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Appendix A

State Fire Marshall Data

This appendix contains information extracted from the "Hazardous
Materials Accident Reports" which are maintained by the Michigan State
Fire Marshall's Office. Accident data for the years 1978 and 1979 are
tabulated in tables A-1 through A-4. The data for each year are
classified into overturning and non-overturning accidents in these tables.

The following symbols are used to identify the product carried

by the vehicles at the time of the accident:

G - Gasoline
F - Fuel oil

LPG - Liquid petroleum gas

The vehicle configurations are classified into three categories:

SB - Tractor-semitrailer combination (Single Bottom)

DB - Double tankers with a tractor, semitrailer
and a full trailer (Double Bottom)

DT - Delivery trucks

The following symbols are used to define the roadway on which the

accident occured:

RF - Rural Freeway
RH - Rural Highway
RR - Rural Road

UF - JUrban Freeway



UH - Urban Highway

UR - Urban Road
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Table A-3

MICHIGAN NON-OVERTURNING ACCIDENTS — 1979

S
SINGLE VEHICLE COLLISION

N BN TANK
PRODUCT| RAN OFF | JACKNIFE| OTHER | FRONT REAR SIDE OTHER | VEHICLE| AREA 8 CAP;-\CITY LOA;) QUANTITY| FIRE [CAUSE OF [INJURIFS
ROAD TYPE ROAD {gal (gal RELEASED SPILL
, B o | | COMMENTS |

F o b X DT RH 2500 1200 3

Epe leak

o FUR I Pox ] fer | e | 2000 e | B amecd | ]
G | | I I . B UF ] %00 | 4400 ! |
LPG X SB RF Unknown Unkuvc;wn - o é:j:ér* B B -
el b b b | | se | re | 00 | Emy | so | |Melewn ) |
G ] |5t wheel o} ) SB_ ) UM | 8300 | 8300 4  f b\
Emply X L 1 . SB 1 RﬁH— 1200 Empty
G ﬁ Sideswipe |  SB UF Unknown | Unknown | 1000 ':‘r‘,'gﬂ“'ed

DT RR 2000 Unknown I Injury | Fatahity

F ) . | Radilroad DT | RR 2000 150
¢ D8 RH r17300 8100
- - R R - - U (U [ > B 7 N . B N
G - |Railroad oT RR 2000 | 2000 1200 9&'355 |oriver - 1
N X S8 RH 9000 9000

G . Unknown s8 RF 15000 9000 Qther
. . . B . - E . — S R I | )7 -1 S

Propylene X SB UF 14000 4700

| Ammonia | . _[Head on | sB | RF lusknown unknown | | | Jghe o)
LPG 7 X DT UH Unknown 2400  [Unknown X

ﬁ .(A_?,‘ - 23?:" v - Dé RR Unknown Unknow;”w-w B S A )
LPG X SB UM 13454 Emptyﬂ ‘ o -

G |Tragtor | | | | o | ur |unknown fumknown | | x | L -
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APPENDIX B
STATIC ROLL MODEL

This appendix deals with the roll plane model which was developed for
the purpose of estimating the rollover thresholdsof the candidate tank
vehicles. The essential features of the model and the assumptions made in
deriving the equations are included in Section 4.1.3. In this appendix,
the method adopted for computing the rollover threshold is first described;
following which, the set of 10 static equilibrium equations which are needed
to solve for the roll equilibrium of the vehicle are derived. Then, the
parameters needed to describe the candidate vehicle configurations are
Tisted. A computer program which can be used for computing the steady
turning rollover thresholds of multiaxled vehicles is listed at the end of
the appendix.

B.1 Method of Solution

The calculations begin with the vehicle in the upright position.
Initially, the lateral acceleration, the sprung mass roll angle, and the
axle roll angles are all set to zero. The sprung mass roll angle is then
increased in small increments. For each increment of the sprung mass roll
anale, a set of 10 linear static equilibrium equations are solved to
determine the changes in the roll angles of the axles, the vertical dis-
tance of the axles above the ground Tevel, and the vertical distance between
the sprung mass and each of the three axles.

The equations are of the form:
[A] {ax} = {bloe, (1)

where the elements of [A] (a 10 x 10 matrix) and {b} (a vector of size
10) are functions of the vehicle parameters, and

T
]

{ax} = [Aay, Do, 5 Bb 5 Db 5 AZy, D2y, 824, 020 s 0Zp 4 A2 ;

1 Uy g T T

In the computer program, Equation (1) is solved for each small incre-
ment of the sprung mass roll angle, b~ As the calculations proceed
through a series of equilibrium positions, the matrices [A] and {b} are



continuously updated to reflect changes in the roll properties of the
vehicle, due to nonlinearities in the suspension system, and due to loss
of contact at the tire-road interfaces.

The calculations are terminated when the sprung mass roll angle
reaches a level at which the tires on one side of the tractor rear axle
as well as those on one side of the trailer axle are completely lifted off
the ground. The highest lateral acceleration level achieved in this com-
putation is termed as the rollover threshold.

B.2 Static Equilibrium Equations

There are a total of 10 static equilibrium equations needed to define
the roll equilibrium of the vehicle at any given lateral acceleration.
The equations are derived below. The symbols used in the equations are
defined in Table B.1.

B.2.1 Rolling Moment Equation for the Sprung Mass. Taking moments

of all the external forces acting on the sprung mass (see Fig. 4.13 in
Section 4.1.3) we get

3 3
> (F.,-F..)s. cos(¢ -6 ) - Z: F, z, cos(e_-¢ )
o B LIRS A s Ty ;1 RyR, s Tuy

3
E (Fiy#Figlzg, sinlogs, ) = 0 (2)

Applying the small roll angle assumptions

1}

ﬂn@s¢ui) @S¢UJ

1.0 in (2)

fn

and cos@bsdbui)

we get

10




Table B.1. Definition of Symbols

W Weight of the sprung mass (1b)
W, Weight of the jth unsprung mass (1b)
i
WAXLi Load carried by the axle i (1b)
Fy The total lateral force reacted at the tire-road
! interface of axle i (1b)
FR The lateral force acting through the roll center,
! Ry (1b)
Fij The vertical load carried by the jth suspension spring
on axle i (1b)
FT The vertical load carried by the jth tire on axle i (1b)
ij
rs Radius of the tires on axle i (in)
Z Vertical distance from the axle c.g. to the roll center,
Ri (in)
Z; Vertical distance from the ground plane to the c.g. of
! the axle (in)
Zp Vertical distance from the sprung mass c.g. to the roll
! center, Ri (in)
He Height of the sprung mass c.g. above ground level (in)
HRi Height of roll center, Rj, above the ground plane (in)
S Half spring spacing at axle i (in)
Ti Half the track width of the inner tires on axle i (in)
*Ai Lateral distance between the dual tires on axle i (in)
ay Lateral acceleration of the steady turn (g's)
b Sprung mass roll angle (rad)
¢u. Ro11 angle of the 1th unsprung mass (rad)
j
KT Vertical rate of the jth tire on the composite axle i (1b/in)
N
**Kii Vertical rate of the jth suspension spring on axle i (1b/in)




Table B.1. (Cont.)

Notes:

*In the case of single tires, Ai is set to zero and a vertical
tire spring rate value (KT ), which is half the value for the single
1
tire, is used.

**Kij is not an input parameter. The computer program calculates the

local spring rate at any given deflection, based on the tabular input of
spring data.




o

—_
1]
—_—

—)

3
2 (Foq = Fiplsy -

3
= It i * Fiplzg logmey )= 00 (3)

i=1 i i

The effect of a small increment of the sprung mass roll angle, from a aiven
equilibrium condition, can be studied by writing the above equation in the

form:
3 3
> (aF, i1-4F 1) }: AFp z + >0 AF ;+OF 1 )zo. (¢S-¢u )
i=1 i=1 i i
3
+ 1% (F]-1+F1-2)2R1_(A¢S~A¢ui) = 0 (4)

The changes, AF j? in the suspension spring forces can be related to

the deflection, B9 A¢u , and AZ,s by the equation
i

3F ..
= 1 ___Jl ___;L
FigTas Mt Ms T My, (5)

'I

Equation (5) can be expanded and written for the left- and right-hand
side suspension springs. If the local spring rate is K . for the spring ij,

we get

8Fi = Kyp 8zy - Kyy s;08 + Ky 580y, (6)
and

0Fip = Kip 825 + Kip 3860 = Ky 5500, (7)

;
The increment in the lateral force, FR , 1s given by the equation

= (! - - -
AFR. (MAXLi Nu.)Aay (WAXLi wu_)A¢u_ (8)
i i i i

Upon substituting (5), (7), and (8) into (4), we get the sprung mass roll
equation for a small increment in the roll angle, from a given equilibrium

condition:

13



3 3 :
[’ 2 (Ki#ilst + B (Fypiplzg = & (Kypkyplsizg (¢s'¢ui):| 4

i =1 i

3
2 - - -
+,:.Z<(K11+K12)51 F AL Wy Jzp * (K Kyp)sizg (85-ey )

- (Fi1+F12)zRi>A¢ui:]

3
; [}E% <(K11'K12) i+ K *yplzg (og-s, )) {]

3
- 2 (WAXL.-W )z, 4a_ = 0.0 (9)
i=1 1 Ui Ri Y

B.2.2 Rolling Moment Equations for the Unspruna Masses. Taking moments
of all the forces acting on axle i, about the mass center of the axle, we
get

4S. + F.os. + (Fo -Fp )(T.+A.)cos ¢ + (F. -F. )T. cos ¢
174 1271 Ti] T].4 i us T1.2 T1.3 i uj

+F. +F_ Jr.sin¢ = 0.0 (10)
T Ti4 i Uy

Applying the small angle assumption to (10) we get

(- FiqtF

i*Figls; + (F

'FT14)(T1+A1) * (FTiZ'FT. )Ty * Fpzy * Fy 27

T i3 i i i

il
+ (F +Fr +F. +F_ )r.¢ = 0.0 (11)

Ty Ti2 Tig Tia' 1y

For a small increment in the sprung mass roll angle, Equation (11)
can be rewritten as

(- AF. #aF.,)s. + (AF +aF+ )(T.+A,) + (aF. -aF,. )T, + F, Az.
il i2'7 Tﬂ T12 i T1.2 T1.3 i Ri ]

Y

i2

+ AFR.Zi + AFy.ZT. + (AFT.

i i i il T

Ti3

+ (FT o +Fo +F Jr.a¢ = 0.0 (12)
il i2 i

14



The changes in the tire loads, FT , can be related to the deflec-

1J
tions, b9, and Azg . The equations are of the form:
i i

AF. = - Ko (T.#+A.)ae + Ko Az (13)
Tj] Ti] T, Ti] Ti

AF = - Ky T. ¢ + Ko Az (14)
Tio Tz V¥ T

AF =K T. a6 + Ke Az (15)
Tig Tyg @ Uy Ty Ty

AF = Ky (T.+A.)a¢ + Ko Az (16)
Tig  Tig 1077701 Ty Ty

Upon substituting (6), (7), (8), (13), (14), (15), and (16) into (12),
we get the unsprung mass roll equations, for a small increment in the roll
angle of the sprung mass:

20 - 2 .- -
(K”+K1.2)S1.A¢S [(K11+K12)Si WAXLjri (NAXLi Wu )Zi + (KT.

+K )(Ti+A1.)2
i il

Tia

2 (K. .- - . -
+ (KT12+KT13)T11A¢U1 + [ (Ki] Kiz)si + (NAXLi wui) (ay ¢ui)]AZi

+ [(KT 'KT )(T1+A1) + (KT -K

)T. + WAXL. + a Jaz
i1 i ‘ Ty

i

i 43

- [(WAXLi'wui) + HR. + w“iZTi]Aay = 0.0 (17)

B.2.3 Equations for the Bounce of the Sprung Mass with Respect

to the Axles. If the sprung mass is to maintain an equilibrium along the

ku axis, it has to satisfy three equations which are of the form:
i

F.. + F., = (WAXLj-wu )cos b, * (WAXLi'wu )ay sing, (18)

il iz i 1 1 i
Applying the small angle assumption to (18) we get:

Fiqg + Fip = (WAXLi-wui) + (WAXLi—wui)ay¢ui

(19)

For a small increment of the sprung mass roll angle, Equation (19)
can be written as




0Fip + aF, = (NAXLi-wui)Aay oy (WAXLi-wui)ay N (20)
Substituting (6) and (7) into (20), we get
(Kiq+Kiplozy = Ky =Kyp)s e + (Kil'Ki2)51A¢ui
= (WAXLj-wu.)qau . Aay + (WAXLi-wu.)ay ey (21)

1 i j i

B.2.4 Equations for the Vertical Displacement of the Unsprung Masses

with Respect to the Ground Plane. The vertical load carried by each axle

is assumed to remain constant during a rollover. Therefore, if equili-
brium is to be maintained, in the vertical direction, each axle has to
satisfy the equation:

(F +F. +F. +F. ) = WAXL. (22)
T Tiz iz Tig 1

For small increments in the sprung mass roll ang]e,(22) can be rewritten
as

AF + oF

i2

+ AF + AF = 0.0 (23)

T T Tis Tia

Upon substituting (13)-(15) into (23) we get

[-Ke (T.+A.) - Ko T, + Ko T, + Ko (T.+A.)]a0
Ti] i T].2 i T1.3 i T1.4 i uj

+ (Ko +K

il

+K
i2

T )AzT = 0.0 (24)

T i4 i

T T

i3
The set of 10 linear equations which define the roll behavior of

the vehicle, for small increments of the sprung mass roll angle away from

equilibrium conditions, can now be formed. They are the sprung mass roll

equilibrium Equation ( 9) and three equations each of (17), (21), and

(24), respectively.

16



B.3 Parameters for Candidate Vehicle Configurations

The parameters which were used to define the candidate vehicle con-
figurations are listed in Tables B.2 and B.3. The parameters are for
vehicle combinations that have 96-inch wide tractors and 102-inch wide
trailers. The symbols used in Tables B.2 and B.3 are defined in Table
B.1. The spring characteristics of the suspension springs on the tractor
front axle, tractor rear axle, and the trailer axles are shown in Figures
B.1, B.2, and B.3, respectively.

B.4 Computer Programs for Calculating Rollover Thresholds

A computer program which was used for calculating the rollover
threshold of the candidate vehicles is listed at the end of this appendix.
The roll equilibrium equations—Equations (9), (17), (21), and (24)—are
utilized in the computer program. The program is coded in the FORTRAN
language. The symbols used for the vehicle parameters are the same as
those listed in Table B.1.

In the program, the parameter "DELPH" defines the increment of sprung
mass roll, b for which the static equilibrium equations are solved. A
roll angle increment of 0.02 degree was found to be sufficient for pro-
ducing accurate results. The parameter XPRINT defines the interval,in the
sprung mass roll for which the roll response of the vehicle is printed
out.

17
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' 1500 4
i
-"10 -d
¥ ; .
Tension 1 1.0 Compression
, DEFLECTION —~
: (in)
+-1500
Figure B.1. Tractor front suspension spring,
SPRING #2 conaRCE (b
Tension l Compression
-2.5 -1.5 1.0
LASH, DEFLF:‘CTION—‘-
(in)
+ -40Q00
Figure B.2. Tractor rear suspension spring.
SPRING #3 FORCE (Ib)
14000 4
l
Tension I Compression
-1.5 -0.5 .0
I I DEFLECTION —
‘ (Iﬂ)
--4000
Figure B.3. Trailer suspension spring.
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W OO~ OVUL& WM

COMPUTER PROGRAM FOR CALCULATING ROLLOVER THRESHOLDS

C

C PRCGRAM FOR COMPUTING RCLLANGLE-LATERAL ACC'N RELATIONSHIP
C FOR A 3AXLE VEHICLE

C
C

OO0

(@]

(@]

COMMON FORC(3,10), CEL(3,18), NUM(3)
DIMENSION AA(16,10), F(10), HEAD(20)

REAL*4 KT1l, KTl12, KT13, KTl4, KT21l, KT22, XT23, KT24, K11, K12,
1 K21, K22, KT31l, KT32, KT33, KT34, K31, K3z

XNEG = -9999.90
READ (5,70) HEAD
WRITE (6,80) HEAD

REAC (5,90) WUl, wWU2, WU3, WAXLl, WAXLZ, WAXL3, Ti, Al, T2, A2,

173, A3, si, s2, S3

READ (5,98) 2ZRl, ZR2, 2R3, 21, 22, 23, HRl, HR2,
READ (5,96) KT11l, KT2l, KT3l

READ (5,90) DELPH, XPRINT

INITIALIZATIONS
Rl = HRl - 21
R2 = HR2 - 22
R3 = HR3 - 23
KT12 = KT1l
KT13 = RTll
KT14 = KTI1l
KT22 = KT2l
KT23 = KT21
KT24 = KT21
KT32 = KT3l
KT33 = KT31
KT34 = KT31
TEMP = 0.9
TICK = 0.8

AY = 0.9
DELPHl1 = DELPH
DELPH = LELPH / 57.2958
PHIS = 0.8
PHIUL = 0.0
PHIU2 = 0.0
PHIU3 = 0.0

WSINI = (WAXLl - wUl) / 2.8
CALL SPRING(1, WSINl, DELS1l)
DELS12 = DELS1l

2Ul = DELS1l

WSIN2 = (WAXL2 - WU2) / 2.3
CALL SPRING(2, WSIN2, DELS21)
DELS22 = DELS21

202 = DELS21

WSIN3 = (WAXL3 - wWU3) /
CALL SPRING(3, WSIN3, D
DELS32 = DELS31

U3 = DELS3l

b}
3

2.
ELS21)

WTINl = WAXLLl / 4.0
DELTI1l = WTINl / KT1.
CELT12 = DELTII
DELT13 = DELTIL
CELT14 = DELTI1

IZT1 = DELTI1

WIIN2 = WAXL2 / 4.00
CELT21 WTIN2 / KT21
DELT22 CELT21
CELT23 DELTZ1
CELT24 DELTZL

=
ZT2 = DELTZ2L

21
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117
118
119
120
121
122
123
124
125
126
127
128
129
132
131
132
133
134
135
136
137
138
139
148

aO0n0

WTIN3 =
DELT31
DELT32
CELT33
DELT34

oo

WAXL3 / 4.00
WTIN3 / KT31
DELTZ1
DELT31
DELT21

2T3 = DELT31

19 CONTINUE

CALL STIFF(1,
CALL STIFF(1,
CALL STIFF(2,
CALL STIFF (2,
CALL STIFF(3,
CALL STIFF(3,

IF (DELTI1

IF (DELT12

IF (DELT21

IF (DELT22

IF (DELT31
IF (DELT32

.LE. @

.LE. 0.0) KT12

.LE. @

.LE. 0.0) KT22
.LE. 0.0) KT31
.LE. 8.0) KT32
IF ((KT2l + RT22 + KT31 + KT32

IF ((KT21 + KT22)
TF ((KT31 + KT32)

GO TO 3

]

20 CONTINUE

IF (TICK .EQ. #.8) WRITE (6,166) AY, SPMASS, USPMl, USPM2, USPM3,
1DELT21, DELT22, DELT23, DELT24, DELT31, DELT32, DELT33, DELT34,

2zu1, 2U2, 203, 271, 2

TICK = 1.0

30 CONTINUE

DG 48 J =1, 10

DELS11,
DELS12,
DELS21,
DELS22,
DELS31,
DELS32,

.0)
.0)

K11, Fll)
K1z, Fl2)
K21, F21)
K22, F22)
K31, F31)
K32, F32)
KT11 0.0

KT21 =

.EQ. 0.8) GO TO 28
.EQ. 08.0) GO TC 20

T2, ZT3

.EC. 0.8) GO TO 68

*

* T1 + WAXL1 *

*

*x T2 *

*

F(J) = 0.0
N 461 =1, 10
40 AA(I,J) = 8.8

AA(1,1) = -((WAXL1l - WUl)*ZRl + (WAXL2 - WU2)*ZR2 + (WAXL3
1ZR3)

AA(1,2) = (K11 + K12) * sl * Sl + (WAXLl - WUl) * ZR1 * (1
1PHIS - PHIUl)) = (F1l + F12) * ZR1

AA(l,3) = (K21 + K22) * s2 * S2 + (WAXL2 - WU2) * ZR2 * (1
1PHIS - PHIU2)) =~ (F21 + F22) * ZR2

AA(1,4) = (K31 + K32) * S3 * S3 + (WAXL3 - WU3) * ZR3 * (1
1PHIS - PHIU3)) - (F31 + F32) * 2R3

AA(1,5) = (K11 - K12) * sl

AA(l,6) = (K21 - K22) * s2

AA(1,7) = (K31 - K32) * S3

AA(2,1) = -(WAXL1l - WUl) * HRl - WUl * (HRI - Z1)

AA(2,2) = -(K11 + K12) * sl * S1 + WAXL1 * Rl + (WAXLl - WU1)
121 - (KT1l + KT14) * ((T1 + Al)**2) - (KT1l2 + KT13) * Tl * Tl

AA(2,5) = -(K11l - K12) * S1 + (WAXL1l - WCl) * (AY - PHIUI)

AA(2,8) = (KT1l - KTl4) * (T1 + Al) + (KT12 - KT13)

1 Ay

AA(3,1) = -(WAXL2 - WUZ) * HR2 - WU2 * (HRZ - Z2)

AA(3,3) = -(K21 + K22) * S2 * S2 + WAXL2 * R2 + (WAXL2 - WU2)
122 - (KTZ1 + KT24) * (T2 + A2) * (T2 + A2) - (KT22 + KT23)
2T2

AR(3,6) = -(K21 - K22) * S2 + (WAXLZ - WU2) * (AY - PHIU2)

AA(3,9) = (KT21 - KT24) * (T2 + AZ) + (KT22 - KT23) * TZ + WAXL2 *
1 AY

AA(4,1) = -(WAXL3 - WU3) * HR3 - WU3 * (HR3 - Z3)

AA(4,4) = =-(K31 + K32) * 53 * 53 + wAXL2 * R3 + (WAXL3 - WU3)

22



141 123 - (KTI31 + KT34) * (T3 + a3) * (T3 + A3) - (KT32 + KT33) * T3 *
142 2T3

143 AA(4,7) = -(K31 - K32) * 53 + (WAXL3 - WU3) * (2Y - PHIU3I)

144 AA(4,19) = (KT31 - KT34) * (T3 + A3) + (KT32 - KT33) * T3 + WAXL3
145 1* Ay

146 C

147 AA(5,1) - (WAXL1 - WUl) * PHIUl

L ]

148 AA(5,2) K1l * 51 - K12 * S1 - (WAXLl - WUl) * Ay
149 AA(5,5) K1l + K12

158 C

151 AA(6,1) = -(WAXL2 - WU2) * PHIU2

152 AA(6,3) = K21 * 82 - K22 * S2 - (WAXL2 - WU2) * Ay
153 AA(6,6) = K21 + K22

154 C

155 AA(7,1) = -(WAXL3 - WU3) * PHIU3

156 AA(7,4) = K31 * S3 - K32 * §3 - (WAXL3 - WU3) * Ay
157 AA(7,7) = K31 + K32

156 C

159 AA(8,2) = (-KT1l + KT14) * (T1 + Al) - (KT12 = KT13) * Tl
160 AA(8,8) = KT1l + KT12 + KT13 + KT14

161 C

162 AA(9,3) = (-KT21 + KT24) * (T2 + A2) - (KT22 - KT23) * 72
163 AA(9,9) = KT21 + KT22 + KT23 + KT24

164 C

165 AA(16,4) = (-KT31 + KT34) * (T3 + A3) - (KT32 - KT33) * T3
166 AA(18,18) = KT31 + KT32 + KT33 + KT34

167 c

168 F(l) = =(=(K1l + K12)*S1*S] =~ (K21 + K22)*S2*S2 + ((F1ll + Fl2)*
169 1ZR1 + (F21 + F22)*ZR2 + (F31 + F32)*ZR3) - (K31 + K32)*S3*S53) =
178 2DELPH

171 F(2) = =(R11 + K12) * sl * S1 * DELPH

172 F(3) = =(K21 + K22) * S2 * S2 * DELPH

173 F(4) = =(K31 + K32) * 3 * S3 * DELPH

174 F(5) = -(-K11#*S1 + K12*Sl) * DELPH

175 F(6) = -(-K21*S2 + K22*S2) * DELPH

176 F(7) = -(-K31*S3 + K32*S3) * DELPH

177 50 CALL SIMQ(AA, F, 1@, IER)

178 C

179 AY = AY + F (1)

180 PHIUl = PHIUl + F(2)

181 PHIU2 = PHIU2 + F(3)

182 PHIU3 = PHIU3 + F(4)

183 21l = 21 - F(5)

164 22 = 22 - F(6)

185 23 = 23 - F(7)

186 HRl = HRl - F(5) - F(8)

187 HR2 = HR2 - F(6) - F(9)

188 HR3 = HR3 - F(7) - F(l8)

189 2U1 = 2Ul + F(5)

199 2U2 = ZU2 + F(6)

191 U3 = ZU3 + F(7)

192 IZT1 = 2T1 + F(8)

193 2T2 = ZT2 + F(9)

194 273 = 273 + F(16)

195 PHIS = PHIS + DELPH

196 TEMP = TEMP + DELPH]

197 SPMASS = PHIS * 57,2958

198 USPM1 = PHIUl * 57.2958

199 USPM2 = PHIU2 * 57.2958

200 USPM3 = PHIU3 * 57,2958

201 C

202 DELS1l = 20Ul - 81 * (PHIS - PHIUL)

263 DELS12 = 2Ul + S1 * (PHIS - PHIU1)

204 DELS21 = 2U2 - S2 * (PHIS - PHIJ2)

205 DELS22 = ZU2 + S2 * (PHIS - PHIU2)

206 DELS31 = ZU3 - S3 * (BHIS - PHIU3)

287 DELS32 = 203 + S3 * (PHIS - PHIU3)

208 DELT1l = -(T1 + Al) * PHIUl + Z2T1

209 DELT12 = -T1 * PHIUl + 271

219 CELTI3 = T1 * PHIUl + 2T1

23



21l
2lz
213
214
215

273
274
275
275
277
278
279
289

OOOOO00

(@]

OO0 OO0

O

70
gd
90
100

SUBROUTINE SPRING

khkkhkkkkkk kkkkxk

NELT14
CELT21
DELT22
DELT23
CELT24
CELT31
CELT32
DELT33
DELT34

IF (ABS(TEMP)

L I 'R T T ]

(Tl + Al) * PHIULl + 2Tl
(T2 + A2) * PHIU2 + ZT2

-T2 *

PHIU2 + 2TZ

T2 * PHIU2 + 2T2

(T2 +

A2) * PHIUZ + 2T2

-{T3 + A3) * PHIU3 + ZT3

-T3 *

PHIU3 + 2T3

T3 * PHIU3 + 2T3

(T3 +

.GE. ABS{XPRINT)) WRITE
luspM2, USPM3, DELT21, DELT22, DELT23, DELT24,

A3) * PHIU3 + ZT3

2LELT33, DELT34, IUl, zu2, 2U3, 2T1, 32T2, T3
0.9

IF (ABS (TEMP)

GO TO 14
60 CONTINUE
WRITE (6,100) AY, SPMASS, USPMl, USPM2, USPM3, DELT21, DELT22,
1DELT23, DELT24, DELT31, DELT32, DELT33, DELT34, 2ZU1, 202, U3,
2211, 272, 1IT3

WRITE (6,100)

STOP
FORMAT
FORMAT
FORMAT
FORMAT
END

(20A4)

(T1,

.GE. AES(XPRINT)) TEMP =

ANEG

'DATA FTROM: ', 20A4)

(16F18.2)
(Tl, 20Fl9.3)

CALLED BY MAIN FOR COMPUTING THE STATIC

CEFLECTIONS OF THE SUSPENSION SPRINGS.

SUBROUTINE SPRING(N, W, DELS)
COMMON FORC(3,18), DEL(3,14), NUM(3)
READ (5,40) NUMBER

NUM (N)

DO 10 I =
READ (5,58)

= NUMBER

1, NUMBER

FORC(N,I), DEL(N,I)

DO 20 J = 1, NUMBER
IF (W .LT. FORC(N,J)) GO TO 3@
20 CONTINUE

(6,180) AY, SPMASS, USPMI,
CELT31, DELT3Z2,

39 CELS = DEL(N,J - 1) + ((W - FORC(N,J - 1))*(DEL(N,J) - LEL(N,J =
11))/(FORC(N,J) .

40

RETURN
FORMAT

END

(12)
50 FORMAT (2F18.3)

SUBROUTINE STIFF

kkhkkhkhkkdk kkkkk

19

20

- FORC(N,J - 1)))

CALLED BY MAIN FOR COMPUTING THE LOCAL STIFFNESS
OF THE SUSPENSION SPRINGS AT ANY GIVEN CEFLECTICN.

SUBROUTINE STIFF(N, CELS, XK, XF)
COMMON FORC(3,16), DEL(3,18), NUM(3)

NUMBER

NUM (N)

DO 14 I = 1, NUMBER :
Ir (DELS .LT. DEL(N,I)) GG TO 29
CONTINUE

XK = (FORC(N,I)
XF = FORC(N,I - 1) + ((DELS - DEL(N,I =~
1- 1))/ (CEL(N,I)

RETURN
END

- FORC(N,I - 1)) / (DEL(N,I) - CEL(N,I

- DEL(N,I - 1))

24
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APPENDIX C
EQUATIONS OF MOTION FOR THE YAW/ROLL MODEL

The differential equations which govern the yaw and roll motions
of a multiple articulated vehicle will be derived in this appendix.
In the model, each sprung mass is treated as a rigid body with five de-
grees of freedom, namely: lateral, vertical, yaw, roll, and pitch.
Since the forward velocity of the lead unit (or the tractor) is assumed
to be constant, no longitudinal degree of freedom is incorporated in the
equation of motion for the sprung masses. The unsprung mass degrees of
freedom are the roll and bounce of each unsprung mass with respect to
the sprung mass to which it is attached.

The equations are formulated such that the computer code does not
place any limitations on the number of sprung and unsprung masses. The
kinematic constraints between the sprung masses are treated in such a
fashion that the computer code can be easily modified to accommodate any
kind of constraint.

In order to simplify the equations, it is assumed that the pitch
angles of the sprung masses and the relative roll angles between the
sprung and unsprung masses are small. Further, the principal axes of
inertia of the sprung and unsprung masses are assumed to coincide with
their respective body fixed coordinate systems.

The discussion to follow is organized under the following sub-
headings:

1) Axis systems

2)  Suspension forces

3) Equations for the sprung masses

4)  Equations for the unsprung masses

5) Constraint force and mement equations

6) Tire forces

25



C.1  Axis Systems

Three types of axis systems are used in the process of developing
the equations of motion. They are: (1) an inertial axis system fixed
in space, (2) an axis system fixed to each of the sprung masses, and
(3) an axis system fixed to each of the unsprung masses. Figure C.1
shows the axis systems for a four-axle, multiple-articulated vehicle
with two articulation points, C] and C2, respectively.

Euler angles are used to define the orientation of the sprung and
unsprung masses with respect to the inertial axis system. Since all
sprung mass axis systems are defined alike, the axis transformation equa-
tions are given below for only one sprung mass. For the same reason,
the transformation equations for the unsprung mass axis systems are
derived for a single unsprung mass. The symbols used in the derivation
of the equations are defined in Table C.1.

C.1.1 Sprung Mass Axis System. The three Euler angles of yaw
(ws), pitch (es), and roll (¢S
orientation of each of the sprung mass axis systems are shown in

) which are needed to describe the

Figures C.2, C.3, and C.4, respectively.

The transformation equation between the inertial and sprung mass
axis systems can be derived using the three sequential steps of rotation
which are illustrated. For the yaw rotation, Vs

?n -cos ws -sin ws 0- E]
;n = sin be cos b 0 j] (1)
En | 0 0 1 E]
or
> > > T > > >
Upadpokyd = Lagyd Gipsdpakyd (2)

For the rotation, 8> illustrated in Figure C.3
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Figure C.1. Axis systems for an articulated vehicle with three sprunqg masses and four unsprung masses.



Table C.1. Definition of Symbols

b Sprung mass roll angle (rad)

b Sprung mass yaw angle (rad)

8 Sprung mass pitch angle (rad)

by Unsprung mass roll angle (rad)

by Unsprung mass yaw angle (rad)

oy Unsprung mass pitch angle (rad)

Pe Roll rate of the sprung mass (rad/sec)

qq Pitch rate of the sprung mass (rad/sec)

re Yaw rate of the sprung mass (rad/sec)

P, Ro11 rate of the unsprung mass (rad/sec)

a, Pitch rate of the unsprung mass (rad/sec)

ry Yaw rate of the unsprung mass (rad/sec)

Ug Longitudinal velocity of the sprung mass
c.q. (in/sec)

Ve Lateral velocity of the sprung mass c.qg.
(in/sec)

We Vertical velocity of the sprung mass c.qg.
(in/sec)

Ehs Acceleration of the sprung mass c.g. (in/sec?)

gm Acceleration of the unspruna mass c.g. (in/sec?)

u

me Mass of the sprung mass (1b-sec?/in)

m, Mass of the unspruna mass (Tb-sec2?/in)

(.. .. ,1__) Roll, pitch, and yaw moments of inertia of

xx_’yy.’ 2z
S s S the sprung mass (1b-in-sec?)

I I._) Roll, pitch, and yaw moments of inertia of
XXy, 2z,
the unsprung mass (1b-in-sec?)
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Gy,
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FRi

ji

KRS

Table C.1 (Cont.)

Half of the lateral distance between suspension
springs on axle i (in)

Half of the lateral distance between the inner
tires on axle i (in)

Dual tire spacings on axle i (in)

Vertical distance from the roll center Ri
to the ground plane (in)

Vertical distance from the sprung mass c.g.
to the roll center of axle i (in)

Longitudinal distance from the sprung mass
c.g. to axle i (in)

Vertical distance from the roll center Ri to
the c.g. of axle i (in)

Lateral force produced at the tire-road inter-
face of the jth tire on axle i (1b)

Vertical force acting at the tire-road inter-

.th

face of the j~ tire on axle i (1b)

Aligning torque generated at the tire-road

th

interface of the j~ tire on axle i (in-1b)

Force acting throuah the roll center Ri in a
direction parallel to the Eu axis (1b)

Compressive or tensile force reacted by the
jth suspension spring on axle i. Compressive
force is assumed to be positive (1b)

Auxiliary roll stiffness of the suspension
springs on axle i (in-1b/rad)

Acceleration due to gravity (386.4 in/sec?)
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Euler angles needed to define the orientation of each of the
sprung mass axis systems.
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g - - ->
l] cos es 0 sin es lz
j] = 0 1 0 jz (3)
k] L -sin es 0 cos es_ k2
or
T T 0T <72 T
{]],J]’k]} = [b_ij.] {129J23k2} (4)

On similar lines, the roll rotation illustrated in Figure C.4 yields

> - - -
i 1 0 0 ls
iz = 0 Cos ¢, -sin b is (5)
k2 bO sin ¢s cos ¢s_ kS
or
S I T B > x> T
{129329k2} - [Cij] {1S’J5’ks} (6)

The transformation matrix which is needed to relate the sprung
mass axis system and the inertial axis system can now be obtained by
combining (2), (4), and (6). Doing so, we get

>+ > T > 0T

where [A;51 = [a;;] [bij] [cij]

Sprung mass pitch angles are usually restricted to very small values,
during directional maneuvers, hence sin 6, can be replaced by 8¢ and
cos 6, by 1.0 in the transformation equations. Expanding (7), we get:
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n
- - -
-sin 0S ¢ _+ i i i + i
cos b Ve 9 *cos wsess1n ¢ sin y sin ¢ +cos wsescos b ls
cin b . ) . e .
v Cos y COSs ¢ *+sin v B .Sin ¢ cos y sin o +sin ¥ 8.C0S ¢, is
-9 sin
RS o COS o4 i ks
(8)
Also
>
Ts
-
JS =
>
ks
r -
cos i -6 ] i
b sin . es 1n)
> «
-sin ¥ _cos ¢ _+co i +sin 4 i i j
b co 9 +Cos v o Sin ¢ €Os ¥ .COS ¢ *sin ¢59551” b sin ¢, ins
. ; N ) . rei
_51n vSin ¢ +cos wsescos 4 cos . sin ¢ +sin v 6 .COS o, cos ¢ kn

Sprung Mass Anaular Velocities:

The equations of motion of each sprung mass are written in terms
of the body-fixed angular velocities (ps,qs,rs) and their derivatives.
In order to determine the Euler angles, the Euler angular velocities
(és,és,is) have to be calculated from the body-fixed angular velocities
(ps,qs,rs) and then integrated numerica]ly. The Euler angular velocities

(és,és,és) are defined along the (?S,Ez,kn) directions. Therefore,
equating the body-fixed and Euler angular velocities, we get
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> > -> -> >
1

>
pSiS ¥ qSJS ¥ rSkS ) ¢S S ¥ eSJZ ¥ wskn (]O)

From (5) we note that

Jp = cos o, - sin ok
Also (8) indicates that
kn = -esis + sin b + cos ¢sks (12)
Substituting (11) and (12) into (10) we get
pig = (8 - 8.0 ) 1¢ (13)
g = (8, cos o + sin o) J (14)
K= (-5 sin o+ K 15
rsks = (-es sin o+ b cos ¢s) kS (15)

The above three equations can also be written for solving the
Euler angular velocities in terms of the body-fixed angular velocities

(Ps,qs,rs). In doing so, we get:

by = Pt (qssin 6, * r.Cos ¢s)eS (16)
8 = Q.C0s ¢ - rsin ¢ (17)
by = agsin o+ r.cos o (18)

Therefore, Equations (16)-(18) can be numerically integrated to obtain
the Euler angles at any time t of the simulation.
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C.1.2 Unsprung Mass Axis System. No pitch degree of freedom has

been incorporated in the unsprung mass equations. Each unsprung mass is
permitted only to roll and bounce with respect to the sprung mass to
which it is attached. The orientation of the unsprung mass with respect
to the inertial axis system is therefore defined by the yaw angle, Vo
and the roll angle, oy shown in Figure C.5 and Figure C.6, respectively.
Below, we shall derive the transformation equation which relates the

axis systems located in the sprung and unsprung masses, respectively.

Figure C.6 indicates that

i 7 >
<+ .
1u 1 0 0 1]
3y = 0 cos o, sin ¢, j] (19)
> . ->
ku _0 -sin ¢u cos ¢u, k]

When Equations (3) and (5) are combined, we have

1

> =+
'I-l 15
L N CFN B (% i (20)
g >
k1 ks

Therefore, combining Equations (19) and (20) and substituting for [bij]

and [Cij]’ we get

- - - ->
i, 1 ess1n ¢s escos 9 ls
gt = |egsine,  coslog-e,) -sin(e -6 ) Jg (21)
ku -8C0S ¢ s1n(¢s-¢u) cos(¢s-¢u)_ kS
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Euler anqgles needed to define the orientation of each of the
unspruna masses.
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C.2 Suspension Forces

Each suspension is assumed to consist of a pair of linear springs
and Tinkages which establish a roll center, Ri' Figure C.7 is a
schematic diagram showing that the suspension springs are assumed to
remain parallel to the E”i axis of the unsprung mass, and are capable
of transmitting either compressive or tensile forces only. All roll
plane forces which are perpendicular to the suspension springs are
assumed to act through the roll center, Ri‘ The roll center, Ri’ is

located at a fixed distance, ZR , beneath the sprung mass, and is per-
i
mitted to slide along the Eu axis of the unsprung mass. Figure C.7
.i
shows that the suspension forces transmitted to the sprung mass from any
given axle, i, are therefore

>

>
Frdu. = (Fy*hoydk,. (22)

F =
SUSP4 i i

The suspension forces can be defined in the sprung mass coordinate
system by applying the coordinate transformation expressed by Equation
(21). Upon applying the transformation, we get

-> - . >
FSuspi = FRi[-eSs1n ¢u11s + cos(¢s-¢ui)3S - 51n(¢s'¢ui)ks]
- Ryt lBagcos o i * Sm(¢s-¢ui)3's + cos(¢s-¢ui)ks] (23)

- (Fify Jsinlog-o, Mg - [Fp sinlogos, )+ (7 +Pp; Jeoslogms, kg

(24)

The force, FR , acting through the roll center, Ri’ is an internal
1‘
force which can be eliminated by inspecting the dynamic equilibrium of

the axle in the Eu direction. The equation for the Tateral equilibrium

of the axle is !
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> >
™ [qn - 1= 'FR +(F + F cos ¢,

i i i Yo i
+F  +F
Y3 Y44
-/F. +F sin ¢ +m g sin ¢ (25)
S FRE ¥ 4y Yy
+F. +F
Z3; %4
Rearranging, we get
F G -3 1+/F +F
= -m [a cJ coS ¢
R MY i Y24 U
+F  +F
Y3i Ya4
-/F + F sin ¢ b
Zy; Zys u; + muig sin u, (26)
+F. +F
237 %44

Of the terms in the right-hand side of (2€), the only unknown is

the acceleration, 3hu of the unsprung mass. Since the position of the
.i
unsprung mass is defined relative to the spruna mass to which it is

attached, the acceleration of the unsprung mass is given by:

> > > >
a = 3 +a + a (27)
My M Rfms My /R,
i i’
where Em is the acceleration at the c.g. of the sprung mass
s
ER is the relative acceleration at the roll center, Ri’
M with respect to the sprung mass c.q.
and Eh /R is the relative acceleration at the c.g. of the axle
AT

i 1 with respect to the roll center, Ri

We shall now derive expressions for each of the three terms in the
right-hand side of (27).
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The acceleration of the sprung mass along the body-fixed coordinates
> > >

(1S,Js,ks) is given by:

T o= (U +qw -rv)l +(V_ +ur -puw )3
m, s s"s T 's's’'s s “s's s

S

Y wv

* (Ws TRV - qsus) S (28)

Since the roll center, Ri’ is at a fixed distance from the sprung mass
c.g., the acceleration of R, with respect to the sprung mass c.g.

-> . 1

(aRi/ms) can be derived as follows:

¥ T+ % (29)
r = X, i z
R1./mS Ri S Ri S
i ¥ (25 007 + ( )5 k(30
v =r = (z, q )i+ (-p.2p + Xp r.)j. = Xy q
R1/mS R /mS Ri s’'s S R1 R1 S R] 5SS
> :> [' 2 2]_-)
a =y =[g.z, -x, 02 +pr.z, -x,rli
Ri/ms Ri/mS S Ri Ri S S s Ri Ri 7S
* I:'psZR. Frpret Zp 95" * XR.qspshs
i i i i
2 2 “
¥ ['pszRi ¥ XRirsps B ZRiqs N XRiqs]ks (31)

The third term in (27), 3h /R, can be derived along the same
u.’

lines as a viz.: !
P/m’ ..

s

i’
- >
r =z k (32)
my /Ry Uy
i
> —; . —!Z -
v = r =z -p z 1
mui/Ri mui/Ri usu us"usus (33)
> > M Y >
a = =z k -(p z +2p z )i -p2z k
mu1/R1 mui/R1 Ui Uy Uy Yy iUy Uj Ui Yy
+ H (34)
P r oz i
ugusTug Uy
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Hence, combining (28), (31) and (34) and transforming the
acceleration defined in the sprung mass coordinate system to the un-
sprung mass coordinate system, we get:

->

z . 1 S - . - . - 2 - 2 ]
am Ju. (us ¥ qsws rsvs ¥ quR. XR.qs ¥ psrsZR. XR.rs)esSm ¢u.
us i i i i i i
¥ (Vs *Ugrg - PgWg - psZRi ¥ XRirs * ZRiqsrs
- - I v - - p2
¥ XRiqsps) cos(¢s ¢ui) [ws ¥ ps/s qsus psZRi
* Xy rPe - 2Zp 92 - xy q 1 sin(e -6 ) -p z - 2p Z
Ri s's Ri S Ri s s U, usouy Uy U
(35)
On substituting the right-hand side of (25) for the term
> e .
(am j. ) in Equation (26), we get the following result for FR :
uj us i
- e i . i ) ) )
FRi mui{ [us ¥ 9¥s = Ts¥s ¥ quRi XRiqs ¥ psrszRi ¥ xRirs]esSm ¢ui

* (Vs T UG - PgMg - PgZp *t Xp Pe t Zp Qre o Xp qsps]cos(¢s-¢u.)

i i i I i
R - - p2 - 2 . ; -
(ws ¥ psVs qsus psZRi * XRirsps zRiqs xRiqS]s1n(¢s ¢ui)
-p oz -2 2z }+[F +F cos ¢
uj Uy Ui Uy i Yo uj
+F +F '
Y3i  Yai
JF +F sin 4 +m g sin 4 (36)
13 24 up Y us
+F. +F
Z3i %4
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C.3 Spruna Mass Equations

The five second-order differential equations for each of the
sprung masses can be written as follows.

Lateral Force Equation:

. ; .
myve - ms(pswS - rsus)-E:Js component of constraint forces
->
+§:‘js component of the suspension forces
>
+ js component of gravity

->
=st component of constraint forces

i
2
+ 2 [Fp coslog-e, ) - (Fpy#fFpy)sinog-s, )]
=i, i i i
+m.g sin o (37)

Note: For the sprung mass under consideration, the axle numbers are
assumed to vary from i] to 12.

Vertical Force Equation:

. ->
m - - = . i
g - m(aug - pv) E:ks component of constraint forces

>
+-§:ks component of the suspension forces
Y
+ kS component of gravity

>
= E:ks component of constraint forces
.i

2
- 2 [Fp sinlegma, ) + (Fyy#Fyy)cos(og-s, )]

=3
1 1

+m.g cos ¢ (38)
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Rol1ling Moment Equation:

- (I - IZZ )qsrS = Z:roll moments from the constraints

XX " Y

+-Z:r01] moments from the suspension

E:roll moments from the. constra1nts

chos -¢ 2: (Fy5#F s

1]1

j
2
+ 2: F +F s1n(¢ -4 )z
=1, S OUTR
P
+ 2 KRS (a0, ) (39)
i=i] i
Pitching Moment Equation:
Iyysqs - (IZZS - Ixxs)psr‘S = 2:p1tch1ng moments from the constraints

+Y_pitching moments from the suspension

= E:pitching moments from the constraints
1'9
+ 2, [Fp sin(o-o, )

i=1i 'I
1 1

¥ (F11+F21)C°S(¢s'¢ui)]xui

Yawing Moment Equation:

Note that the unsprung masses do not have a separate yaw degree
of freedom. Consequently, the yaw moments of inertia of the unsprung
masses are combined with the sprung-mass yaw moment of inertia to obtain
an equation applicable to the sprung and unsprung masses in combination.
Thus we write:
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17
I + 1 ro-(I.. -1 Jp.g
{1' T ZZ ZZS] S XXS yys S'’S

=) yaw moments from the constraints
i,
+ 2: ([Fq 1cos ¢”i) - (F]1.+F21.)s1n(¢s-¢ui]xui

AT * ATy,

+ AT

cos ¢S} (47)

+ AT

3i 41

Equations (37)-(41) are the governing differential equations for
the sprung masses. The equations needed to evaluate the unknown con-
straint forces and tire forces will be developed in subsequent sections.

C.4 Unsprung Mass Equations

Given that the unspruna mass is assumed to yaw with the sprung
mass, the remaining significant degrees of freedom for the unsprung
mass are roll and bounce (or jounce/rebound). The equations for the
roll and bounce degrees of freedom are given below.

Roll Moment Equation:

p=-(F.-F,.)s. -F z - [F +F cos ¢
My T2iT Ry i Yo U
+F +F
Y37 Y

-/F + F sin ¢ (HRcos ¢ -2z )

1 %y uj uj Uy

+F +F

33 Za4§

+ (F -F, )T, +a Jcos¢ + (F - F_ )T, cos ¢

z21 44 yi i Z21 231
+ KRS (¢.-0 ) (42)
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Jounce/Rebound Force Equation:

ma ++ k = m, g cos ¢u. +F.. +F

i u, i i i 1 21

(43)

The left-hand side of Equation (43) can be evaluated in a manner
similar to that shown for Equation (35). Doing so, we get:

-> —k> . . 2

a . = |- +gqQWw_ -rv. +qgz, -X

m U, [ us qs S rs S qs R. R.qs
“1 i i i

+ - 216
psrsZRi XR1.rs:| sCos ¢ui

* [vs F U = PgWg - PsZRs * XR].rs ¥ ZRiqsrs ¥ XRiqsps]S1n(¢s'¢ui)

: - _n2 - 2 _ 2 -
* [ws * psvs qsus psZRi ¥ XRirsps zRiqs xRiqS]cos(¢S ¢“i)

v (2 -p2z ) (44)

C.5 Constraint Equations

The differential equations which govern the motion of the sprung
masses (Equations (37)-(41)) contain terms which are related to the
constraint forces and moments. These constraint forces and moments arise
at the points of connection between the various sprung masses. We shall
develop a method by which these unknown constraint forces and moments
can be solved for by making use of the kinematic equations which define
the constraints.

The set of differential equations (37)-(43) which give the motion
of the sprung and unsprung masses can be written using matrix notation.
If the vehicle is composed of n sprung masses and m unsprung masses, we
would get a set of k second-order differential equations, where
k = 5n + 2m. This set of k differential equations, when written using
matrix notation, is of the form:

44



where
M is the inertia matrix of size kxk

X is a vector of the first derivative of the motion

variables of size k:

| "3
[(vis Weo oy Qes D) 5 (P 5 2
LA R R R AP U’ Tus g

y is a vector of size k, which is a function of X,

X and the dimension of the vehicle
>
fC js a vector of j unknown constraint forces and moments

N is a matrix of size kxj, which is a function of vehicle
dimensions and X.

The kinematic constraints that exist at the various connecting
points, when written as a set of acceleration constraint equations, are
of the form:

N >
Cx = d (46)

where
C 1is a matrix of size jxk,which is a function of the vehicle
dimensions and X

is a vector of size j, which is a function of ?, ?, and

a v

the dimensions of the vehicle.

We shall solve for the constraint force vector, ?c’ using Equations
(45) and (46). Firstly, if we solve (45) for X, we obtain:

Substituting (47) in (46), we get

>

§+CM‘]N?C=d (48)
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Upon solving (48) for the constraint forces, we obtain:

z -1 1 = -1 >

fo = [CM N (d-cH y} (49)
The set of differential equations given by Equation (45) can now be
solved by substituting (49) back into (45). Upon doing so, we obtain:

-1 d-cu P (50)

X o= My em Tt ne ! o
Since all the terms in the right-hand side of (50) are known, Equation
(50) can be integrated by any standard integration subroutine.

In its present form, the computer program permits four types of
constraints to be represented. They are: (1) fifth wheel, (2) inverted
fifth wheel, (3) kingpin, and (4) pintle hook. Schematic diagrams of
each of the connections are shown in Figures C.8 through C.11.

The fifth wheel and the inverted fifth wheel arrangement permit
the lead and the trailing units to yaw and pitch with respect to one
another, but are stiff in roll. The kingpin-type connection permits
only yaw motions. In the case of the pintle hook connection, the
trailing unit is permitted to roll, bounce, yaw, and pitch with respect
to the lead unit. The only constraint placed by a pintle hook is that
of lateral motion.

The roll and pitch moments transmitted through the fifth wheel,
inverted fifth wheel, and the kingpin connection can be easily evaluated
in terms of the relative roll and pitch displacements between the
adjacent units. Therefore, the acceleration constraint approach is not
adopted for solving for the roll and pitch moments. In the discussion
to follow, the acceleration constraint equations needed for determining
the lateral and vertical forces at the connecting points are developed.
Following which, the equation for the roll and pitch constraining moments,
which are based on the roll and pitch displacements, are developed
separately for the fifth wheel, inverted fifth wheel, and the kingpin
connections.
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Fiaure C.8. Conventional fifth wheel.

<>
|

=Xy 0

Figure C.9. Inverted fifth wheel

=Yy 00

Figure C.70. Kingpin

Fiqure C.11. Pintle hook
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C.5.1 Lateral and Vertical Constraint Forces. Each of the four

connections that are considered here are single point constraints. In
these connections there is a point C (see Fig. C.12), which is common

to both the lead and the trailing units, about which the articulation
takes place. The acceleration constraint equations, which are needed
for solving for the lateral and vertical forces, can therefore be formed
by equating the lateral and vertical accelerations of the point C on

the lead unit to the acceleration of the same point on the trailing unit.

The acceleration of the constraint point C on the Tlead unit is
given by the expression:

d.=lug +q w -r v+ S re 2, - x r2 ];S
%1% 1S 199 951 51514 1°1 1
+ [V +u_r -p w -p z_ +x.r_ +z_ q. r X dg T ]y
o I TS I B0 I Tt IS B I B 51 €153
+ W, *+p v, -q u_ -x G -plz +x r_p q2 1z,
S; sy spsyeysy T s ey T ey TPy T e O
=ax, ¥ b]yS t oz, (51)
1 1 1
The acceleration of the same point in terms of the trailing unit
motion variables is:
A =l +q w -r v. +3 z -x 96 +p r z -x.r2]x
+[v. +u T -p_.wW_ -p z +tx r_ +z qr +x qop ];
Sp Sy Sy 1Sy S, TSyChy TCySy  TCy'SySy  CyS,TsyTs
+w +p v, -q u -x.q -plz +x . r p -z Q2 1z
Sy Usp'Sp sy sy T episy T Tspiey T Nes)Psy T ey 2" 2
- > >
=ax +by +c,2 (52)
2"s, 2 Sy 2 Sy

Before the right-hand side of (51) can be equated with the right-hand
side of (52), the Tead unit coordinate system has to be transformed to
the trailing unit coordinate system, or vice versa.
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Referring to Equation (7), we note that

"
i3 = LG, L0y (53)
n ij°1 " sy’ Ys,? s
N 1 1 1
Ky
But
?s
2
* - T = T
JSZ = [A'j]g {1n, Ips kn} (54)
K
52

- > >
Upon eliminating the inertia vector, {i, jn, k.3, from (53) and (54),
we get:

;
52
Y s Tl d Lt L LT
Js2 [ ij“2 i3 s]’ Js]’ 5 ij s]’ Js]’ 5
>
k
Sy (55)

Elements of the matrix [Tij] can be determined using the trans-
formation matrices in Equations (8) and (9). Upon doing so, we get:

-

T11 = CO0S (ws - v )

T]Z = sin (wsi - wsj)cos ¢s]- eszsin ¢s] + sin ¢S]es]c05(w52-ws])
Ty = -sin(wsz-ws])sin b, T eszcos ‘s, + cos ¢S]631005(w52-ws])
T,y = -cos ¢szsin(w52-ws1) - es]Sin ¢52 + sin ¢52952cos(¢52-ws])
Ty = cOS ¢S]cos ¢52cos(w52-ws]) + sin ¢s]sin o
- sin ¢S]GS]COS ¢stin(¢sz-ws1) + sin ¢Szeszcos ¢S]sin(w52-wsl)
(Continued)
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T,, = -sin b COS o cos(y_. =y_ ) + cos b

sin ¢
23 1 ? 52 s] S

1 2

- COS ¢S]cos ¢Szes]s1n(w52-¢s]) - sin ¢S]s1n qsszeszsm(w52 S,

T31 = sin ¢, sin(ws -¥ ) - cos b 8 F COS o B cos(ws b )

2 2 2 31 2 2 2
Ty, = =COS ¢ Sin ¢_cos{y_ -y ) + cos ¢_ sin ¢
32 $1 Sy Sy '8 S, S1
+sin¢_sing¢_6_sin(y_ -y ) +cos ¢ cos¢_ 6. sin(v -y )
ST %251 S s ST St Sy
T33 = sin ¢S]s1n ¢52cos(w52-¢s]) + oS ¢S1cos ¢52
+cos ¢_sine_6_sin(y. -y ) -sin¢_ cos e 6 sin(y -v_ )
5 Sy 51 S, 78 5 S5 Sy Sp 8
(56)
Therefore, the constraint equations for lateral and vertical motions
are:
s, (a1Tyy + byTy, C1T23)js2 (57)
> >

32

Equations (57) and (58) are needed to evaluate the lateral and
vertical constraint forces, respectively. In the case of the pintle
hook connection, the Tead and the trailing units are free to bounce with
respect to each other. Hence, no significant constraint forces arise in
the vertical direction. Therefore, the lateral acceleration constraint
equation (57) alone is used in conjunction with a pintle hook connection.
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C.5.2 Roll and Pitch Moments for a Conventional Fifth Wheel
Connection. Figure C.13 shows the side and rear views of a conventional

fifth wheel arrangement. The fifth wheel connection permits free rota-
tional motions of the trailing unit along the pitch axis, 33 , of the lead
>

unit, and along the yaw axis, ksz, of the trailing unit. w%en the two
units are in line, the pitch axis, 352, of the trailing unit coincides

with the 351 axis. Therefore, when the relative yaw angle is zero, the
trailing unit is free to pitch with respect to the Tead unit. When the

relative yaw angle between the two units reaches 90 degrees, the roll

>

axis, 15 , of the trailing unit coincides with the pitch axis, 33 .
1

making the trailing unit free to roll with respect to the lead unit.

and E directions
1 52
are small enough that they can be neglected. The only constraining

moment that can act on the lead unit is therefore a roll moment along

Any frictional couples that exist along the 35

>

the is direction. Any roll compliance that exists in the tractor and
1

trailer structures and in the coupling device is lumped together and

represented by a torsional type of stiffness, KS , shown in Figure C.14.
1

A second set of axes (?g , 3; , K; ) affixed to the fifth wheel are also
1 1 1

defined in Figure C.14. This axis system has the same yaw and pitch

angles as those of the lead unit, but has a different roll angle, ¢; .
1
The difference in the roll angle (¢; -¢S ) represents the structural
1 7
compliance. The roll moment acting through the fifth wheel is given by
the expression

Moo= Ko (ol -6, ) (59)
51 S181 9y
The cogstruction of the fifth wheel arrangement is such that the

pitch axis, jg , 1s always perpendicular to the yaw axis, kS . In terms
1 2
of unit vectors, this condition can be written as:
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ok =0 (60)

> >
Both j; and kS can be expressed in terms of the inertial unit
1 2
vector (?n, En, En) using the transform Equation (9). Upon doing so,

Equation (60) can be written as:

(-sin ¢! cos ¢' + cos p' sine' 8' ) ?
5 5 5 Sp 8¢ N

>

cos ¢! 8¢ )

cos ' + sin y' sin &'
(cos v b ST g B ) I

1 1 1

sin ¢s] kn

1

>
+cosy_ cos 48 )i
2 52 SpSp M

sin¢_. +siny_coso_6_ )]
2 52 S Sy
[4
cos ¢
S, N

(sin by sin o

2
(-cos Vg

Upon carrying out the dot product and solving for ¢' , we get

>
sin ¢_ cos(y_ -y' ) -6 cos ¢_ sin(v_ -¢' )
- R B N N T
S 8! sin¢_ sin(y_ -y' ) + cos ¢
1 51 S5 So "84 S

(62)
2

Since ! =y and 8' =98 , we get
S1 S1 S 51

sino_ + cos(y_ -y ) -8_cos ¢ sin(v -v_)
52 529y 52 52 52 5

51 es]s1n b s1n(ipS b ) + cos 9

2 2

sin ¢_ cos(y. -y ) - 6. cos &_ sin(y
1 2 %2 ™ 57 52 52
X 51 59 es]s1n ¢st1n(w52-ws]77+ cos ¢s

2
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The constraining moments acting on the trailing unit are

M =-MT (65)
Xo X 11
and My2 = - MX]TZ] (66)

where T]] and T21 are defined in Equation (56).

C.5.3 Roll and Pitch Moments for an Inverted Fifth Wheel
Arrangement. The inverted fifth wheel is an arrangement in which the

Tower and upper halves of a conventional fifth wheel coupling are re-
versed. The inverted fifth wheel arrangement is shown in Figure C.15.

The coupler permits free rotational motion of the trailing unit
> >

along the pitch axis, js , of the trailing unit and the yaw axis, kS ,
2 1
of the lead unit. Unlike the conventional fifth wheel arrangement, the

pitch axis of the inverted coupler is always lined up with the pitch
axis of the trailer for all values of articulation angles. The inverted
fifth wheel coupling can therefore transmit a roll-resisting moment from
the Tead unit to the trailing unit for all values of the relative yaw
angle between the lead and the trailing units. In the case of the
inverted fifth wheel, the structural compliance in roll is modeled by

a torsional spring of stiffness Ksz, along the ?52 axis of the trailing
unit. Upon carrying out the derivation, we get:

sin b cos{y_ -y_ ) - 6_ cos ¢s]sin(¢ -y )

S, 'S S S s
sz - K52 tan” 8 l sin ¢l siﬁ(ws -w]s ) + cos b : - B ¢52
2 1 1 2 1
(67)
The roll and pitch moment acting on the lead unit are given
by

M = -M T (68)

X1 Xo 11
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where T]] and T]2 are once again defined in Equation (56).

C.5.4 Roll and Pitch Moments for a Kingpin-Type Connection. In a
kingpin-type arrangement, only yaw motion is permitted between the lead
and the trailing units. Hence, constraint moments act in both the pitch

and yaw directions. The structural compliance is therefore represented
by torsional springs, Kx and Ky , along the pitch and roll axes.

1 1 > >

Shown in Figure C.16 is an axis system (i; , j; , ké ) which has the
1 1 1

same yaw angle, b s as the lead unit, but different roll and pitch

1
angles ¢'s and e's , respectively. The axis system is so oriented that
1 1

the ké axis is parallel to the Es axis of the trailing unit. There-
1 2
fore, the vector equations

ok =0 (70)
51 %2
d oLk 0 (71)
an J' . =
51 2

have to be satisfied. Equation (70) yields the pitch angle

8' = 6_cos(y_ =-y' )+ tan¢_sin(y_ -¢' ) (72)
Since w's =V Equation (72) can be rewritten as
1 1
6' = 9_cos(y_ -y ) + tan ¢_ sin(y_. -v_ ) (73)
5 52 529 52 2.9
Therefore
M =K (8" -8_)
i N 81
=K [o_cos(y_ -y )+ tan¢_sin(y_-v_) -o_] (74)
1 52 529 52 529 51
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Equation (71) yields a result which is identical to (62),
therefore

sin b cos(y -U ) - 8, COS ¢ sin(wS -y )

-1 2 %2 3 2 2 2 5
M =K tan — : -9
X X 6' sin¢_ sin(y_. -y_ ) + cos ¢ S
1 1 51 Sy So 'S So 1
(75)
The constraint moments, MX s My , acting on the trailing unit
2 2
are now given by
M =-MT,, -MT (76)
Xo X1 11 ¥q 12
and My2 = - Mx1T21 - My]T22 (77)

where T,;, T12’ o and T,, are once again defined in Equation (56).

C.6 Forces and Moments at the Tire-Road Interface

The simulation utilizes measured tire data for computing the
lateral forces and aligning moments generated at the tire-road inter-
face. If the sideslip angle and the vertical load acting on a tire are
known, the lateral force and aligning moment can be computed by a linear
interpolation of the tabulated tire data. Expressions for the sideslip
angle and the vertical load at the tire-road interface will now be
derived in terms of the velocities and displacements of the sprung and
unsprung masses.

C.6.1 Sideslip Angles. Let us first express the sideslip angle

at the tire-road interface in terms of the body-fixed velocities of the
sprung mass and the axle. The sideslip angle at the jth tire on axle i
is given by the expression:

/u ) - STEER (78)

-1
a.. = tan ' (v .
Ji ax]ei t1reji

where the lateral velocity, v , at the axle is:

xle.
axle,
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= - - 79
Vax]ei [Vs ZRipslcos b * xuirs/cos b puiHRiCOS ¢ui (79)

The longitudinal velocity Ut ipe is different at each of the
ji

four tires on an axle. The Tongitudinal velocities at the tires are:

utire]i = out (T, + GYi)rS (80)
utire21 - us+ Tirs (81)
utire31 = u- Tirs (82)
utire41 - YT (T + GYi)rs (83)

The term "STEER" in Equation (78) represents the angle made by the
wheel plane with respect to the longitudinal axis of the sprung mass
coordinate system.

C.6.2 Vertical Loads. The vertical compliance in the tires is

modeled by linear springs, KT . Therefore, if the vertical deflection,
ji
aji’ at the tire is known, the vertical tire load, FZ , can be calculated
ji

from the expression:

F.oo= KT

84
24 (84)

1%

The vertical deflection at the tires can be expressed in terms of
the deflection of the sprung and unsprung masses. The deflection of
the outer left tire on axle i is given by the equation:

8: = 8ps + 02 -2, (1 -cos ¢ ) +2z2 cos¢ -z
Ti 0i S Ri S U uj Uo;
- (Ti + GYi)s1n ¢u1 - Xui 5 (85)



where
Az, is the vertical deflection of the sprung mass c.qg.
—)
along the inertial axis kn'
Azs = 0.0 at time t = 0.0
zu is the vertical distance between the roll center, Ri’
01 and the axle c.g. at time t = 0.0
601 is the static deflection of the tires at time t = 0.0.

The deflection of the other three tires on axle i are:

8p5 = 815t GY]. sin su, (86)
835 = o5 t ZTi sin I (87)
641 = 631 + GYi sin ¢u1 (88)
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APPENDIX D

YAW/ROLL MODEL PARAMETERS

Parameters needed to describe the candidate tractor-semitrailers
and tractor-semitrailer-semitrailer combinations are presented in
this appendix. Figure D.1 illustrates the parameters needed to define
the layout of an 11-axle tractor-semitrailer-semitrailer combination.
The symbols are defined in Table D.1. Parameter values are listed in
Tables D.2 and D.3 for all of the 17 configurations which were analyzed.

The following tire distribution was assumed:

Tractor front axle: 15x22.5 rib
Tractor rear axle: 10x20 rib

Trailer axles which
are loaded to
13,000 1b: 9x20 rib

Trailer axles which
are loaded to
18,000 1b: 10x20 rib

The cornering force and aligning torque data for these tires
are from References D.1 through D.3.

The suspension spring characteristics which were assumed are
illustrated in Figure D.2.
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WS(I)
WU(J)
WINIT(J)
XU(J)

Z5(1)
ZU(9)
XCON(K)

TABLE D.1 LIST OF SYMBOLS

Weight of § sprung mass (1b)

Height of j 1 axle (1b)
Vertical toad carried by axle J (1b)

Longitudinal distance from the jth axle to the c.g. of the
sprung mass on which it is mounted. XU(J) is positive if
axle is mounted ahead of the sprungmass c.g. (in)

Height of sobrungmass c.g. above ground (in)
Height of axle c¢.g. above ground (in)

Longitudinal distance from the sprungmass c.g. to an arti-
culation point. (See Figure D.1). XCON(K) is positive when
the articulation point is ahead of the sprungmass c.g. (in)

Vertical distance from the sprungmass c.g. to the articulation
point. (See Figure D.1). ZCON(K) is positive when the arti-
culation point is below the sprungmass c.g. (in)

Ro1l stiffness at the articulation point (in.1b./deq.)

Lateral distance between dual tires on axle J. GY(J) is zero
for single tires (in)

Vertical stiffness of each tire mounted on axle J (1b/in)
Coulomb friction in each of the suspension springs on axle J (1b)

th Spruna mass (1b.in.sec2)

Ro11l moment of inertia of the i
Yaw moment of inertia of the ith Sprundg mass (1b.in.sec2)

Ro11 moment of inertia of axle J. (The yaw moment of inertia
of the axle is assumed to be equal to the roll moment of inertia).
(1b.in.sec 2)

Height of roll axis above ground (in)

Half the lateral distancé between the inner tires (inner of the
dual pair) on axle J (in)

Table # for the tire data used on axle J. See cornering force
and aligning torque tables at the end of this appendix.

Half the lateral distance between the suspension springs on
axle J. (in)
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# of axles on

Tractor

# of axles on

Trailer

WS(1)

TABLE D.2 PARAMETERS FOR CANDIDATE TRACTOR-SEMITRAILER CONFIGURATIONS
i 22 25 32 3b 4a 45 52
3 3 3 3 3 3 3 3
2 3 3 4 4 5 5 6
9300 9300 9300 9300 9300 9300 9300 9300
60000 65500 80500 77000 82000 88500 93500 100000
1200 1200 1200 1200 1200 1200 1200 1200
2340 2340 2340 2340 2340 2340 2340 2340
2160 2160 2160 2160 2160 2160 2160 2160
1500 1500 1500 1500 1500 1500 1500 1500
1500 1500 1500 1500 1500 1500 1500 1500
- 1500 1500 1500 1500 1500 1500 1500
- - - 1500 1500 1500 1500 1500
- - - - - 1500 1500 1500
- - - - - - - 1500
14000 14000 14000 14000 14000 14000 14000 14000
16000 16000 16000 16000 16000 16000 16000 16000
16000 16000 16000 16000 16000 16000 16000 16000
16000 13000 18000 13000 18000 13000 18000 13000
16000 13000 18000 13000 13000 13000 13000 13000
- 13000 18000 13000 13000 13000 13000 13000
- - - 13000 13000 13000 13000 13000
- - - - - 13000 13000 13000
- - - - - - - 13000
40 40 40 40 40 40 40 40
-71.5 -71.5  -71.5 -71.5 -71.5 -71.5 -71.5  -71.5
-121.5 -121.5 -121.5 -121.5 -121.5 -121.5 -121.5 -121.5
-189.6 -137.7 -26.1 -88.2 -31.2 -45.6 14.50 -5.16
-231.6 -181.7 -135.1 -132.2 -140.2 -89.6 -94.5 -49.16
- -225.7 -244.1 -176.2 -184.2 -133.6 -138.5 -93.16
- - - -220.2  -228.2 -177.6 -182.5 -137.16
- - - - - -221.6  -226.5 -181.16
- - - - - - - -225.16




Table D.2, continued

1 2a 2b 3a 3b 4a 4b 5a
75(1) 40 40 40 40 40 40 40 40
75(2) 75.7 76.5  80.1 77.8 79.4 80.7 82.6  84.0
ZU(1) 22.5 22.5  22.5 22.5 22.5 22.5 22.5  22.5
2U(2) 22.5 22.5  22.5 22.5 22.5 22.5 22.5  22.5
7U(3) 22.5 22.5  22.5 22.5 22.5 22.5 22.5  22.5
2U(4) 20.0 20.0  20.0 20.0 20.0 20.0 20.0  20.0
ZU(5) 20.0 20.0  20.0 20.0 20.0 20.0 20.0  20.0
ZU(6) - 20.0  20.0 20.0 20.0 20.0 20.0  20.0
ZU(7) - - - 20.0 20.0 20.0 20.0  20.0
ZU(8) - - - - - 20.0 20.0  20.0
ZU(9) - - - - - - - 20.0
XCON(1) -69.2 -69.20 -69.20 -69.2  -69.2  -69.2  -69.2 -69.2
XCON(2) 197.0 202.3 215.7  228.8  221.5  247.8  230.4 256.3
ZCON(1) -10.0 -10.0 -10.0  -10.0  -10.0  -10.0  -10.0 -10.0
ZCON(2) 25.7 26.5  30.1 27.8 29.4 30.7 32.6  34.0
KCONX (1) 500,000 500,000 500,000 500,000 500,000 500,000 500,000 500,000
*GY (J) 13.0 13.0  13.0 13.0 13.0 13.0 13.0  13.0
**KT(J) 5000 5000 5000 5000 5000 5000 5000 5000
CF(1) 250 250 250 250 250 250 250 250
CF(2) 500 500 500 500 500 500 500 500
CF(3) 500 500 500 500 500 500 500 500
CF(4) 500 500 500 500 500 500 500 500
CF(5) 500 500 500 500 500 500 500 500
CF(6) - 500 500 500 500 500 500 500
CF(7) - - - 500 500 500 500 500
CF(8) - - - - - 500 500 500
CF(9) - - - - - - - 500
IXXS(1) 18200 18200 18200 18200 18200 18200 18200 18200
IXXS(2) 34570 41000 56800 54200 61000 70700 78000 92000

®Tractor front axle has single tires, all the rest have duals.

**Same value used for all tires.
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Table D.2, continued

1 2a 2b 3a 3b 43 4b 5a

12Z5(1) 65000 65000 65000 65000 65000 65000 65000 65000
1725(2) 2,763,000 3,360,000 4,216,000 4,450,800 4,510,000 5,200,000 5,545,000 5,800,000
IXXU(1) 3700 3700 3700 3700 3700 3700 3700 3700
IXXU(2) 4500 4500 4500 4500 4500 4500 4500 4500
IXXU(3) 4500 4500 4500 4500 4500 4500 4500 4500
IXXU(4) 4100 4100 4100 4100 4100 4100 4100 4100
IXXU(5) 4100 4100 4100 4100 4100 4100 4100 4100
IXXU(6) - 4100 4100 4100 4100 4100 4100 4100
IXXU(7) - - - 4100 4100 4100 4100 4100
IXXU(8) - - - - - 4100 4100 4100
IXXU(9) - - - - - - - 4100
HR(1) 22 22 22 22 22 22 22 22
HR(2) 29 29 29 29 29 29 29 29
HR(3) 29 29 29 29 29 29 29 29
HR(4) 29 29 29 29 29 29 29 29
HR(5) 29 29 29 29 29 29 29 29
HR(6) - 29 29 29 29 29 29 29
HR(7) - - - 29 29 29 29 29
HR(8) - - - - - 29 29 29
HR(9) - - - - - - - 29
TY(1) 40.25 40.25 40.25 40.25 40.25 40.25 40.25 40.25
TY(2) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
TY(3) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
TY(4) 32.0 32.0 32.0 32.0 32.0 32.0 32.0  32.0
TY(5) 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0
TY(6) - 32.0 32.0 32.0 32.0 32.0 32.0 32.0
TY(7) - - - 32.0 32.0 32.0 32.0 32.0
TY(8) - - - - - 32.0 32.0 32.0
TY(9) - - - - - - - 32.0
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Table D.2, continued

1 2a 2b 3a 3b 4a 4b ba
TIRE (1) 1 1 1 ] 1 1 1 1
TIRE (2) 2 2 2 2 2 2 2 2
TIRE (3) 2 2 2 2 2 2 2 2
TIRE (4) 2 3 2 3 2 3 2 3
TIRE (5) 2 3 2 3 3 3 3 3
TIRE (6) - 3 2 3 3 3 3 3
TIRE (7) - - - 3 3 3 3 3
TIRE (8) - - - - - 3 3 3
TIRE (9) - - - - - - - 3
Tractor
front spring® 1 1 1 1 1 1 1 1
Tractor .
rear springs 2 2 2 2 2 2 2 2
Trajler*
springs 3 3 3 3 3 3 3 3
SY(1) 16.3 16.3 16.3 16.3 16.3 16.3 16.3 16.3
SY(2)-SY(3) 19.0 19.0 19.0 19.0 19.0 19.0 19.0 19.0
SY(4)-SY(9) 22.0 22.0 22.0 22.0 22.0 22.0 22.0 22.0

*
The numbers refer to the spring data shown in Figure D.2.
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VL

TABLE D.3 PARAMETERS FOR CANDIDATE TRACTOR/SEMITRACTOR/SEMITRAILER COMBINATIONS (Cont.)

1 I1a Ilb ITI IVa IVb v VI VII
HR(1) 22.0 22.0 22.0 22.0 22.0 22.0 22.0 22.0 22.0
HR(2) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
HR(3) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
HR(4) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
HR(5) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
HR(6) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
HR(7) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
HR(8) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
HR(9) - 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
HR(10) - - - 29.0 - - 29.0 29.0 29.0
HR(11) - - - - - - - - 29.0
TY(1) 40.25 40.25 50.25 40.25 40.25 40.25 40.25 40.25 40.25
TY(2) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
TY(3) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0
TY(4) 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0
TY(5) 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0
TY(6) 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0
TY(7) 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0
TY(8) 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0
TY(9) - 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0
TY(10) - - - 32.0 - - 32.0 32.0 32.0
TY(11) - - - - - - - - 32.0
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APPENDIX E
TANK SHELL GEOMETRY

Equations which are needed for computing the cross-sectional area
and layout of the tank shells are developed in this appendix. A simple
interactive computer program which is useful for computation of the pay-
Toad capacity, shell height, and layout of the tank is also included in
this appendix.

Tank Cross-Sectional Area

As shown in Figure E.1, the tank cross-section geometry is defined
in terms of the width, H1, height, H2, and the three curvatures: (1)
the sidewall radius, R], (2) the top and bottom radius, R, 5 and (3) the
blend radius, R3. The computation of the area enclosed by the shell is
made easy by dividing the area into four segments. The four segments
are illustrated in Fiqure E.2. In order to calculate the cross-sectional
area, it is essential to determine the angles 8 and 8, (see Figure E.3)
which are subtended by the arcs of radius R] and RZ’ respectively. The
areas of each of the four segments when expressed in terms of the shell
radii and the angles 8, and 8, are:

2 2 ;
.. R]e] R] cos e]s1n e] R
1 2 B 2 )
2 2 :
L R262 R2 cos 6251n 82
2 T 7T T 2 (2)
(n/2 - 8,-6,) m/2 - 8,-9 m/p - 64-8
o2 179\ L, (72 1\ 12)
A3 R3 ( 5 ) R3s1n\ 5 ) CcoS 5 ,

A4 = R]s1n 8 (H]/2 - R](1-cose])) + stin eZ(HZ/Z - R2(1-cos 92))
+1/2 (H]/2 - R](1—cos e]) - stin 62)

. (H2/2 - Rz(l-cos 62) - R]sin e]) (4)
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TOTAL AREA = 4x(Al+A2:A3+A4)

immﬂlﬂﬁllﬂm W

A3—
f — A4
[1"\& e
—
Al AN 7\
I
Figure E.2. Figure illustrating the division of the tank cross-
sectional area into four segments - A], AZ’ A3, and Ad'
/|
Figure E.3. Geometric construction needed for deriving the tank

cross-sectional area equation.
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The total cross-sectional area, A, of the tank is therefore given
by the equation

A = (A, +A, +A, +A

PR A Al (5)

The only unknown in Equations (1) through (4) are the angles 8
and B, These two angles will now be expressed in terms of the shell
radii and the height and width of the tank.

Referring to the geometric construction in Figure E.3, the lengths,
%y Xps and Yy when defined in terms of the shell geometry parameters

are:
L = /(R]-H]/Z)Z + (RZ-HZ/Z)2 (6)
-R.)2 R )2 2
. - (Ry-Ry)2- (Ry-Rqg)® + ¢ 7
1 2%
y1 = YRy-R5)% - g (8)
. -1
Hence 8, = tan (y]/x]) (9)
an 8,' = tan —
8, = 8, -8,
R,=H,/
_ -1 -1 1712
8, = tan (y1/x]) - tan (W—Z—) (11)

The expression for the angle 81> when derived along similar lines,




g (N a1 (Rh/2
9] = tan . + tan 'R-Q—_T_ETZ- - 7/2 (12)

The cross-section area can therefore be computed by substituting
Equations (11) and (12) into the area equations (1) through (4).

Computer Program for Tank Layout Calculations

A simple computer program was developed for carrying out the cal-
culations related to the geometry of drop-bottom tanks. The parameters
needed for describing the geometry of a drop-bottom tank are shown in
Figure E.4.

When the dimensions XL1, OVHANG, HEIT1, WIDTH, DROP, R], RZ’ and
R3 and the front and rear loads, w] and wz, are provided as input, the
program computes the payload volume "PAYLD," the length of the tank "XL,"
and the wheelbase "WHBASE" of the tank. The calculation assumes no Toss
of volume due to the presence of dished ends at the front and rear ends
of the tank. A lenath of 18 inches was therefore added to the total tank
Tength (computed by the program) in order to account for the presence of
dished ends.

The computer program which is written in Fortran IV is listed at

the end of this appendix.
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COMPUTER PROGRAM FOR COMPUTING THE LAYOUT OF A DROP-BOTTOM TANK

OQOOOOOOO0O000000000O0O00O000000n

PRCGRAM FOR COMPUTING THE LAYOUT OF A DROP BOTTOM TANK
GIVEN - PATTERN, AXLE LAYOUT & OTHER DATA

R1=SIDE WALL RADIUS OF TANK SHELL

R2=TOP AND BOTTOM RADIUS OF TANK SHELL

R3=BLEND RALIUS

OVHANG=DISTANCE OF OVERHANG OF THE TANK FRONTEND BEYOND THE

KINGPIN

DROP= HEIGHT BY WHICH THE BELLY OF THE TANK IS DROPPED AT THE
REAR

XLl = LENGTH OF THE FRONT END OF THE TANK OF A XSECTION HEIGHT
OF HEITI

HEIT2= HEIT1+DROP

CAP = TOTAL VOLUME OF THE TANK SHELL INCLUDING OUTAGE

Wl = 5TH WHEEL LOAD-WEIGHT OF 5TH WHEEL ASSEMBLY

W2 = TRAILER AXLE LOAD - AXLE WEIGHT - CHASSIS WEIGHT

DENSE = PAYLOAD DENSITY (LE./GAL)

SHELL = SHELL WEIGHT IN (LB./GAL) OF SHELL VOLUME

kkkkkkkkkk

COMMON
WRITE
READ (
WRITE
READ (
WRITE
READ (
WRITE
READ (
WRITE
READ (
CUTAGE
COMP =
WRITE
READ (
CAP =
PAYLD
WRITE
READ (
CALL A
HEIT2
CALL A
XL = (
WHBASE
1XL + X
WRITE
WRITE
READ (
IF (RE
IF (HE
GO TO
36 CONTIN
STOP
40 FCRMAT
1)
50 FORMAT
60 FORMAT
70 FORMAT
80 FORMAT
90 FORMAT
100 FORMAT
1
Z

19

20

118 FORMAT

126 FORMAT

1368 FORMAT
END

(2222222222 SRR R i 2222 222 a2 s R R 2 2

Rl, R2,
(6,40)
5,78) R1,
(6,50)
5,78) WIDTH

(6,110)
5,78) OUTAGE

(6,120)
5,78) DENSE

(6,130)
5,70) SHELL

= QUTAGE / 106.0

(DENSE/ (1 + OUTAGE)) + SHELL

(6,60)
5,70) XLl, OVHANG, Wl, W2, DROP

(Wl + W2) / COMP
= CAP / (1 + OUTAGE)

(6,88)
5,78) HEIT]
REA(HEIT1, &)
= HEITl1 + DROP
REA(HEIT2, B)
CAP - XL1*A + XL1*B) / B

= (((XL1/2.8) - OVHANG) *XL1*A*COMP +
Ll)/2.8) - QVHANG)) / W2
(6,106) A, B, XL, HEITI,
(6,9€)
5,78) HEITI

k3, WIDTH

R2, R3

(XL - XL1)*COMP*B* (((

HEIT2, WHBASE, PAYLD

ITl .LT. 0.8) GO TO 19
ITl .GT. 18@0.6) GO TO 38
20
UE
(188, 'ENTER SIDE,TOP, & BLEND RADII OF PATTERN IN F FORMAT
(158, 'ENTER TANK WIDTH')
(188, 'ENTER XLl1,OVHANG,Wl,W2,DROP')
(10F10.3)
(1H@, 'ENTER HEIGHT OF FRONT ENC')
(1HG, 'ENTER NEW ESTIMATE OF FRONT ENC HEIGHT')
(1B8, 'AREAl = ', F10.3/'AREAZ = ', F10.3/'TANK LENGTH = ',
F16.3/'HEIGHT]1 = ', F10.3/'HEIGHT2 = ', Fl16.3/
'WHEEL BASE = ', Fl10.3/'PAYLOAD VOL = ', F10.3)
(1H@, ' ENTER THE OUTAGE VOLUME IN & OF PAYLOAL VOLUME')
(lH8, ' ENTER DENSITY OF PAYLOAD (LE./GALLON)')
(188, ' ENTER DENSITY OF SHELL IN LE./GALLON OF SHELL VOL'}
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C

OOO0O0n

SUBROUTINE FOR COMPUTING AREA OF TANK CROSS SECTION

SUBROUTINE AREA(WZ2, AREA)
COMMON Rl, R2, R3, Wl
18 XL = SQRT((R1l - (Wl1/2.0))**2 + (R2 - (W2/2.0))**2)
X1 ((R2 = R3)**2 - (Rl - R3)**2 + XL**2) / (2.8*XL)
Y1l = SQRT((R2 = R3)**2 - X1**2)
TH21 = ATAN(Y1/X1)
TH211 = ATAN((Rl - (Wl/2.0))/(R2 - (W2/2.8)))
THETA2 = TH2l - TH211
TH11 = ATAN(Y1/ (XL - X1))
TH11l = 1.5708 - TH2ll
THETAl = THI1 - TH1ll
20 IF (Rl .LT. (Wl/2.0)) THETAl = 1.3708 + TH1l + TH21l

AREA

SINTHI
COSTH1
SINTE2
COSTH2
AREAL

SIN(THETAL)

COS (THETAL)

SIN(THETAZ2)

COS (THETA2)

(RI*R1*THETAl/2.8) - (R1*R1*COSTH1*SINTEl/2.8)

AREA2 (R2*R2*THETA2/2.0) =~ (R2*R2*COSTH2*SINTH2/2.0)

AREA3 (R3*R3*(1.5708 - THETAl - THETA2)/2.0) - R3 * R3 * SIN((l.
15708 - THETAl - THETA2)/2.8) * COS((l1.5708 - THETAl - THETA2)/2.9)
AREA4 = R1 * SINTHl * ((Wl/2.8) - (Rl - RI*COSTH1)) + K2 * SINTHZ
1* ((W2/2.8) - R2 + R2*COSTH2 - R1*SINTH1) + (((Wl/2.8) - Kl + R1*
2COSTH1 - R2*SINTH2) *((W2/2.8) - R2 + R2*COSTH2 - R1*SINTH1)/2.0)
AREA = 4.6 * (AREAl + AREA2 + AREA3 + AREA4) / 231.

RETURN

END
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APPENDIX F
ROLL BEHAVIOR OF MULTI-AXLED VEHICLES

The material presented in this appendix is focused towards gaining
a basic understanding of the roll behavior of multi-axled vehicles. Such
an understanding is essential for: (1) interpreting the results obtained
from computerized calculations of the roll behavior of such vehicles
and (2) for providing an insight into the methods by which the rollover
threshold of a vehicle can be improved.

A series of three roll plane models will be utilized for the pur-
pose of understanding the physics of the rollover process. The models
are progressively more complete in the treatment of the roll plane
behavior of a vehicle. The models are not meant to provide an accurate
method for computing the rollover threshold of a vehicle, but only to
gain a qualitative understanding of the sensitivity of the rollover
threshold of a vehicle to its roll properties.

F.1 Rigid Block Model

Let us consider a roll plane representation in which the compli-
ance of the suspension springs and tires are neglected. Such a repre-
sentation is illustrated in Figure F.1. If the vehicle executes a
steady turn of lateral acceleration ay (in the units of g's), the
lateral force reacted at the tire-road interface is W ay, and the over-
turning moment acting on the vehicTe_is W - ay - h. This overturning
moment is counterbalanced by two roll moments: (1) the roll-resisting
moment produced by the side-to-side transfer of the vertical loads at
the tires——{FZ-F])T, and (2) the overturning moment produced by the
lateral shift in the c.g. of the vehicle—¥ h ¢. Therefore,

Whay =(F2-F])T-Wh¢ (1)

Each of the two terms on the right-hand side of (1) are plotted
as a function of the roll angle in Figure F.2. The roll-resisting moment
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Figure F.1. Rigid block representation.
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Fiqure F.3. Plot of net roll moment vs. roll anale.
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which is produced by the side-to-side transfer of vertical load increases
to the point where the tires on the left-hand side of the vehicle com-
pletely 1ift off the ground (F] = 0.0). At this point, the entire
weight of the vehicle is carried by the tires on the right-hand side of
the vehicle (i.e., F2 = W), and the roll-resisting moment is W T. No
additional roll-resisting moment is generated when the roll angle is
increased beyond this point.

Upon combining the curves marked (Z) and (Z) in Figure F.2,
we get the net roll-resisting moment produced by the vehicle. The net
roll-resisting moment is plotted in Figure F.3. Since the net roll moment
is directly proportional to the lateral acceleration, the left half of
the abscissa in Figure F.3 is utilized for marking the lateral accelera-

tion, a,.
>y

From Figure F.3 we note that the maximum net roll moment that can
be reacted by the vehicle is W T and the corresponding lateral accelera-
tion is T/h. At this lateral acceleration, the tires on one side of the
vehicle 1ift off the ground plane. A stable equilibrium cannot be
sustained beyond this point, since any further increase in the lateral
acceleration would cause an uncontrolled increase of the roll angle
until the vehicle completely rolls over.

The rollover threshold for the rigid block representation of the
vehicle is therefore given by the simple expression

a\yC = T/h (2)

F.2 Single-Axle Representation

The next level of complexity we shall consider is a model in
which suspension and axle properties are considered, but are lumped
together and represented by a single axle. Such a representation would
be sufficiently accurate only if the tire and suspension spring rates
of each axle were to be proportional to the static load carried by the
axle, and if all of the axles had the same track width and roll center
height.
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The single-axle representation of the vehicle is shown in Figure
F.4. The combined weight of the sprung and unsprung masses is repre-
sented by the weight, W, at a height, h, above the ground level. The
roll angle is once again assumed to be small and the vehicle is assumed
to roll about a point on the ground plane. The roll-resisting moment
produced by the side-to-side transfer of the vertical tire loads and the
overturning moment produced by the lateral shifting of the c.g. (W h ¢)
are plotted as functions of the roll angle, ¢, in Figure F.5. The roll-
resisting moment produced by side-to-side load transfer is shown in
Figure F.5 for three levels of suspension roll stiffness. In drawing
these curves, it was assumed that the suspensions and tires have linear
properties.

It can be seen that the roll angles at which the tires 1ift off
the ground depends upon the roll stiffness of the suspensions and tires.
But the maximum roll-resisting moment produced by the side-to-side load
transfer effect is unaffected by the roll stiffness of the vehicle and
is given by the expression W T. By combining the curves marked (i) and

CE) in Figure F.5, we get the net roll-resisting moment curves shown in
Figure F.6. As the suspension and tires are made progressively stiffer
in roll, the peak value for the net roll-resisting moment increases
along the 1ine marked AB in Figure F.6. For an infinitely stiff suspen-
sion, we revert to the rigid block model, and the maximum roll moment

is therefore once again W T and the rollover threshold, a , 1s T/h.
max

If the roll angle at which the tires 1ift off the ground is b
the peak value for the net roll moment is given by the equation

Max Roll-Resisting Moment = W T - W h b (3)

and the lateral acceleration threshold is given by the expression

oy = T (4)
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This expression therefore indicates that the rollover threshold
of a vehicle can be improved by increasing the roll stiffness of the
suspensions on a vehicle.

The influence of suspension backlash on rollover threshold can be
understood by using this simple roll plane model. The roll-resisting
moment produced by the side-to-side transfer of vertical load and the
overturning moment produced by the lateral shift in the c.q. are plotted
in Figure F.7 for a vehicle which has a suspension backlash of §.

When the suspension on the left-hand side of the vehcle goes
through the backlash, &, the sprung mass travels through an angle
§/2s, where 2s is the lateral distance between the suspension springs.
With reference to curve (i) in Figure F.7, the segment, XY, of the
curve represents the travel of the sprung mass through the suspension
backlash. After the backlash has been taken up, the suspension on the
left-hand side goes into tension and produces an additional resisting
moment until the tires on the left-hand side lose road contact. The
loss of road contact by the tires on the left-hand side of the vehicle
is represented by point Z in Figure F.7. Upon combining the roll-
resisting moment produced by the side-to-side load transfer effect and
the overturning moment produced by the lateral shift in the c.g. of the
vehicle, we get the net roll-resistina moment curve 0ABCD which is
shown in Figure F.8.

Tracing through the moment trajectory in Fiqure F.8, we see that
when the lateral acceleration is increased, the plot of net roll moment
versus roll angle, ¢, follows the 1ine 0OA, whose slope represents the
difference between the suspension/tire spring rate and the overturning

moment slope, W h. When the lateral acceleration exceeds the Tevel ay )
a

the sprung mass "jumps" through the lash, and falling along the slope,
W h, to an "end of lash" roll angle which is represented by point B .

Further increases in the lateral acceleration result in an increase

in the roll angle until the lateral acceleration level, ay , 1S reached.
c
The slope of segment BC is less than that of OA due to the fact that the
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suspension springs on one side are now being exercised in their low
stiffness, tension direction. No stable equilibrium condition exists

for lateral acceleration levels beyond ay~; therefore, the rollover
C

threshold of the vehicle is equal to ay

C

If the backlash were to be eliminated, the plot of roll moment
versus roll angle would follow the trajectory OAC' in Figure F.9, there-
by attaining the higher rollover threshold level, ay . The improvement

c
in rollover threshold that can be achieved by the elimination of suspen-

sion backlash is therefore evident from this figure.

F.3  Three-Axle Representation

A single axle representation of the vehicle is not valid where the
various axles of vehicles have roll stiffness levels which are not pro-
portional to the static loads which are carried by the axles. In the
case of typical tractor-semitrailer configurations, for example, the
tractor front axle is equipped with a very soft suspension, while the
suspension springs on the tractor rear axles are relatively stiff and
carry a heavier load. The trailer suspensions are typically even stiffer
than those on the tractor's rear axles. Accordingly, we find it appro-
priate to represent the tractor-semitrailer vehicle by a single sprung
mass which is supported by three composite "axles"—(1) the tractor
front axle, (2) a composite axle which represents the tractor rear axles
and (3) a composite axle which represents all of the trailer axles.

If the Toads carried by each of the three composite axles are
1’ 2T2, and
2T3, the maximum roll-resisting moment that can be produced by each axle

w], wz, and w3, and their respective track widths are 2T

is W]T], WZTZ’ and W3T3, respectively. Depending upon the roll stiffness
of each axle, the 1ift-off of the tires on one side of the axles takes
place at different roll angles. The roll-resisting moment produced by
each axle is plotted in Figure F.9 by the curves (£> ,‘@i:, and (§> ,
respectively. The curve that represents the overturning moment produced
by the Tlateral shift of the c.g. of the vehicle is shown in this figure by
the Tine marked f@) .
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If we combine (1} , {g) , <§) , and (@)‘in Figure F.9, we get a
plot of the net roll-resisting moment versus the roll angle of the
vehicle which is shown by the curve OABCD in Figure F.10. The points
A, B, and C mark the 1ift off of the tires on the trailer axles, the
tractor rear axles, and the tractor front axle, respectively. According
to this figure, the maximum value for the net roll-resisting moment is
reached when the tires on the tractor rear axle 1ift off the road surface.
Beyond this point, no stable equilibrium points exist even though both
the tires of the tractor front axle are still on the ground. The roll-
over threshold of the vehicle is therefore a B.
If, instead of the three-axle representation, the roll properties
of all the axles were to be lumped together and represented by a single
axle, the net roll moment versus roll angle plot would follow the curve
0XD which is superimposed on Figure F.10. The rollover threshold, ayx,
which is indicated by the single-axle representation can be seen to be

higher than the rollover threshold, ay which is predicted by the three-
B
axle model. Hence, the lumping together of axles which have distinctly

different roll properties can lead to significant errors in the pre-
diction of rollover thresholds.

F.3.1 Influence of Suspension Stiffness. We shall now utilize

the three-axle representation to investigate effects of varying the

roll stiffness of each of the three composite axles, individually. The
effects of stiffening the trailer axles, the tractor rear axles, and the
tractor front axle on the net roll moment versus roll angle curve are
illustrated in Figures F.11, F.12, and F.13, respectively.

Trailer suspension: With reference to Figure F.11, we note that

in the baseline case, path OABCD, the trailer axles are stiffer than
either the tractor rear axles or the tractor front axles such that the
trailer axle tires 1ift off first, at point A. Any increase in the roll
stiffness of the trailer suspension merely shifts the point of trailer
tire 1ift off toward the left, as in path OA', thereby having no effect

on the rollover threshold, ay , of the vehicle. If the roll stiffness
B
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F.3.2 Influence of Suspension Lash. Analysis performed using the

single-axle model (in Section F.2) has shown that suspension lash degrades
the rollover threshold of a vehicle. We shall now utilize the three-

axle representation to clarify the mechanism by which Tash in the trailer
and tractor rear suspensions can degrade rollover threshold.

The influence of trailer suspension lash on roll response is
jllustrated in Figure F.14. For the case in which there is no lash in
the trailer suspension, the net roll moment versus roll angle plot follows
the trajectory OAC'DEF in Figure F.14. In this curve, point C' repre-
sents the 1ift off of the tires on one side of the trailer axles. The
maximum roll-resisting moment is reached at point D. Beyond point D,
the vehicle continues to roll without any increase in lateral acceleration
level and ultimately overturns.

With the addition of a moderate amount of lash to the trailer sus-
pension, the net roll moment versus roll anale curve becomes the solid
Tine OABCDEF in Figure F.14. The segments AB and DE represent the roll-
ing of the sprung mass through the lash in the trailer and tractor rear
suspensions, respectively. It can be seen that the presence of this
moderate amount of lash in the trailer suspension has no effect on the
rollover threshold of the vehicle since the peak value D of the net roll
moment remains unaffected.

With a further increase of the lash in the trailer suspension, the
plot of net roll moment versus roll angle in Figure F.14 follows the
trajectory OAB'D'EF. We note that the peak roll-resisting moment is now
reduced to the level D', and hence results in a decrease of the rollover
threshold of the vehicle. Further increases in the lash result in a
decrease of the peak roll moment along the 1ine DE.

The influence of tractor rear suspension lash on roll response is
illustrated in Figure F.15. With zero lash in the tractor rear suspen-
sion, the curve of net roll moment versus roll angle follows the trajec-
tory OABCD'F, and the peak value for the roll-resisting moment is reached
at point D'. Considering increasing levels of lash in the tractor rear
suspension, trajectories OABCDEF and OABCDE'F' indicate significant
reductions in the rollover threshold.
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of the trailer suspensions is reduced, the point, A, which marks the
1ift off of the trailer tires moves initially towards B, with no immediate

influence on the rollover threshold, ay . Indeed, we see that the roll-
B
over threshold of the overall vehicle is affected by changes in trailer

suspension roll stiffness only if the roll stiffness is reduced to such

a level that the trailer tires start to 1ift off at larger values of roll
angles than that at which the tires on the tractor rear axle 1ift off.

The path, 0B''', A''', CD in Figure F.11, corresponds to such a situation.
The rollover threshold is indicated in this case by point A'''. The

rollover threshold, ay , is below the value, ay , which was attained
Alll B
in the baseline case. The rollover threshold will continue to decrease

if the roll stiffness of the trailer suspension is reduced even further.

Tractor rear axles: Changes in the roll stiffness of the tractor

rear axle have a direct effect on the rollover threshold of the vehicle.
When the roll stiffness of the tractor rear axle is varied, the point, B,
which signifies the tractor rear-axle Tift off, shifts along the line,
BC. As shown in Figure F.12, increasing the roll stiffness of the
tractor rear axles, as indicated by a movement of point B toward the
point B', leads to improvement in the rollover threshold of the vehicle.
Similarly, reducing the roll stiffness of the rear axle, as indicated

by movement of B toward B'', leads to a degradation of the rollover
threshold of the vehicle.

Tractor front axle: The influence of the roll stiffness of the

tractor front axle on the net roll moment versus roll angle curve is
illustrated in Figure F.13. We note that the rollover threshold of the
vehicle can be significantly improved by any degree of stiffening of the
tractor front suspension. In the trajectory shown by points OA'B'C'D,
for example, the tractor front suspension has been stiffened to such a
degree that the rollover threshold is now determined by the 1ift off of
the tractor front tire, at point C', rather than by the tractor rear axle
1ift off point, B, in the baseline case.
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It should be noted that the observations made above are valid only
for the particular combination of suspension parameters and axle load-
ings which were chosen for constructing Figures F.14 and F.15.

The above qualitative descriptions are supported, in Section 4.2.4
by numerical results from calculations performed using the static roll
plane model (which is described in Appendix B) for various levels of

tractor and trailer suspension stiffness.
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