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In memory of Carl S. Herz (1930-1995)

1 Introduction

Let X = G/K be a noncompact Riemannian symmetric space. Although
basic harmonic analysis on X has been settled in the sixties (see [GV],
[He2,3], for thorough presentations of this material), it is only recently that
it has been used efficiently to produce sharp and complete results compara-
ble to the Euclidean or the compact case ([An3,5], [BrOSc], [CowGM1,2],
[MaNSt], [Str],...). The reason may be that time was needed to digest and
refine the formidable work of Harish—Chandra and his followers.

Our main object of study in this paper is the heat kernel h(x,y) =
hi(y~'z) on X, for which we produce optimal upper and lower bounds, as
well as asymptotics at infinity, in what is arguably the most interesting
case, namely when the time variable ¢ is larger than (any constant times)
the distance d(z,y) between the space variables. The upper bound was
conjectured some years ago by the first author [An2] and proves amazingly
to be a lower bound too. The restriction 1+¢ > const. d(z,y) in our results
is due to a lack of control in the Trombi & Varadarajan expansion for
spherical functions along the walls. Fortunately this is no problem in all
applications since good upper bounds, with fast decaying Gaussian factors
e const. d(z’y)Q/t, are known to hold in the remaining domain t < d(z,y).

Such heat kernel estimates have several important consequences. Among
them let us mention the exact behavior of the Green function, which is fully
obtained for the first time on general symmetric spaces X. Recall that this
is precisely the analytic information needed for a complete description of
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the Martin boundary of X ([Gu], [GuJT1,2]). Other consequences worth
mentioning are on one hand optimal kernel bounds for the Poisson semi-
group e~V=A on X and on the other hand a delicate maximal inequality
for a particular heat diffusion on the Iwasawa component S = (expa)N
of G, which was sought after in [CowGGM].

Our paper is organized as follows. Section 2 contains some necessary
reminders about symmetric spaces and spherical analysis, notably spheri-
cal function asymptotics. In section 3 we establish our main result, namely
the above mentioned bounds for the heat kernel on X. Section 4 is devoted
to some applications: LP heat propagation on X, optimal bounds for the
Bessel-Green—Riesz kernels (in particular for the Green function) and for
the Poisson kernel on X, and finally the weak L' — L' boundedness al-
luded to above of the heat maximal operator associated to a distinguished
Laplacian on S. In section 5 we refine our previous results by obtaining
asymptotics at infinity for the various kernels considered before. Historical
comments will be made throughout the text.

The main results in this paper were announced in [AnJ1] and in several
talks during the past years. Both authors would like to thank M. Babillot,
Y. Guivarc’h and J. C. Taylor for helpful discussions and indications. The
first author enjoyed hospitality at the University of Wroctaw, at the Uni-
versity of Wisconsin in Madison, and at the Mittag—Leffler Institute, where
substantial parts of this article were carried out.

2 Preliminaries

In this section we recall the basic material about noncompact Rieman-
nian symmetric spaces and spherical analysis thereupon which will be used
throughout the article. We shall seize the opportunity of setting up the
notation. The book [GV] will serve as our main reference.

2.1 Noncompact Riemannian symmetric spaces. G will denote
a noncompact reductive Lie group in Harish—Chandra’s class, K a max-
imal compact subgroup, 6 a corresponding Cartan involution, g = €& p
the resulting decomposition on the Lie algebra level, and X = G/K the
associated Riemannian symmetric space with nonpositive curvature. It is
understood that g is equipped with an admissible nondegenerate bilinear
form B (coinciding with the Killing form on g’ = [g,g]) and X with the
associated G-invariant metric. Using the inner product

(X,Y)=-B(X,0(Y)), (2.1.1)
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we shall systematically identify any subspace of g with its dual space. (Re-
call that the Harish—-Chandra class is the natural setting for this theory.
Actually, as long as the associated symmetric spaces are concerned, the
difference with the semisimple setting consists only in possible additional
Euclidean factors. Specifically let G’ be the analytic subgroup of G cor-
responding to ¢’ = [g,g], K’ = KNG, and V = exp(a N j3), where 3
denotes the center of g. Then G’ is closed, semisimple, with finite center,
K’ is a maximal compact subgroup of G’, V is a split component of G,
and X splits as the product of the Riemannian symmetric space of non-
compact type X' = G'/K’ times the Euclidean space V = a 3. Similarly
MY /Kr =2 Gr/(Gr N K) x af', where G denotes the analytic subgroup
of G corresponding to [mf", m¥] = [mp, mg].)

Given a Cartan subspace a in p, A = expa denotes the corresponding
analytic subgroup of G, M its centralizer in K, M’ its normalizer in K,
Y the restricted root system of (g,a), and W the associated Weyl group.
Once a positive Weyl chamber at has been selected, 1 (resp. X1+ or
Y T*1) denotes the corresponding set of positive (resp. positive indivisible
or simple) roots, n the direct sum of all positive root subspaces g, N =
expn the corresponding analytic subgroup of G, and ¢ the half sum of all
positive roots a counted with their multiplicities m, = dim g,. Let n be
the dimension of X, £ its rank (i.e. the dimension of a), and m = ) 5+ mq
the dimension of N, so that n = £ 4+ m. Recall the decompositions

G = K(expa)N (Iwasawa),
{ G = K(expat)K (Cartan).

Denote by H(z) € a and 27 € at the middle components of 2 € G in these
decompositions, and by |z| = |#7| the distance to the origin.

LEMMA 2.1.2. d(zK,yK) > |zt —yT|Vz,y € G.

Let us give a proof of this elementary result, for lack of known reference
(see [Cl, Lemma 6.3] for the analog in the compact Lie group setting). Since
d((exp X)K, (expY)K) > |X - Y], VX,Y €p
(see for instance [Hel, Theorem 1.13.1]), we can reduce to the corresponding

inequality in the flat case, namely

X -Y|> | Xt -YT|, VX,Y €p
with obvious notation. Writing X = Adk. X", Y = Adk,.Y " with
k1,ks € K, we can furthermore restrict to X, YT € at and k; or ks = e.

Let us show that the minimum of f(k) = |Adk. Xt — Y| is necessarily
reached on M’. If kg is a local extremum of f, we have indeed
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0=24| fkoexptZ)? =2( Adko. X" =Y+ Adko.[Z, X))
=2([X*, Adky Y1), Z)
for every Z € ¢, which implies successively [X+ Adk,'.Y*] = 0,
Adky'.Y*tcaand kocM’. Finally it is well known that min,ep|w. X =Y ¥
= |X* — Y|, and this concludes the proof of Lemma 2.1.2.
Let us fix the invariant measures on the groups and homogeneous spaces
introduced so far. K is equipped with its normalized Haar measure, a, N,

G/K and K/M with the invariant measures induced by the inner product
(2.1.1), and G with

/G do f(z) = /G ) /K die f (k). (2.1.3)

Thus the Haar measure on G writes

/ dz f(z) = 2—?/ dk/dH e2<9’H>/ dn f (k(exp H)n) (2.1.4)
G K a N
in the Iwasawa decomposition and

/G dz f(z) = |K/M| /K ks / ara(H) /K dky f (ki (exp H)ka)  (2.1.5)

with

S(H) = Ol; sinh™ (0, H) = {%[EL (%)ma}g@,m,

in the Cartan decomposition. (The symbol =< means precisely that there

exist two constants 0<(C <Cy<+o00 such that Cl{ I1 (lerZ;vH}{) )ma }62<@,H>
aeXt ’

< 6(H) < CQ{HQGE+(%)ma}eQ<Q’H>, VH € a'.) The volume of
K/M can be computed explicitly (see (2.2.3) and (2.2.4) below). Notice
the differences with Harish—Chandra’s conventions, where the Lebesgue
measure on a is divided by (27)%2, the Haar measure on N is normalized
by the condition fN dn e 2e(H0) (M) — 1 and the Haar measure on G is
given by dx = dk e*H)dH dn in the Iwasawa decomposition.

Let us next describe the various faces of at and the associated standard
parabolic subgroups of G. They are in 1-1 correspondence with the subsets
F in X7t F. Specifically denote by Eg) the (positive) root subsystem
generated by F'. Furthermore split

a=ar®a’, n=np&n’ and N =NpN¥ accordingly,
where ap is the subspace generated by F, af its orthogonal in a, np =
@aez? ga, and nf' = Docs+ <7 G- Then the face of at and the standard
parabolic subgroup attached to F' are respectively

(afYr={Hea" |(a,H) >0, Vac T (F}
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and the normalizer Py of N in G.

We shall write H = Hp + HY according to the decomposition a =
ar @ af’. For example

o=or+o", with QF:% Zmaoz and QF:% E Mo

aEZ} a62+\2;
Similarly
(= €F+€F, with (g =dimapr and ¢ =dima® .

Pr has Langlands decomposition Pr = Mp(expaf)N¥. Mp and M =
M (exp al”) are closed subgroups of G, which belong to the Harish-Chandra
class and are f-stable. Kp = KNMp = KNM?" is a joint maximal compact
subgroup. With the obvious notation, ar and a are Cartan subspaces for
mp and mY = mp @ af’ respectively, X is the corresponding root system,
and its Weyl group W is the stabilizer in W of any element H € (a)*.

We conclude this subsection with some less standard results about the
geometry of a.

LEMMA 2.1.6. (i) [{a, H)| < |H|Va € X, VH € a.
(ii) There exists a positive constant ¢ such that
|H| < ¢ malg<|<a,H>| VH €apand VF C X,
ae

Proof. (i) Decompose H = Hx+++ + H>""". Then
|H|? > |Hy s | = tr(ad) Hyis) =2 Y mala, Hyers)”
aexst
=2 Z me(a, H)? > 2(a, H)?.
aext
(ii) Since F is a basis of ap, H +— maxaer |[(a, H)| is a norm on ag.
Hence there exists a positive constant C'r such that
ma}<|(a,H>|§C’F|H| VH € ap.
ac

We obtain (ii) by taking for ¢; the maximum of all constants Cp.

Assume temporarily that X has no split component (i.e. X generates a)
and consider the cones

at(F,6,e)={H cat | (o, H) <6|H|VaeF
and (o, H) > e|H|Va e ST N F},

where F is a subset of XT71 and 0 < § < e < 4+00.
LEMMA 2.1.7. (i) |Hp| < c16|H| if H € at(F,6,¢).

(ii) a* can be covered with 2° — 1 subcones at(F,6p,cr), where F

ranges through the proper subsets of YT+ and 6,6 /cp are arbitrarily
small.
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Proof. The statement (i) follows from Lemma 2.1.6.ii and the definition of
at(F,b,¢):
|Hp| < ¢imax [(a, Hr)| = ¢ max |(«, H)| < c16]|H] .
aEF acF

(ii) Observe first that one can restrict by homogeneity to the unit-
sphere S(a) = {H € a | |[H| = 1}. For € > 0 small enough, the ¢ hy-
perplanes (o, H) = ¢ (a € ¥+t*+) divide the (spherical) domain S(at) =
{H ¢ at | |H| = 1} into 2° — 1 (spherical) subdomains, defined by the
conditions

(o, H) <e VYaeF

(a, HYy > e YaeXtttT\F
and indexed by the proper subsets F' of X***. Given such an ¢ and
0<y<1, set 6p = v WFle and ep = A~ 1Fl1=1e. Then 6p/ep = v
and one shows by (backward) induction on k = ¢ — 1,/ —2,...,1,0 that
Uk<|r|<e S(at)(F,ép,er) (obvious notation) contains

{H e S(a*) | (a, H) < v Fe for at least k simple roots al.
For k£ = 0 this amounts to UF%2+++ at(F,6p,cr) = at.

2.2 Spherical analysis. The role played by exponentials in Euclidean
Fourier analysis is played by the (elementary) spherical functions in the
Fourier analysis of bi- K-invariant functions on G. Recall Harish-Chandra’s
integral formula

on(z) = / dl (A0 (k) (2.2.1)

for these functions and the definition of the spherical Fourier transform

HF() = /G dz f(2)p-x(x).

Among its mapping properties we shall use the following result.

Theorem 2.2.2 ([GV, Theorem 6.4.1], see also [And]). (i) H is a (topo-
logical) isomorphism between the Schwartz spaces S(G)* and S(a)".
(ii) Moreover we have the inversion formula
Co d\
f(@) = == | T s Hf Mea(z)
(W1 Jale(M)P
with ca = 2™ /(27)¢|K/M|.
This statement requires some explanations. The (L?) Schwartz space
S(G) consists of all functions f € C*°(G) satisfying

sup (1+|H|) Vel | (Dy : ky(exp H)ks : Da)| < +00
k€K, HeaT koK
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for every D1, Dy € U(g) and N > 0, where f(D; : x : D2) denotes left and
right differentiation of f at x € G with respect to the elements D; and
Dy in the universal enveloping algebra U(g). The superscript § denotes the
subspace of bi-K-invariant functions. Similarly S(a)" is the subspace of
W -invariants in the classical Schwartz space on a.

c(\) = I()\) ,  where I()\) :/ dn e~ M eHOM)  when X € a—iat,
I(—io) N

is the famous c-function of Harish—Chandra, which was determined explic-
itly by Gindikin & Karpelevi¢. By resuming their computation carefully as
in [DuKoV, pp.43-50] or in [Mn], one obtains for our choice of invariant

measures
IT 7 (22

aextt

with I (v) = (@)m"‘ _ Ty <m)m2a . r(gv+ima)

| F(iu—&—%ma) 2o %V+ima+%m2a).

) , (2.2.3)

As a consequence

H Ca (gi‘éi) ,  where

aextt
() = DB i) PG timatiman)  ran  T(dr+ime)
i r(fzg)  r(EGeima)  TEEam r(rtfmatin)
Formula (2.2.3) is also useful to evaluate
|K /M| = 2™/?1(—ip) . (2.2.4)

We shall often consider the expression

b(\) = w(i))c H ba

aeXtt
where m(i\) = [[ e+ (@, A) and
ba(v) = |a|?iveq(v)
ot m) F 28 cmetdme) rwen  rjpeimo
f(Es)  rGfEgem)  TOrame TGvigmatomae)

Notice that b, (—iv)*! is a holomorphic function for Imv > —1/2, with
[ (iv+1) T(fv+ima)
F(iqulma) F(%V—i—lma-l—lmga)

2a mqa _ M2

m
~272 vy 2 2 as || — +oo.

(w+1) ('z/+ ma) e
T(iv+3 ma)F( v+l TMats Tmaq)

— 273% as lv| — +00.) Hence b(—A)*! is a holomorphic function for

(The symbol ~ means precisely that
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A € a +iaT (actually in a neighborhood of a + iat defined by w(Im\) =
min,ey+++(a, Im A) > —n for some small > 0), which has the following
behavior:

+1Fma+moa /2
BN = T (0 o, w)HFmer e, (2.2.5)
aextt
and whose derivatives can be estimated as follows, using Cauchy’s formula:
P () b(=1)* = O(Ib(=N)*"). (2.2.6)

For an effective use of the inversion formula (2.2.2.ii), one needs precise
information about spherical functions. Their behavior away from the walls
is well described by the following converging expansion of Harish—Chandra
(& Gangolli).

Theorem 2.2.7. We have a converging expansion
or(exp H) = ¢~ (@H) Z e~ (aH) Z c(w.)\)'yq(w.)\)ei<w')"H>
qe2Q weW
for all A\ € a regular and H € a*. Here,
(i) Q@ => ,es+++ Na is the positive root lattice,
(ii) the leading coefficient =y, is equal to 1,
(iii) the other coefficients v4(\) are rational functions in A\ € ac, which
have no poles for A € a + iaT (actually in a neighborhood of a + ia™
defined by w(Im \) > —n for some small n > 0) and satisfy there

W] < C(1+ Jal),
for some nonnegative constants C' and d (independent of ¢ € @) and
A€ a+iat).
Moreover,
(iv) all derivatives of py(exp H) in H have corresponding expansions
p (%) prlexp H)
= ¢~(0H) Z e~ (@:H) Z c(wA)yg(wA)p(iw. A — o — q)e W)
qe2Q weW
Theorem 2.2.7 is proved for instance in [GV, Ch. 4] or [He2, Ch.IV]. The
crucial point is the estimate in (iii), which is due to Gangolli and which
provides quite a good control of convergence.
As far as the behavior of spherical functions along faces is concerned,
the best information available is provided by the asymptotic expansion of
Trombi € Varadarajan. Before stating this result, let us introduce the

height in Q:
%(Q): Z Ga if q= Z qo O .

aExt+ aEnt++
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Moreover, given a subset F in X7, let us decompose
Q=Qr+Q" and
c(N) =er(Ne" (), w() =mrN7"(A), b(A) =br()b"(N),
where Qp = >, cpNa [resp. QF = 3 viit pNa], and cp()) [resp.
cf'(N)], mr(A) [resp. w8 (N)], br(A) [resp. bf'()\)] denote the products over
a € Y57 [resp. over a € LT N X1T] of co({a, A/ (o, ), (o, N),
bo({a, A)/{c, ). Finally let

wf'(H)= min (a,H) VHca.
€Lt TH\F

Theorem 2.2.8. Let F' be a nontrivial subset of X%, Then we have an
asymptotic expansion
palexp H) ~ e @ N N F(w\)pf 4 (exp H)
q€2QF wEWR\W
for all A € a regular and H € at with w? (H) > 0. Specifically:

(i) 905,0 (yexpH) = cpfF (y)e“’\F’H> is the spherical function of index \ on
MF = Mpexpal.

(ii) The other terms goi (%) are bi-Kp-invariant C°° functions in the
variable x € MY and Wp-invariant holomorphic functions in the
variable A € a + i(af’)* (actually X can be taken in a neighborhood
of a+i(af)* defined by |Im Ar| < n and w¥(Im A\F) > —n for some
small np > 0), which satisfy

Phe(@) = DX e o Vo —yexp H € MF = Mpexpa”

(iii) For every q € QF and D € U(m!"), there exist a constant d > 0 and,

for every n > 0, another constant C' > 0 such that
‘SO)qu(eXpH . D)‘ < CeHr (1 + ’)\‘)de—<ImA+gF+q,H>
for all A € a+i(al’)* and H € at.

(iv) For every integer N > 0 and every D € U(m!"), there exist a constant
d > 0 and, for every n > 0, another constant C > 0 such that

)gp,\ exp H:D)— Z Z (w.\) pr/\q(epo e?"oDoe?" )
qe2QF weWp\W
»(q)<N

S C(l + ‘)\Dd(l + ‘H‘)d€7<Q’H>7NWF(H)
for all X\ € a regular and H € at with w® (H) > 7.

REMARK 2.2.9. (i) This result refines Harish-Chandra’s constant term
theory (see for instance [GV, Ch. 5]) by expanding spherical functions along
a face beyond the leading term.
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(ii) Here is the relation between the expansions in Theorem 2.2.7 and

in Theorem 2.2.8:
cpiq(exp H) = ¢ lorH) Z ¢~ (at+d H) Z cF(w.)\)’yq+q/(w.)\)e“w‘)"H)
7€2Qr weWp

for all A € a (Xp-)regular and H € a™.

(iii) Expansions along faces actually converge [CMi|, like expansions
away from the walls. But we miss a control comparable to the Gangolli
estimates in Theorem 2.2.7.iii.

Theorem 2.2.8 is essentially a restatement adapted to our needs of the
main results in [TrV], which are reproduced in [GV, Ch. 7]. Let us elaborate
on (ii) and (iii).

Consider the algebra A" of functions on M*, which is generated by 1
and by the matrix entries of af' () = Ad,r {z10(x)}, and which is graded
by AF = D,cor A(J;, where .,45 ={f e A" | f(zrexp H) = f(x)e (M),
Vo € MY VH ¢ af'}. We know from [loc. cit.] that Pq()\)apiq belongs to
{Al @ UmF)}Erol’ where Py is a Wp-invariant polynomial and U(m”)
acts on ¢4 by differentiation on the right. Hence Pq(A)wiq(m) is a Wp-
invariant holomorphic function in A € ac and a bi-Kp-invariant C*° func-
tion in z € M, which has the required homogeneity

PNk (zexp H) = Py(Ngh (2)e* 41 Vo e Mp, VH €a”,
and which can be estimated by
| PyN)ek g (exp H)| < Cq (14 X)™ (1 + [Hpl) el i Ar e =mAT e a1
(2.2.10)
for H € at (Cyq,dg and d are nonnegative constants, the first two depending
on q). Moreover similar estimates hold for all derivatives Pq()\)cpi ,(exp H:D)
with respect to D € U(m¥), since U(m¥) preserves AL. Thus the main
problem consists of getting rid of the factor P;(\). Since P,(\) is a product
of (non necessarily distinct) factors f(\) = (u, A\) +iv, with 4 € a~ {0} and
v € R~ {0}, this will be achieved by repeated application of the following
elementary lemma.

LEMMA 2.2.11. Let U be an open subset in RY, T(U) = U + iR’ the open
tube over U in C*, Z a C™ manifold, F = F(z;£) a holomorphic function
in z € T(U) depending smoothly on £ € =, and f(z) = (u,2) + v an affine
function on C* with u € R® ~ {0}.
(i) Assume that F(z;&) vanishes whenever f(z) does (in T(U)). Then
G(%;€) = F(%€)/f(2) is a holomorphic function in z € T(U) depend-
ing smoothly on £ € =.
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(ii) Moreover, for any n > 0, there exists a nonnegative constant C' such
that

G(28)] < C sup [F(GE)

(—z|<n
for all z € T(U) at distance> f1|“om|(CZ NT(U) and for all £ € E.
Proof of Lemma 2.2.11.  One can reduce to the case f(z) = z;.
(i) Let ¢ € T(U). If (1 # 0, then G(2;&) = F(2;£)/# defines obviously
a holomorphic function in z, for z close to ¢, which depends smoothly
in . If (1 =0, we have
1
F(z;€) = F(0,29,...,255€) +/0 dt%F(tZl,ZQ,...,Zg;f)

1
:Zl/ dt(alF)(t'ZhZ??"'725;5))
0

for z close to ¢, hence also in this case

. 1
Gzs6) = TEE) _ /0 QL OF) (L1, 2, . 265 €)

21
is holomorphic in z and C'* in &.
(ii) Let z € T(U). If |z1] > 4, then |G(2;€)| < %|F(z; €)|. Otherwise

L F e 28
_ dQ/ &t (C1, 22, 72675)
21 c1|=2n/3 0 (G —tz1)

by Cauchy’s formula, hence |G(z;&)| < 3 SUp|c <y [F(C; 6]

This concludes the proof of Lemma 2.2.11.

Let us now complete the proof of (ii) and (iii) in Theorem 2.2.8. Re-
strict temporarily to H € at. We know (see Remark 2.2.9) that \ —
ﬁF(A)gof\i ,(exp H) is a holomorphic function in a tubular neighborhood

T, = {N € ac | |ImAr| < 7 and wf'ImAF) > —n} of a + i(af)*
in ac. Since wp(A) and Py(\) have no common factors, we deduce that
Pq()\)goi ,(exp H) vanishes in T;, whenever Py(A) does. By combining this
observation with Lemma 2.2.11.i, we can eliminate successively all factors in
P,()) and obtain as a first conclusion that @f\i ;() is holomorphic in A € T,
and C* in = € expat. This result extends to 2 € Kpexp{(af)* +af 1 K
by bi-Kp-invariance and (expa’’)-homogeneity. Further extension to
x € MY is achieved by density and by reapplying Lemma 2.2.11.i to
Pq()\)goiq(w). Finally the estimate (iii) in Theorem 2.2.8 is obtained by

applying Lemma 2.2.11.ii to the expression Pq()\)gpiq(epo . D)e~ i\ H)

G(%¢)

and using (2.2.10) for derivatives of @iq.
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Finally let us recall the particular behavior of the basic spherical func-
tion ¢g.

PROPOSITION 2.2.12. (i) Global estimate:
wo(exp H) < { H (1+ <a,H>)}e_<@’H> VHeat .

aextt
(The symbol =, let us recall, means precisely that there exist two constants
0 < C1 <Oy < +o0o such that C1 < wo(exp H) >§CQ VH € Cl_+)

{Macst+ (1@, H) fe(eH
(ii) Asymptotics:
polexp H) ~ cf wl' (H) gl (exp H)e (")
Heat,
when (a, HY = o(w!'(H)) VYa€F,
wf(H) = minges++ (o, H) — +00.

po(exp H) _
7 F (H)pE (exp H)e— (¥ H)
¢’ under the indicated assumptions.) Here F is a proper subset of X7+
(possibly empty) and ck = wF(3)~1b¥(0) a positive constant, with ¢ =

% Za62++ Q.

(The symbol ~, let us recall, means precisely that

REMARK 2.2.13. (i) Recall that ¢g controls all spherical functions ¢y
with parameter A € a. More precisely, for every D € U(g),
poa(z: D) = O((L+|\)*8Ppo(z)) VAea Vzeq.
This follows easily from (2.2.1) (see for instance [GV, Proposition4.6.2]).
(ii) We can disregard Euclidean factors in X = G/K, which do not
contribute to g, and will do so in the rest of this subsection.
(iii) The asymptotics in Proposition 2.2.12.ii hold in particular when

H € a7t tends to infinity in either of the following ways, which are most
often considered:

H) remains bounded Va € F,
JHY - +00 Vae Xttt F,
H)

a,H)y =0o(|H|) VYa€eF,
(a, HY < |H| Vae Xttt (F.

(a)

(b)

These particular asymptotics, for the various functions gog , are actually
equivalent to the general asymptotics stated in Proposition 2.2.12.ii. Let
us for instance deduce the general case from the particular case (a). In the
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proof of Proposition 2.2.12.ii, we shall do the same with (b). Assume that,
for all subsets Fy C Fy in 71,

soé?"’(epo)N{ 11 <a,@—lba(oxa,H)}gogl(eXpH)e—@FQ—erm

+F st
aGEF2 \ZFI
H e af,
when (o, H) remains bounded Va € Fy

(a, H) — 400, YaeF\ I,
but that the asymptotics in Proposition 2.2.12.ii fail to hold. Thus there
exists a proper subset F» of X771 and a sequence H; € at such that
w2(H;) — +o0,
(o, Hj) = o(wf2(Hj)), VaeF,,

coloxp ) — w25 1bF2(0)] > 0
7rFQ(Hg‘)vép?(epoj)e—<eF2,Hj> (0) (0)

By passing to a subsequence, we can assume that
sup;(a, Hj) < +00, Va€ Fy,
(a, Hj) = 400, VYaeF,\F (actually Ve XTH Fy),
for a subset F} of F5. According to our assumptions,
m(Hy) @M pyexpHy)  w(@) "h(0)
7, (Hj)~teler i) b2 (exp H;) 7p, (0)"1bp,(0)
Hence a contradiction.
(iv) (See also Remark 5.2.2.iii.) The correct asymptotics

. F
wolexp H) ~ cpm® (H)@f (exp H)e™ ()
were announced in [Ol2] under the assumptions
H € a* tends to infinity, i.e. |[H| — +oo0,
the ap-component Hp tends to a vector in (ap)*.

inf;

But the analysis along faces relied on a misuse of Harish—-Chandra’s ex-
pansion (recalled in Theorem 2.2.7), as came out in the preprint version of
[O13]. The final version contains the weaker result [O13, Proposition 2.6],
where asymptotics of pg(exp H) are stated with a nonexplicit polynomial
factor and under the additional assumptions

{limHF7éO,

. F . oy
% ie. % tends to a unit vector in (af)*.

But the proof requires actually more, namely H € a* and lim Hr € (ap)™.
Besides, notice that error terms, involving derivatives of f, are missing in
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[O13, Lemma 2.5]. Thus the gap in Olshanetsky’s results about ¢o(exp H)
consists essentially in tangential asymptotics along faces.

Proof of Proposition 2.2.12. The global estimate (i) was established in
[Anl], essentially as a consequence of the Harish-Chandra converging ex-
pansion away from the walls (Theorem 2.2.7). The same expansion yields
the asymptotics (ii) away from the walls, i.e. when F' = (. We refer to
the proof of [GV, Theorem 4.6.6] for details. In addition we use the iden-
tity d(m)m = |W|m(p), which is obtained by applying 7w (9/0H)|m—o to the
Weyl denominator formula

[T 2sinh &2 = 37 (det w)elw-24) (2.2.14)
aextt weW
(see for instance [He2, Proposition 1.5.15]).

Let us turn to the asymptotics (i) along a face, i.e. relatively to a non-
trivial subset F' of ¥+ and let us first consider the special assumptions
(2.2.13.iii.b). In this case we use the Trombi—Varadarajan asymptotic ex-
pansion along faces (Theorem 2.2.8), or the simpler Harish—Chandra con-
stant term theory (see for instance [GV, Ch.5]), and more precisely the
resulting asymptotics [GV, Theorem 5.9.5]

polexp H) = e~ @ pF (i8] oK (exp H)

+O((1 4 [H|)%e(eM=2()) = (2.2.15)

which holds for H € at with w! (H) bounded below. Here p*" is a polyno-
mial on a, which is W-harmonic and Wg-invariant, and which is uniquely
determined by (2.2.15). Recall that p? = x4 derivatives of 7 (see the
proof of [GV, Theorem 4.6.6]). We need a similar information about the
other polynomials pf. First of all, the space HW(a)WF of W-harmonic
W-invariant polynomials on a can be described as follows:

Hy (a)VF = 8(P(a)WF)8(7rF)7r = 0(HW(a)WF)8(7rF)7r.

This is easily deduced from the case F' = (), which is well-known (see for
instance [He2, Theorem II1.3.6.i]). Thus d(7r)w has maximal degree in
Hyy (a)"F and all other elements are derivatives thereof. In particular

pl = cFo(mp)m + 0(¢")o(mr)m = L {O(mp)mp el + ...,

' is a constant, ¢f" is a Wp-invariant polynomial on a with no

constant term, O(wp)mr = |Wr|nr(or) = |Wr|nr(0) is a positive constant,
and the dots stand for a sum of terms obtained by suppressing some « in
the product wf" = Haez++\2;+ a or by replacing them by some other

where ¢
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a € ZFF. Next, let us consider the expression
pF(—ié%) }/\Zogof(exp H) —/I((ika(H{(exp Hp)k}+HF)6_<QF’H{(6XPHF)k}>,
which is a consequence of HarithChandra’s integral formula (2.2.1) for ¥
By expanding p!'(H ((exp Hp)k) + HY') and estimating
[H{(exp Hp)k} | < Hrl = max{a, H) = of|H])

we obtain

P"(=ig5) [ho®h (@) = | Welrp(@)n" (H" )l (exp H)

+o|H|P 1 PE o (exp H))

hence

eolexp H) = |Wrlmp(@)n" (H)ef (exp H)e™ (¢

+ 0(‘H,\E++\—\EF+I%F(GXP H)e(e"H))

~ F\Wi|rp(@)rF (H) ok (exp H)e @) - (2.2.16)

Finally the constant ¢/’ = |[Wg|~17(g) b (0) is determined by considering
a particular sequence H; going to infinity in at with

(o, H)) < |Hj|'?, Ya€F

<Oé,Hj>X’Hj‘, Vae Xttt F
and by comparing (2.2.16) with the asymptotics away from the walls of
both po(exp H;) and ¢ (exp H;). Now that we have established the desired
asymptotics in the special case (2.2.13.iii.b), let us extend our result to the
general case. Arguing by contradiction, assume that there exist a subset

Fy C ¥ and a sequence HJ(O) € at such that
wFO(H](O)) — 400,
(0, H) = o(wP(H")), VYae R,

polexp H,”) 7P (3) 1P (0) > 0.

infj
o (H](.O) )gogo (exp HJ(-O))e_

<QF07H§O>> B

By passing to a subsequence, we can assume that H j(O) /| H ](0)| tends to a

unit vector Y € at. Then Fy = {a € S+ | (o, HY) = 0} is a proper
subset of X7 containing Fy and

(0)
eolexp H") ~ (@) b (0) " (H) ol (exp H e @117,

since
(a, B =o(|H”)) VaecF,
(0, H”) = |H”|  VYaeTttt (R,
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If Fy = Fp, we have a contradiction. Otherwise F; 2 Fy and in this case

H]Q) = (Hj)p, is a sequence in a}l verifying

( . 1
mlnaepl\p()(a,HJ(. )> — 400,

(1) : )
maxaep, (o, Hj ') = o(mlnaeFI\F()(a,Hj ))
F

lim inf e (o ;")
: ()
F - —op HS
e T IS W
1 0

\ _HGEEFT\E;;%Oé’@ilba(O) >0,

i.e. violating Proposition 2.2.12.ii for gog !. Repeating the same reasoning,
we end up with a contradiction, after a finite number of steps. This con-
cludes the proof of Proposition 2.2.12.

3 Heat Kernel Bounds

During the last decades heat kernels have become a theme of extensive
research in differential geometry, global analysis and probability. Among
the vast literature we shall cite [Ch], [Dal, [Gr], [R], [Va], [VaSCou] (and
the bibliographies therein) as general references for the (scalar) heat kernel
on Riemannian manifolds or Lie groups, and [An2,5], [CowGM1], [Lu] for
the particular case of noncompact symmetric spaces.
It is well known that the heat kernel on X = G/K is given by
_ e [ AN P

AT A )
(see for instance the pioneer work [G]). In [An2] the first author conjectured
the global upper estimate

tep 1) < O TT (14 (00 (14 -+ (0, 1) ™51

acxtt

: e—\QIQt—<9,H>—% (3.2)

for t > 0 and H € at. This guess was based on some particular cases
where specific expressions were available for the heat kernel, namely when
G is complex, when rank X = 1, or when G = SU(p, ¢). Around the same
time the global behavior of the heat kernel on real hyperbolic spaces was
determined in [DaM]:

n—1 2t_ n—1 2

h(r) <t 5(1+r)(1+t+r) T e T 0
for an appropriate normalization of the Riemannian structure, where r de-
notes the geodesic distance to the origin. Thus the right hand side in (3.2)




Vol. 9, 1999 HEAT KERNEL AND GREEN FUNCTION 1051

proved to be not only an upper bound but also a lower bound in this case.
This result was extended later on to all hyperbolic spaces [GiMau], to the
larger class of Damek—Ricci harmonic spaces [AnDY], and actually to a
much wider family of radial Laplacians in [LorRo]. Let us turn to the
higher rank case. In [An5] the first author obtained global upper bounds
of the form )

1= (1 + |H|) 2 lePt=(eh— 1 (3.3)
where d; and ds are positive constants depending on the position of H € at
with respect to the walls and on the relative size of ¢ > 0 and 1+ |H]|.
Although quite general and rather precise, this result was clearly not op-
timal. On the contrary (3.2) was established by specific computations for
G = SL(n,R), SL(n,H) and “SL(3,0)” in a series of papers by P. Sawyer
([Sal-4]); moreover the right-hand side of (3.2) was shown in [Sal] to be
also a lower bound in the particular case G = SL(3,R). All these results
has lead us to update (3.2) as follows.

CONJECTURE 3.4.
n matmog 2
hy(exp H) = t_f{ 1T (e, B)) (144, H)) 2 2 1}6—|e|2t—<g,H>—%

aeXt+
for allt >0 and H € at.

REMARK 3.5. Let us make some comments about the various factors
in this conjectural estimate. The whole expression reduces as expected to
t=1/2e=|HI/4t i the BEuclidean case or for small ¢ and H in the general
case. The exponential decay e~19”t in ¢ is connected with the bottom of
the L? spectrum [|o|2, +00) of —A, while the exponential decay e~{@#) in
H is related both to the exponential growth of the volume (see (2.1.5))
and to the temperedness of the spherical functions ¢, entering (3.1) (see
Remark 2.2.13.i). Eventually the expression between braces is related to

the behavior of the c-function. More precisely, after dividing by ¢"/2,
ma+moqy 1 —1 —1
1+(a,H) 1+(a,H) - -H,+H - Ho+iH
[ = () <e (i) <o (-5
aeX Tt

where Hy (resp. Hj) is any fixed element in a® (resp. any fixed regular
element in a + ia®) and k1, ko are any fixed positive constants.

Beside the heat kernel itself, we have also a conjectural estimate for its
derivatives.
CONJECTURE 3.6. Let D € U(g). Then
hi(z: D) = Ot~ 98P (Vt + t + |2|) 48 P hy(2))
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forallt >0 and xz € G.

We shall establish these conjectures for general noncompact symmetric
spaces but under some restrictions on the time and space variables, which
prove fortunately to be unessential in all applications (see section 4).

Theorem 3.7. (i) Estimates away from the walls: Conjectures 3.4 and
3.6 hold when w(H) = min cy++ (o, H) is large. This means precisely
that there exist positive constants k,Cy,Co and Cs (the last one depending
on D) such that

H
Ch < - hi(exp ma)erz - <c,
73 { T peses (o, HY(t+ (a, HY) 2 e lePtle )=
and
—5—degD matmoa g
|he(exp H : D)| < Cat= 342 { T (s H)(t+ (o)) 2 ')
acxt+
|H|?

x (t+ |H|)degD6_|9\2t—<@,H>—4—t

for allt >0 and H € a with w(H) > k.
(ii) Global estimates: Conjectures 3.4 and 3.6 hold when |H| < k(1+t),
K being an arbitrary positive constant. This means precisely that there exist

positive constants C1,Cy and Cs (depending on k and also on D for C3)
such that

C; < hi(exp H) <0y
- n m 5
B4 )3 s (14 (0, H)) Yo lePt—(e -
and
|ho(exp H : D)| < C3t~2 748 P(1 +t)%_|2++|{ IT i+ <a,H>)}

aeXt+
2
x (Vi + 1+ | H) 8 PerlePt-led) -t
for all t > 0 and H € at with |H| < x(1 +t).

REMARK 3.8.  Thus Conjectures 3.4 and 3.6 remain to be proved for
H € at tending to infinity while staying at bounded distance to the walls
and for ¢t < |H|. Actually we shall obtain the upper estimate for all ¢ > 0
as long as H does not tend to a wall. And we have anyway the upper bound
(3.3) in the remaining cases.

The rest of this section will be devoted to the proof of Theorem 3.7,
that we outline for the reader’s convenience. Using classical results, we
reduce in Step 0 to the semisimple setting and to ¢ + |H| large. After these
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preliminaries, we restate in Proposition 3.9 the upper estimates for the
range t > const.(1 + |H|), in a suitable form with regard to induction over
the semisimple rank. Then we establish our estimates in eight successive
steps, the upper ones in Steps 1-4 and the lower one in Steps 5-8. In both
cases, we consider separately the ranges where

e t > const.(1+ |H|?),
e t >0 and H stays away from the walls, i.e. w(H) > const.,
e const. v/t < |H| < const.t and H is close to a face, i.e. H € at(F,6,¢).

The lower estimate is more delicate than the upper ones and, in both cases,
the main difficulty lies in the analysis along faces, which is performed in
Steps 4, 7 and 8.

Step 0: Preliminary reductions. (a) By specializing to X = G/ K general
heat kernel asymptotics (see for instance [K]), we obtain all desirable infor-
mation about h¢(z) for ¢ small and |z| bounded and can in particular check
Conjectures 3.4 and 3.6 in this case. Since hi(x) is C* in t € (0, +00) and
x € (G, and moreover positive, we can actually disregard in Theorem 3.7
any bounded range of t and H.

(b) Let us get rid of a possible split component in X = G/K. If X
decomposes as X = X' x X”, with X’ of noncompact type and X” Euclidean,
then its heat kernel splits accordingly:

hi(exp H) = hy(exp H') hy(exp H") (obvious notation) ,

with hy(exp H”) = (4mt) /2= 1H"?/% |\H|2 = |H'|2 + |H"|?, and (a, H) =
(o, H') for every a € X.. This decompos1t10n extends to derivatives, since
U(g) = U(g’) ® U(g"”) (obvious notation) and
hi(exp H:D'D") = hy(exp H':D")hy(exp H":D"), ¥V D'€U(g’), D"cU(g").
Consequently the estimates for hi(exp H : D) in Theorem 3.7 (including
hi(exp H) itself) follow from the corresponding estimates for h(exp H':D").

The main difficulties in the proof of Theorem 3.7 lie in the estimates,
especially the lower one, when H tends to infinity along a face in at. Our
tools in this case will be the Trombi & Varadarajan expansion for spherical
functions (Theorem 2.2.8) and Harish-Chandra’s reduction to lower rank
symmetric spaces. This procedure requires to consider and estimate from
above more general expressions, namely

X
ol / GOy Ve Do @)

and their derivatives, where () are W-invariant functions which are holo-
morphic inside some tube {\ € ac | | Im A| < k}, which extend continuously
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to its boundary and which have (at most) polynomial growth. Let us de-
note by O.(a)V the space of all such functions €2, for any fixed x > 0.
In the limit case kK = 0, Op(a)" consists simply of all W-invariant C'*°
functions on a with polynomial growth.

PROPOSITION 3.9. Let D € U(g) and let k1,k2,m be positive constants
with n < 1. Then there exists a nonnegative constant C' such that
’hggt(epo : D)| < C{ sup |Q()\)|67"t‘Re>“2}
[ Im A<k

2
[H|

x t—§—|2++|{ I1 0+ <a7H>)}e—|Q\2t—<Q,H>—T
aextt
for every Q € Oné(a)w with 0 < k% < ko and for every t > k1, H € at
with |H| < 2kbt.
We shall establish first the upper bounds in the easy cases, which were

admittedly more or less known.

Step 1: Upper estimates for t > const.(1 + |H|?). Let Q € Oy(a)V,
D € U(g), x > 0 and 0 < n < 1. Using 2.2.5, Proposition 2.2.12.i and
Remark 2.2.13.i, we estimate easily, for every H € at and t > x(1 + |H|?),

|hg;t(epo : D)| < C/ﬂﬁm()\ﬂet(|9|2+|)‘|2)‘90/\(eXPH : D)]
< CAte*mthoo(exp H)
X /d)m()\)Q(l + |A|)m+degDe—(1—n)tl>\l2
a
< CAte—|@\2t{ H (1+ <Oé,H>)}e_<g’H>
aextt

o~ (1=mIA2

_L_|s++ ‘)\‘
x t~371% |/d>\7r>\2<1—|——
LTI

|H|?

< CAtt_g_‘EHl{ H (1+ (o, H>)}€—\9l2t—<g,H>—T,

aextt

>nH{bgD

where the dependence on €2 is entirely contained in A;=supy¢q|Q2(N) |e"7t|’\‘2.

Notice that the Gaussian factor e~1H#I*/4t is trivial under the present as-
sumption ¢ > k|H|?

Step 2. Upper estimates in Theorem 8.7.i. We shall restrict here to
t >0 and H € at with w(H) > & (this condition goes slightly beyond
the actual statement of Theorem 3.7.1)) where k is an arbitrary positive
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constant. Let p € P(a) and let us expand the spherical functions in
0 o AN o242 0
h H (el +Ix%), ( 2 H
# () e ) = iy [ e »\om ) e )
according to Theorem 2.2.7. Usmg the decompositions
lc(N)] 72 =c(wA)le(—w N, VYAe€a, VweW

and
(=Nt =7w(=iNb(=\)"1,
we obtain
(%)ht (expH) = Z E,
q€2Q
where

—|ol*t—{o+q,H
E, = cye” ol t=leta )

X / AATT(—iA)b(=A) "I, (\p(ix — o — q)e APHE (310)
a
Recall the remarkable and well-known cancellation of the remainder in
(e P = (e P 4
which is due to the fact (see for instance [He2, Corollary II1.3.8]) that there
are no nonzero polynomials on a which are skew symmetric under W and

of degree< |~ TF|. Thus (3.10) becomes
E,= o2 1B 1= 1B | o —lel*t=(e+q. H)

<Y [axe T @l e

SH=sus a'ex’

<{ II (—z'aa/o}{b(—»— W(Mp(iA -0 —q)},
Oz”EZ”
after integrating by parts, and

H 2
By = cg2 =TI I= F lloPt—(era M)~ 1

< > AT @ m} /a dre

SH=SUS o€

g1 .H . H
< { TT (=it (= A= i) (A + i )p(ix — 5 — 0 - 0)},
0{”62”
after moving the contour of integration, which produces the expected Gaus-
sian factor e~1HI*/4 The last three factors can be estimated as follows:

(&) 7(=A—ig) "
ma+

~o{ I1 (1) ™ s vimy?).

a62++ (311)
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(&) (A +idh) " =01+ la)?), (3.12)
(&) p(ix—% —o0—q)
= o((1+ lah®s (14 2™ (1 Vi) (31

(3.12) follows from Theorem 2.2.8.iii and Cauchy’s formula. (3.13) is obvi-
ous, except maybe for the elementary estimate

A< o1+ ) 1+ V) .
(3.11) is obtained by combining (2.2.5), (2.2.6) and

0 < oA +i) < A+ 5 <0 (1+ S8 (14 VEN) .

Since

/d)\e_”)"z (1+ VEA) 2 TP — o1 2),
a

(1)

we get finally

| Ey| < C(1+\q|)d+deg7"t—§(1+@)degp{ 1
aext

Mo +m2a -1

)

+
|H|?
4t

and

bt (v 2 T v

HI2
w o—lelPt—(o, )~ H=

after summing up over g. This estimate extends to all derivatives

hi(exp H : D) in a standard way. Recall indeed that, for every D € U(g),

there exist polynomials p1,...,py € P(a) of degree < deg D and functions

ai,...,any € C®(a™) which are bounded away from the walls (i.e. when
w(H) >k >0) such that

flexp H : D) Za] pi(39) flexpH) YV feC®G)*, VH €a®

(see for instance [GV, pp. 128-129)).

Step 3. Proof of Proposition 3.9 away from the walls. We shall restrict
here to t > 0 and H € at with w(H) > k(1 + V/t) (this condition goes
again slightly beyond our actual needs for Proposition 3.9) and |H| < 2k5t.
Let us expand as in Step 2

p(%)hgt expH) = ZE
q€2Q
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with
Eq = C2G_|Q|2t_<Q+Q7H>
< [ dm(iB(N) T (pliA — 0 - e O,

a
but let us now handle these expressions differently in order to avoid differ-

entiating 2. We move first the contour of integration and estimate next

HI2
E, = coe 0Pt~ (ora. H)~ T

“ /uer(% —iNb(=A— i) Ty (A i)
(Z)\ H q)Q()\‘F’i%)e_tl)\Pv
0) a ad

() (1 + Vi), (3.14)

using (3.10), (3.12), (3.13) (with o

(i~ ix) = O(

which is obtained by expanding

H _ . H )
71'(?71)\) = H <o¢,§72\§%>
aextt
and making use of the assumption 1/v/t = O(w(H)/t). As a result

Bol < C(1+1a) ™7 sup ja(femiReAr]

[Im X<k}
degp matmaq g
H] (o, H) (o, H) 2
N R e O o B
aextt

H 2
x o—loPPt—(o+q,H)— L

We conclude as in Step 2.

As far as upper bounds are concerned, it remains for us to prove Propo-
sition 3.9 along a face (a’)*, more precisely for H € at(F,6,¢) with § < ¢
and const. v/t < |H| < const.t. This will be achieved by induction on the
semisimple rank. Thus let us assume that Proposition 3.9 holds for all
proper symmetric subspaces with no Euclidean factor in X = G/K.

Step 4: Upper estimates along faces. Let k1, ko, n be positive constants
with n <1, Qe Oné(a)w with 0 < k), < kg,and D € U(g). We shall
estimate

d
hg;t(epo:D):/WQ(A)@‘“9|2+|)‘|2)cpA(epo:D) (3.15)
a

for t > 0 and H € at(F,6,¢) with w1/t < |H| < 2kht. Here F denotes
any nontrivial subset of ¥t and /6 can be taken as large as we wish,
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according to Lemma 2.1.7.ii, let say €/6 > (1 + 2k2)c1, where ¢; is the
constant occurring in Lemmas 2.1.6.ii and 2.1.7.i. Notice that all these
assumptions imply that

t, H and w! (H) are bounded below , (3.16.1)

Hr € (ap)¥, (3.16.2)

HYe(al)*, specifically w (HY) > ¥ (H) > ¢|H|, (3.16.3)
|Hp| < c16|H| < ¢|H], (3.16.4)

el < W Fp| < 2m906|H| < e|H]. (3.16.5)

Let us restrict first to derivatives D € U(mf) = U(mp) ® U(al"), hence
to D = Dp d(p’) with Dr € U(mg) and p¥ € P(af’). By expanding the
spherical functions in (3.15) according to Theorem 2.2.8 with N > 1 4 &2,
we obtain

hoy (exp H : Dpa(pF)) = Z Ef +R%, (3.17)
qe2QF
»(q)<N
where
EF — _ca ~lol*t—(o" H)

— |WE]
X / d\er(N) 2! (=N 71 e I pF (iNF — of — ¢k (exp H : D)
a

and Rf, denotes the remainder. E{ is the main term, the most delicate
to estimate, and the only one which does require the induction hypothesis.
After decomposing the integral over a = ar @ a’” and moving the contour

of integration, it can be rewritten
F 2
EO - | \ elof (e 1)~

X / drpler(Or)| 2 Qpau(Ar)e PPl (exp Hp - Dp),  (3.18)
ag
with
Qp;t,H()\F)—/ AP (B ixp — AT )bF (= Ap — AF — )71
ClF

x pf (A7 — L — oMY (Ap + AT + i) M (3.19)

We claim that Qp.; g belongs to Oy, (a 7)F and that
F DAy
sup Qe (Ar)|e IR < canT (U " (3:20)
| Im Ap|<kp

H _ 2
where i = F5L€(0, o], e = H1E(, 1), Av = 50Dt < AN~

and C is a nonnegative constant, which may depend on k1, k2,6,¢,n or pf’
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but not on x4, Q, ¢ or H (subject to all conditions above). Let us elaborate.
First of all Qp, g(Ar) is well defined when |Im Ap| < kp, since

HF H
[T Ap + | < 5 < wh,

wF(Im)\F—l— %—f) > wF(QIt{F) — [ ITm A\p| > =

and hence neither Q nor b" makes a problem in (3.19). Next Qp. g is

clearly Wg-invariant and has (at most) polynomial growth. Finally (3.20)
follows from the estimates

[P (AT — BT )| < O(1+ AT

IbF (= Ap = AF — i) Th < o (1 4 Pp))™ P (14 NF)™?,

F(H)—|Hp| - (c=ci8)|H]
e T

++||ntt

% (14 VA)E TR g aF ) B
the last one being established like (3.14) and the constants C' depending
possibly on k1, k9,8, or pf but not on ¢t or H. This proves our claim
about Qp.; . By applying the induction hypothesis to the integral in
(3.18), we obtain the desired estimate

B < CAtt*§*‘2++‘{ IT o+ <a,H>)}e"9'2t*<9’H>*%. (3.21)
aextt
The other terms E(f in (3.17) are easier to estimate. After moving the
contour of integration, they become

HF|2
F _ ey —|oPt—(of H)+ 12
Eq — |WF\€ at

[ ddler ()| 7 (= A= iti) 7 s A it e AT
a

F(\F F_F_ _F\ F
x pt (iIN = — ot — ¢ )go)\ﬂ%’q(epo:Dp).

Hence, using Theorem 2.2.8.iii and (3.16),

a2
!E(ﬂ < CAteflg\QHilH\*(ngq,H)*' "

|H|?

< CAge 3l lelPt={e )= (3.22)

where the constant C' may depend on k1, k9,8, &, N,n or D = Dpd(p!") but
not on k5,2, t or H. The remainder Rﬁ in (3.17) is also easy to estimate,
using Theorem 2.2.8.iv and the assumption N > 1 + 52:

d\ _ 2 2 d
RE| < C / O AR (g )
a
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> (1 + ‘H‘)de%g,H)*NwF(H)
< CA (1 + |H|) emelHlelePt—(e.H) =2 |H]

< [ oo et

< CAye—5Hl o lePt—(e.t)- 22 (3.23)

By putting (3.17), (3.21) (3.22) and (3.23) together, we obtain eventually

| gyt (exp H:Dpd(p \<0Att"_‘2++|{ H(1+<a,H))}e—\gl2 (o)~
aeXtt

This estimate extends to all derivatives hoy(exp H : D) by an argument
similar to the one used at the end of Step 2. For every D € U(g), there
exist indeed differential operators D1,...,Dy € U(mF ) of degree < deg D
and continuous functions ay,...,ay on {H € a¥ | w(H) > 0}, which are
bounded when w® (H) > ¢, such that

flexpH : D) = Zaj(H)f(eXpH : Dj)

for all f € C°(G)* and H € aT with wf'(H) > 0 (see for instance [GV,
Lemma 7.1.1]).

This concludes the proof of the upper estimates in Theorem 3.7 and
Proposition 3.9. Let us turn to the lower estimate in Theorem 3.7.

Step 5. Lower estimate for t > 1+ |H|?>. We will obtain here the lower

bound by elementary means, as in Step 1, under the assumption that ﬁ
is large. Let us first rescale
_L st )2 -2 _
hi(exp H) = gt 2~ lele t/ﬂdAw(A)2|b(%)| Poa 5 (exp H)
and next decompose
hi(expH)=1+11+111I, where
I= c—2b(0)_2t_§_|z++|6_9|2t<p0(eXpH)/d)m'(A)Qe_’\'Q,
(W] a
IT = £2b(0) 2512 elolt
X /d)\Tr()\)Qe_Mz{cp%(epo) — polexpH)}, and
a t
_ﬁ_ S+ —ol2¢
I = W 3 1Z o= lel

-2

«Jomori ()

— b(O)Q}eP"Q@\%(exp H).
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Notice that I is a positive expression. We claim that I] and [ I I are
small in comparison, let say [II| < %I and |[I1I| < %I, provided H_'H‘Q is
sufficiently large. This follows indeed from the estimates

2 (exp H) = po(exp H) = O (¢ 2\ Hlieo(exp H)) .

()] = b(0) 72 = O( A1+ ]A)™)
which are easily deduced from (2.2.1), respectively (2.2.5) and (2.2.6). As
a conclusion we obtain
hi(exp H) > %I > Ct_§_|2++‘e_‘9|2t<po(expH),
which is comparable to the expected bound
5T (0 (o) ferlePe-tom= 155 (3.24)
aeXtt
according to Proposition 2.2.12.i and to the assumption |H| = O(\/%).
Step 6: Lower estimate away from the walls. We shall restrict here to
t > 0and H € at with w(H) large. Let us resume the computations carried
out in Step 2. We have
1(exp H) Z E,,

qe2Q
where

0 4
EO = CQ€7|9‘21‘/*<97H> /C‘d)\ €7t|/\|2ﬂ_ (_ QZt a)\) {b(_)\)flel<)\,H>}
—_ [ ‘2
Byl <C(1+ |Q\)dfgc( — i) Le—lel*t—(eta, )=
the constant C' depending possibly on a lower bound x > 0 for w(H) but
not on ¢,t or H (subject to the conditions above). Moreover

E0262t_%e_|g‘2 —{e.H)= lH‘

3 {TTE) [ e LT (=40 Jo) (- 2 - if)

Z++:E/I_’Z// a/ez/ a//ez//
=lg+ 11+ 111y,

2
Iozcz{/d)\ep‘P}t%C(—Z%) emlaf—e -5
a

|

t/2

and

where

|H|?
Iy = CQt_éﬂ(%)€_|‘Ql2t_<QvH>_T

« /adAeMF{b( - i) (- i)
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and the remaining sum over ¥/ C ¥ verifies
2
11| < Cw(H) s e(—ill)~teloPt—(et)= 15
with a gonstant C' as above. Let us establish a similar estimate for Iy with
w(H)™? instead of w(H)~!. Since
A g1 g\ —1 A -1 - H
(=2 i) —b(—if) | < B swp [V (=N i),
Xe[o,%]
we are left with a gradient estimate of b=!. When w(H) < t, we use
simply (3.11) and obtain
A N1 YA _1 -1 m11
b(— NG —if ) —b(—ig)  =O0(wH) 2b(—i) T (1+A)2T).

Recall that (3.11) relied on (2.2.6), which was itself deduced from (2.2.5)
by applying Cauchy’s formula toﬁ‘1 in a small torus. When w(H) > t, we
can use a larger torus T¢ C a — iat, centered at the point —\ — 2% and of
radius r proportional to w(H)/t (for instance r = w(H)/2+/ft) and obtain
this way

V(b= X —ig) = O(gmb(— i) (1 VEX)™),

hence

(=2 —if) " —b(—if) = O(wE) 2b(—if) L ADET).

Thus in both cases
1, ¢ CH\—1 —|of2t—( H>,ﬂ
[[Io] < Cw(H) 2t zc( — i) e lotle 1
with a constant C' as above. As a conclusion, Iy proves to be the leading
term in the expansion

hi(exp H) = Io+ IIo+ 111y + Z E,,
q€2Q~{0}

)

as w(H) — +o00, and in particular

1 —Lof _ H\L o2t (o, H)—
hi(expH) > 51 > Ct™2¢(—i4l) e 1

provided w(H) is sufficiently large. This concludes Step 6.

Step 7. Lower estimate along faces I. We shall restrict here to ¢t > 0
and H € at(F,6,¢) with w1 < |H| < ka1, where k1 € (0,+00) is large,
ko € (0,400) is arbitrary, 0 < § < & < 400 are arbitrarily small, as well
as 6/e, and F denotes any nontrivial subset of XTT. We will expand
again the heat kernel along faces, but differently from Step 4. This time we
need only the first order expansion in Theorem 2.2.8, we use no induction
argument and we perform an integration by parts as in Step 2. To begin
with, as in Step 4 we deduce easily from Theorem 2.2.8 that

hi(exp H) = EF 4+ RF",
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where the leading term writes
EF — oo Wp|~Le-lePt=te" 1) / N er(V)| 26" (—2) etV o F (exp H)
a

and the remainder can be estimated as follows:

IRF| < Ce5lHlg—lel*t—(e.H) (3.25)
with a constant C' > 0 depending possibly on € and on lower bounds for ¢
and |H|, hence on k2 and on a lower bound for i, but not on 6. Let us
analyze the expression EF'. By writing

ler (N2 (=A)! = (=N mr(iA) b (V)| “2bF (~X) !
and by performing an integration by parts based on

yy,—t| A2 i 9\ ,—tIA=?
m(=iNe N = (g g )e
as in Step 2, we obtain first

EF = o2 B g 112 gmlelPt—(e™ H)

X /adxe-ﬂ”w(—ia%) {7 r(iN)|[br(N)|72bF (=N T (exp H)} .

By using B
P (exp H) = o} (exp Hp)e! M,

by expanding
w(—igx) {mr(iA)[br(V) 72D (= X)X (exp H) }
= Y {ILt.anjetnn
S++ \E;J’_:E’I_IE” a’eyy
<{ TI (i0w) Hmrnbr)| b7 (1) "6 (exp Hr)}
allezlluZ;Jr
and by moving the contour of integration, we obtain next

2 F |z2F)2
EF — 622—\E+ﬂ|WF|—1t—|E++Ie—\9| t—(o"" \H)— "~

x 3 { I1 <O/,HF>} X /ad)\e_t|’\2{ I1 (—i@au)}

TS ET=xusr ofeX’ o/ exrustt

x {mp(iN)brp(\)|72bF (= A — i) " ol (exp Hr) ). (3.26)
Let us concentrate on the expression

|+t o2t (oF ) 12

x /dAe—ﬂ”\bF(A)r?bF(— A— i ol (exp Hp),  (3.27)
a

ith
wi 2 —|Z++\ —1 _|Z++|
Cy = 622 |WF| a(ﬂ'F)Tl'F = 622 TI'F(@ s
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which will prove to be the main term in (3.26), and which is obtained by
taking ¥’ = XtT  TLt, ie. 7 = () in the above sum and by applying all
remaining derivatives g (—i) = Ha”ezjﬁ (—i Oy) to the factor mwp(iN).
We decompose the integral in (3.27) as a sum

Y § RN § § i (3.28)
where

= bi(0) 27 (0) e (exp ) [ dre PP,
LB

(/1)1

= be(0) 267 0)! [ e o (exp Hi) - o (exp Hr) .
a
_ 2 F
117 = /d)\e P b (M) 72D (— A — i)

— [bp(0)[*b"(0) " }X (exp H)
Using the estimates

|05 (exp Hp) — 5 (exp HF)| < |/\||HF|g05(epoF) < 16|\ Hgf (exp H) ,

br(W)[*b" (= A=itir) " a—[bp(0) " () =O({ A+ (1+AD™).
which follow from (2.2.1) and Lemma 2.1.7.1, respectlvely (2.2.5) and (2.2.6),
we get
[ITF| < 08t pf (exp H)

\[IIF] < Ct™ & or (eXpH)
with constants C' > 0 depending on k9 and on a lower bound for ¢, hence
for k1, but not on 6 or €. Thus I is the main term in (3.27) and we have
for instance
|17 |+ 1117 < 417, (3.29)
provided ¢ is sufficiently small and k1 hence ¢ is sufficiently large. As a
consequence (3.27) is bounded below by

IH\

IS L () el (" )~ x L[F

> o5 F(HF)E (exp H)elelt=(e"H)
with a constant C' > 0 depending on k2, but not on x1, 6 or e. We claim
that the other terms in (3.26) are

O({6+ 2+ L + ¢332 InF (HF) ol (exp H)e et | (3.30)
with the constant in O depending possibly on ks, on a lower bound for
k1 and on an upper bound for &, but not on 6. The proof relies on the



Vol. 9, 1999 HEAT KERNEL AND GREEN FUNCTION 1065

estimates
oo oy JONEETERN i o] < [sEF,
(%) nF(zA)—{ 0 ¢ ‘0’>|Ef+‘ (3.31.1)
(%)’ {\b )72 (A — i) = O({1 + A}™), (3.31.2)
(3x)" %A (exp Hp) = (’HFﬁZl 0 (exp H)) . (3.31.3)

(3.31.1) is immediate, (3.31.2) follows again from (2.2.5) and (2.2.6), and
(3.31.3) from (2.2.1). Let us elaborate on (3.30). Consider first the terms
in (3.26) which are obtained by taking ¥’ = X7+ \ ¥ and by applying
some derivatives Oy to [bp(X)| 2B (= A — ig—f)flwf(exp Hp). Using the
estimates (3.31), we get in this case an upper bound

O { AV 4505 el (1P ) g (ep H oot 1)

as expected, with {%}N = O(t*E + 6) since |Hp| < ¢16|H| (Lem-
ma 2.1.7.i) and k1 < |H| < kov/t by assumption. Consider next the nonzero
terms in (3.26) with ¥’ € £+ < ¥ L. In this case there are on one hand
some missing factors (o/, HY) in w¥'(H¥'), and on the other hand at least
as many derivatives 9, applied to |[bp(X)|72b" (- )\—ig—f)_lgof(exp Hrp).
Using the estimates (3.31), we get this time an upper bound
O( { ﬁ\gﬂ} s = P (HE )Yl (exp H)e |9|2t*<9F,H>)

with {H,‘gg‘} O(zL +9), since (o, HF) > wF(HT) > WP (H) >
e|H| > ek and |Hr| < c16|H|. This proves our claim (3.30). By putting
everything together, we can now conclude that

hy(exp H) > Ot 2= P () oF (exp H)e~le*t=("H) - (3.32)
More precisely, given € and kg, we choose 6 sufficiently small and x; suffi-
ciently large so that (3.29) holds, which implies the lower estimate (3.32)
for the expression (3.27). By possibly reducing é or increasing ki, this es-
timate can be extended to E¥" and furthermore to hy(exp H), according to
(3.30) and (3.25). Finally notice that, under the present assumptions, the
right hand side of (3.32) is comparable to the expected bound

t_‘_‘2++|{ IT (+ <a,H>)}e"9'2 )= (3.24)
aextt
This follows from Proposition 2.2.12.i, applied to cpg , and from the fact
that the expressions
I (t+.), =" (W) EHIEET and | |EHHEIEETL
aextH zhT (333)
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applied to H or H, are all comparable.

REMARK 3.34. Let us indicate another proof of the lower estimate along
faces

hi(exp H) > Ct_g_|z++‘e_|9|2tcp0(exp H) (3.35)
when t > k(1 + |H|?), which is simpler than Step 7, but which has the
disadvantage of yielding only estimates and no asymptotics (and which is
moreover not in the spirit of asymptotic methods used throughout this
paper). The idea consists in reducing to the estimate (3.35) away from the
walls, which has been established in Step 6. Take Hy € a™ at distance> 2
from the walls and consider the balls

Br={Hea||H-rHy|<r}CB.,={Heca||H—-rHy|<2r}
in at. According to Lemma 2.1.2, the set K (exp B,)K [resp. K (exp B.)K]
consists of all points in X = G/K at distance< r [resp. < 2r| from the
K-orbit K(exprHp)K. Denote by x, [resp. x,] its characteristic function.
Letting r(t) = \/t/k, we can estimate
hi = hyja x hyjo > {Xryhej2} * {x;(t)ht/z}

——a[sH | —[of2
> Ct AR el t{Xr(t)SOD} *{X;(t)¢0}7
using the semigroup property of the heat kernel, its positivity, and (3.35)
away from the walls. On one hand

{Xr0ypo} * {x;(y ot (exp H) = / dz po(2) {X} 1y o’} (w exp H)
K(exp Br(t))K
coincides with

{Xr@tyo} * polexp H) = / dx g@o(xil)cpo(x exp H)
K(exp Br(t))K

for |[H| < r(t), since
d(z(exp H)K, K{expr(t)Ho} K)
< d(z(expH)K,zK) + d(zK, K{expr(t)Ho} K)
< |H| +7(t) < 2r(t).
On the other hand

{Xrypo} * o = { / dx soo(x)Q}sOo
K(exp Br(t))K

by the functional equation of ¢g. Thus we are left with the last brace,
which is easily estimated using (2.1.5) and Proposition 2.2.12.i:

/ dz po(r)* = / dH'|H'|PP T < g2t
K(exp By1)) K Bt

This concludes Remark 3.34.
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Step 8 Lower estimate along faces II. In this last step, we restrict to
t>0and H € at(F,6,¢) with k1t < |H| < kot. Here k1 € (0, 400) is
large and ko € (0,400) is arbitrary. As usual, F' denotes any nontrivial
subset of X711 and the constants 0 < § < & < 400 can be taken as small

as we wish, as well as §/e. We will establish the lower estimate
|2

he(exp H) > Ct*%*IZ**I{ IT o+ <a,H>)}e*'@‘2t*<avH>* T (3.36)
aexXtt
by proceeding as in Step 4. Starting with the induction hypothesis, assume
that the lower estimate in Theorem 3.7.ii holds for all proper symmetric
subspaces with no Euclidean factor in X = G/K. Recall the heat kernel
expansion investigated in Step 4:

h(expH)= > EY+Ry, (3.37)
qe2Q”
»(q)<N
where
F 2
EF = ch_zﬂe—m\?t—@ﬂm—%
8 / dAplerOr)| 2 (Ap)e P OE (exp Hp),
agp
with
QF;t,H(AF) = /aF d)\FcF( “Ap— )\F . Z—HQ_:’)—le—t|>\F|2 ’
and )
£ H
S IBF|+ RG] < CemilHlemloPt- == 1 (338)
qe2QF
0<s(q)<N

provided £ > (1 + 2k2)c; and N > 1 + 42, the constant C' depending
possibly on k2, 6,e, N and on a lower bound for k1. Thus (3.36) will follow
from a similar estimate for E(}f , provided k1 hence t and H are sufficiently
large. Let us therefore concentrate on Eév . Consider the decomposition

BE =18 + 11f + 111t (8:39)
where
o _INF |2
0 ’WF’ af”
reF /2

< / drpler(Ar)|2e MG (exp Hp),
ap
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F 2
2 F (HEY ~lof?t—(oF H)— L1
Iy = W™ (5 )e ‘“

< [ dreler (o) g O)e NP, (exp i),
ap

I11 = e loft=eh - Lt

< [ vrler () O, (e ),
ap
with
. F F2
/}/«“;t,H(/\F) = /F d)\F{bF(—)\F _\F —zg_t) —bF(—z z 1} —t|AF|
a

Pt (AF) = /aF AN =T ( —idp —iA") - ”F(gf)}

% bF( o >\F )\F HF) 7t|)\F|2 )
Using the induction hypothesis, together with CF(—iHQ—f)_l = WF(HTF), we
obtain the desired estimate for the leading term:
2
1§ > o s =T (U o ) e ()P0 =55 1 (3.40)

aGE;+
with a positive constant C' depending possibly on ko and on a lower bound
for k1, but not on 6, or N. The other terms I.TéJ and III{ are compar-

atively smaller, as we shall see next by applying Proposition 3.9. On one
hand

‘QFtH(AF”e—%H%AFP
umA\<Wﬂ ’
< {/F d)\Fe%)‘F2} sup !bF(—)\—ig—f)_l—bF(—iHQ—f)_ ‘e*t‘ReMz
a | Tm A< 2EL
<C{5+t1 2t
since
B (= A=) b (=il ) T <A sup [VabF (=N —ili) T

NE[O,A]
< C{|Re A[+|Tm A} (1+ Re A) ™

and |Re\| < M, | Im \| < % < Clgltm < 4526, Hence

2
[H|

(115 < C{s+t 2}t“"2++'{ I1 (1+<a,H>)}FF(HF)G—\QIQIS—(Q,H)—T
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with a constant C as above. On the other hand

[ Im Ap| < GF!
< {/ drFe —-M”}
of
. -1 _t 2
xsup el (B —in) —w (B) b8 (= A — it | Temal e
| Tm A< 2EL
< O[2 4 Aoy TP P (1)
= 1

since
CHF\ -1

b (-x—id) " =0(1

|

(o, Tm A)| < [Tm x| < HEL < ¢
E++

for every o € X+

(. ReA)| < [Re )| < VG ReA| < L @0 /f Re ).
Hence

and similarly

|H|?

I1If| < C{6+m€ }t———\§:+ﬂ{ H (1+<a’H>)}ﬂ_F(HF)e—lgFt—(g,H}—T

an;+
with C' as above again. Thus I}” is the leading term in (3.39), as claimed,
and we have

LI |+ LG < 515

hence

Ef > 1i1F, (3.41)
provided 6, §/¢, 1/k1e and /2 are sufficiently small, which can be achieved
by choosing § ¢ appropriately (see Lemma 2.1.7.ii) and by taking s suf-

ficiently large. The lower estimate (3.36) follows eventually from (3.37),
(3.38), (3.40), (3.41) and from

H) = [ Q+{eH),
aEE++\E;+
see (3.33). This concludes Step 8.
Our heat kernel estimates are finally obtained by putting together all
cases dealt with in the previous steps.

REMARK.  This is the second application known as yet of the Trombi
& Varadarajan expansion for spherical functions (Theorem 2.2.8). Recall
that the first one in [TrV] dealt with the spherical Fourier transform of
the LP Schwartz spaces SP(G)%, and that this result was later on obtained
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in a much simpler way [An4]. Here too the recourse to the Trombi &
Varadarajan expansion could be avoided, as we realized lately [AnJ2]. One
uses instead the parabolic Harnack inequality of Li & Yau ([LiY], see also
[Da, Section5.3]), which allows to shift heat kernel estimates away from
the walls. Of course this simplification works only for bounds and not for
asymptotics (subsection 5.1). Besides we think that the delicate analysis
carried out in this section is interesting in its own and may be helpful for
other problems.

4 Some Applications

4.1 Heat propagation. In this subsection we shall assume that X =
G/K has no Euclidean factor. (Actually all results for 1 < p < 2 hold
provided X is not trivially Euclidean.) Recall that h; denotes the heat
kernel on X. The behavior of its LP-norm ||h¢||, can be easily deduced from
the pointwise estimates established or recalled in Section 3, specifically
Theorem 3.7.ii and (3.3). This result was obtained in a more abstract way
in [CowGM1].

PROPOSITION 4.1.1. (i) For t small,
hellp =< t7/% Y1 <p < +oo,

where p' = 1% denotes the dual index.
(ii) For t large,

L/ - /|Q|2 :
t 2re pp if 1<p<2,
- 1=+ .
[allp = t= 5= e lel*t if p=2,
=3I L= lolt if 2<p<+o0.

Davies [Da, Corollary 5.7.3] observed that heat diffusion on real hy-
perbolic spaces propagates asymptotically with finite speed. This striking
phenomenon was later on extended to noncompact symmetric spaces, by
analytic means in [AnSe] and probabilistic ones in [B2]. It reflects the in-
terplay between the heat kernel decay on one hand and the volume growth
on the other hand. This becomes more apparent if we go beyond L' and
consider the general LP setting.

THEOREM 4.1.2. (i) Case 1 < p < 2: For t large, consider the box
By(t) = {H € a|2lgplt —r(t) < |H| < 2gplt + (), <(H,0) <6(t)}
centered at the point 2tp, = 4(1%7 —3)to in a, where r(t) and 6(t) are positive
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functions such that
WO 6(t) — 0
¢
{@—wkoo and {\/Eﬂ(t)—>+oo as t— +00.
Vit
Then the LP norm of hy concentrates asymptotically in the bi-K-orbit of
exp By(t):

1/p
vt { | wi@P} 0 as oo,
G~ K{exp By(t)} K

(ii) Case p = 2: We have a similar concentration

1/2
||ht||21{ / dm|ht<x>|2} 0
G~K{exp B2 (t)} K

with respect to boxes
Bo(t) = {H €a|r(t) < [H| <ra(t), w(H)>r3(t)},

where
r1(t) — 400 ra(t) s and r3(t) — 400
ri(t) =0 ’ NG r3(t) =0
Vit Vit

(iii) Case 2 < p < +o0:

1/p
rrmu;l{ / dmmt(x)\p} _—
|z|>7(t)

ifr(t) — 400 as t — +o0.
(iv) Case p = +o00: hi(z) reaches its maximum at © = e and
[hells sup hy(x) — 0
|| >7(t)
again if r(t) — 4o0.
Notice that p = 2 is the only case which resembles the Euclidean setting.

Sketch of proof.  As a positive-definite function, hy = hy/p * htv/2 reaches

its maximum at the origin. The rest of the proof is similar to the L' case
treated in [AnSe, Section 2]. It relies on the integral formula (2.1.5) for
bi- K-invariant functions:

/ dx f(x) = const. /_dH6(H)f(exp H) with &(H) = 0(e2@f)),
G at
and on the upper bounds in Theorem 3.7.ii for ¢ large (and |H| = O(t)):

2
fexp ) < o5 T (1 o)) el =,
aextt
and in (3.3) for |H| > t large (or any other Gaussian upper estimate):

_ =2

hi(exp H) < C!H|d67|9‘2t*<g’H> Tl
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4.2 Bessel-Green—Riesz kernels. Let A be the Laplace—Beltrami
operator on X = G/K. Recall that its L?-spectrum consists of the half-line
(=00, —|0[?] and that its spectral decomposition is given by

2_p2 2_p2 €2 dX

E([~lol*~ Rz, |l — Ri]) f W Jorcat ey Oy e (421

The Bessel-Green—Riesz potentials are the following spectrally defined func-
tions of A:

(=A— o>+ V(e (0,+00)+iR, VoeC.
Their (Schwartz) kernel will be denoted by k¢, and simply by ks when
o =2 (Green function).

These expressions extend to the limit case ( = 0 provided o ¢ ¢ +
2|X7F| 4+ 2N [CowGM1, Section 6]. Notice that the first singularity o =
¢+ 2|X77| is related to the vanishing of the spectral measure (4.2.1) at
—|o|?, i.e. of the Plancherel measure at the origin.

Theorem 4.2.2. (i) Let ( >0, 0 > 0 and D € U(g). Then

ke o(a) = |27 P gy (2)e

and
k¢o(x: D) = O(keo(x))
away from the origin.
(ii) In the limit case ¢ = 0 and for 0 < o < £+ 2|X1|, we have instead

bo.o(2) < [#]7~ 72 g a)
REMARK 4.2.3. (i) Recall the behavior of ¢y (Proposition 2.2.12.i):
wo(exp H) < { H (1+(oz,H>)}e*<9’H> VHEat.
aextt

(ii) Notice the jump in the polynomial factor between the cases ¢ > 0
and ¢ = 0.

(iii) The behavior of k¢, at the origin is classical and well known:

|z|7" if0<o<n
keo(x) < < log \71| ifo=n

1 ifo>n
and
O(|z|o—n—des D) if0<o<n+degD
keo(x: D) = O(log‘%') if o =n+degD

O(1) if o >n+degD
with the restriction 0 < o < £+ 2|XTF| if ¢ = 0.
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(iv) As mentioned in the introduction, the Green function estimates
ke(x) = {‘xl%—'z**'edx's@o(x) if (>0
|22 g (2) if (=0
away from the origin (especially when ¢ > 0) constitute the key analytic
ingredient in the determination of the Martin compactification of X = G/K

([Gu], [GuJT1,2]). They play a further role in the study of Patterson—
Sullivan measures on X [A].

Proof of Theorem 4.2.2. Recall the Mellin type expression

(—A— o>+ 77 = L /+OO 15 (o~ (4.2.4.1)
g Jo ¢

of the Bessel-Green—Riesz potentials in terms of the heat semigroup e

which writes

tA
)

1 *dt o 2_ 2
= 25 ellelf =)t
keo(x) @ /0 . t2e hi(x) (4.2.4.2)

on the kernel level.
(i) When ¢ > 0, the main contribution in (4.2.4.2) comes from the
integral where ¢t ~ |z|/2¢. Thus let us split

[
Ll HI;CI
for some k > 1. According to Theorem 3.7.117 the second integral is com-

parable to
£

=L |yt 2 2 _z_2
m |+t |- 1%(%)/ B dt et ’
_c

hence to

|z] “’S’I*IEHI%(@e*CIII ’

Fﬂm 2 K _
/ ) dte*c%f% = m dttfd"’:‘tﬂ2 C 3/2‘$|2e Gl
w112l 2C k-1

by an elementary application of the Laplace method (see for instance [Co,
Ch.5]). Similarly, the third 1ntegral is bounded by

which is a O(pg(z)e” (C+77)|””|) for some 1 > 0 depending on (,o and k.
For the first one, we use instead of Theorem 3.7 any heat kernel Gaussian
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estimate, for instance the result (3.3) borrowed from [An5], and obtain as
an upper bound

Hfl‘;—'l 2
¢ dt o ||
C\x!dcpo(x)/o ?tie_C2t—4_t7

which is also a O(gg(z)e~(€+MI#l), This establishes the expected behavior
of k¢ . Derivatives are estimated in the same way.

(ii) When ¢ = 0, the main contribution in (4.2.4.2) comes instead from
the integral where t < |z|2. Let 1 be a small positive constant. On one
hand, using Theorem 3.7.ii,

+oo dt a +oo dt o— |1|2
/ —tEe‘L’thht(x) = @0(1’)/ e P
|

I‘Q—n |x|2—n t

with

Yoo 2 B o2+
/ @t%é—|2++|e—% ~T <€ T4 ]Z'H") <m> )
|x‘277} t 2 2

On the other hand, using (3.3),

|x‘2_"7 dt el ‘$|2_" dt o x‘Q
/ Z 139 hy (@) < Cle|*po () / e
0 0

Pt o a2
[ e =0l ).
0 t

Derivatives of ko, are estimated in the same way.

with

4.3 Poisson kernel. Beside the heat semigroup €2, another classical
semigroup in harmonic analysis is the Poisson semigroup e~V=A_ Tt has
been studied in various settings, including noncompact symmetric spaces
(see for instance [An5], [AnDY], [CowGM2], [Lol-5], [St]). In this subsec-
tion we shall determine the behavior of its kernel p;(z). Actually we shall
consider a slightly more general expression, namely the kernel p; ¢(x) of

e tv 7A7|9‘2+<2, where ¢ > 0.
Theorem 4.3.1. (i) Assume ¢ > 0. Then
e+ ) if t+ |z <1

Pucl) = {t (t+ [2)) 75~ g (@) VBRI i g > 1

fort > 0 and x € G. Moreover
{ Prc(x: D) :O(min{l,t+|xl}_ ptyg(ac))

%pt’c((ﬂ : D) = O(min {¢,1+ %}71 min {1,¢+ |z|}

for every D € U(g).

deg D

deg D
()
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(ii) In the limit case ¢ = 0, we have instead
() t(t+ |z)~ ! if t+z] <1

x) =
bro t(t + |2)) AT g (2) itz > 1

and
pro(x: D) = O(min{l,t + |:I:]}_degDpt70(x))
%pw(:ﬂ : D) = O(t*1 min{1, ¢+ \x!}fdegDpt,o(x))

REMARKS. (i) Recall again the behavior of ¢ (Proposition 2.2.12.i):
wo(exp H) < { H (1+(a,H>)}e_<Q’H> VHEat.

aextt
(ii) Notice again the jump in the polynomial factors between the cases
¢(>0and (=0.

Proof of Theorem 4.3.1.  Theorem 4.3.1 is proved like Theorem 4.2.2.
Instead of (4.2.4) we use the subordination formula

+
etV =AleP ¢ _2\;/ Tdssie e AT (4301)
T Jo
which writes
t [T 2
prc() = m/ ds s~ 2ell0 e (a) (43.22)
0

on the kernel level. Assume first ¢ > 0 and ¢t 4+ [H| > 1. In (4.3.2.2) the
main contribution comes from the integral where s ~ /t? + |z|?/2¢. Thus

let us split
1V 22 V2 +e|? Too
2

/’JrOO /:‘i T I{—C
= + / + (4.3.3)
0 0 k1 t22‘2‘90‘2 K t22t_|93|2

for some k > 1. According to the heat kernel estimate in Theorem 3.7.ii,
the second integral is comparable to

1/]524_‘93‘2
2¢

_ 3 |mt e 2 2 t)z|?
t(t+ |z 2 o(x dse < %e™is
(¢ + l=1) #o(2) o VPR ’
hence to P—
_L_;mt+ _ 2 2
(t+ |x]) 2 wo(z)e C/t2+]z| ’
since
K% 2 ‘ |2 b} 2 K
2 t7+ | A/ < -1
dse ¢ Se” i = t2+|w| dse 3Vt (s+s7)
| V2122 ¢ 1
2¢ K

~ \/%Cig(t2 —+ ‘Z"Q)iefg\/ t2+‘27|2
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as t + |z| — 400, again by the Laplace method [Co, Ch.5]. Altogether
H\/t2+\ x|?

2
t W ds s~z elle’=¢Dse = b (z)

—_L_ ot
= t(t+ |az]) 2 = 1g00($)e_<\/t2+|“”‘2.
As far as they are concerned, the first and the last integrals in (4.3.3) are
O (ipo(x)e CTMVEHR) |
for some 1 > 0. This is obtained by elementary computations as above,
using the heat kernel upper estimates in (3.3) and in Theorem 3.7.ii .

The other cases are simpler. When ¢ = 0 and ¢ + |z| > 1, the main
contribution in (4.3.2.2) comes from the integral where s =< t? + |z|?. We

split therefore
+00 (2 +|z|?) 17 +00
Looh
0 0 (t2+|z|2)1—n

with n > 0 small. The second integral is then comparable to

—0—2|5FF|-1
it +1al) " o (a)
while the first one is O(t(¢t+|z|) ™ ¢o(z)). Derivatives are estimated in the
same way.

4.4 Heat maximal operator on S = (expa)N. Recall that the
Laplace—Beltrami operator A on X = G/K is defined by (the left or right
action of) the Casimir operator Q2 € U(g):

Af(zK)=f(Q:2)= f(x:Q) Ve ed. (4.4.1)
Given bases {H;} of a, {Z;} of m, and {X}} of n, which are orthonor-
mal with respect to the inner product (2.1.1)) and the latter basis being
compatible with the root space decomposition n = @, c5+ 8o, We have

0= ZH2 ZZZ Z{Xke Xi) + 0(X5) Xi }

= ZHQ - 29 + ZZXk modulo U(g)t.

Thus (4.4.1) rewrltes
Af(zK) ( ZH2 — 2+ QZXk> VzeG. (4.4.2)

Owing to the Iwasawa decompos1t10n G = SK, X = G/K can be identified
with the solvable Lie group S = (expa) N = N(expa), equipped with the
left-invariant Riemannian structure induced by

(H+X,H +X')— (H,H') + 3(X, X'
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for every H+ X and H'+ X’ in s = a®n. Instead of the Laplace-Beltrami
operator (4.4.2), consider the following left-invariant differential operator
on S:

Af(z)=f(x:Q) VzeS, where Q=) H?+2> X}eU(s).

i k
This distinguished Laplacian is (essentially) self-adjoint with respect to the
right-invariant Haar measure

/Sdrxf(x):AdH62<9 /dnf ((exp H)n /dn/dHf (nexpH),

which will be our reference measure on S henceforth. It has been considered
earlier by several authors ([Bo3], [CowGGM], [CowGHM], [DeGav], [GaSj],
[GiMau], [H], [Hu], [Va],...), some of them interchanging left and right
sides. For clarity let us indicate the relations between functions of A and
&, and between the corresponding convolution kernels k and k:
m(A+of?) =87 om(A) 06"/,
E(Kz™'K) = 6(z) " %k(z) Vzes,

where §((exp H)n) = &(nexp H) = e 2@H) denotes the modular function
of S. In particular the heat kernels h; and Et associated to A and A are
related by

hu(z) = 8(z)2eld™hy(KzK) Yz eS. (4.4.3)
The estimates established or recalled in section 3 enable us to prove the
weak type (1,1) inequality for the heat maximal operator

{Hef} () = sup {e'® f}(x)]

on S, which was looked for in [CowGGM] and obtained there in some
particular cases.

Theorem 4.4.4. There exists a positive constant C' such that
{z €S| Hof(x) >7} <Crtfllpr  VfeLY(S), Vr>0.

Proof of Theorem 4.4.4. We shall resume the clever method pursued
n [CowGGM]. By using (4.4.3), let us first transfer certain estimates of
section 3 from h; to hy:

m

~ ~ 332
he(r) = 731+ )3 =6 (@) s po(x)e T if |x| <14t,  (4.4.6)

Et(x):o((1+|xy)d’5(x)%¢o(x)e*%) if |z| > max{1,t}. (4.4.7)

The weak type (1,1) estimate is known to hold for the local maximal func-
tion

{HfY ) = sup [{2£}()].
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Thus we are left with the global maximal function
{HX f}(x) = sup [{"> f}(z)|,
t>1
which is estimated as follows:

{HZ fH(x) < {If] % 7} (@) + sup |/ + {xehi} ()],

where hy(z) = SUP1| <4< |a| he(x) and x;(x) denotes the characteristic func-
tion of the ball |x| < ¢in S. On one hand (4.4.7) yields

Fa() = O((1 + |2)%8(x) 2 go () 1o1/1) |

which implies the integrability of Ny For any 1 > 0, we have indeed
/dmg(x)%cpo(w)e_m' :/ dn/dHe—@’thO(neXpH)e—nnepoI
S N a

:2%/ dme_<g’H(mi1)>¢0($)e_”|x‘
G

0% / dw{ / dke(Q,H(xk»}(po(x)enxl
G K

2 / dz o () 2e !
G

< C’/alHe_gIH < +o00,
at

3

using (2.1.4), (2.1.5), (2.2.1) and Proposition 2.2.12.i. As a consequence
the operator f +— |f|* hy is of strong type (1,1). On the other hand we
deduce from (4.4.6) that

xt(x)hi(z) < C’tl/ ds hs(x) Vt>1,Vzels,
t

and the averaged convolution kernel yields a weak type (1,1) maximal op-
erator, according to the Hopf-Dunford-Schwartz ergodic theorem [DunSch,
Ch. VIII]. Altogether H® is a weak type (1,1) operator and this concludes
the proof of Theorem 4.4.4.

REMARKS. (i) The analogous result for the heat diffusion on G/K is
proved quite differently [An5].

(ii) The kernel behavior of the Bessel-Green-Riesz potentials
(=A 4 ¢2)79/2 and of the Poisson semigroup eV ~2+¢* can be deduced
similarly from the corresponding results for A in subsections 4.2 and 4.3.
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5 Asymptotics

In this section we refine the results of section 3, subsection 4.2 and subsec-
tion 4.3 by obtaining asymptotics at infinity instead of global estimates for
the heat kernel hy(exp H), for the Bessel-Green-Riesz kernels k¢ ,(exp H)
and for the Poisson kernel p; ¢(exp H) on X = G/K. Such precise informa-
tions, notably the asymptotics along faces, were previously unavailable in
the literature, except for some particular cases where specific expressions
could be used (rankX = 1, G complex, G real normal, i.e. totally split,
G =SU(p,q), G = SL(n,H), G = “SL(3,0)”, ...).
Recall the meaning of the symbols
Tj~Yj <~ hmj vi =1
xj X Y = 0 < inf; 7<supjy<—i-oo

between two sequences of positive numbers.

5.1 Heat kernel h;.
Theorem 5.1.1. The following asymptotics hold:

N —lol2¢, — a0 .
hy; (exp Hj) ~ %b(—zi’) t;? | ‘(po(epoj)e o= as j — +o0,
for all sequences t; — 400 and H; € ot satisfying one of the following two
conditions:

(i) (o, Hj) — +o0 Vae Xt
(i) [Hj| = O(tj)-

Here c5 = 227 =" " 17t/27(3)b(0)~! is a positive constant.

REMARKS 5.1.2. (i) The expressions b( — z%)_ and @g(exp Hj) en-
tering these asymptotics are positive and their behavior was recalled in
subsection 2.2.

(ii) We conjecture that these asymptotics hold for all sequences t; —
+o00 and H; € aT, without the condition |H;| = O(t;). As in Theo-
rem 3.7.ii, our restricted assumption comes from the Trombi—Varadarajan
expansion (Theorem 2.2.8).

(iii) When G is complex, spherical analysis is elementary and the heat
kernel behavior is easily read off from the explicit formula [G]

n 302
he(z) = (4mt) "3 o(z)e P15 vis0, vzeq,

with  ¢g(exp H) = H % VH€ca.

aext
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(iv) Theorem 5.1.1 yields complete heat kernel asymptotics in rank 1:
2 .2
_3 —g—t~—gr-—n—r—j
. P J -
hy;(exprjHp) ~ cgw(g%)tj ’rje 4t
ast; — +oo and r; — +oo. Here « is the short positive root, Hy is the gen-
erator of a normalized by (o, Hy) = 1, k = |Ho| = |a|™! = /2mq + 8maa,
0= "2+ myg, ¢ = 22" IxT 23" and
_ D(s7e) (54
V(s) = T(s+1) T(3+0a

SIS
~

)
275~

N|=

17[.7

I(

N[ =
SN—

is a positive expression when s > 0, with (0
and

[\l

)r(ze +

m2q n—=3

v(s) ~27 2 5 2 as s — +00.
This result extends obviously to Damek—Ricci spaces (see [AnDY] and the
references therein).
(v) The weak asymptotic behavior of the measures hy;(v)dz on X =
G/K, for iterated times t; = jt; — 400, was determined in ([Bol,2]), as a
particular case of a central limit theorem for random walks on G.

The proof of Theorem 5.1.1 relies on the analysis carried out in section 3
and will take up the rest of this subsection. Let us first deal with the easy
cases:

(5.1.3) Asnoticed in Step 0 of section 3, the Euclidean setting is elementary
and we can always reduce to the semisimple one.
(5.1.4) The heat kernel asymptotics in case (i) follow immediately from
Step 6 in section 3. Notice that the convergence
htj (eXp H])
CHin—1 —L£—|32++
b( . ’L%) ltj 3 | ‘
depends only on the rate w(H;) = min ¢y ++) (@, H;) tends to +oo.
(5.1.5) The heat kernel asymptotics when |H;| = o(,/?;) follow similarly
from Step 5 in section 3 and from the formula
/d)\fr()\)26|’\|2 = I W (),

a

wo(exp Hj)elol*ti—(1H;1%/4t;)

which is obtained by applying W(%)Q‘HZO to fa dhe= M giNH) =
r3e~ 1l and using O(w)mw = |W|m (o) (see the proof of Proposi-
tion 2.2.12.ii).

(5.1.6) Let us now consider the more general case where |H;| = O(/%;).
Assume that the heat kernel asymptotics fail to hold for two such se-
quences t; € (0,+00) and H; € at. According to (5.1.5), |H;|//Tj =
0. By passing to subsequences, we can assume that inf; |[H;|//T; > 0,
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hence |H;| — +o00. By compactness, we can furthermore assume that

H;/|Hj| tends to a unit vector Hy in at. Because of case (i), Hoo

cannot lie in at and must therefore belong to some face (af)*. Then

Step 7 in section 3 yields the heat kernel asymptotics asymptotics
he, (exp Hy) ~ 22 = i (3)b(0) b (0) !

\H |2

~lol?t;—(e" Hy)— -
)

»++
| IWF(Hf)sog(exp Hj)e

which agree with Theorem 5.1.1, since
(o Hy) = o|Hl) YaeF,
<Oé,Hj> = |HJ‘ Va e St F,

_L_
2
X tj

hence
<a,Hj>~(oz,H]F> VaeStt (3t
|(H;)F| = of|Hjl),
and
_ _( F .
wo(exp Hy) ~ ' (3) ' b? (0)7 " (H] ) ol (exp Hy)e~ e 13)
according to (2.2.13.iii). This contradicts our assumptions.

Next assume that the heat kernel asymptotics hold in case (ii) for all
proper symmetric subspaces with no Euclidean factor in X, but not for
X itself. Consider two sequences t; € (0,+00) and H; € at such that
tj — 400, |Hj| = O(tj) and

hy, (exp H;)

inf Lt — %
J tj 2 Spo(exp Hj)e_‘QPtj_(‘Hj‘z/‘ltj)

By passing to subsequences as above, we can assume that |H;|//f; — +o0,

because of (5.1.6), and that H;/|H;| tends to a unit vector in some face

(af)T, by compactness and because of case (i). Under these assumptions,

we can expand the heat kernel as in Steps 4 and 8 of section 3:

hilexpHy) = I + II§ + III§ + Y El +RY,

> 0. (5.1.7)

EF quQF
0 0<(q)<N
with leading term
~1 1] |2
o _1,-4 HI —lol*tj—(" Hj)——;
I = com = |Wg| 1tj 7l <_Z# e 7 oy
J

< / drplep(\p)|[2e NP OE (exp Hy)  (5.1.8)
ap
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and remainder estimates

_L_ntt o ._M
U{HH{:o(tj Lz} I{ I1 (1+<a,Hj>)}e Jf2t,~(o,Hy)~ 5. )
aEX T+
12

Z By + RJF\[ = O(t,ooe—|9|2tj—<97Hj)—ZTﬂjl)
q ; .

qe2Qt

0<se(q)<N

According to the induction hypothesis, the integral in (5.1.8) behaves asymp-
totically like
)l —o,~E-|Stt| F - ‘(Hjt)_F‘Q
270 2 [Wplmp(0)br(0)™7t; @ (exp Hj)e i
Putting everything together, we obtain

-1
ey (exp Hj) ~ 2275 b p @) (0) 2" (~igf )

2

li o2t (oF oy [Hil

5= 1= _p Ry F lol*t;— (o™ Hj)——3
xt;® " (Hj )¢y (exp Hyj)e i,

which agrees with the asymptotics in Theorem 5.1.1, as observed at the
end of (5.1.6). This contradicts (5.1.7) and concludes the proof of Theo-
rem 5.1.1.

5.2 Bessel-Green—Riesz kernels k¢, o.

Theorem 5.2.1. (i) Let ¢ > 0 and ¢ > 0. Then the following asymp-
totics hold, for all sequences H; € at tending to infinity, i.e. such that
| Hj| — +oo:
oH \ 7L

e o(exp Hy)~esb (=i gy ) 1Hj|
where cg = 622Z+12_GWHTlﬂ'(@')b(O)_lF(%)_1C[_§_1+|2++| is a positive con-
stant.

(ii) In the limit case ¢ = 0 and for 0 < o < £+ 2|X1|, we have instead

oo (exp Hj) ~ e[ Hy| "2 oo (exp Hj)

with ¢; = 2t =02 (3)b(0) 2T (52 + | HH) T(g) L.

=
o : 1_|Z++‘

o (exp Hj)e_dHf| as j—-+o0,

REMARK 5.2.2. (i) The expressions b(—icg—?l)_l and @o(exp H;) en-
J
tering these asymptotics are positive and their behavior was recalled in
subsection 2.2. For instance, let us specialize Theorem 5.2.1 to sequences
H; € at tending to infinity as in Proposition 2.2.12.ii:
(o, Hj) = o(wl'(H})) Va€eF,
wF(Hj) = mina€g+++\p<a, Hj) — 400,

where F' is a proper subset of XT* (possibly empty). Then



Vol. 9, 1999 HEAT KERNEL AND GREEN FUNCTION 1083

e (>0and o> 0:
ke .o (exp Hj) ~

b i) 1 " (Hy)t (exp Hy)e™ (¢ M =<l

with cf = 025 cr71'152”7'&'1:(~)blrr( 0)°T'(% )_1C£_g_l+‘2++‘,
e (=0 and 0<o</(+2|XtT|:

ho g (exp Hy)~eef |H; |72 g (exp 1)

with cf' =2 = =05 70 ()b (0) "1 (0) 1T (G2 +[STH)T(3)

(ii) When G is complex, the behavior of k¢, can be easily read off from
the explicit formulas

e (>0and o >0:

ko) =27 TED(S) TR 2] T po(0) Ky ns (Cla]),
e (=0and 0 <o <
koo = 2_”77_%I’(%)F(%)_1]$|o_"g00(:1:) ,
for x € G \ K, which are obtained by combining (4.2.4.2) with Rem-
ark 5.1.2.iii. Here

wo(exp H) = H Slrfﬁ‘(f)m VHEa
aeXt
and K, (z) denotes the classical Bessel K -function, also known as modified
Bessel function of the third kind or Macdonald’s function (see for instance
[L, Ch.45]).
(iii) In rank 1, the asymptotics in Theorem 5.2.1 read as follows, resum-

ing the notation of Remark 5.1.2.iv:
e (>0and o> 0:

g— Z 1_‘2++|

1

kca(exp riHo) ~ cg»r%_le—@%c)”' ;
with ¢ = 2m2eH =S 9" g HInT(3) =11 54((),
° (:Oand0<a<3
o—2 ]

koo (exprjHp) ~ c7r ,
ntl

with ¢ = 2001055 T (% 4 ()
These results extend again to Damek-Ricci spaces.

(iv) Let us specialize Theorem 5.2.1 to the Green function ke = k¢ o
e (>0
. iy—1 1L \»++ — ;
j) ~ b (=) 1H T T o (exp Hye <l
with ¢ = =27 HTI#(@b(O)_lq%+|E++|,
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_ ++
ko(exp H;) ~ cf|H;| >~ 25 g (exp Hj)

with ¢/ = 2= 12237 (L 4 [+ — 1) 7(2)b(0) 2.
Recall that these asymptotics are closely related to the Martin compactifica-
tion of X = G/K (see [GuJT2] and the references cited therein). Complete
Green function asymptotics had been obtained previously in some particu-
lar cases: when G is complex ([Dy], [No]), when X is a product of hyperbolic
spaces [GiW], or when G is real normal, i.e. totally split [Cha]. (Notice by
comparison that b(—i\)~! coincides, up to a positive constant, with the
expression k(\) = || Ko @ e (et MH(R) ysed in [Chal.) The general case was
actually announced a long time ago in [Ol1] (see also Remark 2.2.13.iv).
But the delicate analysis along faces relied on a misuse of Harish-Chandra’s
expansion (recalled in Theorem 2.2.7), as came out in the preprint version
of [O13]. In the final version, asymptotics of k¢(exp H;) are stated in [Ol13,
Theorem 3.2] under the following restricted assumptions: G is semisimple,

¢ > 0 and

Hj € a* tends to infinity i.e. |Hj| — +oo,

(H;)F tends to a nonzero vector in (ap)*,

% ie. % tends to a unit vector in W,
for some proper subset F' of X7+, But the proof requires actually more,
namely

Hyea*, lim(Hy)p € (ap)* and lim 5 e (af)".
The first two conditions come from the Harish-Chandra expansion. The
last condition is needed to ensure the nonvanishing of the expressions
cz(—ia’%)_l in [013, (3.47)] and cZ(—ia%)_l in [013, (3.51)]. Otherwise
the asymptotic analysis carried out in [Ol3, Section 3] yields no leading
term and is not conclusive. Thus the gap in Olshanetsky’s asymptotics of

k¢(exp Hj) consists essentially in the cases where
{some (o, Hj) tend to 0,

some (o, H;) tend to +oo at different rates.

Finally, let us mention that Green potential asymptotics have also been
obtained for random walks on X, along directions z; = k;(exp H;)K with
radial part

H j € at

|Hj| — 400

(a, H;) < |H;| Vo€t
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(B1,3), [Bol.4]).
The proof of Theorem 5.2.1 relies on the material developed in subsec-
tions 4.2 and 5.1. Recall the formula

1 oo dt cr (| ‘2 gz)t
keo(exp Hj) = =5~ ¢ hi(exp Hj) . (4.2.4.2)
’ I'(5) Jo T
(i) When ¢ > 0, we know that the main contribution in (4.2.4.2) comes
|H |

from the integral f ‘ 1| around |22 |, which yields
2

|Hj|

-1 Hi o— H
r(g> volexp Hy) [ = att T ISR p (22 PRl h(tH)
2 112 21

—1(3) ({Z)_‘E++ b(—icit) " polexp Hy)

p . e
x/ it eS| P 75t b= ) h(’H”t,Hj) :
k1 (—Zé-ljtl) 2C

where

h(t,H) = t%+|z++|b(—i%)gpg(exp H)*le“"%*% hi(exp H) .
The asymptotic behavior

I ~ 05\/7 | H |3 eCIH]

of the last integral is obtained by the Laplace method. Notice that
(5.2.3.1) (—ZC| It ) is bounded above and below, uniformly in j and ¢,
(5.2.3.2) b(— ZC‘HV‘ D ~b(- ZC%) as t — 1, uniformly in j,
(5.2.3.3) h('H lt Hj) — c5 as j — oo, uniformly in ¢.

While (5.2.3.1) and (5.2.3.2) are elementary, (5.2.3.3) follows from Theo-
rem 5.1.1 by contradiction.

(ii) When C = O the main contribution in (4.2.4.2) comes instead from
the integral f H, - : around |H; |2, which yields
|H;j[>+7 12

r (g)—l SOO((A,XI)J'jIJ-)/|HA|2_” - '(t, Hy)

1
L1H;m dt o H'2
4 o
></ 7te2_+\2++|efth/ <‘ 4Jt| ,Hj) '
151~
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Here )
|Hjl
h'(t, H;) = téﬂz**l%(expﬂ )~ Leldl® = by (exp H;)
tends uniformly to csb(0)71, as |H;|?™" <t < |H;|*™ and j — +o0. This
follows from Theorem 5.1.1.i, again by contradiction. As a conclusion, the
last integral tends to csb(0)1T(52 4 |SHH)).

5.3 Poisson kernel py, .

Theorem 5.3.1. (i) Assume ¢ > 0. Let t; € (0,+00) and H; € at be two
sequences such that t; + |H;| — +o0o. Then

. H -1
ety )6t
3 J

EYpY) 2
ST vexp H e VBTGP

£
1

x5 (65 + 1H[")
where cg = 022é7r§ﬂ(@b(0)*1§%+‘2++| is a positive constant.
(ii) In the limit case ¢ = 0, we have instead
prolexp Hj) ~ Cgtj(tz + |H,| )___‘E+ - 2(p0(epo ),
with cg = 2P T TS + |5 ) 7(2)b(0) 2

Theorem 5.3.1 is proved like Theorem 5.2.1, using the material in Sub-
sections 4.3 and 5.1.

REMARK 5.3.2. We have again

(i) the following explicit expressions when G is complex:

o (>0:
Prc(@) = 272 75 R + [2?) T po(@) K (CVE + [22)
o (=0

n+1

_ntl _ntl
pro(r) =7~ = DO + |2*) 72 wo(@)
(ii) the following asymptotics in rank 1:
e (>0
_5 —or;j—Cy/t2+K2r2
pt((eXijHO ~ 687< \/t2—: - 2>t TJ(tQ—FI{QTJQ‘) ie orj \/J K27 ,

where ¢ = 9M2aty = 3 ”C2,
o (=0
pro(expr;Ho) ~ cytir; (t]2 + /<a27’]2-)_26_9’"j ,
where ¢ = 29+17r7%71/i3_"I‘(§)F(%+%), which extend straight-
forwardly to Damek—Ricci spaces.
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