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Abstract

The dyadic Green's function for cylindrical waveguides of circular or rec-
tangular cross section with a moving, isotropic, homogeneous medium is
developed using the method of eigenfunction expansion. The orthogonality
properties of the vector mode functions are discussed. In contrast to wave-
guides with a stationary medium, it is seen that the normalization factor in
the case of the E mode introduces a pole in the integral representation for
the Green's function which must be excluded from the integration contour.

§ 1. Introduction

The solution for the modes in a cylindrical waveguide containing a
moving isotropic homogeneous medium is well known and has been
discussed by several authors in recent years [1-6]. Problems in-
volving forced excitations are easily solved if the dyadic Green’s
function for the particular system is known. Seto [7] has given a
formulation for the dyadic Green’s function in eigenfunction form.
It is our purpose here to present an alternate and more compact
derivation by extending the method of Ohm and Rayleigh to the
wave equation satisfied by the dyadic Green’s function. The results
so obtained for the rectangular and circular waveguide appear to be
more explicit than those obtained by Seto. The same method can
be readily applied to elliptical waveguides if so desired.

§ 2. Development of the theory

For a moving medium the constitutive relations can be put in
compact form [8],

B=yusH—2 xE (1)
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D=wE+Q2xH )

where ¢ and u are permittivity and permeability respectively of the
medium at rest
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It is assumed that the velocity of the moving medium is constant,
otherwise the constitutive relations described by (1) and (2) will no
longer be valid. We note that for v = 0 or » = 1 the constitutive
relations reduce to the familiar ones for free space. Limiting our-
selves to harmonically oscillating fields (e71#?) and substituting (1)
and (2) into Maxwell’s equations gives

V X E = io(ue-H— 2 x E) (3)
V x H=J — in(ea-E + 2 x H). (4)

Two auxiliary field vectors E® and H® are introduced such that

F — o102z b. E®) (5)

H — c—iooe b. O (6)
where

=1

o
|/

= 1
b=— (224 9p) + 22 or
a

Substituting these into (3) and (4) we obtain the following equations
for the reduced fields E® and H®:

V x (b-E®) = iouH® (7)
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V x (b-H®) = Jcio9 _ ieE0®). (8)

It is to be noted that the auxiliary fields E® and H® are not the
same as the auxiliary fields introduced in a previous paper [8]. For
analytical reasons we found it more convenient to deal with the
two auxiliary fields as defined by (5) and (6). Elimination of H®
between the two equations yields the wave equation

V % [b-V x (b-E®)] — RZE® — jouJ eloo (9)
where A2 = w2us the free space wave number. In view of the

structure of (9) we introduce the dyadic Green’s function G®
which satisfies the wave equation

V xb¥ x (b-G®)] — 22G® — I3[R — R).  (10)

For waveguides made of perfectly conducting walls the function
must satisfy the Dirichlet condition

A x GOR|R) =0 (10a)
on the walls.

Applying the vector Green’s theorem to (9) and (10) and em-
ploying the symmetry properties of dyadic Green’s functions, it can
be shown that the electric field excited by a current J or an aperture
field E, is given by

E(R) = iopo {{[ b-GOR|R')-J(R) e-lo2e-2) dv’ +
v
L [oV X -GOR|RY)-[4 x Ea(R)] o221 ds'. (1)
A

To solve for the Green’s function G® we will use the method of
Ohm and Rayleigh (eigenfunction expansion) as described by Som-
merfeld [9] but extend it to the vector case. The advantage of this
method is that it allows us to by-pass the determination of the
excitation coefficient by a tedious consideration of the discon-
tinuity due to the singular source. We begin by finding a solution
to the homogeneous vector wave equation corresponding to (10),
that is,

V x bV x (b-F)] — 2F =0 (12)

where « is a constant to be determined by the eigenvalues. The
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vector wave functions which are solutions to (12) can be written
in the form

Mgw) =V X [,(h) 2] (13)

and

N = 7 x BB = F x V x b2l (14)

K

where (%) is a solution of

1 02

e
2 — 0 2 =
W+ — — g, =0. (15)

The significance of the subscripts t will be explained later. We note
that the vector wave functions satisfy the mutual relations

V x (—'Mg) = Kﬁg

S

VX(I; )ZKMe

[=1<J

and that M functions correspond to H-modes and N functions
correspond to E-modes if these functions are used to represent the
electric field.

§ 3. Rectangular waveguide
We consider a rectangular waveguide bounded by perfectly con-
ducting walls at ¥ = 0 and x = %9 and at y = 0 and y = yo9. We
assume that the medium inside the guide is moving in the z-
direction corresponding to the longitudinal axis of the guide. The
eigenfunctions which satisfy (15) are given by
cos] mnx {(cos) nmy .
7)) — elhz 16

¢8mn( ) {Sin} X0 {sin} Yo ' (16)
where ¢ indicates that the corresponding trigonometric functions
are either even or odd, and

B — iPa? — ak?

2 2
47— ﬁi) (Z‘f_)
¢ (xo + Yo

The atplication of the boundary conditions # X M=0and4 X N=
= 0 ap the guide walls gives the following permissible vector wave




GREEN’S DYADIC FUNCTIONS FOR CYLINDRICAL WAVEGUIDES 285

functions for the eigenfunction expansion of the dyadic Green’s
function under consideration.

Memn(h) = V X [ll’emn(h) 2] (17)
Nomall) — 3; V XV X Womalh) £]. (18)

These two sets of vector wave functions exhibit the following
orthogonality properties:

JJ:[MBWZ Nomn( Aydv =20 (19)
ijMemn Mem ‘n’ ( hydv =

0;, m=m or m+#n'

=11 i) (20)
g O mRgyed(h — K'Y  mo=m, =
where
0; m, n #£ 0
Oy =
1 m=0o0orn=20
also

f”m Nome () dv =

0; m£=m' or nm£n

=1 o n2 4+ R (21)

—2— k%xoyg m (S(h i h,) , m = ml, n = n’.

Following the method of Ohm and Rayleigh we proceed to expand
the dyadic Green’s function in terms of the vector wave function
starting with an expansion of the dyadic delta function

IR —R) = g sy [Menn(h) Aemn(%) + Nomn(h) Bomn(h)]
(22)

where C;. and C.. are illustrated in Fig. 1. It will be shown later
why we choose the particular contours shown in the figure where
-1k, denotes two poles which are characteristic of the integrand.
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Fig. 1. Contour of Integration.

By taking an anterior scalar product of (22) with My n(—1)
and integrating the result over the waveguide volume we can de-
termine Aemn (%) as a result of the orthogonality relations stated by
(19) and (20). Solving in like fashion for Bomau(k) we find that

2—8 —

gemn(h) = Mémn(_h) (23a)

Txoyoky
2—d h2+ﬂk% ~7

Bomn<h) = Ttx()yok% hz _{_ kz ommn

(—7) (23b)

where the prime on M and N indicate that they are functions of
the primed coordinates x’, ¥" and 2'.

It is observed that the expression for Boms(h) contains poles at
h = J-ike. If the contour in the A-plane does not exclude these
poles it would give rise to a term of the form e~ **~" which clearly
cannot be part of an expression for a delta function since it does
not vanish for z = 2’. In fact, it does not satisfy the homogeneous
wave equation. Thus the contour of integration so deformed is the
proper contour to be used in this formulation.

Once the expansion of the dyadic delta function is known, we
can expand the Green’s function in a similar manner, that is

GOR|R) = : j dn 3 2372151 %
m n 4

C
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B E R & il N;m(—h)} 24

X {aﬂemn(h) —Mémn(A}O + ﬂm

where the coefficients o and f§ are to be determined. Substitution
of (24) into (10) shows that

a=p=

1
K2 — p2
which determines completely the integral representation of the

Green’s function. The integration with respect to % can be per-
formed through the Cauchy integral theorem which gives

= i 2 —do)at (— - —
GO(R|R) = DI ( ) 0 {Memn(ﬂ:kg) M FFg) +
X0Y0 m n kckg
a?k? — —_ ,
o (a Nomlh) Nomn(+kg)}forz 2z (25

where
2 _ 4252 _ ,h2
k, = a’k ak’.

§ 4. Waveguide of circular cross-section

In cylindrical coordinates the function (k) takes the form

e, (h) = Julnp) °os nep & (269)
o s
or
pe (B) = Ju(é?) o ne e, (26b)
o7 sin

The boundary condition in turn defines the value of % and & ac-
cording to
0
A alro) (27a)
37’()
or
Jalére) =0 (27D)
where 7p denotes the radius of the guide. Thus the vector wave

functions for this configuration are ]\—l;m and ﬁene defined in (13)
0 )

1]
and (14). The orthogonality relationships of interest are

f f j M‘gnn(h)-ﬁgn, S—H)dv =0 (28)
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f f f My, (i) My, (1) dv =

{0; n#n ornFEy
%(1 4 00) (g — n2) Julnro) 6h — k'), m=n', n=1

(‘_— N !
J‘J‘J Ng‘fn(h) ' Ng'gfu(“h ) dv =

h2 4- 82 [ o]nu(Er
B a23(1 + do) W2 1 ai? < ]37(’0 o

0; n£un or §£¢E (30)

The expansion of the Green’s function is carried out in exactly the
same fashion as for the rectangular case. Again a pole appears in
the case of the E-mode wave and the integration path must be
deformed in such a fashion as to eliminate the contribution. The
final result in this case is

2
) oh—n"); n=wn', £=§&

GORIR) =% a%2— 60) X
T

1 _ -
M M (Fk,
. {2 Tl — %) T2r0) 8%11(“”’ ol T1) T

Ly a?k? 1
et b @R (I—a) 8] [ 57’0 ]
N,

N, bk Ny (Th for 227 @)

where
k?, = (a2k2 — an?), k‘g’_. = (a2k2 — af2).

§ 5. Conclusion

The method used in the derivation of the dyadic Green’s function
is useful in a wide variety of situations involving both moving and
stationary media. Explicit results for the circular and rectangular
cross section waveguides with a moving isotropic medium are de-
rived in this paper. These functions are useful in the investigation of
the fields arising from current and aperture sources in these wave-
guides.
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