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1. Introduction

A small part of the Generalized Riemann Hypothesis asserts that L-functions
do not have zeros on the line segment (%, 1]. The question of vanishing at

s = % often has deep arithmetical significance, and has been investigated

extensively. A persuasive view is that L-functions vanish at % either for
trivial reasons (the sign of the functional equation being negative), or for
deep arithmetical reasons (such as the L-function of an elliptic curve of
positive rank) and that the latter case happens very rarely. N. Katz and
P. Sarnak [7] have formulated precise conjectures on the low lying zeros in
families of L-functions which support this view.

In the case of Dirichlet L-functions it is expected that L(%, X) is never

zero, and so L(o, x) # 0 for all % < o < 1. This conjecture appears
to have been first enunciated by S.D. Chowla [2] in the special case of
quadratic characters x. Progress towards these non-vanishing questions
has been in two directions: zero-density type results which establish that
very few L-functions have a zero in (% + €, 1] (see for example A. Sel-
berg [10], M. Jutila [6] and D.R. Heath-Brown [4]), and a growing body
of work on non-vanishing at % (see for example R. Balasubramanian and
V.K. Murty [1], H. Iwaniec and Sarnak [5], and K. Soundararajan [11]).
Further much numerical evidence for the GRH has been accumulated, and
these calculations support Chowla’s conjecture (see [8] and [9]). However
the state of knowledge could not exclude the possibility that every Dirichlet
L-function of sufficiently large conductor has a non-trivial real zero. In this
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paper we eliminate this possibility, and prove that a positive proportion of
quadratic Dirichlet L-functions do not vanish on [%, 1].

For an integer d = 0, or 1 (mod 4) we put y,(n) = (%), so that y, is
a real character with conductor at most |d|. If d is an odd, positive, square-
free integer then x_g, is a real, primitive character with conductor 84, and

with X—Sd(_l) =—1.

Theorem 1. For at least 20% of the odd square-free integers d > O we have
L(o, x_gq) > 0 for 0 < o < 1. More precisely, for all large x the number
of odd positive square-free integers d < x such that L(o, x_gq) > 0 for all
0 <o <1 exceeds %(i—’;).

While in this paper we have restricted our attention to fundamental
discriminants of the form —8d, our methods would apply to fundamental
discriminants in any arithmetic progression. Also our proof yields that
there are many L-functions having no non-trivial zeros in a thin rectangle
containing the real axis. Precisely, there is a constant ¢ > 0 such that for
at least 20% of the fundamental discriminants —8d with 0 < d < x, the
rectangle {o+it : o € [0, 1], |t| < c/logx}is free of zeros of L(s, x_g4)-
As another consequence of our work we find that the number of fundamental
discriminants —8d with 0 < d < x such that L(s, x_gy) has a zero in the

interval [o, 1] is < x!~1=9@=2) for any fixed € > 0.

2. Outline of the proof

We begin with the following version of the argument principle, due to
Selberg [10], whose proof we reproduce for completeness.

Lemma 2.1. Let f be a holomorphic function, which is non-zero in some
half-plane Re(z) > W. Let B be the rectangular box with vertices Wy£iH,
W, L+ iH where H> 0and Wy < W < W,. Then

4H Z cos (;T_[)—/]> sinh (—n('Bz_HWO)>

B+iyeB
f(B+iy)=0

—/H cos [ 25 ) log | f(Wo + if)ldt
. H g 0T1

Wi _
+ / sinh (%) log|fla +iH) fla — iH)|da

A Wi — Wy + it ,
— Re cos (7172}1 ) log f(W) + it)dt.
i

Proof. From the box 8 we exclude the line segments x + iy with Wy <
x < B for every zero B + iy of f lying in 8. Denoting by I" the boundary
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of the resulting domain we see that

/ (7227 tog fspas = 0
COS |\ TT (0] s)as = V.
- 2%iH )%

Since the value of log f(s) differs by 27i on the upper and lower sides of
the “cuts” from B + iy to Wy + iy, we conclude from the above that

. Pty s —Wo
27l E cos | m— ds
prives ¥ Wotiy 2iH

f(B+iy)=0

Wo+iH Wi+iH Wi+iH Wi—iH § — WO
= </ —|—/ —/ —/ )COS (71 - )log f(s)ds.
Wo—iH Wo+iH Wi—iH Wo—iH 2iH

The imaginary part of the LHS above equals the LHS of the equality of
the lemma. The imaginary part of the first integral on the RHS above equals
the first term on the RHS of the lemma. The second and fourth integrals on
the RHS above have combined imaginary part equal to the second term on
the RHS of the lemma. Lastly the imaginary part of the third term on the
RHS above equals the third term on the RHS of the lemma. Thus Lemma 2.1
is proved.

Let X be large, and let d be any odd square-free number in [ X, 2X]. We
shall apply Lemma 2.1 to a mollified version of L(s, x_gs). Precisely, for
a parameter X¢ < M < X to be fixed later!, let

A
M, dy =3 2,

ns
n<M

where the A(n) are real numbers < n¢ to be specified later. We apply

Lemma 2.1 with f(s,d) := L(s, x—ga)M(s,d) and W, = % — &, H =
s

e X and W; = oy where R and S are fixed positive parameters in the
interval (e, 1/€) to be chosen later, and oy > 1 will be chosen later such that
f(s, d) has no zeros in Re s > 0. Since the LHS of Lemma 2.1 consists of
positive terms we glean that

2.1) 4s 3 sinh (”(RHOgX(ﬁ_ 1/2))>
/3>l,L 2S
=2 logX
L(B,x_gq)=0

= L(d) + L(d) + I3(d),

! Here and throughout, € denotes a small positive real number. The reader should be
warned that it might be a different € from line to line.
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where (after obvious changes of variables)

S R .
(22a) ILd) = /_SCOS( ) )f(_  log X o logX >)dt
(2.2b)  L(d) =

(60—3)log X R S 2
/ sinh M )f a +1 ,d ) dx,
_R 28 log X log X

and
(2.2¢) I;(d) =

/S (oo —1/2)log X — R+ it
—Re cos (71 .
_S 2iS

t
] ( ' ,d>dt.
>ng Uo—HlogX

Suppose that L(B, x_gq) = 0 for some 8 € [ 1]. We claim that the
LHS of (2.1) exceeds 8S sinh (Z%). To see this, suppose first that L (s, x—gq)

has a zero > + +- Then the contribution of this zero alone would be
> 4Ssinh(%S) > 8S s1nh( ) since s1nh(2x) > 2sinh x for x > 0. On the
other hand, if L (s, x_gs) has a zero at 5 + @ for some 0 < £ < R then by

the functional equation it also has a zero at % — In case & = 0 note that

log X
there is at least a double zero at % Both these zeros are included in the LHS
of (2.1), and together they contribute 4.5 (sinh (’T(I;—S_S)) + sinh (%)) >

85 sinh (’;—?), since the minimum value of sinh(x — y) + sinh(x + y) for
0 < y < x is attained at y = 0. We document this below:

TR
2.3) Li(d) + I(d) + I5(d) > 8Ssinh <2S)
if L (s, x_gq) has a non-trivial real zero.

The plan now is to obtain upper bounds for /,(d) + I,(d) + I3(d) on
average over d, and thereby conclude that the inequality (2.3) cannot hold
too often. To elaborate on this, we first fix some notation. Let {a,} >, be
any sequence of complex numbers, and let F denote a smooth functlon
supported in the interval [1, 2]. Throughout this paper we adopt the notation

1 d
Slas F) = $(as F.X) =+ Y ib@agF (}) .

d odd

Let ® be a smooth non-negative function supported in [1, 2]. For a complex
number w we define

(2.4a) b (w) =/0 D(y)y'dy.
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For integers v > 0 we define
2 -
(2.4b) ®(,) = max / | DY (1) |dt.
0<j=<v Jq

Integrating by parts v times we get that

dVD(w)z !
(w+1)---(w+v)

o0
/ OV (y)y tdy,
0

so that for Re w > —1 we have

Re w

(2.4¢) |P(w)| <, OF

—
|lw—+ 1Y

Let NN (X, ®) count, with weight ®(d/X), the odd, square-free integers
d € [X,2X] such that L(s, x_gq) has a non-trivial real zero. In view of (2.1)
and (2.3) we see that

. TR\\ 1
N(X, ) < X(SS sinh (ﬁ» S(1(d) + L(d) + I5(d); D).

For a complex number §; we define

S(L( + 81, x—sa)M(5 + 81, x—sa)|*; )
3(1; @) '

(2.5) W, @) =

Since the arithmetic mean exceeds the geometric mean we have that
Sog| (5 + 81, )P @) < 8(1; @) log W(S1; P).

Using this in (2.1), and recalling the definitions (2.2a,b), we conclude that

X8(1; d)
(2.6) N(X, D) < .—R(Jl (X; @) + L(X; CD))
89 sinh (’;—S)
+ ———8(I3(d); D),
8S sinh (2£) ((D: @)
where
s
Tt R t
273) Ji(X; ®) = Z )y w(— ; ;CD)dt,
@.72) Ji( ) ,/(; COS(2S) o8 logX_HlogX
(2.7b)
(00—3) log X R S
D(X; @) :f inh (M>1og w( ny ;CI>>dx.
—R 28 log X log X

At this juncture we specify more carefully the choice of our mollifier
coefficients. To counter the rapid growth of the sinh(z(x 4+ R)/(2S)) term
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in (2.7b), we would like W((x +iS)/log X; ®) to tend rapidly to 1. One
way to ensure this is to choose A(n) = 0 if n is even, or if n > M, and for
odd integers n < M define

(2.8)
M wn) ith < M
(n) == u(n)Q(M) : [

log M 1w(n) P (%) M <n < M.

Here b is a parameter in [e, 1 — €], and P(x) is a polynomial such that
P(0) = P’(0) =0,and P(b) =1, P'(b) = 0.
Proposition 2.1. Suppose ® is a non-negative smooth function supported
on [1, 2] such that ®(t) < 1, and with f12 O(dt > 1. If M < VX and 68,
is a complex number with % > Re 61 > € then

W1, D) = 1+ O(D oy X(M2ReH1=D) | pgG-Redn-b x=3))

Further f(s,d) has no zeros in Re s > 1 4+ 3loglog M/log M, and taking
oo =1+ 3loglog M/log M, we have

(1/24+¢€)log X
28

The implied constants above, and elsewhere, may depend upon ¢, and

the polynomial P. Proposition 2.1 allows us to mollify a little away from 1,

and we now turn to the more delicate question of mollifying near l

From now on we let ¥ denote a fixed positive real number below 00 00’
which we shall choose later. Let §; and §, be two complex numbers with
|61| and |8,] < ¥, and define T = @, and § = &

$(I3(d); @) < exp (n >M‘(H’)X€,

%‘Sz. Note that both T and
8 are < ¢ in magnitude. All our subsequent work may be carried out under
the less stringent assumption that max(|Re §|, |Re 7|) < i — €, and some
of the error terms that feature below may also be strengthened. However
the more restrictive condition imposed here allows for a somewhat simpler
exposition, and is quite adequate for our application.

Let

8d\ITV
§(s, x—sa) = | — (5 + 3)L(s, x-84)»
b4
denote the completed L-function which satisfies the functional equation
E(s, x_ga) = &(1 — 5, x_g4). We shall show how to evaluate
(2.9) S(EG + 81, X-80)EG + 82, X8I M(5 + 81, YM(5 + 85, d); W),

where W is a smooth function supported on [1, 2]. By taking §, = §; and
W(t) = @ (1)t~ we obtain (8X/m) I's(1)8(1; D) W(S;, ) where

i e s
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To evaluate the expression (2.9), we first need an “approximate func-
tional equation” for é(% + 61, X_gd)%'(% + 82, x_ga). For & > 0 we define

(2.10) Wsc®) = 7 f Ly ()E ™ s,

T J(c) §c—=T
where ¢ > |Re 7| is a real number. Here, and throughout, we abbreviate
/. L_J:l;f to f(c). In Lemma 3.1 we shall see that W; ,(£) is a smooth function
on (0, 00), and that it decays exponentially as & — oo. For all integers
n > 1, and complex numbers s we put

nm=3"(3)"
ab=n

which is plainly an even function of s. Finally, for all integers d > 0 we
define

o0

2.11) Aso(d) =) rf}? <_78d> Wi.o (%) '

n=1

We establish in Lemma 3.2 that for fundamental discriminants —8d(< 0)
we have

1 1
3 (5 + 41, X—8d) 3 (5 + 82, X—8d) = As . (d).

Thus our expressionin (2.9) becomes 8 (As ; (d)M(%—F&l ,d)M(% +85,d); ).

Let ~/2X > Y > 1 be a real parameter to be chosen later and write
w?(d) = My(d) + Ry(d) where

My(d)=) p(®), and  Ry(d)=) nd.

21d 21d
<y =Y
Given a sequence {a,}2,, and a smooth function F supported on [1, 2], we
define
Sv(aq; F) = 8y x y(aq; F) IZM(d)Fd
ag. = N = — —
m\aq; Mm.x.y\ddq; X y(d)dq X))
d odd
and

Srlas; F) = Spxy (fa: F) = % 3 \Ry(d)adF(%)),
d odd

so that 8(ay; F) = 8y (fu; F) + O(8gr(ay; F)).
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Proposition 2.2. Let V be a smooth function supported on [1,2], with
V(1) < 1. With notations as above, and supposing that M < \/Y we have
Br(As (M5 + 81, dYM(5 + 85, d); W)
1 M—Re 81 M—Re 8 M—2Re T M1—2Re T
<xme(< 4 AL +=—)-
Y Y2 X2
It remains lastly to evaluate 8y (A - (d)M(3 + 81, d)M(L + 85, d); D).
We evaluate more generally &,(As.;(d) (_TS" \IJ) for any odd integer /.

To state our result, we need a few more definitions. For any two complex
numbers s and w we define

(2.12) Z(s; w) = &(s — 2w)e(s)¢(s + 2w).

We write the odd integer/ as/ = [ 112, where [, and [, are odd, and /; is square-

free. For a complex number w with [Re w| < 1, and a complex number

s with Res > % we define n,,(s; ) = ]_[p Np:w(s; 1) where ny.,,(s;1) =
(1 —275720)(1 — 27%)(1 — 27**+2*) and for primes p > 3 we have

2.13) np(sil) =
() (- 2)( 23— 258 )
()1
(ﬁ) (1 _ %) otherwise.

Note that 7,,(s; [) is absolutely convergent in the range of our definition.

Proposition 2.3. With notations as above, we may write

Su ((%8(1) As - (d); W)

X\ "
34(2)\/_ Z("a(l )Fa(MT)( ) V() Z(1+2ut; 8)ns (1+2ut; 1)

8X\" .
+ (L) (nd) (ll—n) W(ud) Z(1 4 2ué; ©)n (1 4+ 2ud; l)>

Xﬁ—"—el?ﬁ_% >

19—1+€ _l_;,_
+£(l)+0<ll tXTE €+W

Here R(l) is a remainder term bounded for each individual [ by

%+e I+e€

IR(D| <K W‘I’(Z)‘I’&)’
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and bounded on average by

2L-1 o [1+eyl+e [0 +ey20+e -
> 1< (s ) Yo Y

We shall prove Proposition 2.3 in Sect. 5. Observe that although each
of the four main terms in Proposition 2.3 has singularities (for example the
first term has poles when t = 0, or when T = =£4), their sum is regular.

Plainly Propositions 2.2 and 2.3 can be used to evaluate the quantity in
(2.9). However, carrying this out is complicated, and in an effort to keep the
exposition simple we shall restrict our values of §; and , to those necessary
in evaluating J;(X; @) and J,(X; ).

Proposition 2.4. Let ® be a non-negative smooth function on [1, 2] with
D) < 1, and with f12 D(n)dt > 1. Let 8; be a complex number such
that Re §; > —@, and with 9 > |§;] > @. We take 8, = 8, so that
T = Re 81, and § = ilm §,. Then with the mollifier coefficients as in (2.8),
and with M = X35 we have that WS, ®) equals

_ 2t -t 5 _ -8
1+<1 (8X/7) _(8_X) (8X/m)® — (8X /) )

2t logM b4 28log M
1 2
M—Zr(l —X) Q ( ) d
/ 0'(x) + ——— 2,100

with an error O(X_’HGCID(Z)CD%) + M~20=D)15,10 10> X).

We emphasize that the conditions on |§; | and Re §; were assumed only to
ease our exposition. In fact, the stated result holds without these restraints.
Armed with these results, we complete the proof of Theorem 1.

Proof of Theorem 1. We take ® to be a smooth function supported in
(1, 2) such that ®(r) € [0,1] forall t, ®(r) = 1 forr € (1 +¢€,2 — €),
and |®M ()] <, 1. Our mollifier is chosen as in (2.8), with M =
X %_519, and b = 0.64. Further we take o as in Proposition 2.1, and § =
7/(2(1 — b)(1 — 209)). Using Proposition 2.1 in (2.6) we get that

X5(1; ®)

VD) = g5 sinn (25)

(i(X; @) + L(X; @) +o(X),

where J; and J, are given in (2.7a,b).
Applying Proposition 2.4 we get that for real numbers u and v with
Vlog X > lu+iv|>eandu > —1/¢

: 6
(AR @) = Vi, ) + 0 (2o L 0Dy
log X log X
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where

V(u,v) =1+

e “log X (sinh u sin v>

log M u v

Q"(x)logX |2

b
M—2u(1—x)/logX‘ () 4
. /0 )t St iv) log M

Plainly V(u, v) > 1 always, and so we deduce that

J1(X: ®) /S ' ) log V( Rt)dt+0< ! )

; D) = cos{ — ] lo —R, —).

! A 25 ) 8 log X

Further, using the above together with Proposition 2.1, and keeping in mind
our choice for S, we obtain that

o0 U
SH(X; D) = / sinh ( — ) log V(u — R, S)du + o(1).
: 0 (23)

We conclude that

X8(1; @ s t
w&&¢)s——§——%(/’ms(l)mgw—&om
85 sinh (72”—5) 0 28
i U
+ sinh (—) log V(u — R, S)du) + o(X).
0 28
We now take R = 6.8, P(x) = 3(x/b)> —2(x/b)*, and ® = 10~'°. Then
a computer calculation showed that N (X, ®) < 0.79X4(1; ®) + o(X).
Taking X = x/2, x/4, ..., we obtain Theorem 1.

We end this section by reflecting on some features of the method used
to prove Theorem 1. Our overall strategy was to estimate on average the
number of zeros (weighted suitably) of the mollified L-function in a small
box B as in Lemma 2.1. If we use the usual argument principle to estimate
the zeros in 8B, then we face the problem of trying to understand the argument
of f(s, d) on the horizontal sides of 8. This appears to be difficult because
the argument of L (s, x_gy) is intimately related to the location of its zeros.
Selberg’s argument principle (Lemma 2.1) allows us to circumvent this by
introducing the kernel sin(sw(s — Wy 4+ iH)/(2i H)) which is real on the
left vertical edge of 8, and purely imaginary on the horizontal edges of 8.
This enables us to deal only with log | f(s, d)| (a quantity well suited for
estimating from above) on these three sides of 8B, while on the left vertical
edge of B we are in the region of absolute convergence of L(s, x_gs) SO
that log f(s, d) is relatively easy to understand on this line.

The chief drawback with Selberg’s lemma is the exponential growth of
the the kernel sin(zr(s — Wy +iH)/(2i H)) on the horizontal sides of B. To
offset this it is necessary that log | f(s, d)| be very small on the horizontal
sides of B (at least on average over d). This motivates our choice (see (2.8))
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of the mollifier coefficients A(n): this choice guarantees that the Dirichlet
series coefficients of f(s,d) vanish for 2 < n < M'~? so that we would
expect f(s, d) to be close to 1 on average (as confirmed by Proposition 2.1).
Since the growth of Selberg’s kernel is determined by the height H of the
box B, and the decay of log | f(s, d)| is controlled by how long a mollifier
we can take, we see that there is a natural limitation on how small a box we
can take in terms of how long a mollifier we can allow.

In this way we reduce the problem of estimating the weighted aver-
age of zeros in B to evaluating certain mollified mean values, and that
is accomplished by extending the ideas in [11]. There are two features of
this approach which are a little dissatisfying. Firstly the choice of mollifier
coefficients is made in an ad hoc way through some numerical experimen-
tation. This is in contrast with the classical situation of mollifying at a point
where the optimal mollifier coefficients emerge as minimizers of a certain
quadratic form while keeping a linear form fixed. The situation here is less
clear because the final answer depends on a complicated integral over the
sides of B of the mollified moments, and also because the initial mollifier
coefficients are no longer free, as explained above. We have not understood
this optimization problem fully, and it is quite possible that a better choice
of mollifier exists.

Secondly, the proof of Theorem 1 relied crucially upon knowing that
our weighted average of zeros is less than 1. Since this emerged only after
an involved calculation we now indicate why it is reasonable to expect this
average to be small. More precisely note that in the proof of Theorem 1 we
bounded

(2.14)
1 aylogX\ . (7(R+log X(f—1/2)
—2sinh ( ﬁ) Z cos Y sinh >3 .
28 B+iyeB
F(B+iv.d)=0

We showed that on average over d this quantity is bounded by 0.79, while
if L(s, x_sq4) had a real zero this quantity exceeds 1; thus producing many
L (s, x—sq) having no real zeros. We now restrict our attention to the zeros in
(2.14) arising from the L(s, x_gy) term, and calculate (conjecturally) their
contribution. We suspect that the contribution from zeros of the mollifier
to (2.14) is negligible on average; at any rate (2.14) is at least as large as
the contribution from zeros of L(s, x_gs), and so it is necessary that this be
small. If we assume the Generalized Riemann Hypothesis then the zeros of
L(s, x_gq) in B contribute to (2.14) the amount

1 my log X
(2.15) 5 Z cos (T) .

|y log X|<S
L(%-Hy,x,x{l):()

The distribution of low lying zeros in families of L-functions has been
studied extensively by Katz and Sarnak [7], and the conjectures they formu-
late there enable one to calculate sums like (2.15) on average. Our family of
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L-functions is expected to have a symplectic symmetry, whose 1-level dens-
ity function is conjecturally 1 — sin(2mx)/(2mx) (see pp. 405409 of [7]).
Note that this density vanishes to order 2 at 0, indicating that the zeros of
L(s, x—sq) tend to repel the point 1/2. This philosophy predicts that the
average value of (2.15) is

§/@m) 7%x sin(27x)
cos | — (1 — 7)dx.
0 S 2mx

For the choice of S in Theorem 1 (namely S ~ 7/(0.72)) the above evaluates
to 0.1827.... Thus conjecturally there are very few zeros in our box, and
this suggests an explanation for why the method works.

We may ask if results similar to Theorem 1 hold for other families
of L-functions. Our remarks above indicate that perhaps the method would
succeed in other families with a repulsion phenomenon at 1/2. One example
of these is the family of modular forms (say, of large weight) with odd sign
of the functional equation, where there is always a zero at 1/2 but the next
zero is repelled. We hope to return to these questions later.

3. Preliminaries

3.1. The approximate functional equation

Lemma 3.1. Foré& € (0, 00), Ws . (§) is a smooth complex-valued function.
For & near 0 we have the asymptotic

Ws.o(8) = T5(DE " + To(—DE" + O(E' ™).
For large & and any integer v we have the estimate
Wg(ﬁ[)(s) <<1) §2V+6e—2§ <<1) e—s‘

Proof. By moving the line of integration in (2.10) to Re s = —1 4 € we see
immediately the asymptotic claimed for small £. Plainly the v-th derivative
of W; ; is given by the convergent integral

(="

2mi

2s
§2 —

/ Cs(s)s(s+1)---(s+v—1)§&" tzds
(c)

for any ¢ > |Re t|. Thus Wjs . (&) is smooth. To prove the last estimate of the
lemma we may suppose that & > v+4. Since [I'(x +iy)| < I'(x) forx > 1,

and sI'(s) = I'(s + 1), we obtain that the integral above giving Wa(’”r) (&) is
bounded by
|ds|

(c) |S2 - T2|

S—C

& De/24+v+3)>2———.
c— |Re 1|

& IT(e/2+v+3) e
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By Stirling’s formula this is

c+ 2v + 6 c+2v+6 %'_C
o (2t

2e c—|Ret|’
and taking ¢ = 2§ — 2v — 6(> 2) we get the lemma.

Lemma 3.2. Let 8; and &, be complex numbers less than % in magnitude.
For fundamental discriminants —8d(< 0) we have

ES + 81, X_s)E( + 82, x-8a) = A5 (d).
Proof. Consider for some 3/2 — |[Re §| > ¢ > 1/2 + |Re §|

ds.

1 1

_ 48+, x_ I s+ x

2 o £(3 X-8a)§(3 X-84) 73
Expanding L(% + 68+, X_gd)L(% — & + 5, x_gq) into its Dirichlet series
Yoo %ﬁ) (_—8”1), and integrating term by term, we get that this equals

n2 &) n

A5 (d). Now move the path of integration to the line Re(s) = —c. We
encounter poles at s = t, —t, and the residues here give S(% + 8+
T, X-s)EGG — 8 + T x-sa) T EG + 8 — T x-s)E(3 — 8 — T, x-sa) =
25(% + 41, X_gd)g(% + &2, X—s4), upon using the functional equation. In
the remaining integral on the —c line, we let s — —s and use the functional
equation. Then it evaluates to —Aj; ; (d), which completes our proof.

3.2. On Gauss-type sums
Let n be an odd integer. We define for all integers k

- (F+(2)'5) 5 (%)

a(mod n)

and put

= X O(2)=(5+ (1) 5o

a(mod n)

If n is square-free then (Z) is a primitive character with conductor n. Here

it is easy to see that Gi(n) = (f) J/n. For our later work, we require
knowledge of Gy(n) for all odd n. This is contained in the next lemma
which is Lemma 2.3 of [11].

Lemma 3.3.
(i) (Multiplicativity) Suppose m and n are coprime odd integers.
Then Gi(mn) = Gi(m)Gi(n).
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(ii) Suppose p® is the largest power of p dividing k. (If k = O then set
o = 00.) Then for B > 1

0 if B <aisodd,
o(p?) if B < ais even,

Gi(pP) = {—p° if B=o+1iseven,
("PT> pAJP iff=a+1isodd,
0 ifp>o+?2.

3.3. Lemmas for estimating character sums

We collect here two lemmas that will be very useful in bounding the char-
acter sums that arise below. These are consequences of a recent large sieve
result for real characters due to D.R. Heath-Brown [4] (see Lemmas 2.4 and
2.5 of [11]).

Lemma 3.4. Let N and Q be positive integers and let ay, ..., ay be arbi-
trary complex numbers. Let S(Q) denote the set of real, primitive characters
X with conductor < Q. Then

01D auxm

x€S(Q) n=N

2
L (QN)Y(Q+N) D lawan|,

niny=0

for any € > 0. Let M be any positive integer, and for each \m| < M write
dm = mlmg where my is a fundamental discriminant, and m, is positive.
Suppose the sequence a, satisfies |a,| < n. Then

ZL

2
- 3, (%)‘ & (MNY N(M + N).
|m|<M

n<nN

Lemma 3.5. Let S(Q) be as in Lemma 3.4, and suppose o + it is a com-
plex number with o > % Then

Y L +it, plf < QA+ 1), and
X€S(Q)

3 ILGo + it 0P < QU+ i)
X€S(Q)

3.4. Poisson summation

For a Schwarz class function F we define
1+

F§) = 5

F&) + %F(—g) = f ” (cos(27&x) + sin(2méx)) F(x)dx.
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We quote the following version of Poisson summation (see Lemma 2.6
of [11]):

Lemma 3.6. Let F be a smooth function supported in (1, 2). For any odd
integer n,

d\. .\ _ 12 W@, o kX
Su ((;)’F>_2n (n) ; o? ;( D Gk(n)F(Zoﬂn)'

(a,2n)=1

4. Proofs of Propositions 2.1 and 2.2

We first record two applications of Lemma 3.4 which will be useful in
the proofs of these Propositions. Write A,(n) = Zab:n,a’bi u M)A (D).

Note that [1>(n)| < n¢ and that M(s,d)*> = Y., 1 ba(n)n* (24). By
Lemma 3.4 we see that for N < M?(< X?) we have

5 | R ()]

X<d<2X N<n<2N

Z [A2(n1)A2(n2)|

L X(X+N
( ) (niny)Res

N=ny,np<2N
nynp=0

<« XG(X+ N)NI—ZRCS Z 1
N=<ny.np<2N 'V n1n2

n1n2:D
d(a®)

< XG(X—*—N)N]_ZRCS Z
a

a<M?

< X(X + N)N'—2Res,

From this we conclude that

@D D pPQAIMs, d)F < XX 4 XMy piImRes)
X<d<2X

In a similar manner we see that if / is any odd integer < +/2X then
(4.2)

X X
Z u2(2m)|M(s, lzm)|4 < Xe<l_2 4 l_2M2(1—2Res) + M4(1—Res))‘
X/2<m<2X/I
4.1. Proof of Proposition 2.1

Since @ is a non-negative smooth function supported on [1, 2] such that
®(1) < 1,and [ d(Ddr > 1 weseethat §(1; @) > X1 Y\, o 17 (2d)
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> 1. We write B(s,d) = L(s, x_gq)M(s,d) — 1 so that
43) W, @) =1+ 0BG +68.d); ®) +8(B(E+ 81, )% ).

To estimate the unknown terms above, we consider

1
— | T©)BG+8 +s.d)X'ds,
27i (c)

for any real number ¢ > max (0, % —Re 6;). We move the line of integration
to the line Re s = —Re §;. The pole at s = 0 contributes B(% + 61;d) and
so we conclude that B(% + 81, d) equals

(4.4)

1 o ,
— [ T(®)BG + 81+, d)Xéds——,/ T'(s)B(% + 81 + s, d)X*ds.
27i (© 27 (—Red1)

Write the expression in (4.4) as Tl(% +681,d) — Tz(% + 81, d), say.
We first consider the contributions of the 7>(d) terms to the unknown
quantities in (4.3). We shall prove that

83 + 81, )P @) < XRMF and

4.5)
(T2 (3 + 81, d)|; @) < X7ReMHe,

Plainly the second estimate above follows from the first and Cauchy’s
inequality. To see the first estimate observe that by Cauchy’s inequality

IT2(5 + 81, d)I?
« X Redy (f IN()B(L + 81+, d)zds|)(/ Ts)ds]),
(—Re 81) (—Re dy)
and in view of the rapid decay of |I"(s)| as |Im s| — oo, we deduce that
To(3 461, d)]P < XK

x (1 +/ INILE + 81+ 5, X sa) M + 81+, d)|2|ds|).
(—Re d1)

Averaging this over the appropriate d, with another application of Cauchy’s
inequality we obtain that 5(|T2(% + 81, d)|?*; @) is bounded by

X () +f IPOISILG + 81+, x-sa)l*s @)
(=Re 8;)

X (MG + 81 + 5. ) @) fds] ),

and (4.5) follows upon using Lemma 3.5 and (4.1) above (keeping in mind
that M < v/X).
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It remains now to consider the 77 contribution. In the region Re s > 1
we may write

=\ b —8d
Bis.d)=Y" ’(1”) (T)

n=1

From the shape of our mollifier we see that h(n) = O for all n < M'~?,
b(n) = Oforall square valuesn < M>"'~" (because b(m*) = Y, Md) =
> dim A(d) = b(m), since A is supported on square-free numbers), and lastly
|b(n)| <« d(n) < n€ for all n. We write

1 b —8d
T1(2+81,d) 27_[./ I'(s) Z n%—i(-’(;ll)+x( n ) Xds

© MI-b<n<Xlog? X

L0} 1 x\*
F e G &L G e)

n>Xlog? X

Since 5 [ T(s) (£)"ds = e™/*, the second term above contributes
i J(c) n

L X say. In the first term above we move the line of integration to
Res = Thus

logX
4.6) Ti (1 +8,.d) =
L s Y. b ( 8d> X*ds + O(X™).

2 ( 1 ) n7+81+s n
logX M!'=b<n<Xlog? X

By Cauchy’s inequality we get that
ITi(3 + 81, DI

<<X‘10+(/
(1

o T (2w

logX) Ml_hfnfxlogz X
x (/ |F(s)ds|)
(loéX)
b(n) [—8d\ 2
< X—1°+X€/ |F(s)|) 3 (8) (—)‘ \ds|.
(ﬁ) M1-b<n=Xlog X n2+ 1+s n

Splitting the sum over n into dyadic blocks and using Lemma 3.4 we
conclude that

SUTI (G + 81, ) @) < MRHUID xe,
which when combined with (4.5) gives that
(47) /S(|B(%+(Sl,d)|2, (D) < M—ZRB(Sl(l—b)Xe'
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We now show how to bound J(Tl(% +81,d); ®). By (4.6) we see that

4.8)  S(Ti(5+6,d); D)

«xtex ¥ L ((S))|
n§+Re(31 n

M!=b<p<Xlog® X

For each odd integer n let v, denote the character v, (m) = (%) whose
conductor is at most n. Note that i, is non-trivial unless n is a square.
Observe that for any sequence of numbers a,, < n¢, and any smooth function
g with g(0) = 0 and g(x) decaying rapidly as x — oo, we have the Mellin
transform identity

S _ L S a_”l OO w—1
(4.9) ;ang(n) = f();n( /0 g dt)dw,

where ¢ > 1. Hence we obtain that for any odd integer n

8(,(—8d); @)
CY(=8) [ = 1R, (d)
o 27Tl (c) i dw

_ Ya(=8) L(w, ¥,)
27 Jio LQw, ¥)

X 'd(w — Ddw

A+ ¥, (22" ' X" ' d(w — Ddw,

where L(w, ¥,) = ZZOZI ¥, (d)/d"™ is the usual Dirichlet L-function. We
move the line of integration above to the line Re w = % + logl <+ We
encounter a pole at w = 1 if and only if n is a square (in which case
L(w, ¥,) is essentially {(w)) and the residue of this pole is < 1. Thus we

conclude that
| 8(Yn(—8d); )|
<=0+ x4 [ L@ plidw - Dijdul,

1
(7+1ngX)

where §(n = [J) is 1 if n is a square, and 0 otherwise. Since b(n) = 0 for
all squares < M*'=? we find that

Z [b(n)| 4 —8d C )<<XGM—2R681(1—17)
patRed n ’

M'=b<n<Xlog* X

1 Z
X_,+€ /
(é loéx)

M!=b<p<Xlog® X

IL(w, ¥)||P(w — D)]|dw].

p2tRed
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An easy application of Lemma 3.5 gives that

3 AL, ) < N+ )i,

N<n<2N

and using this above, together with (2.4c) (taking v = 2 there), we get that

() )

pitRed
< Xecp(z)(M—ZRe(S](l—b) + X Red 4 M(%—Reél)(l—b)X—%)‘

M!=b<p<Xlog® X

Using this in (4.8), and combining with (4.5) we deduce that (since M <

VX)

(4.10)

5 (B (% 15, d) : <I>) < XEq)(Z)(M—ZReSl(]—h) + M(%—Resl)(l—b)X—%)‘
Using (4.10) and (4.7) in (4.3), we deduce the first statement of the propo-

sition.
To see the second assertion, note that

d(n))’

nRes

f(s,d):1+B(s,d)=1+0< 3

nle—b

from which it follows easily that f(s, d) has no zeros to the right of 1 +
3loglog M/log M. Further for s in this region log f(s,d) = B(s.d) +
O(|B(s, d)|?), and so, with oy as in the proposition, we have

(% + €) log X)
28
x (18(BGs, d): @) + 8(1BGs, DI ).

8(I3(d); D) < exp (n

Thus the second assertion also follows from (4.7) and (4.10).

4.2. Proof of Proposition 2.2

Observe that Ry (d) = 0 unless d = [>m where m is squarefree and [ > Y.
Further, note that |Ry (d)| < Zkl 41 < d°. Hence
(4.11) 8g(As(d)M(5 + 81, d)YM(5 + 85, d); ¥)

e Yo A CmMG + 81, Pm)M(5 + 85, Pm)],

Y<I 2 2
L X/P<m=2X /I
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where the b on the sum over m indicates that m is odd and squarefree. By
two applications of Cauchy’s inequality the sum over m above is

1 1

4.12) <« (Zm M4 +51,12m)|4>4(2m |M(5 +52,12m)|4)4
x (Z |Aa,f<12m)|2>7.

Now observe that for any ¢ > % + |Re §|

(4.13)
1 82m\"' 25 =rsn) [ —8%m
As . (Pm)=— | T ds.
8’( m) 27 ,/(;) S(S)( T ) 52—1'2;”“'; ( n ) g
Plainly
(4. 14)

2
Z rs(n) ( —80m ) =Lz +5+8 x-sn)L(z +5 8 x-5x)E(s, 1)

1 —8m 1 —8m
B ()

pll

where

Since x_g,, is non-principal, it follows that the left side of (4.14) is analytic
for all s.

Hence we may move the line of integration in (4.13) to the line from
U+ 1/log X —ioo to ¥ + 1/log X + ico. We encounter no poles, and
SO Ag’,(lzm) is given by the integral on this new line. Since |&(s, )| <
[T,/ (1 +1/yp)* < I¢ < X, 25/(s* — 7%) < X, and |Ts(s)| decays
exponentially for large |Im s|, we obtain by Cauchy’s inequality that

|As.. (IPm)|?

< X”“f  ITIIL(GG + 5 48, x—sm)L(5 +5 = 8. x—sn)I*|ds].
G

+logX)

Summing this over m and using Lemma 3.5, we obtain that

X1+219+€
. APl <« —; / ITs () (1 + [s])'*<|ds]
X/2<m<2X /12 O+ rgx)
X1+219+€
<

12
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Using this together with (4.2) we conclude that the quantity in (4.12) is
bounded by
1

S0+ 1 i
XZl 6(& + X—14M_R651 +M%—R651)
2 12

1

[2 [2

1 1
% (X_14 n X_14M—R682 +M%—Re32>’

which when inserted in (4.11), and recalling that M < VX, yields the
proposition.

5. Proof of Proposition 2.3

Observe that

—8d . r(;(n) —8d\
(5.1) M((T)A&f(d),W) Z (( - )F)

where

niw
F,(1) = F,(8,7; 1) = V()W . (ﬁ) ‘

Using the Poisson summation formula, Lemma 3.6 above, we obtain for
odd n (using G_i(In) = (2) Gy(In), and (1¢) = 1 when In is odd)

(5.2)

—8d _ ! u(a) kX

a<Y
(a,2ln)=1

Note that when #n is even, the LHS above is zero.
Using this in (5.1), we deduce that

sM((_ng) A2 (d); w) = 2() + Ro(D),

where (/) is the main principal contribution (arising from the k£ = 0 term
in (5.2)), and R (/) includes all the non-zero terms & in (5.2). Thus

PU) = 2lzrs(n) 3 M(Ol)

a<Y
n (7dd (a,2In)=1

and
(5.3)
rs (n) /L(Oé)

k(ln)F ( ) .

n odd (a, 2ln) 1 k;&()

Ro(l) =
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5.1. The principal P () contribution

Note that £, (0) = ﬁn (0) and that Gy(In) = ¢(In) ifIn = Oand Gy(In) =0
otherwise. Using this together with

> LT ) (1 of)
(a,2In)=1

we deduce that

1+ 0™ XK rs(n) ( p )
Pl = F,(0).
@ ¢(2) ; nz }_2[[ p+1 ©

In=0
n odd

Recall that [ = | 11% where /; and [/, are odd, and [/, is square-free. The
condition that [n = [ is thus equivalent to n = [;m? for some integer m.
Hence

)

B 1+ O(Y_l) 0 r5(l1m2) » .
) = ((Z)JE ”Z:l: m 1_[ (P+ 1) Fm2(0).

21,
m odd pl2im

For any ¢ > |Re t| we have

A o llm27r
F 0) = W(H)Ws ., dt
2 (0) /0 OW; ( = )

1 8X \'/ [~ 2s
=— [ sl —— W(nr'dt d.
27i Jio O (llmzn) (,/(; @ >s2 —2®

1 Fy s) 8X ' 2s i
= — s S S.
2mi Jo 2 Lim?*m ) % — 12

Thus for any ¢ > ¥

21400
5.4 Py =-———""1I(),
(5.4a) ) OV )
where
(5.4b)
1 8X\* . 25 e rs(lim?) p
I(l) = T /(C) I's(s) (ll_yr> ‘I’(S)S2 = Z m1+2s 1_[ (p+ 1) ds.

m=1 Im
m odd [7‘
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Lemma 5.1. Suppose | = 1,13 is as above. Then for Re s > 1 + 2|Re §|

3 "5(”11’31 ' (p " 1) — ry(1) Z(s: S)ns(s: 1)

m=1 Im
m odd Pl

where Z and n are as defined in (2.12) and (2.13).
Proof. This follows by comparing the Euler factors on both sides.

Using Lemma 5.1 in (5.4b), we deduce that

10 =29 (lg—X) W)
(© T

27l 1

Z(l + 2s5; 8)ns (1 + 2s; 1)ds.

Note first that taking ¢ = ¢ 4 € here we deduce easily that /(/) <K
lrs(1) (X /11)?+€. We now move the line of integration above to the line
Res = —}T + €. We encounter simple poles at s = £, 6. The remaining

integral on the —i + € line we bound as follows: From [3] we know that
on this line |Z(1 + 2s;8)| < (1 + |s|)?, and plainly |ns(1 + 2s; )] <
]—[W1 (1 + 0 (ﬁ)) np’(h(l + 0(#)) & 5. Hence the integral on the
Res = —i + € line is
|"a(11)|14+€
Xi-e

I (1>|z4+€
/ ISPIBS) T (5) s <
—1+e X4

We deduce that
8X\?* 2s
I(l) =rs(l;) Res {F(g(S) ( ) \Il(s) Z(l + 2s; 8)ns (1 + 2s; l)}
s=+8,47 %14

(muou”e)
xi— )’

Using this in (5.4a), we conclude that

2rs(ly)
3¢V

8X
X Res{Fg(s)( ) <I>( )

5.5 ) =

5 21+ 25 9y (1 + 25 1)}

<|Fs(ll)|X§+€ n |Fs(ll)|X€>
it xips /)
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5.2. Extracting the secondary principal term from Ry(l)

Define for all real numbers &, and all complex numbers w with Re w > 0,

(5.6) fE w) = /Oo F, (%) .
0

Since |F,(§/0)] < 2 [ |F,(x)|dx < e~ % by Lemma 3.1, the integral
above is absolutely convergent for Re w > 0. We collect below some prop-
erties of f(&€, w) which are easily established by making minor modifications
to the proof of Lemma 5.2 of [11].

Lemma 5.2. For corresponding choices of sign define

Gi(u) = 2m)~ ”F(u)(cos( ):I:sm(% ))
If & # 0 then for any 1 + Re w > ¢ > max(|Re t|, Re w) we have
(5.7)
w ’ 2S
f& w) = ] (w )_/@ Fa(S)( Iél) Gianie (s — w) 57— ds.

For & # 0, f(&, w) is a holomorphic function of w in Re w > —1 + |Re 7|,
and in the region 1 > Re w > —1 + |Re 1| satisfies the bound

—Re w— 2 1 |$| Wi &
L& wl < (1 )™ Fexp (= 5 —=mes B0

Using the Mellin transform identity (4.9), we may recast the expression
for Ry(l) (see (5.3) above) as

58)
_ /L(Ot) (—=DF rs(n)
Roll) = — /()Z Gt f (57w )

k:
(01 2[) 1 0 (n,2a)=1

for any ¢ > |Re §|.

Lemma 5.3. Write —4k = k1k§ where ki is a fundamental discriminant
(possibly ki = 1, giving the trivial character), and k, is positive. In the
region Re s > 1 + |Re §|

i rs(n) G_aln) _
n=1 nS ﬁ -

(n,2a)=1

(5.9) =1 L(s = 8, i, )L(s + 8, xi,)§s(s: —k. [, @),

L(s =8, xe)L(s + 8, i) [ [ 95053 =k, L @)

p
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where §s.,(s; —k, [, o) is defined as follows: If p|2a then

1 (k 1 [k
= (- ) ()

while, if p 1 2a,

Gs.p(s5 —k, 1, )
:(1_ ! (&))(1_ ! (k_l)) S ) G )
ps—8 p ps+8 p —~ prs p :

Then Gs(s; —k, 1, o) is holomorphic in the region Re s > % + |Re §|, and
for Re s > % + |Re 8| + € satisfies the bound

I~

1
(5.10) 195 (53 —k, L, @)] < oK1+ (1, K2)2.

Proof. This follows by making minor changes to the proof of Lemma 5.3
of [11].

We use Lemma 5.3 in (5.8), and move the line of integration to the line
Rew = —% + |Re §| + €. We encounter poles only when —k = [J (so that
ki = 1,and L(s, xx,) = ¢(s)): in this case, we have simple poles at w = =£4,
and the residues of these poles give rise to a second main term (see (5.12)
below). Thus we may write Ro(l) = R(l) + P»(I) where

(5.11) ﬁ(l):l Z G

21 o?
a<Y
(,21)=1
— (—DF
- / L4+ w46, i, )LA+w— 3, xx,)
o 2mi (=1 +IRe 8|+6)
kA0

kX
2l

X Gs(1 4+ w; —k, 1, a)f(g, w)dw,

and (with an obvious change of notation, writing k” in place of —k)

1

o p(a)
(512) P = o Z — ;«qua)

(a,2D)=1

= KX
X D14 Gs(1 + o Lo f (= 5550 10)-

k=1
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5.3. The secondary principal term $,(l)

Let v be a complex number with |Re v| < ¥ + 5-—, and let u be a complex

21 o X°
number with Re u > > We define
o0

Hw,v;l, o) =1" Z

k=1

(= )k .72
kTgv(1+U,k ,l,Ol).

Note that the above series converges absolutely when Re u > % Using

Lemma 5.2, and noting that ,(s; k%, 1, &) is an even function of v, we see
that
2

S YD+ 8 L f( % 8)

n== k=1

may be recast as

1602\°
(5.13) —/ [s(s) ( )
2 Tl (c) s

e

. X
X ;W(WS) (2762> G_(s — /Lc?)

where ¢ > max(3 + |[Re 8|, [Re 7|) = § + [Re §|.
From the definition of §, we see that

Jf(s s, ud; 1, a)ds,

=1
Hu,vil ) =—1"(1-2"") " o+ K, 1, a)
k=1

lu(l 21 ZM)HZ g’v P(l +U p2h l O[)

2bu
p b=0

Using the expression for 4., in Lemma 5.3 and then employing Lemma 3.3
to evaluate it, we see (after some straight-forward but tedious calculations)
that we may write

_1
Hu,v; o) = —1(1 = 27272 ¢cQu)cQu + 1 + 4v)H, (u, v; [, @)
where 7 =[], #;, with

1= 4)(1- im

1

1— W) if pl2«

I
) (1= ) (1 + 4+ b — k) i 4200
5) (1= 7t) (14 52) if plly
)(1= =)

L+ o) if pll. p 1 1y.

[S—

1

(
(
(
(
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These expressions show that #(u, v; [, @), viewed as a function of u, is
meromorphic in the domain Re u > —% — 2Re v. Note that there is a simple
pole at u = —2v. Thus we may move the line of integration in (5.13) to
the line Re s=0+ — log +» and since we encounter no poles, (5.13) is given

by the resulting integral on this line. Using these observations in (5.12) we

conclude that
Cy(s) 16\° 2s
S — ——
Ly w) s?—1?

log X

27l

S.14) P01 = L/
O+

. X\*
XE W(us) (—) (1 +2u8)G_(s — ud)
n==% 2

1 (@)
2] 2—25+2u8
(ofi):l

H (s — 1, ud; 1, a)ds.

We now wish to show that the sum over « in (5.14) may be extended to
infinity, at the cost of an acceptable error. Let € denote the circle, oriented
counter—clockwise with center at 0 and radius ¥ + s——. Given s with

2log X
Res =19 + logX’ the function 2z¥(z) ( ) A +22)G_(s —2)H(s —
z; 1, o) is analytic for z inside C. So by Cauchy s theorem
s

. X
(5.15) Z W(ud) (2752) A4+ 2u8)G_(s — ud)H (s — ud, ud; 1, )

_ (Z)< ) L1 +22)G_(s —2)H (s — z,2; 1, a) dz.
T 2mi 82

For z on C we see that 29 +3/(21log X) > Re (s—z) > 1/(2log X). Further
|122_Z(32 \Il(z)é‘(l + 272) (%)Z | < (log” X)(Xa?)?+1/1eX "and by Stirling’s
formula we see that |G_(s — z)| < log X(1 + |Im (s)])?~1/2+3/QlogX)
log X. Lastly from our expressions for #(u,w; [, ®) we deduce that

1 219+2l()3gX_
|H(s—z, z; 1, a)| K 1", a¢(1+4|s]) log X. From these estimates
we conclude that (5.15) is bounded by

_1
l]-i-elfl9 Q(Xa2)ﬂ+e(1+|s|)‘

‘We deduce that
1 w(a)
21 O[2—2S

a>Y
(a,2D)=1

. X \M
x Z U(us) (—2> 1+ 2u8)G_(s — ud) H(s — ud, us: I, o)
ek 200
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_1
is bounded by < [€I;" 2 X?+€(1 + |s)Y~1*4?_ Using this in (5.14) we
conclude that the error incurred in extending the sum over « to infinity is

_1 S
< ZX“fY‘”‘“’/ IT5(5) 1+ IsT) o |ds]
1 N T

O+ oip) ls= — 72|

291 _
< léll 2X19+€Y 1+419'
Thus, up to an error O(FZ 3 xorey- 1449y " P, (1) is given by

y X\ 1
(5.16) ;\p(ua) <5> §(1+2u8)ﬁ

16 2s
x/ s(s) G (s —/,LS) JC(s ué; Dds,
O+ x) T
where

Kol =L S 4@ g
(S,U»)——Zm (s—v vl .

Using our expression for J¢ a calculation gives

. ) 1 |
Kisvil) = - l%+vT ,,2,<1 - pl+2v) H(l + p1+2v)r‘(ll)

pll
rily

45 4 4= — 2—1—2v _
4s

1 1 1 1 1 (P> +p %)
X 1_[(1 o ;) (1 - p1+2v> (1 + ; + plt2v + pita - P2ty :

Using this together with the functional equation for ¢(s) and the relations
I'(2)I(1—2) = meosec(nz) and M) (z+3) = 772172 (27) we see that

21+2v
){(2s —20)¢(2s + 14 2v)

16\°
I(s,v; 1) :=T,()G_(s —v) (—) K (s, v; 1)
b4
satisfies the functional equation (s, v; [) = $(—s, v; [). In fact, we obtain
the useful identity
(5.17)

(1 + 20 g6, v 1) = )

3¢vT

it is plain that the left side above is invariant under s — —s.

16 \"
<_l> [y () Z(1 4 2v; s)n, (1 4 2v; 1);
Tty
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Consider now for . = = the integral in (5.16): that is,

1 2s
(5.18) — F(s, u; 1) =——ds.
2mi O+ iy) 57 =T
We move the line of integration to the line Re(s) = —v — @. ‘We encounter
simple poles at s = 4, —8, 7, and —t. Thus (5.18) equals
(s, 18 ) +1 95, 18— d
S, ; "~ S, ; S.
s=48.+7 H s2 27i Jico- lp ReEDa 0

Changing s to —s and using the relation g (s, ué; 1) = $(—s, ud; ) we see
that the above is

1

= Res g(s s, l) 2—7 1
-t T J O+ 1)

F(s, ué; 1) 2 d
s, 1o s.
K 2 — 12

Hence (5.18) equals
! R (s, ué; l) 2 _ R 81 28 5 + & (T, uds ),
2A:|:§S:|:gsu — 72 esg(su ) A

using once again that (s, ud; 1) = $(—s, ué; ).
We conclude that

. X\"
(5.19) P = ) W(ud) (5> §(1+2u8)

p=t,—

1
2s fex? el
(Res 9 (s, us; l) +g<(r us; l)) T_Jﬁ

5.4. The contribution of the remainder terms R(l)

The contribution of the remainder terms R (/) is bounded in much the same
manner as the analogous quantity in [11] (see Sect. 5.4 there). For the sake
of completeness we give a detailed sketch of the main ideas of the proof.

First we bound |R (I)| for individual /. Using the bounds of Lemmas 5.2
and 5.3 in (5.11) we get that |R(0)]| is

J—IRe 8|+¢ 1 5 IRe 8|
- / 1W(w)| (1 + [w])~Re
X 35— IRe 3| —e 0;/ o1 T2IRe d|—e (=1 +IRe 8]+e)

o0
L(1 ) L(1 )
o Z IL(14+w+ 68, o, )L(1 +w ,Xk1)|k§\Rea|

fard Jky |2~ Re
k0
X exp ( — i¢)|dwl.
10 o /I(1 + |w])
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Performing the sum over k, we see that this is bounded by

12+€ v 1
_ / B[+ u)?
X}-Redl—e (—1+Re 8|+e)
o Z ILA+w+38, xi ) L1+ w — 38, xi,)|
- k1]
1
X exp(— i¢>|dw|
10 a/I(1 + [w]) )

We split the k; into dyadic blocks and use Cauchy’s inequality with Lem-
ma 3.5 to estimate these contributions. We deduce that

7+ey1+e .
R < CIRes / W) (1 + [w])|dw]
17Redl=€ J_LtIRe sl +e)
l§+eyl+e
- €
< X 2 —IRe 8l—¢ Yola

We now sketch how a better bound for R (/) may be obtained on average.
Let i = x if R(1) # 0, and B = 1 otherwise. Then, from (5.11),
o 1ROI= 300 AR is

52 <> [ Z|L(1+w+a X)L+ w =8, )
azr X7 J(—1+Re dl+e) =
@)=l 20

2L—1

Z ’3195(1+w —k, 1, a)f<2 L )‘ldwl.

([O() 1

We now split the sum over k into dyadic blocks K < |k| < 2K — 1. By
Cauchy’s inequality the sum over k in this range is bounded by the product
of two terms. The first of these terms is
2K—1 ] |
(Z kol L(1+w + 8, i )L(1 +w =, xkl)lz) K (K(1+ |w])2™,
k|=K

upon using Cauchy’s inequality again with Lemma 3.5. The second term in
question is

2K -1 2L—1 8, kX 2\ 3
(5.21) <k|2=;(k_2 ; T+ w; k,l,a)f(m,w) ) .

(1, 2)=1

Lemma 54. Let o < Y, K and L be positive integers, and suppose w is
a complex number with Re w = —% + |Re 8| + €. Then for any choice of
complex numbers y; with |y;| < 1 we have
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2K-1 2L y % 2
I
ij Z 90 +w; kla)f( 7 )
Ikl=K =L
(,20)=1
is bounded by

SiRe s . 5 2—4\Re6|+€L2—2|R28|+6K2|R28|+6
(1 + [w]) =R (w)|

X 1-2IRe 8]—€

1 VK
P\ T 0avIaran )

and also by 2|Re T|—2|Re 8|
. QL1+ |w])\ T
1 KLX)* | W(w)]* [ ————=
(1 + |w)a )W (w)| ( X )
oL

We bound (5.21) using the first bound of the Lemma for K > o*>L(1 +
|w|) log2 X, and the second bound for smaller K. Inserting this bound in
(5.20) gives (with a little calculation)

2L—1

me«Z/ D) [(1 + [l
azy J (—3+Re sl+e)
2+€L1+e Ol1+219+eL1+19+€
1 1 |dw|
Xi—\ReS\—s X§—|Re¢3|—e
Ll+ey1+e Y219+6L1+19+€
€
< (X%—Res—e + Y- IRe s )\pe)\p@,
as desired.

Proof of Lemma 5.4. We follow closely the proof of Lemma 5.4 in [11].
Using the bound for §s in Lemma 5.3, and the bound for | f(&, w)| in
Lemma 5.2 we easily obtain the ﬁrst bound claimed.

Write the integral in (5.7) as 5. i 8055 w3 sgn(é))(mn) ds. Taking
c = |Re 7| 4+ €, we see that (for K < |k|] < 2K — 1)

2L—1
Z Vlg5(1+w kla)f( )'

(. 20() 1

1+2|Re 7|—-2|Re §|+€

<< |\p(w)| K%J’_‘Re 7|—|Re 6‘—€X%—|R€ 8| —e

2L—1
g(s, w; sgn(k)) Z le ——Gs(1 +w; —k, [, a)ds|.

(. 20() 1

/(C)
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Since | (s, w; sgn(k))| < (1 + |w])~2"Rew*< exp(—Z{Im(s)]) by Stir-
ling’s formula, we get by Cauchy’s inequality that the above is

al+2|Re 7|—2|Re §|4€

|[Re 7|—|Re §|4+€ |\
< 1+ wh [W(w)] K%—|Re§|+\Re r|—ex%—\Re S|—e
2L—1 1

2 3
x(/ exp (—3Im(s)) | Y #%(Hw; —k, 1, @) |ds|) :
(c)

I=L
(1,20)=1

The second bound of the lemma follows by combining this with Lemma 5.5
below.

Lemma 5.5. Let|§;| < I€ be any sequence of complex numbers, with§; = 0
if (1, 2a) # 1. Let w be any complex number with Re(w) = —% + |Re 8|+ €.
Then

2K—1

Zl

k
k=K "2

21
9

2
— 1 =k, KLox)(K + L)L.
;ﬂ%( +w )| <« (KLa)(K + L)

a;+1

Proof. For any integer k = £[]; ., pi" we define a(k) = []; p{""", and

put b(k) = [T; oy i [1; an P Note that gs(1 + w; —k, L, o) = 0
unless [ can be written as dm where d|a(k) and (m, k) = 1 with m square-
free. From the definition of § in Lemma 5.3, and using Lemma 3.3, we

get
_ B -1
Gs(1 4+ w: k, [, &) = /m (;k) ]‘[(1 n ’;ffu)) <_k>>

plm p
X Gs(1 +w; —k, d, @).

Using Lemma 5.3 to bound |4s(1 4+ w; —k, d, o)| we see that our desired
sum is

2K-1
KLo)¢ —
< (KLa)* ) o=
lk|=K
2L/d —12
—k rs(p) [ —k
x 3 d [ Sampm)? (—)]_[(H—“lfw (—))
dla(k) m=L/d m plm p p

We interchange the sums over d and k. Note that d|a(k) implies that that
b(d)|k, so that k = b(d) f for some integer f with K/b(d) < |f]| <
2K/b(d). Write —4 f = f, f# where f; is a fundamental discriminant, and
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/> is positive. Notice that k, > f>. Thus our desired sum is bounded by

2K/b(d) |

(5.22) (KLa)GZd Z 5

d<2L  f=K/b(d)

21/a ) ) -
3 sty (@) 1;[(1 LoD (<))
Observe that
— _ -1
(05 (59)
—a, <_f:1(d)) },_ml (1 - ’;Sl(i)’ (—fi(d)))
—a, (—fi(d)) Xm: u(:3:5(n) (— fZ(d)) |

where a,, = [ ]| o= rﬁz(fz)u) ! « m¢. Hence for appropriate b, (n, d) <
(mnd)€ we have that the 1> |> term in (5.22) is bounded by

(Z Irs(n) 2%” ALY
— bm(n,d)u2(m)(—> )
14 IRe 8|+e
nerya 2RO "
IN\€ 2L/(nd) PNE
2
< (E) E E by(n,d)p (m)(;) ,
n<L/d ' m=L/(nd)

using Cauchy’s inequality. Using this in (5.22) and invoking Lemma 3.4 we
conclude that our desired sum is

K L
< (KLa)* Y d ) nd<b(d)+nd>

d<L n<L/d

< (KLa) (KL + L% Z @ < (KLa)* (KL + L?),
d<L

as stated.

5.5. Completion of the proof

From our work above the remainder terms are under control; and we need
only simplify the main term (/) + $»(l) arising from (5.5) and (5.19).
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Using (5.17) it is easy to see that the contribution to (5.19) from the poles
at ué cancel precisely the contribution to (5.5) from the poles at ué. Thus
our main term includes only the contribution from the poles at £t in both
these expressions. Employing (5.17) we deduce that the main term is

8X\"" .
0 fz(aa)ra(m)( ) DD Z(1 + 20t $)ns (1 + 2u: D)

8X\" .
4+ re ()T (ud) (ll—n) W(ud)Z(1 +2us; on (1 + 2us; l)).

This proves Proposition 2.3.

6. Mollification near s = %: proof of Proposition 2.4

Throughout this section we recall that 6, = 81 s0 that 7 is purely real, and §

is purely imaginary. Further we recall that T > — log 7 that? > [6;] > 102 <

and that M = X>~5?, From Lemma 3.2, and the definition of &(s, x_gs) we
see that

8X/m)~ T
S, DYW(E, @) = %M%,A@IM(% +8,d)*; @)

where ®_,(f) = 77 ®(r). We choose ¥ = X*’, and decompose the above
as

GX/m - 1 2.
Eo— sutansa@nmd + 5. af: o0
+ O(8r(As o (d)|M(3 + 81, ) q)_r))}_

Applying Proposition 2.2 we conclude that

8X/m)~ "
6.1) (1 &)W, &) = %MAS,T«MM(% o d)s dLy)

+ O(X7F9).

Now

Sy (As ()M + 81, d)|*; _,)

CE(E A o () o)

rs=I
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and we use Proposition 2.3 to evaluate these terms. First we note that the
various remainder terms in Proposition 2.3 contribute (using |A(n)| < n°,
rs(n) € n¢, dn) < n,and T > —1/(elog X))

6 o1 _7+ Xﬂ+el2ﬁ .
NP (i x €+W+|Jw)|) « XD 0,
I<M?

Thus we get that
(6.2a) $(1; D)W(S;, D)
8X/m)~* A
— % Z (Z L@)M(l) + O(X_§+€<D(2)<Df3)),

I's(7) ; = patdigat

where M (l) = M (l) + M>(I) with

8X \ "'
62b) M) = 3§(2) TEN Z rs(DTs(u0) ( )
X CD(pL‘L’ —0Z(1 +2ut; 8)ns(1 4+ 2ut; 1),

and

8x\"
6.2 Mo (1 (L) (ué
(620)  Ma(l) = 3“2){2 () w)( )

x ®(us — ) Z(1 +2u8; D). (1 + 2u8; D).

From our assumptions on §; we know that 7> —§% = |§;|*> > €*/(log X)?.
This enables us to evaluate the M;(l) and M5 (/) contributions to (6.2a)
separately. Let C denote a closed contour (oriented counter-clockwise)
which contains the points +7 and such that for w € € we have |Re w| <
|T| + C/log X, and |Im w| < C/log X for some absolute constant C, and
such that |w? — 72| > €2/(3log? X), and |w? — 8?| > €?/(3log® X), and
finally such that the perimeter length of C is < |§;|. Then the contribution
of M;(]) to (6.2a) is

6.3) L/ 20(w —1)

27i Je 3¢(2)Ts(7)
rs(l) A(r)A(s)
) {ZZ: l%+w (Z_l r%”ls%”z)na(l + 2wt l)}dw'

1

8X\" " 2w
=) Za+ 2w ) w)———;
T we—T

We focus first on simplifying the term in parenthesis above. Since X is
supported on square-free integers, we may write r = aa, s = ab where



36 J.B. Conrey, K. Soundararajan

o, a, and b are square-free with (a,b) = 1. Thus [ = oa’a b, l, = ab, and
[, = «. With this notation the sum over / in (6.3) becomes

6H S Y raab)  Meah@b) 4 g atab)

(ab)%"'w ol H01+82 g3+ 32

a,b
(a,b)=1

=Y =Y OB vayn(abyns(1 + 2w; aab).

altér+wpl+or+w
b
(a.ab):l

Define, for odd primes p,

1 1 p P4 p? 1
hw(p) = (1 + p + plw T 2w + p3+4w>

and extend this multiplicatively to a function on odd, square-free integers.
From the definition of n we see that

ns(1+2w; 1) 1
1+ 2w; a’ab) = 1+ —).
4200 = e L1 )

Hence our expression (6.4) may be recast as

1 1
ns(l +2w; 1) Zotl"'ZThw(o{) 1_[ (1 + p1+2w)

pla
o Z rs(@i(aa) rs(b)A(ab)

a1+51+whw(a) b1+62+whw(b) ‘

a,
(a.b)=1

Using > s H(B) = 1if (a,b) = 1 and O otherwise, the above becomes
pe(1+1/p %) 5 rs(B)°1(B)
o270, () ; preaTtawg (B)2
o Z rs(@A(aap) rs(b)r(bap)

a1+81+whw(a) b1+‘32+whw(b) :

(6.5 n5(1+2w; 1) ZH

a,b
Define for odd primes p
_ n(p)?
p1+2w p1+2whw(p) ’

and extend this multiplicatively to all odd, square-free integers. Then group-
ing terms according to y = «f, we see that (6.5) equals

(6.6)
) Hy(y) rs(a)A(ay) rs(b)A(by)
776(1 + 2w’ 1) ; y1+2rhw(y) (Z a1+‘31+whw(a))<2 b1+52+whw(b)>'

a b

Hy,(p) =1+
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Lemma 6.1. Let R be a polynomial with R(0) = R'(0) = 0. Let g be
a multiplicative function with g(p) = 1+ O(p~") for some fixed v > 0. Let
y be a large real number, and suppose that u and v are bounded complex
numbers such that Re(u + v) and Re(u — v) are > —D/logy where D is
an absolute positive constant. When Re s > 1 + D/ logy we have

nstu g(m) = s +u+vis+u—v)’

irv(n)u(m‘) _ wOG(s, ¢ u,v)

n=1
n odd

where G(s, c; u, v) = ]_[p G,(s, c; u, v) with

1 - % B I - % - if pl2¢
G,(s,c;u,v) = ( P )_1( 7 )—1 e(Dre(p) s .
(1 — W) (1 — W) (1 — PAT) Othei"Wlse,
so that G (s, ¢; u, v) is holomorphic in Re s > max(%, 1 —v)+ D/logy.
For any odd integer ¢ < y we have

3 ru(n)u(nC)g(n)R (IOg(y/(Cn)))

14u
= n logy
n odd

E —Re u+|Re v|
= 0( ) exp(—Ao\/logw/c)))
log”y ‘e

+ Res u@G(s+1,c u,v) Z 1 R (log(y/c))
s=0 s¢(1+s+u+v)e(l+s+u—rv) (slog y)k log y

k=0

for some absolute constant Ay > 0, and where E(c) = [ | plc(l +1//p).

Proof. Our assertion about the generating function Y _ r,(n)u(nc)g(n) /n**
follows readily upon comparing Euler products. In proving the other state-
ments we may plainly suppose that ¢ < y/2. Using the Taylor expansion

_ 0o R(J)(O) j 0o R(/)(O) j
R(x) = 3270, 5« = 3772, =57/, we see that our sum is

00 R(j)(O) 1 I”/g(n)u(nc) ; y
sz (log y)/ F n;c lta g(n) log (a)

n odd

o0

_Z RY(0) L/ (@G +1,c;u,v) ( ) ds
B pa (log y)/ 2mi (2ths) (A+s+u+v)c(dl+s+u—v) PyES

The integral above is evaluated by a standard procedure First one truncates

D+l D+1
the above integral to the line segment Tog(y/) iT to 5 /0 T T where T :=

exp(y/log(y/c)). The error involved in doing so is < E(c)(log y/c) 2/T2.
Next we shift the integral on this line segment to the left onto the line
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segment —Re u + [Re v| — A;/log T where A is a positive constant such
that £(1 + s + u + v)¢(1 4+ s + u — v) has no zeros in the region traversed.
We encounter a (multiple) pole at s = 0 whose residue we shall calculate
presently. The integrals on the three other sides are bounded using standard
estimates for 1/¢(s) in the zero-free region, and contribute an amount <
E(c)(log(Ty/c))* (T2 + (y/c) ReutrIRevi=A1/logT) We conclude that for an
appropriate positive constant A, the above is

es
s=0 sC(14+s+u+v)¢(1+s4+u—v)

w(@G(s + 1, ¢ u,v) i RY(0)(y/c)®
= silog’ y

E —Re u+|Re v|
+ 0 ( © (X) exp(—Aow/log(y/c))) .

log’y \c

RY©O)(y/0)°

For the purpose of the residue calculation we may replace Z;’Oﬁ T log/ y

with

o0

) !
> O (3 % tosty/on) =

> s/log’ y < =0 log" y 1=0

= s S RED©0) (log(y/e)
— I logy /)’

upon grouping terms according to k = j — [, and bearing in mind that
R(0) = R’(0) = 0. This clearly equals

i sk o <log(y/c))

k
1o log" y
completing our proof of the lemma.

We now return to the evaluation of the expression (6.6). We first deal
with the contribution arising from the terms y < M'~". We shall ap-
ply Lemma 6.1 twice. In both cases we take u = &; + w, v = §, and
g(n) = 1/h,(n), and we shall denote the corresponding G(s, y; u, v) by
G (s, y; u, v). In the first application we take y = M, and R(x) = P(x);
and in the second application we take y = M'~ and R(x) = (1 — P(b +
x(1 — b))). Adding these two applications we deduce that

Z rs(a)p(ay) log(M/ay)
althtwp (a) log M

asM/y
a odd

_ n(Gy(1, y; 81 + w, 8)
L1468 +w+ 81+ 8 +w—9)
E M1_b —7—Re w
0( (23/) ( ) exp(_Aom)>_
log= M y

Note that the main term above came from the k = O contribution in the
applications of Lemma 6.1, and that the contributions from k£ > 1 in the two
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applications cancel each other. Indeed the appropriate term for k£ > 1 in the
first application is

1 p® log(M/y)
(log M)* logeM )’

and the corresponding term in the second application is

(1 — P+ x(1—0b))®

(log M1=b)k x=log(M=b/y)/ logM’

and these clearly cancel. This justifies our preceding expression, and now
observe that, because of our choice of the contour €, the main term there
is < |81]>. An analogous expression holds for the sum over b in (6.6), with
the only change being that §; above gets replaced by 6,. We deduce that the
contribution of the y < M'~? terms to (6.6) equals

ns(1 4+ 2w; 1)
Z H,(y) ( LGyl y; 81 +w,8)Gy(l, y; 8 + w, )

yrl b YRy (D \ [Ty £ 4 81 + w4 u8)Z(1 + 82 + w + 16)
¥ odd
|81|2 Ml_b —17—Re w
+o(Em ( v ) exp(— A0y log(M/7) ) ).

This is readily seen to be

ns(1 +2w; 1)

Z H,(y) 1 WMGu(, ;8 +w,8)Gy,(1,y;8 +w,d)
yI+27h, (y) Hu=ﬂ: A+ 8 +w+ wd)e(l + 8 + w + ud)

yle—b
y odd

16,17

+0(=>
log= M

M=b(—r—Re w))

We use this expression in (6.3) to evaluate the contribution of the y < M'~?

terms to the integral there. From our choice of C, and since M = X %_5”,
we see that the error term arising from the above is

(6.7) O(log” X|8,PM—>"17).
The main term arising there is

1 20(w—1) (8X\" "
— — — Z(1 +2w; §)Is(w)
2mi Je 3¢2Q)Ts(n) \
Z Hw(y) /~'L2(J/)Gw(l’ )/; (Sl + w, 8)GU)(17 )/; 82 + w, 8)

w.
Y (1) T ee €14 81 4+ w + ) (1 + 82 + w + p8)

o ns(1+2w; 1)

X
ym!=b
y odd
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A priori the integrand has two poles (at 1) inside C, but since [ | uet S+

81+w+ud) " 'c(148,+w—+ut) ! vanishes (indeed to order2) atw = —, in
fact we have only the one simple pole at w = 7. Thus by Cauchy’s theorem
the main term above equals

20(0) ns(1 +27; 1)
3¢(2) (1 +27)

w2 (Y He(y)
X Z 1+2rh ( )

(6.8)

G‘L’(19 V; (Sl + ‘Ea 8)G‘L'(19 V; 82 + T, 8)'
yEMl —b
yodd

Lemma 6.2. With w on the contour C, and other notations as above we
have for x > 2

W () Hy(y)

WGW(I, Yid1+w, 8)Gy(1, y: 8 +w,b)

ns(1+2w; 1) Y

y=x
y odd

=7(14+20(1 —x" )1 + O(w — 7)) + O(x 7).
Further if 1 <y < x then for any smooth function R on [0, 1]

W (Y) Hy(y)

y=y=x
y odd

G,(1,y;61 +w,0)

log y>
log x

—<1+0(|6|)>/XR logr) _dt
- 1 ] logx ) 11420

Proof. Upon recalling the definition of G, (s, y; u, v) from Lemma 6.1 we
see that our desired expression equals

X Go(1, 73 8> + w, 8)R(

fu®)

1+27°

Ns(1 4 2w; DG (1, 1581 4+ w, )Gu(l, 1; 8+ w, 8) Y

y=x
yodd

say, where f,,(y) is the multiplicative function given by

o, Hy(p) B rs(p) e rs(p) -1
fw(y)—u(y)—hw(y)l;[o —p1+81+1~hw(p)> (1 —p1+52+whw(p)) .

Plainly f,,(p) = 1+ O(1/,/p), say, and so the calculation of the sum over y
becomes a standard exercise. Writing the generating function
Zy odd JuW/v? = ¢(s)Fy(s), (note that F is holomorphic in Re s > %),
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using Perron’s formula, and shifting contours appropriately we deduce eas-
ily that

-2t
Y 2 1420 R0 4 20) - Fa)E 4 oG )
y1+21 2t

y=x
y odd

=142 —x2)F,(1 4 217) + O(x %),

upon using {(1+27) = 1/(21)+ O(1), and that F,,(14+27) = F,,(1)+ O(7).
Denote ns(1 4+ 2w; 1)G, (1, 1; 8; + w, §) G, (1, 1; 8, + w, §) F, (1 + 27)
by H(w) say. Then with a little calculation we may check that H(w) =
H(7) + O(lw — t]), and that H(t) = 1. This proves the first assertion of
the Lemma. Our second claim follows upon using partial summation, and
arguing along similar lines.

Using Lemma 6.2 in (6.8) above, and combining with the error term
estimate (6.7), we conclude that the part of the M (/) contribution arising
from the y < M'~" terms equals

20 (0)

6.9 —
(©9) 38(2)

(1 — M~y 4 O(log? X8, P M~271=2)y,

We now turn to the corresponding contribution from the terms y > M'~?
in (6.6). Applying Lemma 6.1 with u, v, g(n), and G, (s, y; u, v) as above,
and with R(x) = P(x),and y = M. We get that for any odd M=t < y< M,

(since Q (%) =P (loglf)}g”#) for y in this range)

Z rs(@ulay) (log(M/ay))
1+61+w
S @ (@ A log M

—t—Rew
= o( L) (M) exp(—Aoy/log(M/))

log> M ?
)Gyl +s,y; 8 +w, d)

+ Res

s=0 SC(1+s+6+w+0)e(d+s+6 +w—9)
% i 1 o® log(M/y) ‘

(s log M)k log M

Write the Taylor expansion of G, (1 + s, y;u,v)/(C(1 + 5 + §; + w
+8)c(1 + 5+ 8 +w—20)) as ag + ais + axs®> + .... Then we see that
ap = 14+ w+ 8@+ w — HGu(L, y: 81 +w, 8 + O((I8:] + |w])?),
a; = 281 + w)Gyu(1, ;81 + w, 8) + O((I81] + [w)?), a3 = Gu(1, y;
81 +w, 8) + O(|8;] + |w]|), and that a, <, 1 for n > 4. From this it follows
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that the residue term above equals

log(M
nGy(1, y; 61 + w, 5)((81 +w+8)G +w—98)0 (%)

Sit+w ), (log(M/y) I, (log(M/y) 3
+2logMQ< log M )+log2MQ ( log M ))+0(|51|).

An analogous espression holds for the sum over b in (6.6), replacing §;
above with §,. We use these expressions to evaluate the contribution to (6.6)
from the terms y > M'~”. Firstly, we see that the remainder terms that
accrue are (bearing in mind that w is on the contour C)

1 E()/) (M) —t—Re w
< (=18
Z yl+21 lo g | 1| y

MI*bSVSM
x exp(—Ag+/log(M/y)) + |51|5)
2
<« 1 | 1| M—-[ Reu)_|_M 27(1 h)l(s |510gM
log> M

Secondly, we get that the main term here is (denoting for brevity
0 (log(M/y)/log M) by 0)

W () Hy(y)

ns(1 4+ 2w; 1) Z W{)

M17b<y§M
y odd

x (61 +w+8G1 +w - 80, +2

11)(17 )/; 81 + w, 8)GU)(17 )/; 82 + w, J/)

Si+w ’ 1 7
)
lgMQV 10g2MQ
82—|—w 1 ”

)
lgMQV logzMQ

((82+w+8)(62+w—8)Qy+2

Applying Lemma 6.2 (and a suitable change of variables) we conclude that
this equals

b
(6.10) log M / M=

Q”(X)
((81+w+8)(51+w og? M>
5 Q”(x)
((52+w+8)(82+w og® M)dx

+ OM>"1=D)5, 1% log M).

We use these expressions in (6.3) to evaluate the contribution of the
y > M'~" terms to the integral there. From our choices of M and C we get
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that the error term arising from the above is
(6.11) O(18:1° M~ log> X + 18;1°M """ log® X).

Call the main term in (6.10) N(w). Inserting this into the integral in (6.3),
we seek to evaluate

L/ 2d(w—1)
27 Je 3¢2)T5(7)

Now &)(w — ‘L')Fg(w)/rg(‘[) dv>(0) + O(]61]), and 2wZ(1 + 2w; §) =
4(1”2 T 0(]8;]10g” X), and N(w) <« M~2*1=)|§,|*1og M, whence we
deduce that the above integral is

6.12) 200) 1 [ (8X\" N(w)—— L
' 322) 27 /@ ( - ) Vi w -2

+0(18; "M~ log’ X)

2000 1 8X\ ¥
= 37(2) 881007 (N(’) - (?) N(_’))

+ 0(18,1°M~>"1=D 108’ X).

Using integration by parts together with Q(0) = Q’(0) = 0,and Q(b) = 1,
Q’'(b) = 0 we may simplify the expression for N(7) to

8X\"“ " 2w
—— Z(1 + 2w; 8)F5(w)N(w)ﬁdw.
T wr—t1

ei—p) , 48162 Q" (x)
888, —2T1—D / 2= ‘ dx.
12t +logM Q()+281logM *
Similarly we find that
45,6 " 2
N(—1) = 12/M2’(1X)Q()—|— Q) 12
log M 26 log M

Using these identities we conclude that our expression in (6.12) equals

v 21 b
200) (4y-2epy | 1= BX/O7E f M09 0 (x)
3§(2) 2rlogM 0
Q" (x) )2 —2t(1-b)| 516 1o
————|"dx ) + O(M "8, |%log’ X).
+28110gM )+ o ilHloe 0

Combining this with (6.11) we conclude that the part of the .M (/) contri-
bution arising from the M'~? <y < M terms equals

22(0) ( y-2i-b L= @X/m™ / " 20

322) 2tlog M o

1 2
4L ) dx | + O(18;PM " log® X + M~>"1"18, (% log’ X).
28y logM
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Taking this together with (6.9) we have determined the .M (/) contribu-

tion to be
2<f>(0) 1 —@8X/m)~* _ Q" (x)
(6.13) 2r(1=x) +
(1+ /M Q'(x) 26110gM‘dx>

32(2) 2t logM
+ oM~ 17D)15,1%10g” X).

The calculation of the M5 (/) contribution to (6.2a) is entirely similar.
We obtain that this contribution equals

28(0) (8_X)_ (8X/m)’ — (8X/m)~?
3¢(2) 28log M
O'(x) + ————| dx

/ M—Zr(l —X)
26, log M

+ O(X M08, 10 T0gd X).

Q"(x)

Inputing this and (6.13) into (6.2a), we obtain Proposition 2.4.

Acknowledgements. We thank the referee for a thorough reading of the manuscript.
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