable. The 
boiling liquid is either at the saturat ion temperature or subcooled. The two 
phase flow and heat transfer problems have been formulated exaetly within 
the framework of boundary layer theory with the consideration of the shear 
stress and vapor velocity at the liquid-vapor interface. Through the use of 
the similarity transformation expressions are obtained to determine the 
vapor film thickness, skin frietion, and heat transfer rate. I t  is disclosed that  
the presence of surface radiation results in an increase in the heat transfer 
rate and a decrease in the skin friction. 

N o m e n c l a t u r e  

a constant defined with Uoo = a x  for stagnation flow 
A physical parameter, (15f) 
B physical parameter, (7g) 
B1 physical parameter, (1 Sf) 
Cp specific heat 
D physical parameter, (13c) 
E physical parameter, defined as hfg P f  Cp 1 (T w _ r s  ) -  1 
F temperature variable, (9c) and (18d) for natural  convection film boiling 

and (25c) and (28b) for forced convection film boiling 
[ velocity variable, (9b) and (18c) for natural  convection film boiling 

and (25b) for the foreed convection film boiling 
g gravitational aeceleration 
h local heat transfer coefficient, q [ ( T w  - -  Ts) 

- -  1 7 8  - -  
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hrg la ten t  hea t  of ev&poration 
h the rmal  conduc t iv i ty  
N u  Nussel t  number  
P r  Prand t l  i lumber  
R e  Reynolds  number  
p pressure 
q local hea t  f lux f rom wall to vapor  
R radius of sphere 
T t empera tu re :  Tw ~ wall  t empera tu re ;  Ts = sa tura ted  t empera tu re ;  

Too = free s t ream tempera tu re  
Uoo free s t ream veloc i ty  
u ve loc i ty  component  of vapor  in x direction 
v veioci ty  component  of vapor  in y direction 
x coordinate  measur ing dis tance along the  plate f rom leading edge 
y coordinate  normal  to plate  

the rmal  diffusivi ty 
«r absorpt ion coeIficient of vapor  
/5 coefficient of the rmal  expansion 
Ô thickness of vapor  film, (8) and (18a) ~or na tura l  convect lon  fi lm 

boiling and (24) for forced convect ion film boiling 
e emiss ivi ty  

s imi lar i ty  variable,  (9a) and (18b) for na tura l  convect ion  fi lm boiling 
and (25a) and (28a) for forced convect ion film boiling 

70 dimensionless vapor  film thiekness 
0 dimensionless t empera tu re  defined as ( T  - -  T s ) / ( T w  - -  Ts) for vapor  

film and ( T L  - -  Too ) / (Ts  - -  Too ) for l iquid layer. 
v k inemat ic  viscosi ty 
P dens i ty  
Pr re f rac t iv i ty  
a S te fan-Bol tzmann  cons tant  

angle of incl inat ion or x / R  

~b s t ream function,  (9b) and (18c) for na tu ra l  convect ion  fi lm boiling 
and (25b) and (28b) for forced convectioI1 film boiling 

Subscripts  

Unsubscr ip ted  quant i t ies :  vapor  phase 
L l iquid phase 
r radia t ion 
s a t  sa tura ted  s ta te  
w wall  surface 
oo free s t ream 

Superscripts  

", ", " different ia t ion wi th  respect  to 
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§ 1. Introducfion 

Film boiling is characterized by a vapor blanket covering the entire 
heated surface. It  frequently occurs when the operation of j ets or 
rockets involves the contact of a boiling liquid with high tempera- 
ture surfaces or in the boiling of mercury especially at high heat 
fluxes. Film boiling may occur also if cryogenic fluids are used to 
cool hot surfaces. Since at high temperature differences, the film 
boiling is the normal type of heat transfer between the heated 
surface and the liquid, it is therefore of a definite scientific and 
practical interest. 

In stable film boiling heat is transferred from a heating surface 
by conduetion through the vapor film and by boiling convection 
from the surface of the film to the surrounding liquid. Superimposed 
on this heat flow path is the contribution of radiation to the total 
heat transfer. There are a few empirical equations being proposed 
to estimate the total surface conduetance for film boiling when radi- 
ation is appreciable. However these equations are poor in accuracy 
and limited in application. This motivates the study of heat transfer 
and skin friction characteristics in both natural- and forced con- 
vection film boiling through the application of the boundary layer 
theory. Natural convection film boiling over a vertical plate and 
forced convection film boiling over a horizontal plate are investi- 
gated in [1]. This paper is the extension of [1] to include more two- 
dimensional and axisymmetrical flows and to demonstrate the gener- 
ality of the method of analysis for solving laminar film boiling 
problems. 

Previous studies [2-9] of film boiling have been concerned with 
the situation where all motions are induced by gravity forces and 
where forced convection is absent. Such a process is usually called 
natural convection film boiling. Bromley [2] and Ellion [3] analyzed 
laminar film boiling on a vertical plate under the assumption of 
negligibly small inertia forces and convective effects. Hsu and 
Westwater [4] studied analytically and experimentally film boiling 
in both laminar and turbulent regions. McFadden and Grosh [5] 
solved the boundary layer equation for the vapor film and Cess 
[6], by means of the integral technique, solved the vapor and liquid 
boundary layer equations simultaneously. One feature common to 
previous analytical work is the assumption of zero interfacial ve- 
locity. Koh [7] analyzed the two phase flow problem with the con- 
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sideration of the shear stress and vapor velocity at the liquid-vapor 
interface. The results showed that for water, the effect of the inter- 
facial velocity is small over a wide range of practical interest. Under 
the assumption of the constancy of vapor properties, the analysis 
was extended by Sparrow and Cess E8~ to include the effects of 
subcooling and then by  Koh and Nilson [91 for the effects of simul- 
taneous action of radiation in saturated film boiling. It  is rather 
unfortunate that the similarity transformation of the conservation 
equations and the appropriate boundary conditions failed, because 
the new and old variables coexist in one of the resulting boundary 
conditions, (26) in ~91. In part of the present study, it is a t tempted 
to reexamine the problem treated in E9~ by  introducing a different 
transformation. Furthermore, consideration is given to the temper- 
ature variation of the vapor density. 

Cess and Sparrow [10, 111 analyzed the film boiling in forced 
convection boundary layer flows for the situation in which the 
liquid is at the saturation temperature or subcooled. Relative to 
the case of liquid flow, the skin friction is reduced owing to film 
boiling. The heat transfer is found to increase as (AT)I~ S. 

In the present work attention is focused on the natural con- 
vection film boiling on an inclined plate and a sphere, the forced 
convection film boiling over a horizontal plate, and the stagnation 
flow film boiling. Consideration is given to the convective and radi- 
ational exchanges and the associated fluid motions in the vapor 
film and liquid layer. This is equivalent to solving a two phase 
boundary layer problem. In addition, a calculation is carried out 
for saturated film boiling. 

§ 2. Analysis 

2. !. Natural convection film boiling. The physical model and co- 
ordinate system selected for natural convection film boiling is 
shown in Fig. lA. It consists of an isothermal inclined plate im- 
mersed in a large volume of liquid. It  is assumed that the vapor 
forms a stable film over the surface. The liquid has a bulk temper- 
ature T~ which is lower than the saturation temperature Ts pre- 
vailing at the liquid-vapor interface y ---- & The temperature of the 
plate surface is prescribed as Tw and Tw > Ts > Too. 

It is assumed that under a stable film boiling condition there 
exists a laminar layer of vapor film adjacent to the plate surface. 
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~ 1 <  . . . . . . .  L 

i\'/~j 
(A) NATURAL-CONVECTION FILM BOIL{NG ON AN [NCLINEB PkATE 

B~ ~VAPOR FILM 

I 

Y 

Ts 

To 

(B) NATURAL-CONVECTION FILM BOILING OVER A SPHERE 

Fig. 1. Physical models and coordinates for natural  convection film boiling. 

Since the temperature of the plate and the vapor is relatively high, 
heat transfer takes place by  convection as well as radiation. 

With this assumption, the application of the conservation laws 
for mass, momentum, and energy to the vapor film produces as 
boundary layer equations for a gravity induced flow over the 
surface, 

au av 
- -  + - -  = 0 (1) 
~x ~y 

au au ô2u pl, - -  p 
u + v = ~ ~ + - -  g c o s  ~ (2) 

ax ay oy ~ P 

ä T  ~T  ä2T 1 dqr 
u gx + v a---y-= o~Õ~y~ + pCp dy  ' (3) 

where dqr/dy  may be determined as follows. 
The vapor is assumed to be in thermodynamic equilibrium and 

behaves like a gray gas. If the radiation heat transfer between the 
vapor and the plate surface and the liquid-vapor interface is as- 
sumed equivalent to that  of a slab of gray gas bounded by  two 
parallel black boundaries, then the local radiation flux [9] may be 
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expressed as 

~ 2  T 

qr = 2 ~ « T 4 E 2 ( t  - -  r) dt -- 2 1 a T 4 E 2 (  "r - -  t) dt  + 
-r 0 

+ 2«T~E3(r2 -- r) -- 2«T~E3(.). 

For an optically thin vapor for which r2, the product of the ab- 
sorption coefficient «r of the vapor and the thickness d of the 
vapor film, is much less than unity, the functions E2 and E3 may 
be approximated by 1 -- O(t) and 0.5 -- t + O(t2), respectively. If 
the temperature gradient of the vapor in the y direction is much 
larger than that  in the x direction, then the net radiation to a unit 
volume of gas becomes 

dqr _ 2~ra(T~ + T~ -- 2T4). 
dy 

Eq. (3) may, then, be rewritten as 

0T ST c92T [ ( T )  4 1 1 ( T w ~ 4 ] .  
u ~x 4- v ~Y o ~ - -  - -  4O~raT~ 

(4) 

The mass and momentum conservation equations (2) and (3) also 
apply to the liquid layer, but now a subscript L is employed to 
identify the physical quantities of the liquid layer. Under as- 
sumption that  the radiation from the plate surfaee and the vapor 
to the liquid is completely absorbed at the interface, the energy 
equation takes the form 

UL ~XX @ VL öY - - a L - - ö y 2  (5) 

The appropriate boundary conditions are 

y = 0  u = v = 0 ,  T = T w  (6a) 

y = oo ul~ = 0, (6b) 

TL = Too (for subcooled boiling only). 

At the liquid-vapor interface it is required that  the continuity 
of the tangential velocity, the tangential shear, the temperature, 
the mass flow crossing interface, and the heat flow crossing inter- 
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face be preserved: 

Pl`  

(~~~~ _ ~ _  
~Y/l` 

where 

U L : U  

B = # - -  
l` äy 

Tl, = Ts 

(7a) 

(7b) 

(7c) 

T =  Ts 

P \  dx -- 

ô 

äY -]- B -~- 2O~ra T 4 dy ---- phrg u dy, 

0 0 

(7d) 

(7e) 

(7f) 

B = « (T~  - T~) (Tg) 
(o/ù)l` + 1 + (Pl~)w 

is the net radiation flux between the sufface and the liquid-vapor 
interface. Eq. (7f) is an energy balance at the interface which states 
that  the sum of the local heat conduction and the ner radiation 
gained at the interface is balanced by  the heat of vaporization. 
The expression 

ô 

0 

indicates the rate of vaporization per unit area. The contribution of 
the vapor radiation is included as the fourth term on the leit hand 
side of (7f). 

Now, eIfects may be directed toward finding solutions. It  is as- 
sumed that the film thickness d(x) takes the form 

oo 

~(x) ~ x1/4 0 + E amxml4) (8) 
m = l  

where am are the coefficients to be determined. The similarity vari- 
able is defined as 

co 

= cyl[xl/4(1 + X; «mxm/4)], (9a) 
fft,=l 
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where 

C z 
I g cos ¢ pLRTs 11/4 

[. g C O S ~  p L - - p ] 1 1 4  

J 4v 2 p 

for saturated liquid 

for subcooled liquid, 

when the constancy of vapor properties is assumed. The continuity 
equation can be satisfied by introducing a stream function such that  
u = ~¢/~y and v = --~¢/Ox. We introduce the new variables 

o o  c o  

¢(I/) = 4cv E x(n+3)/4(1 + E amx~/4)/~(~) (9b) 
~=0 m = l  

T -- Ts 
O(t]) --  - -  FO(~) q- x1/4F1(~) @ xl/2F2(*]) @ x3/4F301) @ . . . .  

Tw --  Ts 
(%) 

From this and the expansion of 

o o  

1/(1 q- • «mXm/4) 

in a power series according to the binomial theorem, it follows 

U - -  
8¢ 
~y 

--  - -  = 4c2vxl/2(/ó + xl/41~ @ xl/21~ -1- x3/41~ @ . . . )  (10a) 

8¢ --4er E E amx 1/4(m+n-1) r a + n + 3  , 1 
v - Ox ~=o ~=o  4 1~ ~I~ 4 × 

] × (1 + a lx l /4  + (2a2 - a~) xl /2 + (3a3 - 3a la2  + a~) xa/4 +...) , 

(10b) 

where the primes represent differentiation with respect to the vari- 
able ~1. Owing to the emploYment of the binomial theorem in (lOb), 
the restriction 

o o  

r E  amxm/4[ < 1 
m ~ l  

has been imp0sed on the solution. 
The transformations (8), (9), and (10) may also be applied to the 
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liquid layer provided that ci, and 0i~ are defined as 

I g  cos ¢ Ts -- Too ]1/4 

c~, = 4~~ ~-~ -J 
Fgcos¢ p~_p.]i/4 

c~= L 4~~ p 

for subcooled liquid 

for saturated liquid 

T L -  Too 
0L - -  (1 1) 

Ts -- Too 

With the introduction of the transformations into the conser- 
vation eqs. (1) to (5), followed by collecting similar forms in x, one 
gets the following sets of simultaneous ordinary differential equations 
for both the vapor film and liquid layer. 

For the vapor film: 

Tw -- Ts 
/0' + 3/0/o -- 2(/ó) 2 + 1 + -  - -  Fo = 0 (12a) 

Ts 

Tw -- T2 
/7 -}- 3/o/~ --  5/ói~ + 4/~/1 + F1 = al/~' - -  allo/o (12b) 

Ts 

Tw --  T2 
I~' + 3Iol~ --  6Ió1~ + 51oi2 + F2 = a l / [  - -  

Ts 

- («110 + 411) 1~ + 3q~)2 - « I ; 1 1  - ( 3 4  - 2«2) 10' + 

+ («1 ~ - 2Œ2) I010. ( i2o) 

The underlined terms which result from the buoyancy force term 
in the momentum equation contribute to the coupling of the energy 
and momentum equations, i.e. the coupling of the / and F functions. 
The terms having the coefficient (Tw -- Ts) /Ts  are abseht if the 
constancy of fluid properties is assumed in the vapor film. For the 
liquid layer, the underlined terms in (12a), (12b), and (12c) taust be 
replaced by Fo, F1, and F2, respectively. 

1 
- - - .  Fö + 31oFó = 0 (13a) 
P r  

l ,, 2 õ t l  ,, 
p~;- F ,  + 31oFi --  ]óF1 --  P r  F°  --  Fó(al/0 -- 4]1) (]3b) 
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1 

Pr 
rr  t # 

- - - F ~  + 3/oFz --  2/0Fu - -  

[ (  ) 4 1  1 ( T w ~ 4 ~  - - D  1 + T w - - T s  Fo = 
• Ts 2 2 \ Ts / j 

2a l  ,, , 1 (3a~ 2a2) " - -  
- -  P r  F 1  - -  (al/0 @ 4/1) F1  @ / l E 1  - -  ~ - r  - -  F °  

--  (5/2 @ ~tlil @ 2~t2i0 -- ~~10) F', (13c) 

where 

D = 4arO" 
Ts 

(Tw --  Ts) pCpvc 2 

The  underl ined terms which result f rom the radiat ion t e rm in the  
energy equat ion are for the vapor  film only. 

The  bounda ry  and matching conditions also m a y  be rephrased in 
terms of the new variables. I t  must  be noted  tha t  since the thickness 
b(x) of the vapor  film is small, one m a y  take  ~L = 0 at  the liquid- 
vapor  interface for convenience. Wi th  the applicat ion of the trans- 
formations,  there  results: 

1) Plate  surface: 

in(0) ----- 1;(0) = 0; FÓ(0) = 1 and  Fn(O) = 0 (14) 

for all n other  t han  zero. 
2) Liquid-vapor  interface:  

# 

l;(~ô) = I~Ao) 

/o(~ô) t_---//--J G(0)  

H I~  tt  

/ l ( ~ l ô )  - -  a l / ° (~ô)  L ~ I  I/L1(0) - -  11L0(0)3 

1;(~o) - «11(~o) - (~~ - Œ~)lo(~ô) = 

= ~ B L p L ]  1/2 
L ~ J  I-I~~(0) - -  Œl l~ l (O)  -I- (Oll 2 - -  UL2) /Lo(O)~ 

Fs,o(0) = 1 and FI, n(O) = 0 for all n o ther  t han  zero 

F~(,») = o 

(lSa) 

(15b) 

(lSc) 

( lSd) 
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3E/o(r/o) = --Fó(~/ô) + AF;~o(O ) 

4E[/I(~O) + al/O(r/o)] = --[Fi(~]o) --  alFó(~]o)] + 

+ A[FL,(O ) -- alF~,o(0)] + BI 

5E[/2(*/õ) + altl(r]õ) + a2/o(flo)] = 

= --[F~(,]õ) --  alF'(rjô) + (a~ -- a~) Fó(*]o)] + 

-b A[F;~2(0) --  alFL,(O ) + (a~ -- a2) F~,o(0)] + 
r/õ 

f( ; T w - - T s  Fo d~, (15f) @ D Pf  1 -k Ts 
o 

where 
kLCL ( T s - -  Too ) 

A -- kc Ts T w  ~ for subcooled boiling 

A = 0 for sa tura ted  boiling, 

B1 = Bk-l(Tw -- Ts)-1 c_ 1 

E = phfgvk- l (Tw- Ts) -1 = hfgPr C ~ - I ( T w -  Ts) - I  

' i" (0 ~ For  subcooled liquid the funct ions/Ln(0) , /L.(0) ,  and ~L~~ J are re- 
placed by  

p» -- p Too /L~'(O)' 

( PL T s - - T o o )  1/2 
o [  2 o Too 1;~,,(0), 

and 

( pL 
pL - -  p 

Ts - -  Too ~3/4 
T~ / /Ln(O), respectively. 

In  case the vapor densi ty  is assumed constant ,  ~ i~ (Ts -  T~o)/ 
/ ( ( p L -  Pc,,)T) in the  matching  conditions must  be replaced by  
unity.  

3) Free s t ream: 

tB0(oo) = 0 
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and 

/En(O<)) = 0 for all n other than zero; 

F ~ ~ ( o o )  = 0 .  

Fig. 113 shows the physical model for natural convection film 
boiling over a sphere with radius R. The governing equations and the 
boundary and matching conditions are identical with those of the 
previous case except that  the continuity equation now reads 

~(ur) O(vr) 
- -  + - 0 (a7)  

~x Oy 

and ¢ is defined as x/R. 
Now, the film thickness and the similarity variable are defined as 

and 

respectively, where 

C =  I 

C =  I -  

C =  I -  

oo  

O(x) = 1 + E a2m¢ 2m (18a) 
m = l  

~1 = Cy/(1 -]- E a2m¢2m), (1Sb) 
m = l  

11/4 g pI~ -- p for vapor, 
Rv 2 p 

g pL - -  p "]1/4 for saturated liquid, Rv~ p J 
B pL - -  p ~1/4 

R~~ p 1 
for subcooled liquid. 

be satisfied by introducing 

oo  

E a2m]2n+l¢ 2m+2n+1, 
n = O  

The continuity equation may 

oo  

~(~) = c~ Z ( 1 8 c )  
m = 0  

where a0 = 1, such that u = r -1 c3~b/Oy and v = - - r  -1 a~b/ax. The 
dimensionless temperature is defined as 

e o  

0(*1) = Z F~n(*l) ¢~n. (18d) 
n = 0  

When the transformations are applied to the conservation equa- 
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tions (2), (3), and (4), there results 

i l  2 -- 2/1/1 - -  H - - /1 '  = 0 (19a) 

4/i/ä - -  2/1/; --  4/~/3 + (½ --  2a2)/1/1 ~- 2a2/1 @ J --/~'  = 0 (19b) 
t ,  1 . t  . t , t  l / n e  I 1 .~ ~ t t  t l  t t  

n ~ -  ~ t l  t l  2 f f  t l  
+ 2a2/a -+- 2a2]l}t -- 4a4/1/1 + (2a4 --  3a2)/:  --  6/5/1 @ 

/f/ 
+ 61;/ä - -  211/~ --  16 = 0, (19c) 

where 

1 
Pr  

H =  1, J = ~ ,  K - -  1 for vapor  film, 12o 

H = 0, J : 0, K = 0 for sa tura ted  liquid, 

H = F L o ,  J = F x , 2 - - ~ F L o ,  

K = FL4 --  ~FI~2 + 12-{öFi~o for subcooled liquid, 

[( Tw- Ts )4 1 1 ( T w ~ 4 1  
- - D  » 

1 --  7 Ts F ° + I  2 2 \ T s J ]  
- - F o  + 211Fó 
Pr for vapor  

(20a) 
= 0 for liquid, 

t t  s t ] 
F2 -- 2/1F2 + 2/1F2 + 4/aFo -- ½/IFó -- 

1 H ] 

-- 2 ~-r a2F° + 2a2/1Fo = 

= D V - - 4 (  T w - -  Ts 

L \  Ts 

f Tw --  Ts 
Fo q- 1 Ts 

= 0  

+ 2 ( T w ' ~ ~  T w - -  Ts ] 
\ Ts J Ts b2 

for vapor  
(2Ob) 

for liquid, 

1 
P r  F~ - -  4/ iF4 -~- 2/1Fä -- 21~F2 + 413F~ -- 

_ _  1 i i ~/1F2 + 6[õFo -- (½ -- 2a2)/aFo - -  

1 2 
--  (~-~ - -  4a4 + 2a~) l lFö --  ~ (2a4 --  3a~) F ö - -  Pr  

)3 T w -  Ts [ 4 ( T ~ - -  T~ Fo + 1 F~ + 
= - - D  L \ T~ Ts 

a2F'~ = 
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~,~w- ~~ q,] + 6 (  Tw-TsTs F o +  1)2\ T~ 

= 0  

The boundary and matching conditions are 

for vapor 

for liquid. 
(20°)  

(21 a) 
t 

/2n+l (0)  = /L2n+ l (0 )  = /;.n+l(O) = /I, 2n+l(0) : 0 
Fo(0)  = FLO(0) = 1 ,  F2(0)  = 0, Fa(0)  = 0, ... 

FL2m(O) : 0 for all m other than zero (21b) 

F2m(~ô) = 0 (22a) 
/ C \ 2  ~ ' , 

/L 2n+l(0) = ~~-L ) ~]2n+l(~]Õ), (22b) 

where 
= 1  

CL / vL p 

iL, (0) = G/"(~õ) 

p T~ 1/2 

Ts ~ Tool 

for saturated liquid 

for subcooled liquid 

It tt tt 
!~,3(0) = a2tm(0)  + G[13(r/o) - -  ad i (nô)3 

/L~(O) = adL3(o )  + (a4 - a~) IL , (O)  + GEt'~(nô) - ad ; (~õ)  - 

- ( «  - a~)l~(,Tô)], 

G - - [  #p "-]1/2 

- -  L ffLpL J 
tor saturated liquid 

with 

L ffLpL _] p Ts -- Too 

AFLo(O) - -  F'(~Iô) + B~ -4- ~ -  Pr  1 -t- Ts 

0 

A [ELf (o )  - a2FLo(O)]  - F~(no) + «2FO(nô) + 
Te 

Tw -- Ts Fo 
+ 2D Pr  1 + - Ts Ts 

0 

= 3E[a2/l(~lô) +/s(r/ô)] 

for subcooled liquid, 

Oo dr] = E]I(~Iô) 

F2 dr] = 

FL2m(OO) = O, /L2m(OO) = O. (23) 



192 HSU-CHIEH YEH AND WEN-JEI YANG 

It is important to restate that  the analysis may  be applied to both 
the saturated and subcooled film boiling. For the latter case, the 
f u n c t i o n s  F L n  and the parameter A become identically zero because 
the liquid temperature is constant and equal to the saturation 
temperature, i.e. TL(~L) ---- Too ---- Ts~t. 

Each set of differential equations for In, /Ln, Fn, and FLn re- 
quires ten of eleven boundary and matching conditions. The extra 
one as expressed by  (1Sf) may be used for the evaluation of the 
thickness 76 and the coefficients an. 

Now, it is desirable to inspect the physical parameters governing 
the natural convection film boiling. There is a total of nine: Pr, 
PrL, Tw/Ts, D, [(p/~)L/(p/~)]l/2, (pL/COL- p ) ) ( ( T s -  T~)/Too), A, BI, 
and E. Of these, the first four arise in connection with the differ- 
ential equations (13) for the vapor film and liquid vapor, while the 
last six enter through the interface matching conditions. The para- 
meter which appears only in the natural convection hut not in the 
forced convection film boiling is COL/(pL -- p))((Ts -- To~)/Too). This 
results from the consideration given to the temperature dependency 
of the vapor density. In the absence of the vapor and wall radiation, 
the governing parameters reduce to live: Pr, PrL, [(p#)L/(p#)] 1/2, 

A ,  and E. 

2.2. Forced convection #lm boiling. The physical  model and co- 
ordinate system are shown in Fig. 2A. The situation is  the laminar 

U=,Tœ U~ T= LIOUID 

~ V  LIQUID 
L BOUNDARY 
U L LAYER, T L 

u ~~~~, 
• . . . . . . . . . . .  1 2 . . . 5  . . . .  . . . . . . . .  " . . . . . . . . . . . . .  

(A) FORCED CONVECT{ON FILM BOILING ON A FLAT PLATE 

~ IQUID 

x 

(B) STAGNATION FILM BOILI«W, IrJ T~«O-DI'JENSIONAL FLO~# 

Fig. 2. Physical  models and coordinates for forced convection film boiling. 



FILM BOILING IN BOUNDARY LAYER FLOWS 193 

boundary layer flow of a liquid with velocity Uoo over a flat plate. 
The liquid has a free stream temperature Too which is lower than 
the saturation temperature Ts. The plate is maintained at the 
temperature Tw, exceeding Ts enough for film boiling to occur on 
the plate. 

With the same assumption as made in the previous case, the 
application of the conservation laws tor mass, momentum,  and 
energy to both vapor and liquid produces the boundary layer 
equations which are identical with (1), (2) with g -- 0, (4), and (5). 
Equat ion (5) is needed only for the subcooled film boiling since the 
liquid temperature is essentially constant for the saturated film 
boiling. 

The boundary conditions at the surface of the plate (y = 0) and 
the matching conditions at the liqu{d-vapor interface (y = 8) are 
identical with (6a) and (7), respectively. However, far from the  
plate, in the bulk of the liquid, the velocity approaches Uoo and 
the tempera ture  approaches its bulk temperäture T~. Therefore, 
eq. (6b) may  be used as the boundary conditions provided that  uL 
is equated to Uoo. 

Utilizing the experience with the Iree convection film boiling 
from the previous section, we deIine the new dependent  and inde- 
pendent variables for flow over a plate as 

o o  

B(X) ~ xl /2(I  ~- E gm %m/2) (24) 
m = l  

z t = ~  + E amxm/2) (25a) 

o o  o o  

¢(?]) = 2C~-' ~] X(•+l)/2(1 ~- ~] gin.f, m/2) in(?]) (25b) 
n=0 m=l  

o o  

0(7) = Z x~/2F~(?]), (25c) 
n = 0  

where c is defined as (1/2) [Uoo/I,] 1/2. 
From this it follows that  

u -- -- 2c2~W~ + x1121{ + xl~ + xa12I~ + ...] (26a) 
Dy 
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a~ 
V - -  - -  - -  

~x 

co oo [ + n  
2C'~~=0 5 xl/2(m+n-l}=O l ~  /Th - - 2  

t 1 i 2 
- ~4:) + ~]/n[g @ ½41 xl/2 @ (42 - -  X 

34142 + aa) xa/ä + ...]~. + ½(34a 
» 

Again, the restriction 

(26b) 

o o  

[ ~ amxm/z]< 1 
m=l 

has been ilnposed on the solution owing to the application of the 
binomial theorem in (26b). When the transformations defined by 
(25) and (26) are introduced in the conservation equations (1), (2), 
(4), and (5) we obtain 

to' + Iolo = o (27~) 

11' + /Ot~ -- iÓ/i Av 2/;ll = 241I;' - -  41/o/o (27b) 

1~' + iot~ - 21óI~ + Slóh = 241/1 - (2h + ado) i~ + 

ù-[- ( i l )  2 41/0/1 q- (242 -- 341 ~) 10 -+- : ~ - " " ( : 4 ~ - 4 ~ ) / o / ;  (27c) 

1 
F ö + ]oFó = 0 (28a) 

Pr  

1 2 
- -  F'~ + / o F i  - - / óF1  = - -  alFö - -  (41./o - -  2/1) Fó (28b) 
Pr  Pr  [( )4, 

1 ù T w  - -  T s  F 0  
p~- F2 + / o F $  --  2/óFz - -  D 1 q- Ts 2 

, ( ~ w y l  = ~ , ,  

2 \ Ts ] J P ~  azF: --  (ad° + 211) F{ + / ~ F 1  + 

1 
+ ~ (2a2 - -  3gl) B ö - -  [3/2 -lE 41/1 -~- (242 -~- 4~) /0] Fó. (28c) 

With the introduction of the transformations, the appropriate 
boundary and matching conditions become identical with (13), (14), 
and (15) provided that  the coefficients 3E, 4E, 5E, ... of the left side 
terms of (14f) are replaced by I E, 2E, 3E, respectively. 

The physical mode1 for stagnation film boiling in two-dimensional 
flow is shown in Fig. 2B. The Iree stream velocity Uoo can be ex- 
pressed as ax, where a is a constant. 
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With the introduct ion of 

and 

~ /=  cy 

¢=~cxi(7) 

(29a) 

(B9b) 

T - -  T s  

0 ( 7 ) -  Tw - T~ (2%) 

~X 
u - ~ U o o / ,  

ôY 

v = - -c l  " ~  (30) 

the m o m e n t u m  and energy equations, one obtains ithe following 
ordinary differential equations fo r  both the vapor f i lm and liquid 
layer:  

f" %-/1" %- 4 --  (1,)2 = 0 (31) 

1 0"%-/0' --D 1%- Tw--  Ts: 0 
Pr B Ts 2 2\G/J" 

where 
c = E~/(B~)]*/~. 

The boundary  and matching conditions are: 
1) Plate  surface: 

/(0) =- f(O) = O; 0(0)= '1 ,  (33) 

2) Liquid-vapor interface : " 

, = [ # L P L I I / 2  
/'(Tô) = IL(O), /"(Tô) L ~ P - J  /~(0), 0Lt0 ) = 1, 

0(70) = o 
l(76) = IffJ~oL/~Pl /L(o) 

E/(Tô ) = --0(70 ) %- AO;~(O) %- B ,  (34) 

3) Free s t ream: 

/~,(oo) = 2, O~(c,o) = 0 .  (35) 

The stagnation film boiling in three-dimensional  flow was ana- 
lyzed in an analogous manner .  In the interest of brevi ty  the results 
are not presented here. 
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It  is important to examine the physical parameters which govern 
the transport phenomena. There is a total of eight in the forced 
convection film boiling process. They are: Pr, Prz, Tw/Ts, D, 
[(p#)L]l/2/(pt~ ), A, BI, and E .  Of these, Pr and Prl~ arise in con- 
nection with the differential equation (28) for the vapor film and 
liquid layer, respectively. The hext two arise in connection with 
(28) for the vapor film induced by  the vapor radiation. The last 
four enter through the matching conditions at the liquid-vapor 
interface. Among the four, BI is related to the surface radiation 
processes and A is connected to the subcooling of the free stream. 

In the absence of subcooling PrL and A cease to be the governing 
parameters. When the vapor radiation can be neglected, D must be 
excluded from consideration as a parameter. When both the vapor 
and surface radiation can be neglected, Tw/Ts, D, and BI must be 
excluded. This leaves five parameters to govern the transport phe- 
nomena. 

The dimensionless vapor film thickness 76 and the coefficients am 
are not considered as independent parameters because there is a 
unique relätion among V~, am, A, BI, D, and E as expressed by  (15f). 

§ 3. Results 

3.1. Heat trans/er. The local heat flux contributed by both radi- 
ation and convection at the plate surface is 

q = --k - -  2 Œ r a  T 4 dy + B. 
y=O 

0 

When the Reynolds and Nusselt numbers, defined as Re : Uoox/v 
and Nu : hx/k (Nu  : hR/k for sphere), respectively, are intro- 
duced and the heat flux is rephrased into the variables of the analy- 
sis, there follows: 

1) For natural convection film boiling one gets 

Nu 
cx3/~ -- Fó(0) --  [Fi(0) -- alFó(0) --  BI] x 1/4 -- 

--[F~(0) --  alFi(0) + (al ~ -- a2) Fó(0) + 

+ I D P r  1 +  T w - -  Ts Fo dv]x 1/2+. . .  (36) 
Ts 

o 
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for an inclined surface and 

NUcR -- Fó(0) + BI -- ~DPrf[Bô + (Bôa2 + 4B03B2) ~2 + ...] d~ 

o ( 3 7 )  

for a sphere, where 

B 0 =  (Tw- -Ts )  F 0 + T s ,  B z = ( T w - - T s )  F »  

2) For forced convection film boiling on a horizontal surface 

N u  
1 t 1 ' Rel/2 --~Fo(0) -- ~[FI(0) -- alFó(0) -- BI] x 1/2 --  

__ i I  t F2(0) -- elFe(0) + (a~ - -  a2) Fó(0) + 

0 

3) For stagnation film boiling in two-dimensional flow 

N u  
- -  0'(0) + BI ,  (39) 

C X  

where --0'(0) and BI represent the heat transferred by conduction 
through the vapor film and by radiation from the surface, re- 
spectively. The leading terms of (36) and (38) represent the corre- 
sponding heat transfer results in the absence of the radiation ex- 
change process. The second terms are the key terms in determining 
the effects of radiation exchange, since the contribution of the other 
terms is generally of secondary importance. 

An investigation of (36) and (38) reveals that their second terms 
consist of Fó(0), Fi(0), al, and BI in which Fi(0) and al are inter- 
related to the parameter BI for the surface radiation by (13b) and 
(28b) and the second expression of (15f). Since the contribution due 
to the vapor radiation as represented by the parameter D and its 
associated quantities a2 and F~(0) first appears in the third terms 
of (36) and (38), the radiation effects on heat transfer are mainly 
due to the surface radiation, and the vapor radiation plays a rather 
unimportant role. 

3.2. Skin/r ic t ion .  The shear stress exerted by the flowing fluid on 
the surface may be calculated by Newton's shearing formula *w ----- 
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---- - -#(Ou/~y)u=o.  A dimensionless representation of the wall shear 
may be achieved by utilizing a friction coefficient defined as 

1 2 ~-w/(~pUoo). When this is evaluated in terms of the variables of the 
analysis, there results : 

~'w R e  1/2 
" El"O 1 ù U 2  - -  ~{I0(O) - i-  1C ) - a l l 0 ( 0 ) l  x1 /2  -~- 

BI-, eo 

+ G(o) - ~d~(o) + (ù1 ~ - ù~) I0(O)~ ~ + ...} (4oa) 

for forced convection fi]m boiling over a horizontal p]ate, 

1 

-- 42 1"(0) (40b) 

for stagnation film boiling in two-dimensional flow. 
The leading te rm in (40a) represents the skin friction in the 

absence of tfie radiation exchange process. The second term is most 
important in determining the radiation effects. 

Based on the similar arguments for heat transfer, the radiation 
effects on the skin friction are found to be caused mainly by the 
surface radiation. The vapor radiation exerts a negligible or second- 
ary effect. 

§ 4. Numerical iUustrations 

Eqs. (12) and (13) for natural convection film boiling over an in- 
clined plate, (27) and (28) for forced convection film boiling over a 
horizontal plate, and (31) and (32) for stagnation film boiling in 
two-dimensional flow were numerically integrated (employing the 
Runge-Kutta  method) in conjunction with their appropriate bounda- 
ry conditions by means of an IBM 7090 digita! computer. The first 
step is to prescribe the dimensionless vapor film thickness ~Tõ. The 
calculation is carried out for the saturated boiling of water under 
atmospheric pressure with the neglect of gas radiation in the vapor 
film. This is justified as long as the vapor film is thin and the vapor 
pressure is not high. In other words, all radiation terms in the energy 
equations are neglected. Only the effects of radiation between the 
plate surface and the fluid interface, which appear in the boundary 
conditions, are taken into consideration. The range of the surface 
temperatures was from 280 to 3225 °F (corresponding to ztô from 
0.6 to 1.6) and from 291 to 996 °F (corresponding to ~õ from 0.2 to 
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0.6) for the natural and forced convection film boiling, respectively. 
The emissivities of the wall and liquid-vapor interface are taken to 
be unity. The typical velocity and temperature profiles are shown 
in Figs. 3-6. 

Figs. 3 and 4 show the vapor velocity and temperature profiles 
in the natural convection film boiling for the special case of constant 
vapor properties. The terms/ó and Fó correspond to the velocity and 
temperature profiles, respectively, in the absence of radiation ex- 
change. Since the magnitudes of/~ and F2 are rather of secondary 
importance in comparison with those of /{  and F1, it is observed 
from Figs. 3 and 4 that  the presence of radiation illcreases the ve- 
locity profile and decreases the temperature profile. The effects are 
greater for higher wall temperature or thicker vapor film. 

For forced convection film boiling, Fig. 5 illustrates that  the ve- 
locity profile/ó in the vapor film is practically linear in the absence 
of radiation. The effect of radiation is to increase the flow velocities 
in both vapor film and liquid boundary layer, and hence the skin 
friction is decreased at the plate surface. An increase in the wall 
temperature (or the vapor film thickness) or a decrease in the free 
stream velocity results in an increase in the radiation effect. 

2.5 

' "  . . . .  AND 

o ; f r  '~8 T*9~ U,,, ft/»ec 

"~ 0.6 I0 
15 ~ F? OB t 541 [0 

o* 0,4 5¢1 5 

~ ,o / . \ \  ~-o,.«-~,:+x,. 

o., / / » C  ~ -  . . . .  

o «. ö:o.. o,. ,o - - - - - - ~ : ~ ~ ~  - . . . .  
«~, ~«:o. . . . . . . . ._~jo 

Fig. 5. Functions associated with velocity profiles in the vapor and liquid 
boundary layers for forced convection film boiling over a horizontal plate for 

T s  = Too = 2 1 2  °F. 
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Fig. 6. Functions associated with vapor temperature in forced convection 

film boiling over a horizontal plate for Ts = T** = 212 °F. 
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Fig. 7. Heat transfer and skin friction characteristics of stagnation film 
boiling in two-dimensionat flow of watet at atmospheric pressure. 

Fig. 6 shows that the temperature distribution F0 in the vapor 
film is practically linear in the absence of the radiation process. A 
simultaneous action of radiation is to decrease the vapor tempera- 
tute, and hence the heat conduction is increased at the wall surface. 
As shown in Fig. 6, the radiation effects on the temperature profile 
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are larger for thick vapor film (or higher wall temperature) or for 
lower free stream velocity. 

Fig. 7 shows the heat transfer and skin Iriction characteristics 
for the stagnation film boiling in two-dimensional flow of water at 
a velocity of Uoo ---- 10x It s -1 under atmospheric pressure. It is seen 
in the figure that  as the surface temperature increases from 212 °F, 
both skin friction /"(0) and conduction through the vapor film 
--0'(0) decrease, while surface radiation B1 increases. When the 
surface temperature exceeds 1000 °R, B1 is larger than --0'(0) 
indicating that surface radiation becomes more important than con- 
duction through the vapor film. 

Tables I to III  furnish important results for radiation effect on 
heat transfer performance and shear stress at the wall surface and 
the liquid-vapor interface. For the natural convection film boiling 
over a vertical plate, Table I indicates that  the presence of radi- 
ation increases the heat transfer from the wall to the vapor and 
from the vapor to the interface. The radiation effects become 
greater for higher wall temperature or thicker vapor film. Tables 
II  and II I  show that for forced convection film boiling over a hori- 
zontal plate, radiation increases the local Nusselt numbers and de- 
creases the shear stresses at the wall surface and the liquid-vapor 
interface. An increase in the wall temperature or vapor film thick- 
ness or a decrease in the free stream velocity may contribute to an 
increase in the radiation effects. 

§ 5. Concluding r e m a r k s  

To replace the existing empirical equations which have been used 
for estimating the total surface conductance in film boiling ex- 
pressions are now obtained for the determination of the heat transfer 
rate and skin friction in (i) the natural convection film boiling over 
an inclined surface and a sphere, (il) the forced convection film 
boiling over a horizontal plate, and (iii) the stagnation flow film 
boiling when radiation is appreciable. The problems have been 
formulated exactly within the framework of boundary layer theory 
with the consideration of the shear stress and vapor velocity at the 
liquid vapor interface. The method of analysis may be extended to 
the natural- and forced conveetion film boiling over other surfaees 
of different geometry. The problems of film boiling on a surface 
having space dependent temperature may also be solved by  the 
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present method by expanding the surface temperature into an infi- 
nite series with respect to the depending space variable. 
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