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Appendix A - - 

State Fire Marshall Data ----- 

This appendix contains information extracted from the "Hazardous 

Materials Accident Reports" which are maintained by the Michigan State 

Fire Marshal 1's Office. Accident data for the years 1978 and 1979 are 

tabulated in tables A-1 through A - 4 .  The data for each year are 

classified into overturning and non-overturning accidents in these tables. 

The following symbols are used to identify the product carried 

by the vehicles at the time of the accident: 

G - Gasoline 

F - Fuel oil 

LPG - Liquid petroleum gas 

The vehicle configurations are classified into three categories : 

SB - Tractor-semitrailer combination (Single Bottom) 

DB - Double tankers with a tractor, semitrailer 
and a full tr'3iler (Double Bottom) 

DT - Delivery trucks 

The following symbols are used to define the roadv:ay on which the 

accident occured: 

RF - Rural Freeway 

RH - Rural Highway 

RR - Rural Road 

UF - Urban Freeway 



UH - Urban Highway 

UR - Urban Road 
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A P P E N D I X  B 

STATIC ROLL MODEL 

This appendix deals with the ro l l  plane model which was developed f o r  

the purpose of estimating the rol lover  thresholdsof the candidate tank 
vehicles. The essent ial  features  of the model and the assumptions made in 

deriving the equations a re  included in Section 4.1.3.  In t h i s  appendix, 

the method adopted f o r  computing the rol lover  threshold i s  f i r s t  described; 

following which, the s e t  of 10 s t a t i c  equilibrium equations which are  needed 

to  solve fo r  the ro l l  equilibrium of the vehicle are derived. Then, the 

parameters needed t o  describe the candidate vehicle configurations are  

l i s t ed .  A  computer program which can be used fo r  computing the steady 

turning rollover thresholds of multiaxled vehicles i s  l i s t e d  a t  the end of 

the appendix. 

B . 1  Method of Solution 

The calculat ions begin with the vehicle in the upright position. 

I n i t i a l l y ,  the l a t e r a l  accelerat ion,  the sprung mass ro l l  angle, and the 

axle ro l l  angles a re  a l l  s e t  to  zero. The sprung mass ro l l  angle i s  then 

increased in small increments. For each increment of the sprung mass ro l l  

anale,  a  s e t  of 10 l inear  s t a t i c  equilibrium equations are solved to 

determine the changes in the ro l l  angle!; of the ax les ,  the vert ical  d i s -  
tance of the axles above the ground l eve l ,  and the ver t ica l  distance between 
the sprung mass and each of the three axles.  

The equations are  of the form: 

where the elements of [ A ]  (a 10 x 10 matrix) and ib} (a vector of s ize  
10) are  functions of the vehicle parameters, and 

In the computer program, Equation ( 1 )  i s  solved fo r  each small incre- 
ment of the sprung mass rol l  angle,  A$, .  As the calculat ions proceed 
through a  s e r i e s  of equilibrium posi t ions,  the matrices [ A ]  and { b )  are 



c o n t i n u o u s l y  updated t o  r e f l e c t  changes i n  t h e  r o l l  p r o p e r t i e s  o f  t h e  

v e h i c l e ,  due t o  n o n l i n e a r i t i e s  i n  t h e  suspension system, and due t o  l o s s  

o f  c o n t a c t  a t  t h e  t i r e - r o a d  i n t e r f a c e s .  

The c a l c u l a t i o n s  a r e  te rm ina ted  when t h e  sprung mass r o l l  ang le  

reaches a  l e v e l  a t  which t h e  t i r e s  on one s i d e  o f  t h e  t r a c t o r  r e a r  a x l e  

as w e l l  as those on one s i d e  o f  t h e  t r a i l e r  a x l e  a r e  comp le te l y  l i f t e d  o f f  

t h e  ground. The h i g h e s t  l a t e r a l  a c c e l e r a t i o n  l e v e l  ach ieved i n  t h i s  com- 

p u t a t i o n  i s  termed as t h e  r o l l o v e r  t h r e s h o l d .  

8.2 S t a t i c  E q u i l i b r i u m  Equat ions  

There a r e  a  t o t a l  o f  10 s t a t i c  e q u i l i b r i u m  equa t i ons  needed t o  d e f i n e  

t h e  r o l l  e q u i l i b r i u m  o f  t h e  v e h i c l e  a t  any g i v e n  l a t e r a l  a c c e l e r a t i o n .  

The equat ions  a r e  d e r i v e d  below. The symbols used i n  t h e  equat ions  a r e  

def ined i n  Tab le  B.1. 

B.2.1 R o l l  i n g  Moment Equat ion  f o r  t h e  Sprung Mass. Tak ing  moments 

o f  a1 1  t h e  e x t e r n a l  f o r c e s  a c t i n g  on t h e  sprung mass (see F i g .  4 . 1 3  i n  

Sec t i on  4.1.3)  we g e t  

App ly ing  t h e  smal l  r o l l  ang le  assumptions 

and cos($ 4 ) = 1 .0  i n  ( 2 )  s  Ui 

we g e t  



T a b l e  B.1. D e f i n i t i o n  o f  Symbols 

s  Weight  o f  t h e  sp rung  mass ( I b )  

W Weight  o f  t h e  ith unsprung mass ( 1  b )  
i 

WAXLi Load c a r r i e d  by t h e  a x l e  i ( 1  b )  

F The t o t a l  l a t e r a l  f o r c e  r e a c t e d  a t  t h e  t i r e - r o a d  
Y i  i n t e r f a c e  o f  a x l e  i ( I b )  

F~ The l a t e r a l  f o r c e  a c t i n g  t h r o u g h  t h e  r o l l  c e n t e r ,  
i 

Ri ( l b )  

Fi j The v e r t i c a l  l o a d  c a r r i e d  by t h e  jth suspens ion  s p r i n g  

on a x l e  i ( l b )  

F~ The v e r t i c a l  l o a d  c a r r i e d  by  t h e  jth t i r e  on a x l e  i ( l b )  
i j 

ri Rad ius  o f  t h e  t i r e s  on a x l e  i ( i n )  

i V e r t i c a l  d i s t a n c e  f r om  t h e  a x l e  c .g .  t o  t h e  r o l l  c e n t e r ,  

Ri ( i n )  

Z~ 
V e r t i c a l  d i s t a n c e  from t h e  g round  p l a n e  t o  t h e  c .g .  o f  

t h e  a x l e  ( i n )  

z  V e r t i c a l  d i s t a n c e  f r o m  t h e  sprung  mass c .g .  t o  t h e  r o l l  
i c e n t e r ,  Ri ( i n )  

S 
H e i g h t  o f  t h e  sp rung  mass c . g .  above ground l e v e l  ( i n )  

HRi H e i g h t  o f  r o l l  c e n t e r ,  Ri, above t h e  g round  p l a n e  ( i n )  

i H a l f  s p r i n g  spac i ng  a t  a x l e  i ( i n )  

Ti H a l f  t h e  t r a c k  w i d t h  o f  t h e  i n n e r  t i r e s  on a x l e  i ( i n )  

*A L a t e r a l  d i s t a n c e  between t h e  dua l  t i r e s  on a x l e  i ( i n )  

a  
Y  

L a t e r a l  a c c e l e r a t i o n  o f  t h e  s t eady  t u r n  ( g ' s )  

4s Sprung mass r o l l  a n g l e  ( r a d )  

eu ; R o l l  a n g l e  o f  t h e  ith unsprung  mass ( r a d )  
I 

K ~ i  ; 
V e r t i c a l  r a t e  o f  t h e  jth t i r e  on t h e  compos i te  a x l e  i ( l b / i n )  

' J  

**Kii V e r t i c a l  r a t e  o f  t h e  jth suspens ion  s p r i n g  on a x l e  i ( I b / i n )  



Table 8.1.  ( C o n t . )  

Notes : 

*In the case of single t i r e s ,  Ai i s  se t  t o  zero and a  vertical 

t i r e  spring ra te  value ( K T  ) ,  which i s  half the value  for the single 
i i 
'J 

t i r e ,  i s  used. 

**Kij i s  n o t  an input parameter. The computer program calculates the 

local spring rate a t  any given deflection, based on the tabular input o f  

spring data. 



The e f f e c t  o f  a  smal l  increment o f  t h e  sprung mass r o l l  angle,  f rom a  g iven 

e q u i l i b r i u m  c o n d i t i o n ,  can be s t u d i e d  by w r i t i n g  t h e  above equa t i on  i n  t h e  

form: 

The changes, dFij, i n  t h e  suspension s p r i n g  f o r c e s  can be r e l a t e d  t o  

t h e  d e f l e c t i o n ,  am,, , and C Z ~ ,  by tihe equa t i on  
i 

Equat ion  ( 5 )  can be expanded and w r i t t e n  f o r  t h e  l e f t -  and r i g h t - h a n d  

s i d e  suspension sp r i ngs .  I f  the  l o c a l  s p r i n g  r a t e  i s  Kij f o r  t h e  s p r i n g  i j, 

we g e t  

and 

The increment i n  t h e  l a t e r a l  f o r c e ,  FR , i s  g iven by t h e  equat ion  
i 

Upon s u b s t i t u t i n g  ( 5 ) ,  ( 7 ) ,  and ( 8 )  i n t o  (4), we g e t  t h e  sprung mass r o l l  

equa t i on  f o r  a  smal l  increment i n  t h e  r o l l  angle,  from a g i ven  e q u i l i b r i u m  

c o n d i t i o n :  



B . 2 . 2  R o l l i n g  Moment Equat ions  f o r  t h e  Unspruna Yasses. Tak ing  moments 

o f  a l l  t h e  f o r c e s  a c t i n g  on a x l e  i, about  t h e  mass c e n t e r  o f  t h e  a x l e ,  we 

g e t  

App l y i ng  t h e  smal l  ang le  assumpt ion t o  (10 )  we g e t  

For  a  smal l  inc rement  i n  t h e  sprung mass r o l l  ang le ,  Equat ion  ( 1  1 ) 

can be r e w r i t t e n  as 



The changes i n  t h e  t i r e  l o a d s ,  FT , can be r e l a t e d  t o  t h e  d e f l e c -  
i j  

t i o n s ,  amu and bzT . The e q u a t i o n s  a r e  o f  t h e  f o rm :  
i i 

Upon s u b s t i t u t i n g  ( 6 ) ,  (71,  ( 8 ) ,  ( 1 3 ) ,  ( 1 4 ) ,  ( 1 5 ) ,  and ( 16 )  i n t o  ( 1 2 ) ,  

we g e t  t h e  unsprung mass r o l l  e q u a t i o n s ,  f o r  a  s m a l l  i n c remen t  i n  t h e  r o l l  

a n g l e  o f  t h e  sp rung  mass: 

8 . 2 . 3  Equa t i ons  f o r  t h e  Bounce o f  t h e  Sprung Mass w i t h  Respect  

t o  t h e  A x l e s .  I f  t h e  sprung  mass i s  t o  m a i n t a i n  an e q u i l i b r i u m  a l o n g  t h e  

k u  a x i s ,  i t  has t o  s a t i s f y  t h r e e  e q u a t i o n s  wh i ch  a r e  o f  t h e  f o rm :  
i 

Fil + Fi2 = (WAXLi-WU )cos  ( + (WAXLi-WU ) a  s i n  1 
i i i Y i 

A p p l y i n g  t h e  s m a l l  ang le  assumpt ion  t o  ( 18 )  we g e t :  

For  a  sma l l  i n c remen t  o f  t h e  sp rung  mass r o l l  a n g l e ,  Equa t i on  ( 1 9 )  

can be w r i t t e n  as 



Substituting (6) and (7) into (20), we get 

B.2.4 Equations for the Vertical Displacement of the Unsprung Masses 

with Respect to the Ground Plane. The vertical load carried by each axle 

is assumed to remain constant during a rollover. Therefore, if equili- 

brium is to be maintained, in the vertical direction, each axle has to 

satisfy the equation: 

For small increments in the sprung mass roll angle,(22) can be rewritten 

as 

Upon substituting (13)-(15) into (23) we get 

The set of 10 linear equations which define the roll behavior of 

the vehicle, for small increments of the sprung mass roll angle away from 

equilibrium conditions, can now be formed. They are the sprung mass roll 

equi 1 ibrium Equation ( 9) and three equations each of (17), (21 ) ,  and 

(24), respectively. 



B.3 Pa ramete rs  f o r  C a n d i d a t e  V e h i c l e  C o n f i g u r a t i o n s  

The p a r a m e t e r s  w h i c h  were  used t o  d e f i n e  t h e  c a n d i d a t e  v e h i c l e  con-  

f i g u r a t i o n s  a r e  l i s t e d  i n  T a b l e s  B.2 and B . 3 .  The p a r a m e t e r s  a r e  f o r  

v e h i c l e  c o m b i n a t i o n s  t h a t  have 9 6 - i n c h  w i d e  t r a c t o r s  and 1 0 2 - i n c h  w i d e  

t r a i l e r s .  The symbols  used  i n  T a b l e s  B . 2  and B .3  a r e  d e f i n e d  i n  T a b l e  

B.1.  The s p r i n g  c h a r a c t e r i s t i c s  o f  t h e  s u s p e n s i o n  s p r i n g s  on t h e  t r a c t o r  

f r o n t  a x l e ,  t r a c t o r  r e a r  a x l e ,  and t h e  t r a i l e r  a x l e s  a r e  shown i n  F i g u r e s  

B.1, 8 .2 ,  and B . 3 ,  r e s p e c t i v e l y .  

6.4 Computer Programs f o r  C a l c u l a t i n g  Rol  l o v e r  Th resh01  ds 

A compu te r  p r o g r a m  w h i c h  was used  f o r  c a l c u l a t i n g  t h e  r o l l o v e r  

t h r e s h o l d  o f  t h e  c a n d i d a t e  v e h i c l e s  i s  l i s t e d  a t  t h e  end o f  t h i s  a p p e n d i x .  

The r o l l  e q u i l i b r i u m  e q u a t i o n s - A q u a t i o r ~ s  ( 9 ) ,  ( 1 7 ) ,  (21  ) ,  and ( 2 4 ) - - a r e  

u t i l i z e d  i n  t h e  compu te r  program.  The p rog ram i s  coded i n  t h e  FORTRAN 

language .  The symbols  used f o r  t h e  v e h i c l e  p a r a m e t e r s  a r e  t h e  same as 

t h o s e  l i s t e d  i n  T a b l e  B.1. 

I n  t h e  program,  t h e  p a r a m e t e r  "DELFH" d e f i n e s  t h e  i n c r e m e n t  o f  s p r u n g  

mass r o l l ,  A$,, f o r  w h i c h  t h e  s t a t i c  e q u i l i b r i u m  e q u a t i o n s  a r e  s o l v e d .  A  

r o l l  a n g l e  i n c r e m e n t  o f  0.02 d e g r e e  was f o u n d  t o  be s u f f i c i e n t  f o r  p r o -  

d u c i n g  a c c u r a t e  r e s u l t s .  The p a r a m e t e r  XPRIMT d e f i n e s  t h e  i n t e r v a l  , i n  t h e  

s p r u n g  mass r o l 1 , f o r  w h i c h  t h e  r o l l  r e s p o n s e  o f  t h e  v e h i c l e  i s  p r i n t e d  

o u t .  
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Figure B . 1 .  Tractor front suspension spring, 
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COMPUTER PROGRAM FOR CALCULATING ROLLOVER THRESHOLDS 

i C 
2 C PRCGRAM FOR COMPCTING RCLLASGLE-LATERAL ACC'N RELATIOFSHIP 
3 FOR A 3AXLE VEHICLE 
4 C 
5 C 
6 COMMCN F O R C ( 3 , 1 0 ) ,  C E L ( 3 , ; 0 ) ,  NLM(3) 
-t CIMENSION A A ( l O 1 l O ) f  F ( i 0 1 ,  HEAC(20) 

8 REAL*4 K T l l ,  KT12,  KT13,  KT14,  KT21,  KT22,  KT23,  K ~ 2 4 ,  K 1 1 ,  K12 ,  
9  1 K21,  K22 ,  KT31,  KT3.2, KT33,  KT34,  K 3 1 ,  R32 

: 1 0  XNEG = - 9 9 9 9 . 0  
11 READ ( 5 , 7 0 )  HEAD 

: 1 2  WRITE (6,801 HEAD 
: 1 3  REAC ( 5 , 9 0 1  WU1, KU2, wU3, YAXLl, WAXL;, CvAXL3, T i ,  .:I, T i ,  A i ,  
: 1 4  i T 3 ,  A ? ,  S l r  S 2 ,  S 3  
: 1 5  READ ( 5 , 9 0 )  Z 4 1 ,  ZR2, ZR3, 2 1 ,  2 2 ,  Z3 ,  9R1,  HR2,  FIR^ 
: 1 6  READ ( 5 , 9 0 )  KT11,  KT21,  KT31 
: 1 7  REAG ( 5 , 9 0 )  DELPH, XPRINT 
: 1 8  C 
: 1 9  C INITIALIZATIONS 

KT24 = KT21 
KT32 = KT31 
KT33 = KT31 
KT34 = KT31 
TENP = 0 . 0  
TICK = 0 . 0  
AY = 0 . 0  
DELPHI = DELPH 
DELPH = LELPH / 5 7 . 2 9 5 6  
PHIS = 0 . 0  
PHIUl  = 0 . 0  
PHIL2 = 0 . 0  
PHIU3 = 0 . 0  

K S I N l  = (WAXLl - NU11 / 2 . 6  
CALL SPRING (1, WSIN1, DELS11) 
EELS12 = D E L S l l  
ZU1 = D E L S l l  

KSIN2 (WAXL2 - W U ~ I  / 2 . 3  
CALL S P R I N G ( 2 ,  WSIN2, DELS21) 
EELS22 = DELS2l 
Zti2 = DELSZl 

iVSiN3 = (WAXL3 - CU3i j 2 . 3  
CALL S P R I N G ( 3 ,  WSIN? . ZELS211 
EELS32 = DELS31 
ZU3 = GELS31 

WTINl = WAXL1 / 4 . 0  
C E L T l l  = wTINl / K T l l  
CELT12 = C E L T l l  
3 E L T l 3  = C E L T l l  
CELT14 = CELT11 
I T 1  = D E L T l l  



- 71 C 
'2 KTIN3 = wAXL3 / 4.00 
'3 CELT31 = W I N 3  / KT31 
7 4 CELT3" DELT?1 
'5 CELT33 = DELT31 

: 76 DELT34 = DELT31 
7 7 ZT3 = CELT31 

: 76 C 
: 79 C 
: a0 c 
: 81 10 CONTINUE 
: 62 CALL STIFF(1, DELS11, K11, Fll) 
: 83 CALL STIFF(1, GELS12, K12, F12) 
: a4 CALL STIFF(2, GELS21, K21, F21) 
: a5 CALL STIFF(2, DiLS22, K22, F22) 
: a6 CALL STIFF(3, CELS31, K31, F31) 
: 67 CALL STIFF(3, DELS32, K32, F32) 
: 86 I? (CELT11 .LE. 0.0) KT11 = O.a 
: 89 IF (DELT12 .LE. 0.0) KT12 = 0.0 
: 90 IF (CELT21 .LE. 0.0) KT21 = 0.0 
: 91 I? (DELT22 .LE. 0.0) KT22 = 0.0 
: 92 IF (DELT31 .LE. 0.0) KT31 = 0.0 
: 93 IF (DELT32 .LE. 0.0) KT32 = 0.0 
: 94 IF ((KT21 + KT22 + KT31 + KT321 .EQ. 8.0) GO TO 60 
: 95 IF ( (KT21 + KT22) .EQ. 0.0) GO TO 20 
: 96 TF ( (KT31 t KT32) .EQ. 0.0) GO TO 20 
: 97 GO TO 30 
: 98 20 CONTINUE 
: 99 IF (TICK .EQ. 0.0) WRITE (6,100) AY, SPMASS, USPM1, USPM2, USPI.13, 
: 100 lDELT2i, DELT22, DELT23, DELT24, DELT31, DELT32, DELT33, DELT34, 
: 101 2ZU1, ZU2, ZU3, ZTl , ZT2, ZT3 
: 102 TICK = 1.0 
: 103 30 CGKTINUE 
: 104 C 
: 105 C 
: 106 DL 40 J = 1, 10 
: 107 ?(J) = 0.0 
: 108 C 
: 1E9 nO 40 I = 1, 10 
: 110 40 AA(I,J) = 3.0 
: Ill C 
: 112 AA(1,l) = - (  (WAXL1 - WUl)*ZRl + (WAXL2 - WU2) *ZR2 + (hAXL3 - h i 3 )  * 
: 113 1ZR3) 
: 114 AA(1,2) = (K11 + K12) * Sl * S1 + (kAXL1 - KU1) * ZR1 * (1 + AY*, 
: 115 11HIS - PHIU1)) - (F11 + F12) * ZR1 
: 116 AA(1,3) = (K21 + K22) * S2 * S2 + (WAXL2 - WU2) * ZR2 * (1 + AY*( 
: 117 lPHIS - PHIU2)) - (F21 + F22) ZR2 
: 118 AA(1,4) = (K31 + K32) * 53 * 53 r (KAXL3 - KU3) * ZR3 * (1 + AY*( 
: 119 lPHIS - PHIL3)) - (F?1 + F32) * ZR3 
: 120 AA(1,3) = (K11 - K12) * S1 
: 121 AA(1,6) = (K21 - K22) * S2 
: 122 AA(1,7) = (K31 - K32) * S3 
: 123 C 
: 124 AA(2,lI = -(WAXLl - WU1) * HR1 - WU1 * (HRI - 21) 
: 125 AA(2,2) = -(K11 + K12) * Sl * S1 + hAXL1 * R1 + (WAXL1 - KC1) * 
: 126 1Zl - (KT11 + KT14) * ((Tl + A1) **2) - (KT12 + KT?3) T1 Ti 
: 127 AA(2,j) = -(K11 - K12) * S1 + (KAXL1 - hVl) (AY - PBIC1) 
: 126 AAL2,8) = (KT11 - KT14) * (T1 + Al) t (KT12 - KT13) TI + CkXLl * 
: 129 1 AY 
: 130 C 
: 131 hk(3,1/ = -(WAXL2 - W"i) XR2 - hT2 * (BR2 - Zi) 
: 132 kA[3,3) = -(K21 + K22) Si S2 + WAXL2 R2 + (WAXL2 - WU2) 
: 133 122 - (KT21 + KT24) * (T2 + A2) * (T2 + A2) - (KT22 + KT23) * Ti 
: 134 2T2 
: 135 AA.(3,6 = -(K21 - K22) S2 ,WAXLi - KL2) * (AY - PhIti2) 
: 136 AA(3,9) = (KT21 - KT24) (T2 A A2) T (KT22 - hT23) * T2 kAXL2 * 
: 137 l AY 
: 136 e i 

: 139 AA(4,l) = -(KAXL3 - kU3) * XR3 - NU3 * (HR3 - 23, 
: i40 AA(4,4, = -(K31 K32) * S3 * S3 + wAXL? * k3 + (hAXL3 - 6C3) 





: 2 1 1  rELT1.I = ( T 1  + A 1 1  * P H I 3 1  Z I ?  . - 1  ^ . .&L 2 E i T 2 i  = - ( T 2  r X i )  * P S I L 2  T Z T 2  . - 1  7 . .A- C E L T 2 2  = - T 2  • ?HILT2 + ZT; 
: 2 1 4  C E L T 2 3  T5 * F B I 6 2  + i T 2  
: 2 1 5  C E L T 2 4  = ( T 2  t A 2 )  P H I L 2  + Z T 2  
: 2 1 6  C E L T 3 1  = - I T 3  t A 3 )  * P E I C 3  + 6 T 3  
: 2 1 7  C E L T 3 2  = - 7 3  * P H I U 3  + Z T 3  
: 2 1 8  C E L T 3 3  = T 3  * P H I 0 3  + Z T 3  
: 2 1 9  D E L T 3 4  - ( T 3  + A 3 )  * P I i I U 3  + Z T 3  
: 2 2 0  i F  ( A B S  ( T E M P )  .GE.  ABS ( X P R I N T )  ) WRITE ( 6  , 1 0 0 )  XY I SPMASS 1 USPEI1, 
: 2 2 1  1 U S P M 2 ,  USPM3,  D G L T 2 1 ,  D E L T 2 2 ,  D E L T 2 3 ,  C E L T 2 4 ,  Z E L T 3 1 ,  D E L T 3 2 ,  
: 2 2 2  2 C E L T 3 3 ,  D E L T 3 4 ,  Z U 1 ,  Z U 2 ,  Z U 3 ,  Z T 1 ,  Z T 2 ,  ZT3 
: 2 2 3  I F  (ABS ( T E M P )  . G E .  AES ( X P R I N T )  ) TEMP = 8 . 3  
: 2 2 4  C 
: 2 2 5  GO TO 1 0  
: 2 2 6  6 0  CONTINUE 
: 2 2 7  WRITE ( 6 , 1 0 0 )  AY, SPMASS,  USPM1,  USPM2,  USTM3, D E L T 2 1 ,  D E L T 2 2 ,  
: 2 2 8  1 D E L T 2 3 ,  D E L T 2 4 ,  D E L T 3 1 ,  D E L T 3 2 ,  D E L T 3 3 ,  C E L T 3 4 ,  Z U l ,  Z U 2 ,  Z U 3 ,  
: 2 2 9  2 Z T 1 ,  Z T 2 ,  Z T 3  
: 2 3 0  WRITE ( 5 , 1 0 0 )  XNEG 
: 2 3 1  S T O P  
: 2 3 2  7 0  FCRMAT ( 2 0 A 4 )  
: 2 3 3  e 0  EOPAAT ( T l ,  'DATA FRCM: ' ,  2 0 A 4 )  
: 2 3 4  9 0  FORMAT ( 1 6 F 1 0 . 2 )  
: 2 3 5  1 0 0  FOKYAT (11, 2 0 F l d . 3 )  
: 2 3 6  END 
: 2 3 7  C  
: 2 3 8  C SUBROUTINE S P R I N G  
: 2 3 9  C  * * * * * * * * * *  * * * * * *  
: 2 4 0  C CALLED BY MAIN FOR COMPUTING THE S T A T I C  
: 2 4 1  C GEFLECTIONS OF TIiE S U S P E N S I O N  S P R I N G S .  
: 2 4 2  C  
: 2 4 3  GUBROUTINE S P R I N G  ( N ,  W, D E L S )  
: 2 4 4  COMMON F O i i C ( 3 , 1 0 ) ,  D E L ( 3 , 1 0 ) ,  N U M ( 3 )  
: 2 4 5  REAC ( 5 , 4 0 )  NUMBER 
: 2 4 6  NUM(N) = NUMBER 
: 2 1 7  L 

: 2 4 8  DO 1 8  I 1, NUMBER 
: 2 4 9  :a READ ( 5 , 5 8 1  F O R C I N , I ) ,  D E L ( N , I )  
: 2 5 d  C 
: 2 5 1  DO 2 0  J = 1,  NUMBER 
: 2 5 2  I F  (W . L T .  F O R C ( N , J ) )  GO TO 3 0  
: 2 5 3  2 0  CONTINUE 
: 2 5 4  C 
: 2 5 5  3 0  E E L S  = D E L ( N , J  - 1) t \ (N  - F O R C ( N , J  - l ) ) * ( C E L ( N , J )  - C E L ( N , J  - 
: 2 5 6  11) ) / ( F O R C ( N , J )  - F O R C ( N , J  - 1 ) )  1 
: 2 5 7  RET'JRN 
: 2 5 8  d a  FORMAT ( 1 2 )  
: 2 5 9  5 0  FORMAT ( 2 F 1 0 . 3 )  
: 2 6 8  EiziC 
: 2 6 ;  C  
: 2 6 2  C 
: 2 6 3  C SUBROUTILYE S T I F F  
: 2 6 4  C * * * * * * * * * *  * * * * *  
: 2 6 5  C CALLEC E Y  MAIN FOR COFPUTIRG TBE LOCAL S T I F F N E S S  
: 2 6 6  P 

i OF THE, S U S P E N S I O N  S P R I N G S  AT ANY GIVLN DEFLECTIGN.  
: 2 6 7  - 

i 

: i 6 a  SUEROUTINE S T I F F  (:I, E E L S ,  XK, XF) 
: 269 C3MMON F O R C ( 3 , 1 0 ) ,  D E L ( 3 , l b )  , N U M ( 3 )  
: 2'2 BCNBER = NUM(N) 
: 2,: " 

i 

: 2 7 2  DO l a  I = 1, NUNBER 
: 2 7 3  IF ( D E L S  . L T .  C E L ( N v 1 )  ) GO TO 2 0  
: 2 7 4  1 0  CONTINUE 
: 2 7 5  C 
: 2 7 5  - - -  2 0  X K  I ( F O R C ( N , I )  - F G R C ( N , I  - 1 ) )  / ( D E L ( N , I )  - C E S ( Y , I  - 1 ) )  
: & I /  XF = ? O R C ( N , I  - 1) - ( ( D E L S  - G E L ( N , I  - :) ) * ( F O R C I S , ; )  - ? C z C ( N , I  
: 2 7 5  1- l ) ) / ! C E L ( N , I )  - C E L ( N , I  - 1 ) ) )  
: 2 7 9  RETURN 
: 2 8 8  L:JC 



APPENDIX C 

EQUATIONS OF MOTION FOR THE YAWIROLL MODEL 

The d i f f e r e n t i a l  equa t i ons  wh ich  govern t h e  yaw and r o l l  mot ions  

o f  a m u l t i p l e  a r t i c u l a t e d  v e h i c l e  w i l l  be d e r i v e d  i n  t h i s  appendix.  

I n  t h e  model, each sprung mass i s  t r e a t e d  as a r i g i d  body w i t h  f i v e  de- 

grees o f  freedom, namely: l a t e r a l ,  v e r t i c a l ,  yaw, r o l l ,  and p i t c h .  

S ince t h e  f o r w a r d  v e l o c i t y  o f  t h e  l e a d  u n i t  ( o r  t h e  t r a c t o r )  i s  assumed 

t o  be cons tan t ,  no l o n g i t u d i n a l  degree o f  freedom i s  i n c o r p o r a t e d  i n  t h e  

equa t i on  o f  mo t i on  f o r  t h e  sprung masses. The unsprung mass degrees o f  

freedom a r e  t h e  r o l l  and bounce o f  each unsprung mass w i t h  r e s p e c t  t o  

t h e  sprung mass t o  wh ich  i t  i s  a t t ached .  

The equa t i ons  a r e  f o r m u l a t e d  such t h a t  t h e  computer code does n o t  

p l a c e  any l i m i t a t i o n s  on t h e  number o f  sprung and unsprung masses. The 

k i nema t i c  c o n s t r a i n t s  between t h e  sprung masses a r e  t r e a t e d  i n  such a 

f a s h i o n  t h a t  t h e  computer code can be e a s i l y  mod i f i ed  t o  accommodate any 

k i n d  of c o n s t r a i n t .  

I n  o r d e r  t o  s i m p l i f y  t h e  equat ions ,  i t  i s  assumed t h a t  t h e  p i t c h  

ang les  o f  t h e  sprung masses and t h e  r e l a t i v e  r o l l  ang les  between t h e  

spruna and unsprung masses a r e  s m a l l .  F u r t h e r ,  t h e  p r i n c i p a l  axes o f  

i n e r t i a  o f  t h e  sprung and unsprung masses a r e  assumed t o  c o i n c i d e  w i t h  

t h e i  r r e s p e c t i v e  body f i x e d  c o o r d i n a t e  sys tems. 

The d i s c u s s i o n  t o  f o l l o w  i s  o rgan i zed  under  t h e  f o l l o w i n g  sub- 

headings : 

1 )  Ax i s  systems 

2 )  Suspension f o r c e s  

3 )  Equat ions  f o r  t h e  sprung masses 

4) Equat ions  f o r  t h e  unsprung masses 

5 )  C o n s t r a i n t  f o r c e  and moment equa t i ons  

6 )  T i r e  f o r c e s  



C . 1  Axis Systems 

Three types of axis systems are  used in the process of developing 
the equations of motion. They are :  ( 1  ) an ine r t i a l  axis  system fixed 
in space, ( 2 )  an axis  system fixed t o  each of the spruna masses, and 
( 3 )  an axis  system fixed t o  each of the unsprung masses. F i ~ u r e  C.l 
shows the axis systems fo r  a four-axle, multiple-articulated vehicle 
with two ar t icula t ion  points ,  C1 and C2, respectively. 

Euler angles a re  used to  define the orientat ion of the sprung and 

unsprung masses with respect t o  the ine r t i a l  axis  system. Since a l l  
sprung mass axis  systems are defined a l i k e ,  the axis transformation equa- 
tions are  given below for  only one sprung mass. For the same reason, 
the transformation equations for  the unsprung mass axis  systems are  
derived fo r  a s ingle unsprung mass. The symbols used in the derivation 
of the equations are  defined in Table C . 1 .  

C .  1 . 1  Sprung Mass Axis System. The three Euler angles of yaw 
( + , I ,  pitch ( e , ) ,  and ro l l  ( $ s )  which are needed t o  describe the 
orientat ion of each of the sprung mass axis  systems are  shown in 
Figures C.2, C.3, and C.4, respectively. 

The transformation equation between the ine r t i a l  and sprung mass 
axis  systems can be derived using the three sequential s teps of rotat ion 
which are i l lus t r a t ed .  For the yaw rota t ion ,  

For the ro ta t ion ,  es ,  i l l u s t r a t ed  in Figure C.3 



Fiqure C .  1 . Axis systei~is f o r  an a r t i c u l a t e d  vet l ic le w i  t t ,  th ree  sprtrnq Illasses and four unsprunq illdsses. 



Table C.1. D e f i n i t i o n  o f  Symbols 

Sprung mass r o l l  ang le  ( r a d )  

Sprung mass yaw ang le  ( r a d )  

Sprung mass p i t c h  ang le  ( r a d )  

Unsprung mass r o l l  ang le  ( r a d )  

Unsprung mass yaw ana le  ( r a d )  

Unsprunp mass p i t c h  ang le  ( r a d )  

R o l l  r a t e  o f  t h e  sprung mass ( r a d l s e c )  

P i t c h  r a t e  o f  t h e  sprung mass ( r a d l s e c )  

Yaw r a t e  o f  t h e  sprung mass ( r a d l s e c )  

R o l l  r a t e  o f  t h e  unsprung mass ( r a d l s e c )  

P i t c h  r a t e  o f  t h e  unspruna mass ( r a d l s e c )  

Yaw r a t e  o f  t h e  unsprung mass ( r a d l s e c )  

L o n g i t u d i n a l  v e l o c i t y  o f  t h e  sprung mass 

c.g. ( i n / s e c )  

L a t e r a l  v e l o c i t y  o f  t h e  sprung mass c.g. 

( i n l s e c )  

V e r t i c a l  v e l o c i t y  o f  t h e  sprung mass c .g .  

( i n / s e c )  

A c c e l e r a t i o n  o f  t h e  sprung mass c.g. ( i n / s e c 2 )  

A c c e l e r a t i o n  o f  t h e  unsprung mass c.g. ( i n / s e c 2 )  

Mass o f  t h e  sprung mass ( I  b -sec2 / i n )  

Mass o f  t h e  unspruna mass ( I b - s e c 2 / i n )  

R o l l ,  p i t c h ,  and yaw moments o f  i n e r t i a  of 

t h e  sprung mass ( 1  b - i n -sec2 )  

R o l l ,  p i t c h ,  and yaw moments o f  i n e r t i a  o f  

t h e  unsprung mass ( l b - i n - s e c 2 )  



T a b l e  C.1 ( C o n t . )  

KRS 

H a l f  o f  t h e  l a t e r a l  d i s t a n c e  between suspens ion  

s p r i n g s  on a x l e  i ( i n )  

H a l f  o f  t h e  l a t e r a l  d i s t a n c e  between t h e  i n n e r  

t i r e s  on a x l e  i ( i n )  

Dual t i r e  spac ings  on a x l e  i ( i n )  

V e r t i c a l  d i s t a n c e  f r o m  t h e  r o l l  c e n t e r  Ri 

t o  t h e  g round  p l a n e  ( i n )  

V e r t i c a l  d i s t a n c e  f r o m  t h e  sprung mass c .g .  

t o  t h e  r o l l  c e n t e r  o f  a x l e  i ( i n )  

L o n g i t u d i n a l  d i s t a n c e  f r o m  t h e  sprung  mass 

c .g .  t o  a x l e  i ( i n )  

V e r t i c a l  d i s t a n c e  f r om  t h e  r o l l  c e n t e r  Ri t o  

t h e  c .g .  o f  a x l e  i ( i n )  

L a t e r a l  f o r c e  produced a t  t h e  t i r e - r o a d  i n t e r -  

f a c e  o f  t h e  jth t i r e  on a x l e  i ( l b )  

V e r t i c a l  f o r c e  a c t i n g  a t  t h e  t i r e - r o a d  i n t e r -  

f a c e  o f  t h e  jth t i r e  on a x l e  i ( l b )  

A 1  i g n i n g  t o r q u e  gene ra ted  a t  t h e  t i  r e - r o a d  

i n t e r f a c e  o f  t h e  jth t i r e  on a x l e  i ( i n - l b )  

Force  a c t i n g  t h r o u g h  t h e  r o l l  c e n t e r  Ri i n  a  

d i r e c t i o n  p a r a l l e l  t o  t h e  3, a x i s  ( I b )  

Compressive o r  t e n s i l e  f o r c e  r e a c t e d  by t h e  

jth suspens ion  s p r i n g  on a x l e  i. Compressive 

f o r c e  i s  assumed t o  be p o s i t i v e  ( l b )  

A u x i l i a r y  r o l l  s t i f f n e s s  o f  t h e  suspens ion  

s p r i n g s  on a x l e  i ( i n - l b / r a d )  

A c c e l e r a t i o n  due t o  g r a v i t y  (386 .4  i n / s e c 2 )  



YAW 

Fiqure C.2 

Fiqure C. 3 

PITCH - 

- ROLL 
k2 k3 - 

Euler anqles needed to define the orientation of each of the 
sprunq mass axis systems. 



On similar lines, the roll rotation illustrated in Figure C.4 yields 

The transformation matrix which is needed to relate the sprung 
mass axis system and the inertial axis system can now be obtained by 

combining ( 2 ) ,  (41, and ( 6 ) .  Doing so, we get 

where 

Sprung mass pitch angles are usually restricted to very small values, 
during directional maneuvers, hence sin eS can be replaced by sS and 
cos es by 1.0 in the transformation equations. Expanding (7), we get: 



+ 
- s i n  +,cos +,+cos +,eSsin 4  s s i n  $,sin $,+cos 9  s  e s cos 4  

c o s ~ s c o s $ s + s i n + e  s  s s i n 4  s  
+- 

- 8 
S 

s i n  ( s  COS 4, 

C O S  '4, s i n  9  S +- 

+,cos $,+cos 9  e s i n  4, 
S S 

cos yscos $,+sin +,essin m S  

s i n  $ S s i n  +,+cos $,e,cos 4s -cos +,sin $,+sin $ 0 cos a s  
S S 

Sprung Mass Angular  V e l o c i t i e s :  

The equat ions  o f  mo t ion  o f  each sprung mass a r e  w r i t t e n  i n  terms 

o f  t h e  body - f i xed  angu la r  v e l o c i t i e s  (ps  ,qs , rs )  and t h e i r  d e r i v a t i v e s .  

I n  o r d e r  t o  de termine t h e  E u l e r  ang les ,  t h e  E u l e r  angu lar  v e l o c i t i e s  

( ,; ,6 ) have t o  be c a l c u l a t e d  from t h e  body - f i xed  angu la r  v e l o c i t i e s  
S s  S 

r ) and then i n t e g r a t e d  n u m e r i c a l l y .  The E u l e r  anau la r  v e l o c i t i e s  
(ps.qs.*s ? - ? +  
( $ s  y 6 s , ~ s )  a r e  d e f i n e d  a l o n g  t h e  ( i s  , j2 ,kn)  d i r e c t i o n s .  Therefore,  

equat ing  t h e  body - f i xed  and E u l e r  angu la r  v e l o c i t i e s ,  we g e t  



From ( 5 )  we n o t e  t h a t  

t + 4 

j2 = cos $,jS - s i n  $SkS  

A l s o  (8)  i n d i c a t e s  t h a t  

kn = -0 i t s i n  $SjS + cos mSkS 
S S 

S u b s t i t u t i n g  ( 11 )  and ( 1 2 )  i n t o  ( 10 )  we g e t  

-+ + 

q s j s  = ( i s  cos m s  + s i n  m s i s )  jS 

+ + 
r s k s  = (-6, s i n  m S t  is cos 4,) kS ( 1 5 )  

The above t h r e e  e q u a t i o n s  can a1 so be w r i t t e n  f o r  s o l v i n g  t h e  

E u l e r  a n g u l a r  v e l o c i t i e s  i n  terms o f  t lhe b o d y - f i x e d  a n g u l a r  v e l o c i t i e s  

( p s , q s , r s ) .  I n  d o i n g  so,  we g e t :  

The re fo re ,  Equa t i ons  ( 1 6 ) - ( 1 8 )  can be n u m e r i c a l l y  i n t e g r a t e d  t o  o b t a i n  

t h e  E u l e r  ang les  a t  any t i m e  t o f  t h e  s i m u l a t i o n .  



C. 1.2  Unspruna Mass A x i s  System. No p i t c h  degree o f  freedom has 

been i n c o r p o r a t e d  i n  t h e  unsprung mass equat ions .  Each unsprung mass i s  

p e r m i t t e d  o n l y  t o  r o l l  and bounce w i t h  respec t  t o  t h e  sprung mass t o  

which i t  i s  a t tached.  The o r i e n t a t i o n  o f  t h e  unsprung mass w i t h  r e s p e c t  

t o  t h e  i n e r t i a l  a x i s  system i s  t h e r e f o r e  d e f i n e d  by t h e  yaw an?le,  qS,  

and t h e  r o l l  anale,  B ~ ,  shown i n  F i g u r e  C.5 and F i g u r e  C.6, r e s p e c t i v e l y .  

Below, we s h a l l  d e r i v e  t h e  t r a n s f o r m a t i o n  equa t i on  which r e l a t e s  t h e  

a x i s  systems 1  ocated i n  t h e  sprung and unsprung masses, r e s p e c t i v e l y .  

F i g u r e  C.6 i n d i c a t e s  t h a t  

When Equat ions  ( 3 )  and ( 5 )  a r e  combined, we have 
I 

There fore ,  combining Equat ions (19 )  and (20)  and s u b s t i t u t i n g  f o r  [b.  .] 
1 J  

and [c .  .] , we g e t  
1J 



YAW - 
Fiaure C.5 

ROLL - 
Fiaure C .  6 

Euler anqles needed t o  define the orientat ion o f  each o f  the 
unsOrunQ masses. 



C.2 Suspension Forces 

Each suspension i s  assumed to  consist  of a pair of 1 inear springs 
and linkages which establish a ro l l  center ,  R i .  Figure C.7 i s  a 
schematic diagram showing tha t  the suspension springs are  assumed to  

+ 
remain paral lel  to the ku axis  of the unsprung mass, and are capable 

i 
of transmitting e i ther  compressive or  t ens i l e  forces only. All rol l  
plane forces which are  perpendicular t o  the suspension springs are 
assumed to ac t  through the ro l l  center ,  R i .  The ro l l  center ,  Ri, i s  
located a t  a fixed distance, Z , beneath the sprung mass, and i s  per- 

& i 
mitted to  s l ide  along the k axis  of the unsprung mass. Figure C.7 

i 
shows tha t  the suspension forces transmitted to the sprung mass from any 
given axle ,  i ,  a re  therefore 

The suspension forces can be defined in the sprung mass coordinate 
system by applying the coordinate transformation expressed by Equation 

( 2 1 ) .  Upon applying the transformation, we get 

The force, FR , acting through the rol l  center ,  Ri, i s  an internal 
i 

force which can be el iminated by inspecting the dynamic equi 1 i brium of 
the axle in the 3 direct ion.  The equation for  the la tera l  equilibrium 
of the axle i s  i 





Rearranging, we get 

Of the terms in the right-hand side of (26) ,  the only u n k n o w n  i s  

the accelerat ion,  of the unsprung mass. Since the position of the 
i 

unsprung mass i s  defined re la t ive  t o  the spruna mass t o  which i t  i s  

attached, the acceleration of the unsprung mass i s  given by: 

-+ 
where a i s  the acceleration a t  the c.g.  of the sprung mass 

+ ms 

a ~ .  i s  the r e l a t ive  acceleration a t  the ro l l  center ,  Ri, 

' S  with respect t o  the sprung mass c.g. 
-C 

and a i s  the r e l a t ive  acceleration a t  the c.g. of the axle m u  /Ri 
i  with respect to  the ro l l  center ,  R i  

We shall now derive expressions for  each of the three terms in the 
right-hand side of (27) .  



The a c c e l e r a t i o n  o f  t h e  sprung mass a l o n g  t h e  b o d y - f i x e d  c o o r d i n a t e s  
i t '  

( i , , js ,kS)  i s  g i v e n  by: 

S ince  t h e  r o l l  c e n t e r ,  Ri, i s  a t  a  f i x e d  d i s t a n c e  from t h e  sprunq mass 

c.a. ,  t h e  a c c e l e r a t i o n  o f  Ri w i t h  r e s p e c t  t o  t h e  sprung mass c .g .  

(z ) can be d e r i v e d  as f o l l o w s :  
Ri /ms 

The t h i r d  t e r m  i n  ( 2 7 ) ,  $ , can be d e r i v e d  a l o n g  t h e  same 
mu /Ri 

l i n e s  as $ , v i z .  : i 
Ri/ms 

-f -+ -+ 
V = ;  k - t 

= r 
mu /Ri mu /Ri  u .  u PU ,;rU .3, 
i i i i i i i  



Hence, combining (28 ) ,  (31)  and (34 )  and t r a n s f o r m i n g  t h e  

a c c e l e r a t i o n  d e f i n e d  i n  t h e  sprung mass c o o r d i n a t e  system t o  t h e  un- 

sprung mass c o o r d i n a t e  system, we g e t :  

On s u b s t i t u t i n g  t h e  r i g h t - h a n d  s i d e  o f  (25)  f o r  t h e  te rm 
-f 

(g ju ) i n  Equat ion  (26 ) ,  we g e t  t h e  f o l l o w i n a  r e s u l t  f o r  FR : 

i i i 

+ m g  s i n  pu 
i i 

+ F  + F  



C.3 Sprunp Mass Equat ions  

The f i v e  second-order  d i f f e r e n t i a l  equa t i ons  f o r  each o f  t h e  

sprung masses can be w r i t t e n  as f o l l o w s .  

L a t e r a l  Force Equa t i on :  

-f 
m ~ v ~  - mS(pSws - r S u S )  = C jS component o f  c o n s t r a i n t  f o r c e s  

+C IS component o f  t h e  suspension f o r c e s  
+ 

+ jS component o f  g r a v i t y  

= 3, component o f  c o n s t r a i n t  f o r c e s  

i, 

+ mSg s i n  $ s  ( 3 7 )  

Yote: Fo r  t h e  sprung mass under c o n s i d e r a t i o n ,  t h e  a x l e  numbers a r e  - 
assumed t o  v a r y  f r om i, t o  i2. 

V e r t i c a l  Force Equat ion :  

+ 
m k - ms(aSus - p s v S )  = z k s  component o f  c o n s t r a i n t  f o r c e s  

S S 

+ c:~ component o f  t h e  suspension f o r c e s  

+ kS  component o f  g r a v i t y  
t 

= C ks component o f  c o n s t r a i n t  f o r c e s  



R o l l i n g  Moment Equat ion:  

- ( I  - I ) q s r S  = x r o l l  moments f rom t h e  c o n s t r a i n t s  
YYs zzs 

+ r o l l  moments f rom t h e  suspension 

= z r o l l  moments from t h e , c o n s t r a i n t s  ' 2 
- 8 FRcOs($  -$ ) z R  ' ,x (FlitF2i)~i 

1 = i 1  i s ui i I=', 
1, 

P i t c h i n g  Moment Equat ion:  

I 4 - ( I z z  - I ) p S r S  = x p i t c h i n g  moments f rom t h e  c o n s t r a i n t s  
YYs s S X X  s  

+ p i t c h i n g  moments f rom t h e  suspension 

= z p i t c h i n o  moments f rom t h e  c o n s t r a i n t s  

Yawing Moment Equat ion:  

Note t h a t  t h e  unsprung masses do n o t  have a separate yaw degree 

o f  freedom. Consequently, t h e  yaw moments o f  i n e r t i a  o f  t h e  unsprung 

masses a r e  combined w i t h  t h e  sprung-mass yaw moment o f  i n e r t i a  t o  o b t a i n  

an equa t i on  a p p l i c a b l e  t o  t h e  sprung and unsprung masses i n  combinat ion.  

Thus we w r i t e :  



= x y a w  moments f rom t h e  c o n s t r a i n t s  

Equat ions ( 3 7 ) -  (41 ) a r e  t h e  govern ing  d i f f e r e n t i a l  equat ions  f o r  

t h e  sprung masses. The equat ions  needed t o  eva lua te  t h e  unknown con- 

s t r a i n t  f o r c e s  and t i r e  f o rces  w i l l  be developed i n  subsequent sec t i ons .  

C. 4  Unsprung Mass Equat ions 

Given t h a t  t h e  unsprung mass i s  assumed t o  yaw w i t h  t h e  sprung 

mass, t h e  remain ing  s i g n i f i c a n t  degrees o f  freedom f o r  t h e  unsprung 

mass a r e  r o l l  and bounce ( o r  jounce/rebound). The equat ions  f o r  t h e  

r o l l  and bounce degrees o f  freedom a r e  g i ven  below. 

R o l l  Moment Eauat ion :  

(HR cos 4 - z u  ) 
i i 

+ F  + F  



Jounce/Rebound Force Equation: 

The left-hand side of Equation (43) can be evaluated i n  a  manner 
similar to that  shown for Equation (35).  Doing so, we get:  

C.5 Constraint Equations 

The differential  equations which govern the motion of the sprung 
masses (Equations (37)-(41))  contain terms which are related t o  the 
constraint forces and moments. These constraint forces and moments a r i se  
a t  the points of connection between the various sprung masses. We shall 
develop a method by which these unknown constraint forces and moments 
can be solved fo r  by making use of the kinematic equations which define 
the constraints. 

The se t  of differential  equations (37)-(43) which give the motion 
of the sprung and unsprung masses can be written using matrix notation. 
If the vehicle i s  composed of n sprung masses and m unsprung masses, we 
wou ld  get a  se t  of k second-order d i f ferent ia l  equations, where 
k = 5n + 2 m .  This se t  of k d i f ferent ia l  equations, when written using 
matrix notation, i s  of the form: 



where 

M i s  t h e  i n e r t i a  m a t r i x  o f  s i z e  kxk  

-+ 
x  i s  a  v e c t o r  o f  t h e  f i r s t  d e r i v a t i v e  o f  t h e  m o t i o n  

v a r i a b l e s  o f  s i z e  k :  
n  m  

[bi, wi, Pi, qi, p i)  , I p u  , Z U  i 
i = l  i i i = l  

I 

$ i s  a  v e c t o r  o f  s i z e  k ,  wh i ch  i s  a  f u n c t i o n  o f  :, 
: 
x  and t h e  d imens ion  o f  t h e  v e h i c l e  

-+ 
fc i s  a  v e c t o r  o f  j unknown c o n s t r a i n t  f o r c e s  and moments 

N i s  a  m a t r i x  o f  s i z e  k x j ,  wh i ch  i s  a  f u n c t i o n  o f  v e h i c l e  

d imens ions  and ?. 

The k i n e m a t i c  c o n s t r a i n t s  t h a t  e x i s t  a t  t h e  v a r i o u s  c o n n e c t i n g  

p o i n t s ,  when w r i t t e n  as a  s e t  o f  a c c e l e r a t i o n  c o n s t r a i n t  equa t i ons ,  a r e  

o f  t h e  f o rm :  

where 

C i s  a  m a t r i x  o f  s i z e  j xk ,wh ich  i s  a  f u n c t i o n  o f  t h e  v e h i c l e  

d imens ions  and ? 
-+ 
d  i s  a  v e c t o r  o f  s i z e  j, wh ich  i s  a  f u n c t i o n  o f  Z, 2, and 

t h e  d imens ions  o f  t h e  v e h i c l e .  
-+ 

We s h a l l  s o l v e  f o r  t h e  c o n s t r a i n t  f o r c e  v e c t o r ,  fc, u s i n g  Equa t i ons  

( 45 )  and ( 4 6 ) .  F i r s t l y ,  i f  we s o l v e  (45) f o r  ?, we o b t a i n :  

S u b s t i t u t i n g  ( 47 )  i n  ( 4 6 ) ,  we g e t  



Upon solving (48) for  the constraint forces, we obtain: 

The s e t  of differential  equations given by Equation (45) can now be 
solved by substituting (49) back into (45).  Upon doing so,  we obtain: 

Since a l l  the terms in the right-hand side of (50) are k n o w n ,  Equation 
(50) can be integrated by any standard integration subroutine. 

In i t s  present form, the computer program permits four types of 
constraints t o  be represented. They are: (1 )  f i f t h  wheel, ( 2 )  inverted 
f i f t h  wheel, ( 3 )  kingpin, and (4 )  p int le  hook. Schematic diagrams of 
each of the connections are shown in Figures C.8 through C. l l .  

The f i f t h  wheel and the inverted f i f t h  wheel arrangement permit 
the lead and the t ra i l ing  units t o  yaw and pitch with respect t o  one 
another, b u t  are s t i f f  in r o l l .  The kingpin-type connection permits 
only yaw motions. In the case of the pint le  hook connection, the 
t r a i l ing  unit i s  permitted to  r o l l ,  bounce, yaw, and pitch with respect 
to  the lead unit.  The only constraint placed by a pintle hook i s  that  
of la tera l  motion. 

The rol l  and pitch moments transmitted through the f i f t h  wheel, 
inverted f i f t h  wheel, and the kingpin connection can be easi ly evaluated 
in terms of the re la t ive  roll  and pitch displacements between the 
adjacent units .  Therefore, the acceleration constraint approach i s  not 
adopted for solving for the roll  and pitch moments. In the discussion 
to  fol 1 ow, the acceleration constraint equations needed for determining 
the la tera l  and vertical forces a t  the connecting points are developed. 
Following which, the equation for the roll  and pitch constraining moments, 
which are based on the roll  and pitch displacements, are developed 
separately for  the f i f t h  wheel, inverted f i f t h  wheel, and the kingpin 
connections. 



F i ~ u r e  C.8. Conventional f i f t h  wheel. 

Figure C.9. Inverted f i f t h  wheel 

Figure C .  10 .  Kingpin 

Figure C .  1 1 .  Pintle hook 



C.5.1 Lateral and Vertical Constraint Forces. Each of the four 

connections tha t  are considered here are  s ingle point constraints .  I n  

these connections there i s  a point C ( see  Fig. C.12), which i s  common 
t o  both the lead and the t r a i l i n g  un i t s ,  about which the ar t icula t ion  
takes place. The acceleration constraint  equations, which are needed 
fo r  solving for  the l a t e ra l  and vert ical  forces,  can therefore be formed 
by equating the l a t e ra l  and vert ical  accelerations of the point C on 
the lead unit  t o  the acceleration of the same point on the t r a i l i n g  unit  

The acceleration of the constraint  point C on the lead unit i s  
given by the expression: 

The acceleration of the same point in terms of the t r a i l i n g  unit  
motion variables i s :  

Before the right-hand side of ( 5 1 )  can be equated w i t h  the right-hand 
side of (52) ,  the lead unit  coordinate system has to be transformed to  
the t r a i l i n g  unit coordinate system, or  vice versa. 





R e f e r r i n g  t o  Equa t i on  ( 7 ) ,  we n o t e  t h a t  

Bu t  

+ + +  
Upon e l i m i n a t i n g  t h e  i n e r t i a  v e c t o r ,  {in, jn, kn;, f r om (53 )  and ( 5 4 ) ,  

we g e t :  

+ + T  + + T 
= [nib]: [Aij], ii , J , kS  I=  [T .  .I {i , j , k  1 

S1 s1 1  1J S 1  S1 S1 

( 5 5 )  

Elements o f  t h e  m a t r i x  [T .  . ]  can be de te rmined u s i n g  t h e  t r a n s -  
1J 

f o r m a t i o n  m a t r i c e s  i n  Equat ions  (8 )  and ( 9 ) .  Upon d o i n g  so, we g e t :  

T1 = cos  ( a  - $sl ) 2  
T12 = s i n  ( +  - $ )cos  g - e s  s i n  4  + s i n  4  9 cos (+  -yS ) 

2  2 1  S2 1  
T i 3 =  - s i n ( +  -as ) s i n $  - 0, cos 4  t c o s  a e cos (+  -$ ) 

s2 1  1  2  1  S1 s1 S2 S~ 

TZ2 = cos  4 cos 4  c o s ( r  -is ) + s i n  m S  s i n  4 
1  2 S2 1  1  2  

cos $ s i n ( +  - ) + s i n  4 3 cos g s i n ( +  -+ ) 
2  s2 S2 S2 1  S2 

(Con t i nued )  
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T23 - s i n  b S  cos 4  c o s ( $  -$ ) t c o s  m S  s i n  4 
1  2  S2 S1 1  2  

- cos  + s  cos 4 e  in(+^,-+^^) - s i n  4  s i n  4  a s i n ( +  -\ ) 
1  s2 S1 L. 1  s2 s2 S2 1 

T31 = s i n  4 s i n ( +  -+, ) - cos +, e s  +  cos pS a s  c o s ( $  -yS ) 
2  S2 1  2  1 2  2  s2 1  

T32 = -COS 4  s i n  m S  cos(+  -$s ) + cos gS s i n  4  
1  2  s2 1  2  1  

+ s i n  4  s i n  4 e s i n ( +  -is ) + cos 4  cos 4 a s i n ( +  - + -  ) 
1  S2 S1 s  1  1  S2 S2  S2  '1 

T33 = s i n  4, s i n  4 cos(+  - yS  ) + cos 4, cos 4 
1  2  S2  1  1  2  

+  cos 4 s i n  4 e s i n ( +  - s i n  m s  cos  4 e s i n ( $  -IJ ) 
1  S2 s1 2 1 s2 S2 S2 s1 

The re fo re ,  t h e  c o n s t r a i n t  equa t i ons  f o r  l a t e r a l  and v e r t i c a l  mot ions  

a r e :  

Equat ions  (57 )  and (58) a r e  needed t o  e v a l u a t e  t h e  l a t e r a l  and 

v e r t i c a l  c o n s t r a i n t  f o r c e s ,  r e s p e c t i v e l y .  I n  t h e  case o f  t h e  p i n t l e  

hook connec t i on ,  t h e  l e a d  and t h e  t r a i l i n g  u n i t s  a r e  f r e e  t o  bounce w i t h  

r e s p e c t  t o  each o t h e r .  Hence, no s i g n i f i c a n t  c o n s t r a i n t  f o r c e s  a r i s e  i n  

t h e  v e r t i c a l  d i r e c t i o n .  The re fo re ,  t h e  l a t e r a l  a c c e l e r a t i o n  c o n s t r a i n t  

e q u a t i o n  ( 5 7 )  a l o n e  i s  used i n  c o n j u n c t i o n  w i t h  a  p i n t l e  hook connec t i on .  



C.5.2 R o l l  and P i t c h  Moments f o r  a  Convent ional  F i f t h  Wheel 

Connection. F i g u r e  C.13 shows t h e  s i d e  and r e a r  views o f  a  conven t i ona l  

f i f t h  wheel arrangement. The f i f t h  wheel connect ion  p e r m i t s  f r e e  r o t a -  

t i o n a l  mot ions  o f  t h e  t r a i l i n g  u n i t  a long  t h e  p i t c h  a x i s ,  5 , o f  t h e  l ead  
+ s  1 

u n i t ,  and a l o n g  t h e  yaw a x i s ,  k , o f  t h e  t r a i l i n g  u n i t .  when t h e  two 
s  9 

u n i t s  a r e  i n  l i n e ,  t h e  p i t c h  a x i s ,  j , o f  t h e  t r a i l i n g  u n i t  c o i n c i d e s  
s  9 

w i t h  t h e  j a x i s .  There fore ,  when t h e  r e l a t i v e  yaw ang le  i s  zero ,  t h e  
1 

t r a i l i n g  u n i t  i s  f r e e  t o  p i t c h  w i t h  r e s p e c t  t o  t h e  l e a d  u n i t .  When t h e  

r e l a t i v e  yaw ang le  between t h e  two u n i t s  reaches 90 degrees, t h e  r o l l  
+ 

a x i s ,  
is , o f  t h e  t r a i l i n g  u n i t  c o i n c i d e s  w i t h  t h e  p i t c h  a x i s ,  3 , s  7 

L I 
making t h e  t r a i l i n g  u n i t  f r e e  t o  - r o l l  w i t h  respec t  t o  t h e  l e a d  u n i t .  

Any f r i c t i o n a l  coup les  t h a t  e x i s t  a long  t h e  j and k d i r e c t i o n s  
1 2 

a r e  smal l  enough t h a t  t h e y  can be neg lec ted.  The o n l y  c o n s t r a i n i n g  

moment t h a t  can a c t  on t h e  l e a d  u n i t  i s  t h e r e f o r e  a  r o l l  moment a long  

t h e  d i r e c t i o n .  Any r o l l  compl iance t h a t  e x i s t s  i n  t h e  t r a c t o r  and 
s  1 

1 

t r a i l e r  s t r u c t u r e s  and i n  t h e  coup1 i n g  d e v i c e  i s  lumped t o g e t h e r  and 

represented by a  t o r s i o n a l  t ype  o f  s t i f f n e s s ,  K , shown i n  F i g u r e  C.14. 
s 1 

A second s e t  o f  axes (?I , 5' , 1; ) a f f i x e d  t o  ;he f i f t h  wheel a r e  a l s o  
S1 S1 1  

d e f i n e d  i n  F i g u r e  C.14. T h i s  a x i s  system has t h e  same yaw and p i t c h  

angles as those o f  t h e  l e a d  u n i t ,  b u t  has a  d i f f e r e n t  r o l l  angle,  4 '  . 
S 1  

1 

The d i f f e r e n c e  i n  t h e  r o l l  ang le  ( 4 '  - m S  ) r ep resen ts  t h e  s t r u c t u r a l  
S1 1  

compl iance.  The r o l l  moment a c t i n g  th rough t h e  f i f t h  wheel i s  g i ven  by 

t h e  exp ress ion  

The c o ? s t r u c t i o n  o f  t h e  f i f t h  wheel arrangement i s  such t h a t  t h e  
+ 

p i t c h  a x i s ,  j ' , i s  always p e r p e n d i c u l a r  t o  t h e  yaw a x i s ,  k . I n  terms 
1  2 

of u n i t  vec to rs ,  t h i s  c o n d i t i o n  can be w r i t t e n  as: 







Bo th  j '  and k can be expressed i n  terms o f  t h e  i n e r t i a l  u n i t  
+ + 2  

v e c t o r  ( i n ,  jn, kn)  u s i n g  t h e  t r a n s f o r m  Equa t i on  ( 9 ) .  Upon d o i n g  so, 

Equa t i on  ( 6 0 )  can be w r i t t e n  as :  

( - s i n  $; cos 4 '  + cos $ '  s i n  
1 1 1  

(cos  $; cos 4 '  + s i n  $ '  s i n  
1  1  1 

+ 
s i n  + '  s1 kn 

+ 
( s i n  is s i n  4  + cos  +s  cos 9 

2  2  2 

( -cos  q s i n  m + s i n  is cos 
2  2  2 

Upon c a r r y i n g  o u t  t h e  d o t  p roduc t  and s o l v i n g  f o r  4; , we g e t  
1  

S i n c e $ '  = +  a n d e '  = e  , w e g e t  
S1 S1 S1 S1 

cos ($  -+s  ) - R cos $ s i n ( +  -$S ) 
S2 1  2  2  s 2  1 ( 6 3 )  

a s i n  4  s i n ( $  - ) + cos 4  
1  2  S2 2  

The r o l l  moment Mx = Ksl ( - $  + 4 '  ) 
1 S1 

s i n  m S  cos (y  - q ~ ~  ) - o S  cos m S  s i n ( $  
2  s2 1 2  2  

e s  s i n  + s i n ( $  -rS ) + cos $ 
1 2 s2  1  2 



The c o n s t r a i n i n g  moments a c t i n g  on t h e  t r a i l i n g  u n i t  a r e  

and 

where Tll and T21 a r e  d e f i n e d  i n  Equat ion  (56 ) .  

C.5.3 R o l l  and P i t c h  Moments f o r  an I n v e r t e d  F i f t h  Wheel 

Arrangement. The i n v e r t e d  f i f t h  wheel i s  an arrangement i n  which t h e  

l ower  and upper ha l ves  o f  a  conven t i ona l  f i f t h  wheel coupl  i n g  a r e  r e -  

versed. The i n v e r t e d  f i f t h  wheel arrangement i s  shown i n  F i g u r e  C.15. 

The c o u p l e r  p e r m i t s  f r e e  r o t a t i o n a l  mo t ion  o f  t h e  t r a i l i n g  u n i t  
-f +. 

a long  t h e  p i t c h  a x i s ,  j , o f  t h e  t r a i l i n g  u n i t  and t h e  yaw a x i s ,  k , 
2 1  

o f  t h e  l e a d  u n i t .  U n l i k e  t h e  conven t i ona l  f i f t h  wheel arrangement, t h e  

p i t c h  a x i s  o f  t h e  i n v e r t e d  c o u p l e r  i s  always l i n e d  up w i t h  t h e  p i t c h  

a x i s  o f  t h e  t r a i l e r  f o r  a l l  va lues  o f  a r t i c u l a t i o n  ang les .  The i n v e r t e d  

f i f t h  wheel coupl  i n g  can t h e r e f o r e  t r a n s m i t  a  r o l l  - r e s i s t i n g  moment f rom 

t h e  l e a d  u n i t  t o  t h e  t r a i l i n g  u n i t  f o r  a l l  va lues  o f  t h e  r e l a t i v e  yaw 

ang le  between t h e  l e a d  and t h e  t r a i l i n g  u n i t s .  I n  t h e  case o f  t h e  

i n v e r t e d  f i f t h  wheel, t h e  s t r u c t u r a l  compl iance i n  r o l l  i s  modeled by 
+. 

a  t o r s i o n a l  s p r i n g  o f  s t i f f n e s s  KS , a l o n g  t h e  i a x i s  o f  t h e  t r a i l i n g  
2  2 

u n i t .  Upon c a r r y i n g  o u t  t h e  d e r i v a t i o n ,  we g e t :  

- e ,  cos + s  s i n ( $  
1  1  

) + cos + 
1 I 

The r o l l  and p i t c h  moment a c t i n g  on t h e  l e a d  u n i t  a r e  g i v e n  

by 



ks, 

SIDE VIEW REAR VIEW 

Figure C .  1 5 .  The inver ted f i f t h  wheel arranclenlent. 



where T l l  and T12 are  once again defined in Equation ( 5 6 ) .  

C.5.4 Roll and Pitch Moments for  a Kingpin-Type Connection. In a 
kingpin-type arrangement, only yaw motion i s  penni t ted between the 1 ead 

and the t ra i l ing  units .  Hence, constraint moments ac t  in b o t h  the pitch 

and yaw directions. The structural  compl iance i s  therefore represented 

by torsional springs, K and K , along the pitch a n d  rol l  axes. 
1 Y1 -f -+ -> 

Shown in Figure C.16 i s  a n  axis system ( i t  , j' , k; ) which has the 
S1 S1 1 

same yaw angle, IJ , as the lead un i t ,  b u t  different  rol l  a n d  pitch 
1 

angles 4 '  and 8 '  , respectively. The axis system i s  so oriented that  
1 1 2. 

the k' axis i s  parallel t o  the k axis of the t r a i l ing  unit .  There- 
1 2 

fore,  the vector equations 

and j ~ .  i; = o  
1 2 

(71  ) 

have t o  be sa t i s f i ed .  Equation (70)  yields the pitch angle 

0 '  = O S  COS($ - I J ~  ) + tan $s s in ($  -$; ) 
1 2 s 2  1 2 s2  1 

Since $ '  = IJ , Equation ( 7 2 )  can be rewritten as 
1 1 

o 1  = e S  C O S ( $  -$s ) + tan 4 sin(qs -+s ) 
1 2 s2 1 2 2 1 

Therefore 

= K [ e s  C O S ( Q  -$s ) + tan m S  s in (@ 
2 

(74) 
Y1 2 S 2  1 2 





Equat ion  (71)  y i e l d s  a  r e s u l t  which i s  i d e n t i c a l  t o  (62 ) ,  

t h e r e f o r e  

s i n  + s  cos(0  -+s ) - e S  cos m S  s i n ( q S  itan-' ( s2 1 2 2 
= 1  e '  s i n  + s  s i n ( $  -qS ) + cos + 

1  2  S2 1  2  

The c o n s t r a i n t  moments, Mx , M , a c t i n g  on t h e  t r a i l i n g  u n i t  
2 Y2 

a r e  now g i v e n  by 

and 

where Tll , T12' T21' and T22 a r e  once aga in  d e f i n e d  i n  Equat ion  ( 5 6 ) .  

C .  6 Forces and Moments a t  t h e  Ti re-Road I n t e r f a c e  

The s i m u l a t i o n  u t i l i z e s  measured t i r e  da ta  f o r  computing t h e  

l a t e r a l  f o r c e s  and a1 i g n i n g  moments generated a t  t h e  t i r e - r o a d  i n t e r -  

face .  I f  t h e  s i d e s l i p  ang le  and t h e  v e r t i c a l  l o a d  a c t i n g  on a  t i r e  a r e  

known, t h e  l a t e r a l  f o r c e  and a1 i g n i n g  moment can be computed by a  1  i n e a r  

i n t e r p o l  a t i o n  o f  t h e  tabu1 a ted  t i r e  da ta .  Expressions f o r  t h e  s ides1 i p  

ang le  and t h e  v e r t i c a l  l o a d  a t  t h e  t i r e - r o a d  i n t e r f a c e  w i l l  now be 

d e r i v e d  i n  terms o f  t h e  v e l o c i t i e s  and displacements o f  t h e  sprung and 

unsprung masses. 

C.6.1 S i d e s l i p  Angles. L e t  us f i r s t  express t h e  s i d e s l i p  ang le  

a t  t h e  t i r e - r o a d  i n t e r f a c e  i n  terms o f  t h e  body - f i xed  v e l o c i t i e s  o f  t h e  

sprung mass and t h e  a x l e .  The s i d e s l i p  ang le  a t  t h e  j t h  t i r e  on a x l e  i 

i s  g i ven  by t h e  exp ress ion :  

a = tan- '  
j i ( " a ~ l e ~ ' ~ t i r e ~ ~  ) - STEER 

where t h e  l a t e r a l  v e l o c i t y ,  vaxle , a t  t h e  a x l e  i s :  
i 



The l o n g i t u d i n a l  v e l o c i t y  utireji i s  d i f f e r e n t  a t  each o f  t h e  

f o u r  t i r e s  on an a x l e .  The l o n g i t u d i n a l  v e l o c i t i e s  a t  t h e  t i r e s  a r e :  

The t e r m  "STEER" i n  Equa t i on  (78) r e p r e s e n t s  t h e  a n g l e  made by t h e  

wheel p l a n e  w i t h  r e s p e c t  t o  t h e  l o n g i t u d i n a l  a x i s  o f  t h e  sprung mass 

c o o r d i n a t e  system. 

C.6.2 V e r t i c a l  Loads. The v e r t i c a l  compl iance i n  t h e  t i r e s  i s  

modeled by l i n e a r  s p r i n g s ,  KT . The re fo re ,  i f  t h e  v e r t i c a l  d e f l e c t i o n ,  . . ., 
J I 

"i, a t  t h e  t i r e  i s  known, t h e  v e r t i c a l  t i r e  l o a d ,  FZ , can be c a l c u l a t e d  
i i 
J ' 

f rom t h e  e x p r e s s i o n :  

The v e r t i c a l  d e f l e c t i o n  a t  t h e  t i r e s  can be expressed i n  terms o f  

t h e  d e f l e c t i o n  o f  t h e  sprung and unsprung masses. The d e f l e c t i o n  o f  

t h e  o u t e r  l e f t  t i r e  on a x l e  i i s  g i v e n  by t h e  equa t i on :  



where 

Azs i s  t h e  v e r t i c a l  d e f l e c t i o n  o f  t h e  sprung mass c.g. 
+ 

a l o n g  t h e  i n e r t i a l  a x i s  k,. 

AzS = 0.0 a t  t ime  t = 0.0 

z i s  t h e  v e r t i c a l  d i s t a n c e  between t h e  r o l l  c e n t e r ,  R iy  
Uoi and t h e a x 1 e c . g .  a t  t i m e  t = 0.0 

' o i  i s  t h e  s t a t i c  d e f l e c t i o n  o f  t h e  t i r e s  a t  t i m e  t = 0.0.  

The d e f l e c t i o n  o f  t h e  o t h e r  t h r e e  t i r e s  on a x l e  i a r e :  

SZi = 6 i i  + GYi s i n  (ui 

- 
53i  - SEi + 2Ti s i n  mui 

64i = 63i + GYi s i n  +ui 



APPENDIX D 

YAW/ROLL MODEL PARAMETERS 

Parameters needed to describe the candidate tractor-semi trai 1 ers 

and tractor-semi trai ler-semi trai ler combinations are presented in 

this appendix. Figure D. 1 i 1 1  ustrates the parameters needed to define 

the layout of an 11-axle tractor-semitrailer-semitrailer combination. 

The symbols are defined in Table D.1. Parameter values are 1 isted in 
Tables D.2 and D.3 for all of the 17 configurations which were analyzed. 

The fol lowing tire distri buticln was assumed: 

Tractor front axle: 15~22.5 rib 

Tractor rear axle: 10x20 rib 

Trailer axles which 
are loaded to 
13,000 Ib: 9x20 rib 

Trailer axles which 
are loaded to 
18,000 lb: 10x20 rib 

The cornering force and a1 igning torque data for these tires 

are from References D. 1 through D.3. 

The suspension spring characteristics which were assumed are 

illustrated in Figure D.2. 





TABLE D.1 - LIST -- OF SYMBOLS 

KCONX ( K) 

GY( J )  

We igh t  o f  i th s p r u n g  mass ( 1  b )  

H e i g h t  o f  j th  ax1 e  ( 1  b )  

V e r t i c a l  Load c a r r i e d  b y  ax1 e  J ( 1  b )  

L o n g i t u d i n a l  d i s t a n c e  f r o m  t h e  th  a x l e  t o  t h e  c . g .  o f  t h e  
s p r u n g  mass on  w h i c h  i t  i s  mounted .  XU(J) i s  p o s i t i v e  if 
a x l e  i s  mounted ahead o f  t h e  sp rung  mass c . g .  ( i n )  

H e i g h t  o f  sp runa  mass c . g ,  above g round  ( i n )  

H e i g h t  o f  a x l e  c . g .  above g round  ( i n )  

L o n g i t u d i n a l  d i s t a n c e  f r o m  t h e  sp runq  mass c . g .  t o  an  a r t i -  
c u l a t i o n  p o i n t .  (See F i g u r e  D . l ) .  XCON(K) i s  p o s i t i v e  when 
t h e  a r t i c u l a t i o n  p o i n t  i s  ahead o f  t h e  s p r u n g  mass c . g .  ( i n )  

V e r t i c a l  d i s t a n c e  f r o m  t h e  sp runq  mass c . g .  t o  t h e  a r t i c u l a t i o n  
p o i n t .  (See F i g u r e  D . 1 ) .  ZCON(K) i s  p o s i t i v e  when t h e  a r t i -  
c u l a t i o n  p o i n t  i s  be l ow  t h e  sp rungmass  c . g .  ( i n )  

R o l l  s t i f f n e s s  a t  t h e  a r t i c u l a t i o n  p o i n t  ( i n . l b . / d e g . )  

L a t e r a l  d i s t a n c e  between d u a l  t i r e s  on  a x l e  J .  GY(J)  i s  z e r o  
f o r  s i n g l e  t i r e s  ( i n )  

V e r t i c a l  s t i f f n e s s  o f  each  t i r e  mounted on  a x l e  J  ( l b / i n )  

Coulomb f r i c t i o n  i n  each  o f  t h e  s u s p e n s i o n  s p r i n g s  on  a x l e  J ( I b )  
2 R o l l  moment o f  i n e r t i a  o f  t h e  ith s p r u n o  mass ( 1  b . i n . s e c  ) 

2 Yaw moment o f  i n e r t i a  o f  t h e  ith spruno  mass ( 1 b . i n . s e c  ) 

R o l l  moment o f  i n e r t i a  o f  a x l e  J. (The  yaw moment o f  i n e r t i a  
o f  t h e  a x l e  i s  assumed t o  be equa l  t o  t h e  r o l l  moment o f  i n e r t i a ) .  
( 1  b . i n . s e c  2 ,  

H e i g h t  o f  r o l l  a x i s  above g round  ( i n )  

H a l f  t h e  l a t e r a l  d i s t a n c e  between t h e  i n n e r  t i r e s  ( i n n e r  o f  t h e  
d u a l  p a i r )  on  a x l e  J ( i n )  

T a b l e  # f o r  t h e  t i r e  d a t a  used  on  a x l e  j. See c o r n e r i n g  f o r c e  
and a l i g n i n g  t o r q u e  t a b l e s  a t  t h e  end o f  t h i s  a p p e n d i x .  

H a l f  t h e  l a t e r a l  d i s t a n c e  between t h e  s u s p e n s i o n  s p r i n g s  on  
a x l e  J.  ( i n )  



TABLE D - 2  PARAMETERS FOR CANDIDATE TRACTOR-SEMITRAI LER CONFIGURATIONS - .-- - 

8 o f  axles on 
Tractor 3 

# o f  axles on 
Trai ler 2 



Table D .2 ,  continued 

Z S ( 1 )  

Z S ( 2 )  

Z U ( 1 )  

zu(2) 

zu(3) 

zu(4) 

ZU(5) 

ZU(6) 

ZU(7) 

zu ( 8  1 
ZU(9) 
X C O N ( 1 )  

XCON ( 2  ) 

ZCON ( 1 ) 

ZCON ( 2 )  

K C O N X  ( 1  ) 

*GY(J)  

**KT(J) 

C F ( 1 )  

C F ( 2 )  

CF( 3) 

CF(4) 

CF(5) 

CF(6) 

CF( 7)  

CF(8) 

CF(9) 
IXXS(1) 

IXXS(2) 

' ~ r a c t o r  f ront  axle has s ingle  t i r e s ,  all the r e s t  have duals. 

* * Same value used for  a l l  t i r e s .  



Table D.2, c o n t i n u e d  

IZZS(I) 65000 65000 65000 65000 65000 65000 65000 65000 

IZZS(2) 2,763,000 3,360,000 4,216,000 4,450,800 4,510,000 5,200,000 5,545,000 5,800,000 

IXXU(1) 3700 3700 3700 3700 3700 3700 3700 3700 

IXXU(2) 4500 4500 4500 4500 4500 4500 4500 4500 

IXXU(3) 4500 4500 4500 4500 4500 4500 4500 4500 

IXXU(4) 41 00 4100 4100 41 00 41 00 41 00 4100 4100 

IXXU(5) 41 00 4100 4100 41 00 41 00 41 00 4100 4100 
IXXU(6) - 4100 4100 41 00 41 00 41 00 4100 4100 
IXXU(7) - - - 41 00 41 00 41 00 4100 4100 
I XXU (8) - - - - - 41 00 4100 4100 

IXXU(9) - - - - - - - 41 00 

HR(1) 2 2 2 2 2 2 2 2 2 ? 2 2 2 2 2 2 

HR(2) 2 9 2 9 2 9 2 9 2 9 2 9 2 9 2 9 

HR(3) 2 9 2 9 29 29 29 29 29 2 9 

HR(4) 2 9 2 9 29 2 9 2 9 2 9 2 9 2 9 

HR(5) 2 9 2 9 2 9 2 9 2 9 2 9 2 9 2 9 

HR(6) - 2 9 29 2 9 2 9 2 9 2 9 2 9 

HR(7) - - - 2 9 2 9 2 9 29 2 9 

HR(8) - - - - - 2 9 2 9 2 9 

HR(9) - - - - - - - 2 9 

TY(1) 40.25 40.25 40.25 40.25 40.25 40.25 40.25 40.25 

TY(2) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 

TY(3) 29.0 29.0 29.0 29.0 29.0 29.0 29.0 29.0 

TY(4) 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0 

TY(5) 32.0 32.0 32.0 32.0 32.0 32.0 32.0 32.0 

TY(6) - 32.0 32.0 32.0 32.0 32.0 32.0 32.0 
TY(7) - - - 32.0 32.0 32.0 32.0 32.0 

TY(8) - - - - - 32.0 32.0 32.0 

TY(9) - - - - - - - 32.0 



Table D . 2 ,  continued 

T I R E  ( 1 )  

TIRE ( 2 )  

TIRE (3)  

T I R E  ( 4 )  

TIRE ( 5 )  

TIRE ( 6 )  

TIRE ( 7 )  

T I R E  ( 8 )  

TIRE ( 9 )  

Tractor 
front spring* 1 

Tractor 
rear springs* 2 

Tra i 1 er* 
springs 

* 
The numbers refer t o  the spring data shown in  Figure D . 2 .  
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TABLE D.3 -- PARAMETERS FOR CANDIDATE TRACTOR/SEMITRACTOR/SEMITRAILER COMBINATIONS (Cont. )  

I I Ia I I b  I11 I Va I V b  V V I V I  I - 





a , . .  

N N F O  
Ql h g z d m  

F M L n Q  

I . . .  

Q I L n r - C O  
m h N r  
CO CO N CO 
F r n L n C O  



l o o 0 0 8  
O O O C O  

0 0 0 0 0  
O O O C O  . . . . .  



LL? 
Z 

LL? 
Z I 

0 0 0 0 0  
O O O O C O  . . . . . .  
- 0 d - C o m o  

d - N O U N  
N Q O M U l  

F F F  



SPRING # I  FORCE (Ib) 
1500 4 

- I.,O 
I 

Tension I 
I DEFLECTION - 

1-1500 (in) 

SPRING # 2  

DEFLECTION 

-- -40CO 

SPRING # 3  FORCE (Ib) 

Tension 1 Compression - 1.5 -0 .5  / 1.0 

DEFLECTION - 
(in 1 

I 

i 

Fiqure 0.2. Suspension sorina characteristics 
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APPENDIX E 

TANK SHELL GEOMETRY 

Equations which are needed for computing the cross-sectional area 

and layout of the tank shells are developed in this appendix. A simple 

interactive computer program which is useful for computation of the pay- 

load capacity, shell height, and layout; of the tank is also included in 

this appendix. 

Tank Cross-Sectional Area 

As shown in Figure E.l, the tank cross-section geometry is defined 

in terms of the width, HI, height, H2, and the three curvatures: ( 1 )  
the sidewall radius, R1, (2) the top and bottom radius, R2, and (3) the 
blend radius, R3. The computation of tihe area enclosed by the shell is 

made easy by dividing the area into four segments. The four segments 

are illustrated in Figure E.2. In order to calculate the cross-sectional 

area, it is essential to determine the angles e l  and e2 (see Figure E.3) 
which are subtended by the arcs of radius R1 and RE, respectively. The 

areas of each of the four segments when expressed in terms of the shell 

radii and the angles el and e2 are: 

R;e 1 R2 cos elsin e l  - A 1 - -  2 1 2 

A 3 2 cos 

(3) 





TOTAL A R E A  = 4x (Al+AZ*A3*A4) 

A 2  \ 
I 
I 

Figure E . 2 .  Figure illustrating the division of the tank cross- 
sectional area into four seqments - A,, A?,  A 3 ,  a n d  A 4 .  

Figure E. 3. Geometric construction needed for derivi n q  the t a n k  
cross-sectional area equation. 

8 3 



The t o t a l  c r o s s - s e c t i o n a l  a rea,  A, o f  t h e  t a n k  i s  t h e r e f o r e  g i v e n  

by  t h e  e q u a t i o n  

The o n l y  unknown i n  Equat ions  (1  ) t h r o u g h  ( 4 )  a r e  t h e  ang les  el 
and e 2 .  These two ang les  w i l l  now be expressed i n  terms o f  t h e  s h e l l  

r a d i i  and t h e  h e i g h t  and w i d t h  o f  t h e  t a n k .  

R e f e r r i n g  t o  t h e  geomet r i c  c o n s t r u c t i o n  i n  F i g u r e  E.3, t h e  l e n g t h s ,  

e ,  xl, and y,, when d e f i n e d  i n  terms o f  t h e  s h e l l  geometry parameters  

a r e  : 

yl = 
J(R2-R3 )' - x i  

- 1  
Hence 0 ;  = t a n  (y l /x l )  

R1 -El / 2  
and = tan - '  ( R2-H2/2 ) 

The exp ress ion  f o r  t h e  a n g l e  el ,  when d e r i v e d  a l o n g  s i m i l a r  l i n e s ,  



The c r o s s - s e c t i o n  area can t h e r e f o r e  be computed by s u b s t i  t u t i n g  

Equa t ions  (11 )  and ( 1 2 )  i n t o  t h e  a rea  equa t ions  ( 1 )  t h r o u g h  ( 4 ) .  

C o m ~ u t e r  Proaram f o r  Tank Layout  C a l c u l a t i o n s  

A s i m p l e  computer program was developed f o r  c a r r y i n g  o u t  t h e  c a l -  

c u l a t i o n s  r e l a t e d  t o  t h e  geometry o f  d rop -bo t tom t a n k s .  The parameters 

needed f o r  d e s c r i b i n g  t h e  geometry o f  a drop-bot tom t a n k  a r e  shown i n  

F i g u r e  E.4. 

When t h e  d imens ions XL1, OVHANG, HEITI ,  WIDTH, DROP, R 1 ,  R 2 ,  and 

R j  and t h e  f r o n t  and r e a r  l o a d s ,  W1 and W E ,  a r e  p r o v i d e d  as i n p u t ,  t h e  

program computes t h e  pay load  volume "PAYLD," t h e  l e n g t h  o f  t h e  t a n k  "XL," 

and t h e  wheel base "WHBASE" o f  t h e  t a n k .  The c a l c u l a t i o n  assumes no l o s s  

of volume due t o  t h e  presence of d i s h e d  ends a t  t h e  f r o n t  and r e a r  ends 

of t h e  t a n k .  A l e n a t h  o f  18  i nches  was t h e r e f o r e  added t o  t h e  t o t a l  t a n k  

l e n g t h  (computed by t h e  program) i n  o r d e r  t o  account  f o r  t h e  presence o f  

d i shed  ends. 

The computer program which i s  w r i t t e n  i n  F o r t r a n  I V  i s  1  i s t e d  a t  

t h e  end o f  t h i s  append ix .  





COMPUTER PROGRAM FOR CORPUTING THE LAYOUT OF A DROP-BOTTOM TANK 

r. L 

i C PRCGhAfi FOR COMPUTING THE LAYOUT OF k DROP BOTTOM TALK 
C G I V E N  - PATTERN,  AXLE LAYOUT & OTHER GATk 

4 C 
5 C R l - S I D E  k A L L  R A D I U S  OF TANK S H E L L  
6 C R 2 e T O P  AND BOTTOM R A D I U S  O F  TANK S H E L L  - 
I C R 3 = B L E N C  R A C I U S  
i C DVHANG=DISTANCE O F  OVERHANG OF THE TANK FRONTEKC BEYONC T E E  
9 C K I N G P I N  

: 1 0  C DROP= H E I G H T  BY WHICH THE BELLY O F  THE TANK I S  DROPPED AT THE 
: 11 C REAR 
: 1 2  C X L 1  = LENGTH OF THE FRONT E X 3  OF THE TANK O F  A X S E C T I G N  H E I G H T  
: 1 3  C O F  H E I T l  

i 4 C H E I T 2 =  H E I T l t D R O P  
: 1 5  C CAP = TOTAL VOLUME OF THE TANK S H E L L  I N C L V D I N G  OUTAGE 
: 1 6  C 1 = S T H  WHEEL LOAD-WEIGHT O F  5TH WHEEL ASSEMBLY 

i i C ri2 = T R A I L E R  AXLE LOAD - AXLE WEIGHT - C H A S S I S  WEIGHT 
: 1 6  C DENSE = PAYLOAC D E N S I T Y  ( L E . / G A L )  
: 1 9  C S H E L L  = S H E L L  WEIGHT I N  ( L B . / G A L )  O F  S H E L L  VOLUME 
: z a  c 
: 2 1  C 
: 2 2  C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
: 2 3  C 
: 2 4  COMMON R l ,  R 2 ,  h3,  WIDTH 
: 2 5  W R I T E  ( 6 , 4 0 )  
: 2 6  READ ( 5 , 7 0 )  R 1 ,  R 2 ,  R 3  
: 2 7  F R I T E  ( 6 , 5 0 )  
: 2 8  READ ( 5 , 7 0 1  WIDTH 
: 2 9  k i R I T L  ( 6 , 1 1 0 )  
: 3 0  READ ( 5 , 7 0 )  OUTAGE 
: 3 1  WRITE ( 6 , 1 2 0 )  
: 3 2  READ ( j , 7 0 )  DENSE 
: 3 3  B R I T E  ( 6 , 1 3 0 )  
: 3 4  READ ( 5 , 7 0 )  S H E L L  
: 3 5  OUTAGE = OUTAGE / 1 0 0 . 0  
: 3 6  COMP = ( D E N S E /  (1 t OUTAGE) ) + S H E L L  
: 3 7  1 0  WRITE ( 6 , 6 0 )  

3 6  READ ( 5 , 7 0 )  X L l ,  OVHANG, W1, W2, DROP 
: 3 9  CAP = ( w 1  t w 2 )  / COMP 
: 4 0  PAYLC = CAP / (1 + OUTAGE) 
: 4 1  W R I T E  ( 6 , 8 0 1  
: 4 2  READ ( 5 , 7 0 )  H E I T l  
: 4 3  2 0  CALL A R E A ( H E I T 1 ,  A )  
: 4 4  H E I T 2  = H E I T l  t DROP 
: 4 5  CALL A R E A ( H E I T 2 ,  B )  
: 4 6  XL = ( C A P  - X L l * A  + X L l * E )  / B 
: 4 7  WHBASE = ( ( ( X L 1 / 2 . 0 )  - OVHANG) *XLl*A*COMP + ( X L  - X L 1 )  *COM?*E* ( ( ( 
: 4 6  ?XL t X L l ) / i . 0 )  - O V H A N G ) )  / K 2  
: 4 9  W R I T E  ( 6 , 1 0 0 )  A ,  8, X L ,  H E I T 1 ,  H E I T 2 ,  WHBASE, PAYLD 
: 5 0  F R I T E  ( 6 , 9 E )  
: 5 1  READ ( 5 , 7 0 )  H E I T l  
: 5 2  I F  ( H E I T 1  . L T .  0 . 0 )  GO TO 1 0  
: 5 3  I F  ( H E I T 1  . G T .  1 0 0 0 . 0 )  GO TO 3 0  
: 5 4  - - GG TO 2 0  

: 3 3 0  CONTINUE 
5 6 - - S T O P  
: I 4 8  FCRMAT ( 1 H 0 ,  ' E N T E R  S I D E , T O P ,  & BLEND R A G 1 1  OF PATTERN I?j F FORMAT 

: 5 6  1') 
: 5 9  5 0  FORMAT ( 1 8 0 ,  ' E N T E R  TANK W I D T H ' !  
: 6 0  6 0  FORMAT ( 1 H 0 ,  ' E N T E R  X L 1 , 0 V H A N G , K l r K 2 , D R O P ' )  
: 6 1  7 0  FGRMAT ( 1 0 F 1 0 . 3 )  
: 6 2  8 0  FORMAT ( 1 H 0 ,  ' E N T E R  H E i G H T  OF FRONT E N C ' )  
: 6 3  9 0  FORMAT ( l H 6 ,  ' E N T E R  NEW E S T I M A T E  O F  FRONT ENC H E I G i l T ' )  
: 6 4  1 0 0  FORMAT ( 1 H 0 ,  ' A R E A 1  = ' ,  F 1 0 . 3 / ' A R E A 2  = ' ,  F l O . j / ' T A N K  LENGTS = ' ,  
: 6 5  1 ? 1 0 . 3 / ' H E I G H T l  = ' , F 1 0 .  J / ' H E I G H T Z  = I ,  F 1 0 . 3 /  
: 6 6  L 'WHEEL BASE = I ,  F 1 . @ . 3 / ' P A Y L O A C  VOL = ' ,  F l f l . 3 )  
: 6 7  1 1 0  FORMAT ( 1 H 0 ,  ' ENTER THE OUTAGE VCL3ME I N  % O F  PAYLOAC V O L J M E ' )  
: 6 6  1 2 0  FORMAT ( 1 H 0 ,  ' ENTEX D E N S I T Y  OF PAYLOAD ( L E . / G A L L O N )  ' )  
: 6 9  1 3 0  FORMAT ( 1 H 0 ,  ' EKTEfi  D E N S I T Y  OF S H E L L  Ih: LS. /GALLGN O F  S L E L L  VOL' ; 
: 7 0  END 



SGBROUTINE FOR COMPCTING AREA OF TANK CROSS SSCTIGK 

SUEROUTINE AREA (w2, AREA) 
COMMOK R1, R2, R3, kl 

10 XL = SQRT((R1 - (hl/2.0) )**2 + (R2 - (K2/2.0))**2) 
Xi = ( (R2 - R3) **2 - (R1 - R3) **2 + XL**2) / (2.0*XL) 
Y1 = SQRT( (R2 - R3) **2 - X1**2) 
TH21 = ATAN(Yl/Xl) 
1H211 = ATAN((R1 - (W1/2.0) )/(R2 - (W2/2.0) 1 )  
THETA2 = IH21 - TH211 
THll = ATAN (Y1/ (XL - X1) ) 
THlll = 1.5708 - TH211 
THETAl = THll - THlll 

20 IF (R1 .LT. (W1/2.01) THETAl = 1.5708 + THll + TH211 

AEEA 

SINTH1 = SIN(THETA1) 
COST81 = COS(THETA1) 
SINTk2 = SIN (THETA21 
COSTH2 = COS (THETA21 
AREA1 = (Rl*Rl*THETA1/2. 0) - (~l*Rl*COSTHl*SINTH1/2.0) 
AREA2 = (R2*R2*THETA2/2.0) - (R2*R2*COSTH2*SINTH2/2.5) 
AREA3 = (R3*R3* (1.5708 - THETAl - THETA2)/2.0) - R3 * R3 * SIN! (1. 
15708 - THETAl - TkETA2) /2.0) * COS ( (1.5708 - THETAl - THETA2) /2.0) 
AREA4 = R1 * SINTHl * ( (K1/2.0) - (R1 - Rl*COSTHl) ) + X2 * SIiiTki2 
l* ((K2/2.0) - R2 + R2*COSTH2 - Rl*SINTHl) + (((W1/2.0) - k1 + Kl* 
2COSTFil - R2*SINTH2) * ( (F2/2.0) - R2 + R2*COSTH2 - Rl*SINTHi)/i.O) 
AREA = 4.0 * (AREA1 + AREA2 + AREA3 + AREA41 / 231. 
RETURN 
END 



APPENDIX F 

ROLL BEHAVIOR OF MULTI-AXLED VEHICLES 

The material presented in this appendix is focused towards gaining 

a basic understanding of the roll behavior of multi-axled vehicles. Such 

an understanding is essential for: (1 ) interpreting the results obtained 

from computerized calculations of the roll behavior of such vehicles 

and (2) for providing an insight into the methods by which the rollover 

threshold of a vehicle can be improved, 

A series of three roll plane models will be utilized for the pur- 

pose of understanding the physics of the rollover process. The models 

are progressively more complete in the treatment of the roll plane 

behavior of a vehicle. The models are not meant to provide an accurate 

method for computing the rollover threshold of a vehicle, but only to 

gain a qualitative understanding of the sensitivity of the rollover 

threshold of a vehicle to its roll properties. 

F.l Rigid Block Model 

Let us consider a roll plane representation in which the compli- 

ance of the suspension springs and tires are neglected. Such a repre- 

sentation is illustrated in Figure F.1. If the vehicle executes a 

steady turn of lateral acceleration a (in the units of g's), the 
Y 

lateral force reacted at the tire-road interface is W a and the over- 
Y' 

turning moment acting on the vehicle is W a h. This overturning 
Y 

moment is counterbalanced by two roll moments: (1 ) the roll-resisting 
moment produced by the side-to-side transfer of the vertical loads at 
the tires-(Fp-F1)T, and (2) the overturning moment produced by the 

lateral shift in the c.g. of the v e h i c l ~ ~  h 4 .  Therefore, 

Each of the two terms on the right-hand side of (1) are plotted 
as a function of the roll angle in Figure F.2. The roll-resisting moment 



I F2 
Fiaure F.1. R i q i d  block representation 

Fiaure F . 2 .  Roll-resistina moment oroduced by side-to-side load 
transfer and the overturnina moment oroduced b y  the 
lateral shift of c . q .  

Fiqure F . 3 .  Plot oF qet roll moment vs. roll anale. 



which i s  produced by the side-to-side t ransfer  of ver t ica l  load increases 

t o  the point where the t i r e s  on the left-hand s ide  of the vehicle com- 

pletely l i f t  off the ground ( F 1  = 0 .0 ) .  A t  t h i s  point ,  the en t i r e  

weight of the vehicle i s  carried by the t i r e s  on the  right-hand s ide  of 

the vehicle ( i . e . ,  F2 = W ) ,  and the ro l l - r e s i s t i ng  moment i s  W T .  No 

additional r o l l - r e s i s t i ng  moment i s  generated when the  ro l l  angle i s  

increased beyond t h i s  point.  

Upon combining the curves marked a and @ in Figure F.2, 

we oet  the  net r o l l - r e s i s t i na  moment produced by the vehicle. The net 

r o l l - r e s i s t i ng  moment i s  plotted in Fiqure F.3. Since the net ro l l  moment 

i s  d i r ec t l y  proportional t o  the l a te ra l  accelera t ion,  the l e f t  half of 

the abscissa in Figure F.3 i s  u t i l i zed  fo r  marking the l a t e r a l  accelera- 

t ion ,  a 
Y '  

From Fiqure F.3 we note t h a t  the maximum net ro l l  moment t h a t  can  
be reacted by the vehicle i s  W T and the corresponding l a t e r a l  accel era- 

t ion i s  T / h .  A t  t h i s  l a t e r a l  accelera t ion,  the t i r e s  on one s ide  of the 

vehicle l i f t  off the ground plane. A s t ab le  equilibrium cannot be 

sustained beyond t h i s  point ,  since any fu r the r  increase in the l a te ra l  

accelerat ion would cause an uncontrolled increase of the ro l l  angle 

unt i l  the vehicle completely ro l l  s over. 

The rollover threshold for  the r ig id  block representation of the 

vehicle i s  therefore given by the simple expression 

The next level of complexity we shall  consider i s  a model in 

which suspension and axle propert ies are  considered, b u t  a re  lumped 

together and represented by a s ingle  axle.  Such a representation would 

be su f f i c i en t l y  accurate only i f  the t i r e  a n d  suspension spring ra tes  

of each axle were t o  be proportional to  the s t a t i c  load carried by the 

axle ,  and i f  a l l  o f  the axles had the same track width and ro l l  center 

height. 



The single-axle representation of the vehicle i s  shown in Figure 

F . 4 .  The combined weight of the sprung a n d  unsprung masses i s  repre- 
sented by the weight, W ,  a t  a  height, h, above the ground level. The 

roll angle i s  once again assumed t o  be small and the vehicle i s  assumed 

t o  roll about a point on the ground plane. The rol l - resis t ing moment 
produced by the side-to-side transfer o f  the vertical t i r e  loads and  the 
overturning moment produced by the lateral  shift ing of the c.g. ( W  h 4 )  
are plotted as functions of the roll angle, 4, i n  Figure F . 5 .  The ro l l -  
resisting moment produced by side-to-side load transfer i s  shown in 
Figure F . 5  for three levels of suspension roll s t i f fness .  I n  drawing 

these curves, i t  was assumed that the suspensions a n d  t i r e s  have 1 inear 
properties. 

I t  can be seen that the roll angles a t  which the t i r e s  l i f t  off 
the ground depends upon the roll s t i f fness  of the suspensions and  t i r e s .  

B u t  the maximum roll  -resisting moment produced by the side-to-si de 1 oad 
transfer effect i s  unaffected by the roll s t i f fness  of the vehicle and 
i s  given by the expression W T .  By combining the curves marked (li and  

7 )  b in Figure F.5, we get the net roll-resisting moment curves shown in 

Figure F.6.  As the suspension and t i r e s  are made progressively s t i f f e r  

in r o l l ,  the peak value for the net roll-resisting moment increases 

a l o n g  the l ine marked A B  i n  Figure F.6. For an inf ini te ly s t i f f  suspen- 

sion, we revert t o  the rigid block model, and the maximum roll moment 
i s  therefore once again W T and the rollover threshold, a , i s  T / h .  

Ymax 

If the roll angle a t  which the t i r e s  1 i f t  off the ground i s  mc, 

the peak value for the net roll moment i s  given by the equation 

Max Roll-Resisting Moment = W T - W h m c  ( 3 )  

a n d  the lateral  acceleration threshold i s  given by the expression 
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aure F.4.  Single-axle representation. 

Fiqure F . 5 .  Plot o f  roll moment vs. roll anale for three 
levels of  roll sti'fness. 
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Fiaure F.6. P l o r  of net roll rrornent vs. roll annle. 



This expression therefore indicates t h a t  the rollover threshold 

of a vehicle can be improved by increasing the roll  s t i f fness  of the 
suspensions on a vehicle. 

The influence of  suspension backlash on rollover threshold can be 

understood by using th is  simple roll  plane model. The rol l - resis t ing 

moment produced by the side-to-side transfer of vertical load and the 

overturning moment produced by the la teral  sh i f t  in the c.g. are plotted 

i n  Figure F.7 for a vehicle which has a suspension backlash of a .  

When the suspension on the left-hand side of the vehcle goes 

through the backlash, 6 ,  the sprung mass travels through a n  angle 
6/2s, where 2s i s  the la teral  distance between the suspension springs. 
With reference t o  curve a in Figure F.7, the segment, X Y ,  of the 

curve represents the travel of the sprung mass through the suspension 
backlash. After the backlash has been taken up, the suspension on the 
left-hand side goes i n t o  tension a n d  produces an additional resisting 
moment until the t i r e s  on the left-hand side lose road contact. The 

loss of road contact by the t i r e s  on the left-hand side of the vehicle 

i s  represented by p o i n t  Z in Figure F.7. Upon combininq the ro l l -  

resisting moment produced by the side-to-side load transfer effect and  

the overturning moment produced by the lateral  sh i f t  i n  the c.g.  of the 

vehicle, we get the net rol l - resis t ina moment curve OABCD which i s  

shown in Figure F.8. 

Tracing through the moment trajectory in Fiqure F.8, we see t h a t  

when the la teral  acceleration i s  increased, the plot of net roll moment 

versus roll  angle, 4 ,  follows the 1 ine OA, whose slope represents the 
difference between the suspension/ti re spring rate  a n d  the overturning 

moment slope, W h .  When the la teral  acceleration exceeds the level a , 
Y a 

the sprung mass "jumps" through the lash, and fal l ing along the slope, 
W h, to a n  "end of lash" roll  angle which i s  represented by point B . 

Further increases in the la teral  acceleration resul t  i n  a n  increase 
in the roll  angle until the la teral  acceleration level ,  a , i s  reached. 

c 
The slope of segment BC i s  less t h a n  that  of OA due t o  the fact  that  the 



Fiqure F . 7 .  Influence of suspension lash on the rol; 
moment-roll anqle relationship. 

I 

Finure F . 8 .  Influence of suspension lash on net roll moment 
and rollover threshold. 



suspension springs on one side a re  now being exercised in t h e i r  low 
s t i f f n e s s ,  tension di rect ion.  No s table  equilibrium condition ex i s t s  
for  1 a tera l  acceleration 1 eve1 s beyond a . ; therefore ,  the rol l  over 

c 
threshold of the vehicle i s  equal t o  a . 

c 
If  the backlash were t o  be eliminated, the plot  of ro l l  moment 

versus ro l l  angle w o u l d  follow the t ra jec to ry  OAC' in Figure F.9, there- 
by a t ta in ing the higher rol lover threshold l eve l ,  a . The improvement 

Yc ' 
in rol lover threshold t ha t  can be achieved by the elimination of suspen- 
sion backlash i s  therefore evident from t h i s  f igure .  

A s ingle  axle representation of the vehicle i s  not valid where the 
various axles of vehicles have ro l l  s t i f f ne s s  levels  which are  not pro- 
portional t o  the s t a t i c  loads which are  carried by the axles.  I n  the 
case of typical tractor-semi t r a i  l e r  configurations, fo r  example, the 
t r a c to r  f ront  axle i s  equipped with a very so f t  suspension, while the 
suspension springs on the t r a c to r  rear  axles a re  re la t ive ly  s t i f f  and 
carry a heavier load. The t r a i l e r  suspensions are  typical ly  even s t i f f e r  
than those on the t r a c t o r ' s  rear  axles.  Accordingly, we find i t  appro- 
p r ia te  to  represent the t rac tor-semit ra i ler  vehicle by a single sprung 

mass which i s  supported by three composite "axlesH-(1) the t r a c to r  
f ront  axle ,  ( 2 )  a composite axle which represents the t r a c to r  rear  axles 

and ( 3 )  a composite axle which represents a l l  of the t r a i l e r  axles.  

If the loads carried by each of the three composite axles are  
W 1 ,  U p ,  and W and t he i r  respective track widths are 2T1, 2T2, and 3 ' 
2T3, the maximum ro l l - res i s t ing  moment tha t  can be produced by each axle 

i s  WIT1, W2T2, and W3T3, respectively.  Depending u p o n  the ro l l  s t i f f n e s s  
of each axle ,  the l i f t - o f f  o f  the t i r e s  on one s ide  of the axles takes 
place a t  d i f fe ren t  ro l l  angles. The ro l l  - res i s t ing  moment produced by 

'? ,.-. 7' each axle i s  plotted i n  Figure F.9 by the curves J-j , &: , and :3, , 
respectively. The curve tha t  represents the overturning moment produced 
by the l a te ra l  s h i f t  of the c .g .  of the vehicle i s  shown i n  t h i s  f igure by 

rl the l ine  marked 5 . 
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I f  we combine !p , /i) , , a n d  @: in Figure F.9, we get a 
\ 

p l o t  of the net rol l - resis t ing moment versus the roll angle of the 

vehicle which i s  shown by the curve O A B C D  i n  Figure F . l O .  The points 

A, B, and C mark the l i f t  off of the t i r e s  on the t r a i l e r  axles, the 

tractor rear axles, and the t ractor  front axle, respectively. According 
t o  t h i s  figure,  the maximum value for the net rol l - resis t ing moment i s  

reached when the t i r e s  on  the t ractor  rear axle l i f t  off the road surface. 
Beyond th i s  point, no stable equilibrium points exist  even t h o u g h  b o t h  

the t i r e s  of the t ractor  front axle are s t i l l  on the ground. The ro l l -  

over threshold of the vehicle i s  therefore a . 
B 

I f ,  instead of the three-ax1 e representation, the roll properties 
of a1 1 the axles were t o  be lumped together and  represented by a single 
axle, the net roll  moment versus roll  angle plot would  follow the curve 
O X D  which i s  superimposed on Figure F . l O .  The rollover threshold, a , 

Yx 
which i s  indicated by the single-axle representation can be seen t o  be 

higher than the rollover threshold, a which i s  predicted by the three- 
B 

axle model. Hence, the lumping together of axles which have d is t inc t ly  

different roll  properties can lead t o  significant errors in the pre- 
diction of roll  over thresholds. 

F.3.1 Influence of Suspension Stiffness.  We shall now u t i l i ze  

the three-axle representation t o  investigate effects of varying the 

roll s t i f fness  of each of the three composite axles, individually. The 

effects of st iffening the t r a i l e r  axles, the t ractor  rear axles, and  the 
tractor front axle on the net roll  moment versus roll  angle curve are 

i l lustrated i n  Figures F . l l ,  F.12, a n d  F.13, respectively. 

Trailer suspension: With reference t o  Figure F.11, we note t h a t  

in the base1 ine case, path OABCD, the t r a i l e r  axles are s t i f f e r  than 

either the t ractor  rear axles or the tractor front axles such t h a t  the 

t r a i l e r  axle t i r e s  l i f t  off f i r s t ,  a t  p o i n t  A .  Any increase in the roll 

s t i f fness  of the t r a i l e r  suspension merely sh i f t s  the point of t r a i l e r  
t i r e  l i f t  off toward the l e f t ,  as in path OA', thereby having no effect 
on the rollover threshold, a , of the vehicle. I f  the roll  s t i f fness  " B 



F .  3 .2  Influence of Suspension Lash. Analysis performed using the 

single-axle model ( in  Section F . 2 )  has shown t h a t  suspension lash degrades 

the rollover threshold of a vehicle. We shall now u t i l i ze  the three- 

axle representation t o  c la r i fy  the mechanism by which lash in the t r a i l e r  

a n d  t ractor  rear suspensions can degrade rollover threshold. 

The influence of t r a i l e r  suspension lash on roll  response i s  

i l lus t ra ted i n  Figure F . 1 4 .  For the case i n  which there i s  no lash in 

the t r a i l e r  suspension, the net roll  moment versus roll  angle plot follows 

the trajectory O A C ' D E F  in Figure F.14. I n  th i s  curve, point C '  repre- 

sents the l i f t  off of the t i r e s  on one side of the t r a i l e r  axles. The 

maximum rol l - res is t ing moment i s  reached a t  point D .  Beyond point D, 
the vehicle continues t o  roll  without any increase i n  lateral  acceleration 

level and ultimately overturns. 

With the addition of a moderate amount of lash t o  the t r a i l e r  sus- 

pension, the net roll  moment versus roll  anale curve becomes the solid 
l ine  O A B C D E F  i n  Figure F .14 .  The segments A B  a n d  D E  represent the ro l l -  

ing of the sprung mass through the lash in the t r a i l e r  and  t ractor  rear 

suspensions, respectively. I t  can be seen t h a t  the presence o f  th i s  
moderate amount of lash in the t r a i l e r  suspension has no  effect  on the 

rollover threshold of the vehicle since the peak value D of the net roll  
moment remains unaffected. 

With a further increase of the lash i n  the t r a i l e r  suspension, the 
plot of net roll  moment versus rol l  angle i n  Figure F .14  follows the 

trajectory O A B ' D ' E F .  We note that  the peak rol l - res is t ing moment i s  now 
reduced .to the level D' , and  hence results  i n  a decrease of the rollover 

threshold of the vehicle. Further increases in the lash result  in a 

decrease of the peak roll  moment a l o n g  the l ine DE. 

The influence of t ractor  rear suspension lash on roll  response i s  
i l lus t ra ted in Figure F.15. With zero lash i n  the t ractor  rear suspen- 
sion, the curve of net roll  moment versus roll  angle follows the t ra jec-  
tory OABCD'F, and the peak value for the rol l - res is t ing moment i s  reached 

a t  point D ' .  Considering increasing levels of  lash i n  the t ractor  rear 
suspension, t ra jector ies  O A B C D E F  a n d  O A B C D E '  F '  indicate significant 
reductions i n  the rollover threshold. 
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of the t r a i l e r  suspensions i s  reduced, the point,  A ,  which marks the 

l i f t  off of the t r a i l e r  t i r e s  moves i n i t i a l l y  towards B ,  w i t h  no immediate 

influence on the rollover threshold, a . Indeed, we see that  the ro l l -  
.Y B 

over threshold of the overall vehicle i s  affected by changes in t r a i l e r  

suspension rol l  s t i f f ne s s  only i f  the rol l  s t i f fness  i s  reduced t o  such 

a level that  the t r a i l e r  t i r e s  s t a r t  t o  l i f t  off a t  larger values of ro l l  

anales than tha t  a t  which the t i r e s  on the t r ac to r  rear  axle l i f t  o f f .  

The path, O B " ' ,  A ' " ,  C D  in Figure F.11, corresponds t o  such a s i tua t ion .  

The rollover threshold i s  indicated in t h i s  case by point A '  ' I .  The 

rol l  over threshold, a , i s  below the value, a , which was at tained 
Y A I  1 1  B 

i n  the baseline case. The rollover threshold will continue t o  decrease 
i f  the ro l l  s t i f fness  of the t r a i l e r  suspension i s  reduced even fur ther .  

Tractor rear  axles:  Changes i n  the ro l l  s t i f fness  of the t r ac to r  

rear axle have a d i rec t  e f fec t  on the rollover threshold of  the vehicle. 

When the ro l l  s t i f f ne s s  of the t r ac to r  rear axle i s  varied, the point,  B y  

which s ign i f i es  the t r ac to r  rear-axle l i f t  o f f ,  s h i f t s  along the l i ne ,  
B C .  As shown in Figure F.12, increasing the rol l  s t i f fness  of the 

t r ac to r  rear axles,  as indicated by a niovement of point B toward the 
point B',  leads to  improvement in the rollover threshold of the vehicle. 
Similarly, reducing the ro l l  s t i f fness  of the rear  axle ,  as indicated 

by movement of B toward B" , leads t o  a degradation of the rollover 

threshold of the vehicle. 

Tractor front  axle:  The influence of the rol l  s t i f fness  of the 

t r ac to r  f ront  axle on the net rol l  moment versus ro l l  angle curve i s  
i l lus t ra ted  i n  Figure F.13. We note that  the rollover threshold of the 
vehicle can be s ignif icant ly  improved by any degree of s t i f fening of the 
t r ac to r  front  suspension. In the t ra jec tory  shown by points O A ' B ' C ' D ,  

for  example, the t r ac to r  front  suspension has been st iffened t o  such a 
degree that  the rollover threshold i s  now determined by the 1 i f t  off of 
the t r ac to r  f ront  t i r e ,  a t  point C ' ,  rather than by the t rac to r  rear axle 
l i f t  off point ,  8 ,  in the baseline case. 
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I t  should be noted t h a t  the observations made above a re  valid only 

fo r  the pa r t i cu la r  combination of suspension parameters and axle load- 

ings which were chosen fo r  constructing Figures F . 1 4  and F.15. 

The above qua1 i t a t i v e  descript ions a re  supported, in Section 4 . 2 . 4  

by numerical r e s u l t s  from calcula t ions  performed using the s t a t i c  ro l l  

plane model (which i s  described i n  Appendix B )  f o r  various levels  of 

t r a c t o r  and t r a i l e r  suspension s t i f f n e s s .  




